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Abstract

Let S be a p x p random matrix having a Wishart distribution
Wp(n,n~13). For testing a general covariance structure X = 3(¢), we
consider a class of test statistics T}, = npy (S, L(£)), where py (21, Bo)
=P h(\) is a distance measure from X to X9, \;’s are the eigen-
values of 3135 ! and h is a given function with certain properties.
Wakaki, Eguchi, Fujikoshi (1990) suggested this class and gave an
asymptotic expansion of the null distribution of 7}. This paper gives
an asymptotic expansion of the non-null distribution of 7} under a
sequence of alternatives. By using results, we derive the power, and
compare the power asymptotically in the class. Especially we investi-

gate the power of the sphericity tests.



1 Introduction

Let S be a p x p random matrix having a Wishart distribution W,(n,n"1X).
It is assumed that n > p. We consider the problem of testing

Hy: X =3(&) against Hp: X # X(&),
where & € E. Here, E is an open subset of R?. We assume that

A1. All the elements of 3(&) are known C*-class functions on Z,
and the Jacobian matrix of 3(§) is of full rank.

3 (E) is a smooth subsurface in RPP+1/2 with coordinates & = (£, -- -, £7)".
The hypothesis Hy represents various covariance structures as special cases.

We consider a class of test statistics via minimization of the following
divergence measure from S to X(&). Let h be a C*-function on (0, 00) sat-
isfying that

A2. h(l) = 0, hl = 0, and h2 = ].,
A3. h(X\) > 0 for any A # 1,

where h, denotes the rth derivative of h at A\ = 1. For arbitrary two matrices
31 and ¥, we define a distance measure from 3, to 3y by

pn(21, 3g) = Z h(\i),

where \;’s are the eigenvalues of X;3,'. Note that p, (X1, 3;) > 0 with
equality if and only if 3; = ¥, because of A3. However, in general, p, is not
symmetric and does not satisfy the triangle law.

Wakaki, Eguchi, Fujikoshi [10] suggested a class of test statistics

Ty = n inf pi(S, (8)) = npn(8, 3(8)), (1.1)

where £ is the minimizing point. For example, using h(\;) = — log A\j+A; — 1,
pp, is the Kullback divergence and the corresponding statistic 7}, is just based
on the log-likelihood ratio criterion. Another typical example is h();) =
(A — 1)%/2.



It may be noted that the asymptotic expansions of the null distributions
of T},’s in some special cases have been obtained by many authors (e.g., An-
derson [1], Muirhead [4], Siotani, Hayakawa, Fujikoshi [7], etc.). An emphasis
in Wakaki, Eguchi, Fujikoshi [10] is put on an asymptotic expansion of the
null distribution of T}, in a general case. Many authors also gave the asymp-
totic expansions of the non-null distributions of 7},’s in some special cases
(e.g., Hayakawa [2], Nagao [5], Sugiura [8], etc.). This paper gives an asymp-
totic expansion of the non-null distribution of 7} in a general case under a
sequence of alternatives converging to the null hypothesis with the rate of
convergence n~'/2. In Section 2 we give stochastic expansions of é as well as
Th,. In Section 3 we obtain an asymptotic expansion of the non-null distri-
bution of T}, under the local alternatives up to the order n='/2. In Section
4 we derive the power, and compare the power asymptotically in the class.
Especially we consider the power of the sphericity tests.

2 Stochastic Expansion of T}

We consider a sequence of alternative hypotheses

H,: S = S(&) + %2@)“%2(@)“

for 3 ¢ 3(E), where A is a symmetric matrix and § € E. For simplicity,
let us denote as Xy = 3 (&) and X = 3(&). We shall expand 7}, in terms of

vV — \/52—1/2(5 _ 2)(2—1/2)’ (2.1)

which is O,(1).

