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ABSTRACT

The present paper considers a bias correction of Akaike’s information criterion (AIC) for selecting
variables in the generalized linear model (GLM). When the sample size is not so large, the AIC has
a non-negligible bias that will negatively affect variable selection. In the present study, we obtain a
simple expression for a bias-corrected AIC (corrected AIC, or CAIC) in GLMs. A numerical study
reveals that the CAIC has better performance than the AIC for variable selection.

Key words: Akaike’s information criterion, Bias correction, Generalized linear model, Maximum

likelihood estimation, Variable selection.

1. INTRODUCTION

In real data analysis, deciding the best subset of variables in regression models is an important
problem. It is common for a model selection to measure the goodness of fit of the model by the risk
function based on the expected Kullback-Leibler (KL) information (Kullback and Leibler (1951)).
For actual use, we must estimate the risk function, which depends on unknown parameters. The
most famous estimator of the risk function is Akaike’s information criterion (AIC) proposed by Akaike
(1973). Since the AIC can be simply defined as —2 x the maximum log-likelihood +2 x the number
of parameters, the AIC is widely applied in chemometrics, engineering, econometrics, psychometrics,
and many other fields for selecting appropriate models using a set of explanatory variables.

In addition, the order of the bias of the AIC to the risk function is O(n~'), which indicates
implicitly that the AIC sometimes has a non-negligible bias to the risk function when the sample
size n is not so large. The AIC tends to underestimate the risk function and the bias of AIC tends
to increase with the number of parameters in the model. Potentially, the AIC tends to choose
the model that has more parameters than the true model as the best model (see Shibata (1980)).
Combined with these characteristics, the bias will cause a disadvantage whereby the model having
the most parameters is easily chosen by the AIC among the candidate models as the best model.

One method of avoiding this undesirable result is to correct the bias of the AIC. A number of authors
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have investigated bias-corrected AIC for various models. For example, Sugiura (1978) developed an
unbiased estimator of the risk function in linear regression models, which is the UMVUE of the risk
function reported by Davies et al. (2006). Hurvich and Tsai (1989) formally adjusted the bias of the
AIC (called AICc) in several models. In particular, the AICc is equivalent to Sugiura’s bias-corrected
AIC in the case of the linear regression model. Wong and Li (1998) extended Hurvich and Tsai’s
AlCc to a wider model and verified that their AICc has a higher performance than the original AIC
by conducting numerical studies.

Unfortunately, except for the linear regression model, the AICc does not completely reduce the
bias of the AIC to O(n~?). As mentioned previously, the goodness of fit of the model is measured by
the risk function based on the expected KL information. Thus, obtaining a higher-order asymptotic
unbiased estimator of the risk function will allow us to correctly measure the goodness of fit of
the model. This will further facilitate the reasonable selection of variables. From this viewpoint,
Yanagihara et al. (2003) and Kamo et al. (2011) proposed the bias-corrected AIC’s in the logistic
model and the Poisson regression model, respectively, which complementarily reduce the bias of the
AIC to O(n™%). We refer to the completely bias-corrected AIC to O(n~2) as the corrected AIC
(CAIC). Frequently, the CAIC improves the performance of the original AIC dramatically. This
strongly suggests the usefulness of the CAIC for real data analysis. Nevertheless, the CAIC is rarely
used in real data analysis because the CAIC has been derived only in a few models. Moreover, since
the derivation of the CAIC is complicated, a great deal of practice is needed in order to carry out the
calculation of the CAIC if a researcher wants to use the CAIC in a model in which the CAIC has not
been derived. Hence, the CAIC is not a user-friendly model selector under the present circumstances,
although the CAIC has better performance than the original AIC. If we can obtain the CAIC in a
small amount of time, the CAIC will become a useful and user-friendly model selector.