First we summarize the notations used in this paper. Let

o 1/ _ 1/2
0o = e’ Top. = 3/ (003 -+ () 1}5:50 =,

j\abw = 2:(1)/2 [aaab T E(E)_l]gzgzé/za

V = VnE (S - )Y,

1
Sq = —?cr(JaV)7 (a=1,---,q),



and .
G = (gab)a Gab = E[Sasb] = §tr(']an)7 (CL, b= 17 e 7Q)a

It follows from A1 that G is nonsingular. Let g® is the (a, b) element of G
As another version of Jy, let

1
J[ab] =Ju — 5 chdtr(']d']ab)a

with Einstein’s summation convention. The summation convention is used

throughout this paper. For example, J.g°* means > ¢_ J.g*.

Considering the Taylor expansion of h around \; = 1, we have
1 -1 2 1 -1 5 1 ~1 4
pn(S, %) =tr 5(82 —I,)" + ghg(SZ} —1I,)° + Ih4(52 —1I,)

+O (tr {(S=7 - L)1),

(2.2)
Let R
A =i, H(SE — 1,5l (2.3)
Then we obtain an expansion of T},
Th = tr |SA? - —_hyA® + ——hy A | + O, (n~32), (2.4)
2 3/n 4!n P

In order to obtain an explicit expansion of T}, it is necessary to obtain an
expansion of A. It is shown similarly as in Swain [9] that

£ = V(g - &)
is asymptotically normal and hence O,(1). The Taylor expansion of -1
around &y is given by

1
2\/n

Ve - mehsl? = 3,8+ JofPE 4+ Oy (n1). (2.5)
Using (2.1),

1 1
S =7 {Ip + %w +A)+-(VA+ AV)} %+ 0,(n7?). (2.6)



Then using (2.5), and (2.6), (2.3) is expanded as
A = V+A+TE
1 1. == - 1
+— {incﬁbﬁfC +(V + AT + §(VA + AV)} +Op(n71).

Vn
(2.7)
In order to obtain an explicit expansion of A, it is necessary to obtain an
expansion of £*. The estimates £% (a = 1,---,q), satisfy the system of
equations

[aap<572)]§:é:07 (CL:L--- 7Q)
Using (2.2) it can be seen that £%’s satisfy

tr {S[a‘lzl]&:f{sgl - Ip + %hS(Sﬁ:l - Ip)z}l = Op(nig/Q)a

or equivalently

1
2\/n

tr [{Ip + %(V + A)} J. (A +

Substituting (2.7) and

thQ)] = 0,(n"). (2.8)

. 1 _ B
Jo=J,+ %Jabf” +O0,(n71)

into (2.8), it is seen that £’s satisfy

_ 1 ~ 1 _
tr [Ja(V 4 A+ S|+ mtr |\ o (Vo A 8 4 TG e = T Je)E

+Jab(V+A+Jc€C)gb+JaVA] = Op(n_l)a (a: 17 >Q)7 (29)

where Iy = 1+ Lhs. The solution of £ in (2.9) can be found in an expanded
form

9= KT+ %ga + O, (n7h). (2.10)



In fact, substituting (2.10) into (2.9), we obtain

1
K= e 0, e = =g [ M T W (e 50)] , (2.11)
where

1 _
e = g%s,, 0% = —§g“btr(JbA), W=W4+W;, W=V +Je,

-~ ~ 1
Ws=A+J,0" M=hW?+ (EJ*’C — Ty J.) (b + %) (e€ + 6°) + VA.

Hence, from (2.4), (2.7), and (2.11), we obtain an expansion of 7}, given by

LTI(V) +O,(n71), (2.12)

1 —~
T, = —tr(W?
h =gt )+\/ﬁ

where
1 — o 1 i
(V)= —Qg“btr JoM + JabW(eb + 5b)] tr(J,W)+tr {(§ch - JbJC>W}

x (€" 4 6%) (€ + 8°) + tr(J,W?) (e’ + ) + tr(VAW) + %hgtr(ﬁvf?’). (2.13)

3 Asymptotic Expansion of the Non-null Dis-
tribution of 7;, under the Local Alternative

We can write the characteristic function of 7}, as

#(t) = Elexp(itT},)] = E [{etr(%ev??)} T(V)] +0(n™), (3.1)
where )
0=it, T(V)=1+ ﬁeTl(V), (3.2)

with the expression 77(V') in (2.13). The probability density function (pdf)
of V' is expressed as (see e.g., Siotani, Hayakawa, Fujikoshi [7, p.160])

FV) = fo(V)Q(V) + O(n~??), (3.3)



where O
fo(V) = apetr(—3iV?2),  a, = g PetD/dg=ple+)/1,

QV)=1+ 1nQ1( )+ %Qz(v)a
01 (V) = —%(p+ Dtr(V) + %tr(V3), (3.4)
Q2(V) = L{Q:(V)}* — £p(2p* + 3p — 1) + L(p+ 1)t (V?) — tx(VY).

Therefore, we have

o(t) = / a, {etr (_%LVQ + %ev”v?) } QV)T(V)AV +0(n™"),  (3.5)

where dV = dl)lld’Ulg s d’Up_l’pdp’p_
We prepare some lemmas useful for reductions of (3.5). Note that G™! =

(g?°) exists. Let

1
€a = _§gabtr(JbV)7 U — _Jaea7 a‘nd W = V - U’ (36)
and similarly
1
5% = —§g“btr(JbA), Us=—J,0% and W;=A-Us. (3.7)

Further, let
M = (vec*(Jy),- -+ ,vec*(J,)),

where for any p x p symmetric matrix A = (a;;),

/
a a
VGC*(A) (\/1i \;ﬁ , 19, " 7ap—1,p> .

Note that {vec*(A)} vec*(B) = itr(AB). We obtain the following lemmas.

Lemma 3.1 Let Ppyy=M(M'M)*M'.  Then,
e= (e, e = —(M'M)" Mvec*(V),
§= (8- ,5‘1)’ —(M'M) ™ M'vec*(A),

ec’(U) = Pprvec™(V),

ec”(Us) = Pagvec™(A),
e (W) = (12 — Par)vec*(V),
vec"(Ws) = (Ippt1y/2 — Par)vec™ (A).



Lemma 3.2 Let 6 be any complex number whose real part is smaller than

—%. Let g(V, U, W) be a function of V., U, and W . Then,

1 1
/etr {—ZVQ +S0(W + W5)2} xg(V. U, W)dV = (1-20)""/

X exp [9(1-2@)—1{%1;4%2)}] x/(—iv2) oV, U W)V, (38)

where 7 = p(p+1)/2— ¢, V = U + (1 - 20)"'/?W +20(1 — 20) ' W,
W = (1-20)""2W +20(1 — 20) "' W.

Proof. We shall show that (3.8) is obtained by considering the transfor-
mation V — V. where

V =U + (1—20)"*W —20(1 — 20)"/*W;. (3.9)
Using Lemma 3.1, we have
vec* (V) = {Par + (1 — 20)*(Lp11)2 — Prr) }
x {vec* (V) — 20(1 — 260)'vec*(W;) } .
This implies that the inverse transformation is
vec* (V) = { Par + (1 — 20) " 2(Lyp11y/2 — Par) } vec (V)
+260(1 — 26)tvec* (W5).
It is equivalent to
V =U-+(1-20)""*W +20(1 — 20)"'Wj,

where U = %Jagabtr(Jb‘u/), and W = V — U. Therefore, the Jacobian of

the transformation (3.9) is
J(V = V) = |Par + (1= 20)*(Ips1)2 — Par)| = (1—20)7"72,

since the characteristic roots of Pps are one or zero and rank(Ppr) = q.
Further, it holds that U = U, and W = (1 — 20)"'/2W + 260(1 — 20) "' W,

v

since vec*(U) = Pyvec* (V) = vec*(U), and W = (1 — 20)'/2W — 20(1 —
20)~1/2Wj. These complete the proof.
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Lemma 3.3 Let V be a p X p symmetric random matriz with pdf fo(V') in

(3.3). Let e, U, and W be the random variables defined by (3.6). Then

(1) e= (e, -+ ,e9) and W are independent,

(2) e is distributed as N,(0,G™"),

(3) vec*(U) and vec* (W) are independently distributed as Nppi1y/2(0, Par)
and Npp11)/2(0, Ippi1y/2 — Par), respectively.