The goal of the present paper is to derive a simple formula for the CAIC in the widest model
possible. The model considered is the generalized linear model (GLM), which was proposed by
Nelder and Wedderburn (1972). Nevertheless, the GLM can express a number of statistical models
by changing the distribution and the link function, such as the normal linear regression model, the
logistic regression model, and the probit model, which are currently commonly used in a number of
applied fields, cf., Barnett and Nurmagambetov (2010), Matas et al. (2010), Sdnchez-Carneo et al.
(2011), and Teste and Lieffers (2011). Practically speaking, the GLM can be easily fitted to real data
using the “glm” function in “R” (R Development Core Team (2011)), which implements a number of
distributions and link functions. Since the model considered herein is wide and can be easily fitted to
real data, the CAIC in the GLM is confirmed useful in real data analysis. Generally, the additional
bias correction terms in the CAIC requires estimators of several orders of moments of the response

variables. Such moments should be calculated for each specified model. However, we emphasize that



the moments do not remain in our formula. Hence, in order to apply the CAIC to the real data
with our formula, we need only calculate the derivatives of the log-likelihood function of less than or
equal to the fourth order. Our formula can be applied using formula manipulation software such as
“Mathematica”.

The remainder of the present paper is organized as follows: In Section 2, we consider a stochastic
expansion of the maximum likelihood estimator (MLE) in the GLM. In Section 3, we propose a
new information criterion by complementarily reducing the bias of the AIC in the GLMs to O(n™?).
In Section 4, we present several examples of the CAIC in a model in which the “glm” program is
implemented. These examples will be helpful to applied researchers. In Section 5, we investigate the
performance of the proposed CAIC through numerical simulations. Technical details are provided in

the Appendix.

2. STOCHASTIC EXPANSION OF THE MLE IN THE GLM

The GLM considered herein is developed to allow us to fit regression models for the response
variables that follow a very general distribution belonging to the exponential family, the probability
density function of which is given as follows:

Oy — b(6)
a(¢®)

where a(+), b(+), and ¢(-) are known functions, the unknown parameter 6 is referred to as the natural

f(y;0,¢) = exp { + c(y, ¢)} , (2.1)

location parameter, and ¢ is often referred to as the scale parameter. (For the details of the GLM,
see, e.g., Meyer et al. (2002).) In the present paper, we assume that ¢ is known. The exponential
family includes the normal, binomial, Poisson, geometric, negative binomial, exponential, gamma,
and inverse normal distributions. Let each datum consist of a sequence {(y;,x;);(i = 1,...,n)},
where 1, ..., ¥y, are independent random variables referred to as response variables, and @1, ..., x,
are p-dimensional nonstochastic vectors referred to as explanatory variables. The expectation of the
response y; is related to a linear predictor n; = @3 by a link function h(+), i.e., h(E[y;]) = h(u(6;)) =
n;. For theoretical purposes, we define v = (ho )™, ie., 6; = u(n;). When h = p~ !, ie., u is an
identity function, we say that A is the natural link function. For example, the logistic regression

model uses the natural link function. Finally, the candidate model is expressed as

vi %S f(y5:0:(8), ),

where f(-) is given by (2.1). The p-dimensional unknown vector 3 can be estimated by the maximum

likelihood method. The joint probability density function of y = (y1,...,y,) is given by

Fw:8) = [ F:0:08),6) = [ [ exp {Hyz_df;(‘”

i=1 i=1
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Hence, the log-likelihood function of the GLM is expressed as

(B:y) =log f(y:B) = {«93;#(;)(0)

=1

el 22)
Let ,@ be the MLE of 3. Here, ,@ is given as the solution of the following likelihood equation:

) 1 < ob(0;)\ 00; 1

=l(By) = —= (yi——)—miz—X’Ay—M = 0,,

98PV = 2 e, ) o T ae A =0

where X = (z1,...x,)", A = diag(96,/0m,...,00,/0n,), and p = (9b(61)/004,...,0b(6,)/006,)" .
Note that b(#) is a C*°-class function and all of the orders of the moments of y exist in the interior
©° of the natural parameter space ©. In using some of the properties of the MLE, we have the

following regularity assumptions (see, e.g., Fahrmeir and Kaufmann (1985)):
Cl:xiBeh(M)(i=1,...,n), forall B € B,
C.2 : his three times continuously differentiable,
C.3 : Forall ®; € x, 90;/0n; 0, (i =1,...,n),
C.4 : “ng s.t. X'X has full rank for n > ng,

where B is an admissible open set in RP for the parameter 3, x is a compact set for the regressors
x;, and M denotes the image p(0°). Condition C.1 is necessary in order to obtain the GLM for
all 8. Condition C.2 is necessary in order to calculate the bias. Conditions C.3 and 4 ensure that

X'AVAX is positive definite for all 3 € B, n > ng, where

52b(6,) 62b(«9n)>

V:a(¢)d1ag( BT

Moreover, we have the following additional conditions to assure strong consistency and asymptotic
normality of ﬁ, which can be derived by slightly modifying the results reported by Fahrmeir and
Kaufmann (1985):

C.5 : sequence {x;} lies in y with u(2’83) € 8°, B € B,
C.6 : liminf o Amim(X'AVAX/0) > 0,
C.7 : 3¢ >0, ny, Auin(X'X) > Apax (X' X), n > ny,

where A\yin(A) is the smallest eigenvalue of symmetric matrix A. According to Theorem 5 in Fahrmeir

and Kaufmann (1985), ,é has strong consistency and asymptotic normality under these conditions.
Furthermore, from C.6, X’AVAX = O(n), (n — o0).



Based on the above conditions, B can be formally expanded as follows:

B= B+7b1+ b2+ \/_

Note that Gé(ﬁ; y)/0B = 0,. By applying a Taylor expansion around B = B to this equation, the

——b3 + O,(n~?). (2.3)

likelihood equation is expanded as follows:

1 1
Op = (g + G2b1) + = {Glbg + —Gg(bl & bl)}

RS
f
NG

where 0, is a p-dimensional vector of zeros, and

1
{ngg + Gg(bl X b2 + b2 X bl) 6([p X bll)G4(b1 X bl)} + Op(n_Q), (24)

n

n
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1

= Z{ discly — 6di3ciicio — 3dinciiCoy — ddincis + (yi — din)cia H i @ @),

nal9) 2
Here, coefficients ¢, and dy., (i = 1,...,n;k =1,...,4) are defined as
k0, kb (6;)
o=t dg= T 25
R omE YT T o (2:5)

Note that ¢;;, is determined by the link function, and d;; is determined by the distribution of the
model. Let us define Z; = \/n(G; — M;) (i = 2,3,4), where M; = E[G}], the explicit forms of which

are

n

1
My =—— Z(—diQCfl)wiwé,

na(9) 2=
1 n
Mz = dz Sdz 11 G4 / 7 : )
3 na(¢) ZZI( 3011 2Ci1C; 2)( z®wwz)
1 n
M4 = w Z( dZ4Cﬂ 6dz3611012 3di26?2 — 4di2611C¢3)(wiw; (029 .’.UZ.’B,/L)
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Thus, Z; (i =2,3,4) can be expressed as

n

1 /
Zy = \/ﬁa(gzﬁ) ;{(yz - dil)ci2}wiwi7

n

1 3 D
= \/ﬁ@(ﬁb) p {(yl - dil)cif}}(mi ® Z; Z)’
1 = ) /
Zy = m ;1 {(yi = dir)cia}(ziz; @ 237

Based on the regularity assumptions, nonsingularity of M is guaranteed. Furthermore, the regularity

assumptions and Conditions C.6 and C.7 ensure the asymptotic normality of Z;. Hence, we can

rewrite (2.4) as

1 1
OP = (g + Mgbl) + — {Mgbg —+ §M3(b1 & bl) + Zle}

1
\/_
1
M>b Mb b b b
n\/_{ 203 + — 3(1® 2+ 02 & 1)

1 1
+6(Ip & bll)M4(b1 & bl) + Zgbg + EZS(bl X bl)} + Op(n_2). (26)

Comparing the terms of the same order in both sides of (2.6), the explicit forms of by, bs, and bs are

obtained as follows:

bl = - 5197

1
b, = —M{1 {§M3(b1 ® by) + Z2b1} ;

1 1 1
bs = — M, ! {ng(bl ®Rby+by®by) + E(Ip ® by) My(by @ by) + Zoby + §Z§o,(b1 ® bl)} .