Proof. The results are easily obtained by using Lemma 3.1 and the fact
that vec*(V) is distributed as Nppt1)/2(0, Iypi1)/2)-

Using Lemmas 3.2 and 3.3, we can write the characteristic function (3.5)
as

o(t) = (1-20)""2 exp {9(1 —20)7! {%u(Wﬁ)H xE [Q(V)T(V)]Jr()(n*l),

(3.10)
where V is given by Lemma 3.2.
Here the expectation in (3.10) is taken with respect to the distribution of U
(or e) and W given in Lemma 3.3. After calculation of these expectations,
we obtain

6(t) = (1 — 20)""2 exp {9(1 _96)! {%tr(Wf)H

X {1+%ch(1—20)—j} +0(n™h), (3.11)

7=0
where the coefficients ¢;’s are given by
= %(gab + 5a5b)Kab5 — i(g“b + 5a5b)K(ab)5 — %K@jéﬂ + %K53,
Ccl = i(g“b + 5a(5b)K(ab)5 + (Z—llh;ggab — %5a5b>Kab5 — %h;;(p + 1)K5
+%Ka§25a — %K(;s,
Cy = %h5 {(p + 1)K5 — gabKabg}—l—gth(gis, C3 — %th(gzs. (312)

Here we use the following notations:
Kops = tr(J, JuWs), Kaps = tr(JuyWs), Kse = tr(WY),

and so on. The formulae needed for calculating expectations are given in
Appendix A. By inverting the characteristic function term by term, we obtain
an expansion of the non-null distribution of T}, under the local alternative as
in the following theorem.



Theorem 3.1 Let T), be the test statistic given by (1.1) with a function h
satisfying A2 and A3. Suppose that a given covariance structure 3 = 3(§)
satisfies A1. Then under the local alternative hypothesis H,,, the distribution
of Ty, can be expanded for large n as

P <) = G (air) + = I R

where r = p(p +1)/2 — q, 7 = tr(W2) /2, Gi(+;T) is the noncentral x* dis-
tribution function with k degrees of freedom and the noncentrality parameter
T, and the coefficients c;’s are given by (3.12).

4 Applications

4.1 Power Comparisions

Wakaki, Eguchi, Fujikoshi [10] gave an asymptotic expansion of the null
distribution of T}, in a general case as

0,Grias (1) + O(n2),  (4.1)

S|
Mw

P(T), < z|Hy) = G.(z) +
=0
where Gj(+) is the x? distribution function with % degrees of freedom, the
coefficients a;’s are given by
ap = =5 {—=3p(p* +3p — 1) — 99" Kapea + 9" Kape ey }
+%69“b90d2{ AK (ah)ed — Kiat)jea) + 2K [at]jcd) } -
0,1:—CL0—|—}’Z;, O—(h4—6)B+fva3,D,
ay = —hy (A+C)+(ha—6)B—h3D,  az=hy A, (4.2)
and the coefficients A,---,D are given by
A= Z{6p(4p* +9p+T7) — 36¢(3p +4) — 9I(p* + 2p + 3) g K,y
+6(p + 1)gadeKabc,d + 189adeKabcd - gadeefKabc,def} )
B = 3 {p(r? +5p +5) — 44(2p +3) — 20" Ko + 9" Kpea }
C =15 {p(Ap* +9p+7) = 12¢(p + 1) — 39°° 9" Kapea (4.3)
_QQQbQCdgefKace,bdf} )
D=—1p(p>+3p+4)+q(2p+3) + 19K,
—%(p +1)g"g“ K ype,a — %gadeKabcd + %gadeefKabc,def
—1(p+ 1) Ky + 190 K a)ca-
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Here we use the following notations:

gabcd _ Z gabgcd’ gabcdef _ Zgabgcdef’ Ky, = tr(JanJc L )7
(3] (5]

Kiapjea = tr(Jpan Jeda), Kapeder = KapeKaey,

and so on.

Let t, be the upper 100« percent point of the null distribution of 7}, and
X2 be the upper 100 percent point of the y? distribution with r degrees of
freedom. By a Cornish-Fisher expansion, we obtain

3
1 1
to = X2 — = { ZajGr—Hj(Xi)} +0(n™*?)

=x2+0(n™). (4.4)
Using (3.13), (4.1), and (4.4), we can calculate the power [,

3
1
B = P(Th > to|H1) = 1—Gr(Xi;T)—ﬁ ZCjGr+2j(Xi;T)+O(n_l)' (4.5)
j=0

We use useful formulas for reductions of (4.5). Noncentral x? distribution
function and x? distribution can be expanded as (see e.g., Muirhead [4])

o e—T/Q(lT)k

G.(x;7) = Z P.Gryop(z), where Py = k—'z’ (4.6)
k=1 ’
Gri2(x) = =2gr42(2) + Gr(2), (4.7)

respectively, where g;.(+) is the pdf of the y? distribution with & degrees of
freedom. Using (4.6) and (4.7), we can obtain

CjGTJer(Xz; 7') = (Cl +co+c3+ 04) Z PkGrJer(Xi) — 2(61 + Co + 03)

8 EM“

k=0
X Prgriona(X2) = 2(ca +¢3) Y Pugrrora(xa) — 203 Y Pegrrorss(x2),
k=0 k=0 k=0

(4.8)

11



where coefficients ¢;’s are given by (3.12). After calculating (4.8), we can
rewrite (4.5) as

1 ~ 1
B, = %hg, {p+1)K;s — g"Kaus} grra(0C57) + §K53gr+6(Xi; )

+0Lr +O(n™"), (4.9)

where g;,(+;7) is the pdf of the noncentral x? distribution with k degrees
of freedom and the noncentrality parameter 7 and By g is the power of the
likelihood ratio statistic.

4.2 Linear Structures

We consider the structure : X is a linear combination of matrices,
X&) =¢'Gi+ Gy + -+ G,

where G, ’s are given p X p symmetric matrices which are linearly independent,
satisfying that
G =G, GiG; =0 (i #j),

J

and £*’s are unknown such that 3(&) is positive definite. We note that this
structure includes sphericity structure, intraclass correlation structure, and
SO on.

We can easily calculate J, and Ky, K, in this case as

J,=—-G,  Ks;=0, Kgu;=0. (4.10)

Hence we can write the power (4.9) as

By = ﬁ3K63gr+6(X§§ )+ Brr + O(n™h).

1
3v/n
It is equivalent to

V(B — Brr) — %%Kﬁgr%(){i; 7) (n— 00). (4.11)

This shows that LR statistic has greater power than statistics with negative
values of hs if Kg > 0.

12



In a special case that ¢ = 1, this structure is the sphericity structure.
Since we can choose an arbitrary parametrization, we use (&) = {exp(¢')} I,

then,
p

Ji=-I,, Kg=)Y (vi-7) (4.12)

i=1
where v;’s are the eigenvalues of A and 7 = 117 P vi. From (4.11) and
(4.12), when Kjs # 0, power comparisions of sphericity test in the class
depend on a kind of skewness of A’s eigenvalues. When K = 0, we can
not compare the power asymptotically in the class on order n=2. So we
consider an asymptotic expansion of the non-null distribution of 7} under

the local alternatives up to the order n~! taking focus on hs and hy, we have
1 « 1
P(Th S x) = GT(SL’;T) + ﬁ Z&jGTJrgj(l’; 7') + ﬁ {Z deHQj(x; T)
j=0 j=1

4
+ D [iGria(w57) + DG (x5 T)} +0(n™*?), (4.13)
j=1
where b does not depend on hs and hy, the coefficients ¢;’s, d;’s, f;’s and the
formulae needed for calculating expectations are given in Appendix A.

Using (3.13), (4.13), (4.6), and (4.7) with noting (4.4), we can also cal-
culate the power 3 as

5
1 (xa)’
B = [; €;9r+2;(X2;T) + {(h] + 4h3)E + hs D} mgr(xi; 7)
. 2 g]gr+23 XWT 4 T(T’—'—Q)gr XOUT & n ) .

where ¢ does not depend on h3 and hy, and E are given by

, 1 ) 1 Xa
c:l—Gr(XQ;T)—E(bGr(xa;T)), E=3 C—T+4A )

and the coefficients e;’s, g;’s are given in Appendix B, the coefficients A,-- -, D
are given by (4.3). The difference of local powers among the class is complex.
We can examine the difference numerically for specified values of p, o and A.