3. BIAS CORRECTION OF THE AIC

The goodness of fit of the model is measured by the risk function based on the expected KL

information, as follows:
R = EyEy- [_2€<B§ y)l,

where y* = (yf,...,y")" is an n-dimensional random vector that is independent of y and has the
same distribution as y. At the beginning of this section, we derive the bias of —26(,[:3; y) to R. Under
ordinary circumstances, calculation of the expectations of y under the specific distribution are needed
in order to express the bias. However, based on the characteristics of the exponential family, we can
obtain the bias without calculating the expectations of y under the specific distribution. The explicit

form of the bias can be expressed by several derivatives of the log-likelihood function.



The bias when we estimate R by —ZE(B; y) is given as

B =R~ E,[-20(8:y)] = B, |E, [20(8:y) - 2081 | = 28, [

By applying a Taylor expansion around B =B tob; = (hopu)

A 06, A 00
- SB-B) 5

8ﬁ8ﬁ’

\E

=1

(B-B)

+56-01{ (55 5 ) 0} 18— B)© (8- B} + 0,0

08 = 9pIg

Substituting the stochastic expansion of B in (2.3) into (3.2) yields the following:

1 1
(9 = 9 + — —=Ci1&; b1 + — {cﬂw;bQ
\/_

1
+ icig(w;bl)z}

(?Jz’—dil)cl z
2 1”1]

N ny/n
By combining (3.1) and (3.3), we obtain
~ a9 vn
2 I i —da) / Lo\
‘E L (X!
+ ; () {czlmlbg + QClz(wlbl)

n

3

— (yi — di 1
+ E [Z —(ya( 1) {Cilw;b?) + CzQ(JJ;bl)(fB;bQ) + écig(w;bl)?’}

1
{Cﬂw;bg + cio(xiby)(xibs) + Ecig(m;bl)?’} + Op(n_2).

Recall that d;; = 0b(6;)/00; = E[y;]. This yields the first term of (3.4), as follows:

oF [2; %9] =0.

Since E[gg’] = — M, the second term of (3.4) can be calculated as

2 LN (i —da)
i [Z ai@)

i=1

The third term of (3.4) can be obtained as

2 — i—di 1
E [— Y ! {Cﬂd)ébg -+ —Ci2($;b1)2
n 4 a 2

1 _
Z disch iU n3a(0)? Z disc; (djsc)y + 3djaciicin)Uss 4+ O(n

] = —2E[g'M; 'g] = 2p.

i

+O(n~

71(:%,@), 0, is expanded as

2).

%),

(3.1)

(3.2)

(3.3)

(3.5)

(3.6)

(3.7)

where 77 refers to Y1, >, and Uj; is the (i, j)th element of the matrix U = XM, ' X", i.e

W
Ui = x;

-1

(3.8)



Note that coefficient U;; is determined by both the link function and the distribution of the model.
The derivation of (3.7) is shown in Appendix A.1. Furthermore, the fourth term of (3.4) can be

expanded as

2 oINS - ds |
n\/ﬁE [Z @qu)l) {Cﬂm;bg + cio(xiby) (2iby) + 60i3($;b1)3}]
i=1
1 n
- n2a(¢) Z(dmc;ﬂ + 6di30?1ci2 dlchQ)U2
1 - )
n3a(¢ 2{2 23611)((1]3%1 + 3djacj1¢52) + 4(d12021012)(dﬂcﬂcﬂ)}(]ﬁ
1 n
- nda(p)? Z{ (disciy)( 930]1 + 3djaciicje) + d(diaciicio) (djaciicie) YUijUyUsy + O(n™2).  (3.9)

The detailed derivation of (3.9) is given in Appendix A.2.

Finally, by substituting (3.5), (3.6), (3.7), and (3.9) into (3.4), we obtain the asymptotic expansion

of B up to order n~! as

1
B=2p+ ﬁ(wl +wy) + O(n™?), (3.10)
where
1 n
w1 (gb) Z(d%c?l + 3di30?161'2 erQCZQ)U,?,“
L (3.11)
1
Wo = n2a(¢ Z{d23czl ]3011 + degcjlcjz) + 4(d12011012)(djgcjlcjg)}(U?j + UZJUlZUj])

By a simple calculation, we have ¢;; = 1 and ¢;5 = 0 when the link function is natural. Thus, if the

model has the natural link function, w; and ws became simple, as follows:

E dl4 127
n

(3.12)
_ 3
Wy = —W ; digdjg)(Uij + UZ]UZZU”)
Equation (3.10) yields the following formula for the CAIC:
1
CAIC = AIC + E(wl + wy), (3.13)

where w; and w9 are defined by replacing 8 in w; and wy with ,é On the other hand, if A is not
the natural link function, we have to use w; and wy in (3.11). Note that @; and wy depend only
on several derivatives. Therefore, we can comfortably obtain coefficients w; and ws using formula

manipulation software.



4. THE CAIC IN THE MODELS IMPLEMENTED IN “glm”

In this section, we will present several examples of the CAIC in the GLM, which can be used
in the “glm” of the “R” software. In “glm”, the binomial distribution accepts the links “logit”,
“Probit”, “cauchit”, and “cloglog” (complementary log-log). The Gamma distribution accepts the
“inverse”, “identity”, and “log” links. The Poisson accepts the distribution of the “log”, “identity”,
and “sqrt” links, and the inverse Gaussian distribution accepts the “1/u*”, “inverse”, and “log”
links. These examples are obtained through our formula in (3.13). If A is the natural link function,
wy and wsy in (3.13) are expressed as shown in (3.12). Otherwise, wy and wq in (3.13) are expressed
as in (3.11). Next, we present the coefficients of the CAIC in the all of models mentioned above.
The results indicate that the CAIC in the model with a non-natural link function is more complex
than that in the model with the natural link function. An expression of the log-likelihood function

of the GLM is given by Equation (2.1).
4.1. Case of the Binomial Distribution

When we assume that y; is distributed according to the Binomial distribution B(mg,p;) (i =

1,...,n), the parameters and functions based on the distribution are given by

0; = log < Pi ) . b(0;) = m;log(1 + exp(6;)),
p=1, al@)=1, c(yd)=log (”;) .

Then, the coefficients of the CAIC specifying the distribution are given by

_m exp(6;) m exp(6;)
Lrexp(6) % (1+exp(6))?
don = T exp(f;) (1 — exp(6;)) d, = T exp(f;)(1 — 4exp(6;) + exp(26:))
Z?’ (14 exp(6;))? o (1 + exp(6;))* .

i1

The remaining coefficients of the CAIC, which are determined by the link function, are as follows:
e Case of the logistic link function, i.e., E[y;] = m;p; = m;(1 + exp(—n;)) ™" (natural link function):

1 — my exp(—ng)
U:=x.{ —— ! .
y ””{ 0 2 (Tt oxp( PR [

k=1

The CAIC derived from the above coefficients coincides with the CAIC reported by Yanagihara et
al. (2003).

e Case of the probit link function, i.e., m;p; = m;®(n;), where ®(-) is the cumulative distribution



function (CDF) of the standard normal distribution:

o (1) o o(1:) N [
Cil = (1 —®(n;))®(m;)’ i2 {1 = ®(n:)®(n) 12 {mi®(n:)(1 = @(n;)) + o) (1 — 28 (my)) },

. 1 < md(nk)? ! N
Uij = {‘5 2.1 @(nk»@(mwkw’“} "

where ¢(+) is the probability density function (PDF) of the standard normal distribution.

e Case of the cauchit link function, i.e., m;p; = m;¥(n;), where ¥(-) is the CDF of the standard
Cauchy distribution:

U (m:) o P(m:)?
I—=Tm)®m) 7 {0 = W) ¥ ()}

= _1 - ) (1)” T, 1"’"
U, { w2 T W) o ™ } i

k=1

{2mn: W (n;) (1 = W(n)) — (1 —2¥(m))},

Ci1 =

where 9(+) is the PDF of the standard Cauchy distribution.

e Case of the cloglog link function i.e., m;p; = m; — m; exp{—exp(n;) }:

_ exp(1;) , — xp(m){1 — (1 — exp(m)) exp(— exp(n:))}
1 —exp(—exp(n;)) {1 — exp(—exp(m)) }2 ’

-1

1< 2

Uy =) { 3 ORI DD o L)
ne= 11— exp(— exp(ng))

Ci1

4.2. Case of the Poisson Distribution

Second, when we assume that y; is distributed according to a Poisson distribution Po();) (i =

1,...,n), the parameters and functions based on the model are given as follows:
0; =log X;,  b(0;) = exp(b;),
¢=1, a(9) =1, c(y,d) = —log(y!).
The coefficients of the CAIC specifying the distribution are given by
djy = dip = diz = djy = eXP(Qz‘)-
The remaining coefficients of the CAIC, which are determined by the link function, are as follows:

e Case of the log link function, i.e., E[y;] = A; = € (natural link function):

1 n
Uj = ! {_ﬁ Z exp(nk)mka} x;.

k=1

The CAIC obtained from the above coefficients coincides with that reported by Kamo et al. (2011).

10



e Case of the identity link function, i.e., \; = n;:

1 1 1~ 1
Ci1 = ;7 Cizg = _F’ Uij = x; <——Z —mkmé) L.

n
‘ =1 Tk

e Case of the sqrt link function, i.e., \; = %

n
2 2 4 ,
Ci1 = —, Cio = Y Uij =, | —— E LIy, wj.
' " L

? %

4.3. Case of the Gamma Distribution

When we assume that a positive observed response, y;, is distributed according to the Gamma
distribution I'(\;,v) (i = 1,...,n), the parameters and functions based on the model are given as
follows:

b= ——, b(6;) = —log(—6y),
o bl6) =~ log(~0)
o=v, ald)=0"", c(yi,¢)=vlogr —log(l'(v))+ (v —1)logy,

where I'(+) is the gamma function. Then, the coefficients of the CAIC specifying the distribution are
given by

dil - —9'_1, dig . 91-_2, dig — —29;3, di4 — 692_4
The remaining coefficients of the CAIC, which are determined by the link function, are as follows:

e Case of the inverse link function, i.e., E[y;] = \iv = n; ! (natural link function):

. -1
14 _
k=1
e Case of the log link function, i.e., \;v = exp(n;):
" -1
v
ci = exp(—m), cp=—exp(—n;), U=z <_ﬁ Zw;@%) Lj-
k=1

e Case of the identity link function, i.e., \;v = n;:

Ve -
2 _ -3 ol —4 /
Ci1=1; ", Ciap=—2n; Ui = x; T E M LkTy L.
k=1

11



4.4. Case of the Inverse Gaussian Distribution

When we assume that a positive observed response, y;, is distributed according to the inverse
Gaussian distribution IG(u;, A\) (i = 1,...,n), the parameters and functions based on the model are
given as follows:

A
6= ald)= 3, cly6) =3 log(N) — 5log(2ma?) — -,

T

Then, the coefficients of the CAIC specifying the distribution are given as

_ 1 _ _ 15 _
da =677 dip= =677 dig =307 du=——6".
2 2
The remaining coefficients of the CAIC, which are determined by the link function, are as follows:

Case of the 1/p? link function, i.e., E[y;] = u; = n; 12 (natural link function):

-1
1 -
Uij = x; (—a an 3/23%:%) x;.
k=1

Case of the inverse link function, i.e., y; = n; ':

-1
4 n
cin=2m, cop=2, Uj=ux; <_ﬁ anlwkw;c> Lj-

Case of the log link function, i.e., u; = exp(n;):

1
4 n
cn = —2exp(—2m;), cp=4exp(—2n;), U ==, (—a ;exp(—nk)wkw;> x;.

5. NUMERICAL STUDIES

In this section, we conduct numerical studies to show that the CAIC is better than the original
AIC. At the beginning of this section, we examine the numerical studies for the frequencies of the
model and the prediction error of the best models selected by the criteria. We prepared the eight
candidate models with n = 50 and 100. First, we constructed an n x 8 explanatory variable matrix
X = (x1,...,2,). The first column of X is 1,, where 1, is an n-dimensional vector of ones, and
the remaining seven columns of X were defined by realizations of independent dummy variables with

binomial distribution B(1,0.4). In this simulation, we prepared two parameters 3, as follows:
Casel : B = (0.65,—0.65)", Case2: 3 = (0.1,0.1,0.3,—0.5)".