13



Hayakawa [3], Pillai and Jayachandran [6] also gave the numerical examples
about the power of T} in some special cases.

We have shown that the difference of the asymptotic power in our class
of the test for linear structures which depend on only Kgs. Other impor-
tant covariance structures arise when we treat covariance structure analysis
(system of equation model) (see e.g., [11]). In this case, we have to consider
non-linear covariance structures. Sometimes the domain = of 3(Z) is not
an open set. If the minimizing point lies on the boundary, the asymptotic
expansion formulas derived in this paper are not applied. The problems of
deriving asymptotic expansion formulas in such case are left for the future.
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Appendix A

Let V be a p x p symmetric random matrix normal with pdf fo(V') in (3.3).
Let e = (e!,--- ,e?) and W be the random vector and matrix defined by
(3.6). Then, it holds that any p x p matrices A and B,

E[eaeb] — gab’ E[eaebeced] — gabcd’ E[eaebecedeeef} — gabcdef’
E[tr(AW)tr(BW)] = 2tr(AB) — g®tr(AJ,)tr(BJ,),
E[tr(AW BW)] = trAtrB’ + tr(AB’) — ¢“’tr(AJ,BJ,),
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E[tr(AW)tr(BW?)| = 4tr(AB) + (p* +2p + 1)trAtrB
—(p+ 1)g* {trAtr(BJ,J) + trBtr(AJ,Jy)}
—8¢"tr(AJ,BJ,) + g tr(Ad Ty )tr(BJ,Jy),
E[tr(AW)trtW?] = 6(p + 1)trA — 6¢°°tr(AJ,J,)
—3(p + 1)g""tr(AJT,) Ky + g“tr( AT, Kpea),

E[W?Y = p(2p* +5p+5) —4q(2p +3)
_2gabKa,b + gadeKabcd7
E(W?)?] = 6p(4p” +9p+7)

—24q(2p + 3) — 12¢°°(2p + 3) K
—39"°(3p° + 6p + T) Ko + 6(p + 1) """ K, pea
+18gabchabcd . gadeefKabc,def7

where A = 1(A + A’). The expectations are obtained by using Lemma
3.3 and the fact that vec*(V') is distributed as Np(pi1y/2(0, Ippr1)/2). The
calculations can be simplified by using the properties such as

E[trW2trW?) = Eltr(W2W?2) 4 2t:(W W )tr(WW)],

where W is a symmetric random matrix having the same distribution W
and being independent of W.

Appendix B

The coefficients b and ¢;’s, d;’s, f;’s are given by

Co = —ﬁK(;z ¢ = —EO,

fi= ——927f2 %( ) f3= %( 94),f4=%g4,

dy = — 62,d2 2(62 ) dz = l( 64)>d4 = %(64 - 65),d5 = %657

[QQ(Vl) +0Qi(Vi)tr (Wi K) + 102 {tr(W, M)} + Ler(M?)],

where Q1 (+) and ()3(-) are given by (3.4), and the coefficients e;’s, g;’s, V1,
W, M, are given by

o = —5;h3(4p° + 9p® — 13p — 12+ 4p~') + hypKse,

e3 = 1h2(p +2—2p ) Kp + shyp ' K Kg — 3hs Ky
+57 (13 + 4hs) (6p® + 18p* — 24p — 72+ 96p ™),
(h3 + 4h3)Ks — —h s K5,
(h% + 4h3)(K54 — p71K52K52),

1
4= 1
_ 1
€ =3

15



92 = 37ha(2p® + 5p* — Tp — 12+ 12p71),

g3 = 5ha(2p+3—6p HKys2, g1= 5K,

Vi=U+ (1—20)"2W +20(1 — 20)"*Wj,

Wy =(1—20)"2W + (1 — 20)"'W,

M, = —p H {tr(W)} I, — p~ ' {tr(VIA)} (' + 0",
—p~H{tr(W1)} (' + ) I, + (e' + §')%1,
—(e'+ (Vi + A) + 3(ViA + AW)).
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