12



The explanatory variables matrix in the jth model consists of the first j columns of X (j =1,...,8).
Thus, in case 1, the true model is the second model, and in case 2, the true model is the fourth model.
We simulated 1,000 realizations of y = (y1, ..., yn) in the probit regression model, i.e., y; < B(1,p;),

where p; = ®(x;3) (i =1,...,n).

Table 1: Selection-probability and prediction error for the case of B = (0.65, —0.65)’

n || Model 1 2 3 4 5 6 7 8 PEp
Risk | 66.29 64.54 65.58 67.06 68.78 70.45 72.37 7447 -

50 AIC 28.4 44 .8 8.0 6.2 3.2 3.2 3.3 2.9 68.34
CAIC | 345 48.6 7.8 4.8. 1.6 1.4. 1.0 0.3 66.94
Risk | 130.81 126.19 127.31 128.52 129.67 130.98 132.27 133.64 -

100 || AIC 11.3 58.8 11.6 6.8 4.1 3.5 1.1 2.8 128.95
CAIC | 12.0 62.4 10.8 6.3 3.2 2.8 1.1 1.4 128.55

Table 2: Selection-probability and prediction error for the case in which 8 = (0.1,0.1,0.3, —0.5)’

n || Model 1 2 3 4 5 6 7 8 PEg
Risk | 70.17 71.36 72.13 71.99 73.63 7522 77.25 79.22 -

50 AIC 47.2 7.7 7.7 19.4 6.4 5.4 3.0 3.2 74.8
CAIC | 55.2 8.7 7.9 17.9 4.9 2.5 1.8 1.1 73.79
Risk | 139.54 140.23 140.09 137.91 138.94 140.14 141.25 142.45 -

100 AIC 27.4 4.0 8.2 40.3 8.6 5.1 3.6 2.8 140.42
CAIC 29.8 4.7 8.8 40.9 7.1 4.0 3.0 1.7 140.29

Tables 1 and 2 list the following properties.

1) selection-probability: the frequency of the model chosen by minimizing the information crite-
y y

rion.

(2) prediction error of the best model (PEg): the risk function of the model selected by the

information criterion as the best model, which is estimated as

1000

S B, [-26(Bn,: y"))

1=

—~

Eg = ——
"7 1000
where y* is a future observation, and BBi is the value of B of the selected model at the ith

1teration.

In particular, PEg is an important property because it is equivalent to the expected KL information
between the true model and the best model selected by the criteria. In case 1 with n = 50 and
100 and in case 2 with n = 100, the model having the smallest risk function (referred to as the

principle best model) coincides with the true model. On the other hand, in case 2 with n = 50,
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the principle best model became the first model rather than the fourth model, i.e., the true model
did not conform with the principle best model. This means that using a model that is smaller than
the true model is better for prediction in case 2 with n = 50. From Tables 1 and 2, we can see
that the selection-probabilities and prediction errors of the CAIC were improved in all situations in

comparison with the AIC. We simulated several other models and obtained similar results.

Table 3: Selection-probability and estimated prediction error

Selected model AIC CAIC
Logistic Probit Total | Logistic Probit Total

X Ray 0 0 0 0 5 5
X Ray, Acid 0 3 3 0 3 3
X Ray, Age 0 1 1 0 1 1
X Ray, Grade 0 1 1 1 3 4
X Ray, Stage 25 5 30 24 38 62
X Ray, Grade, Acid 0 4 4 0 1 1
X Ray, Stage, Acid 5 22 27 0 15 15
X Ray, Stage, Age 0 4 4 0 6 6
X Ray, Stage, Grade 0 2 2 0 2 2
X Ray, Grade, Age, Acid 2 0 2 1 0 1
X Ray, Stage, Age, Acid 0 17 17 0 0 0
X Ray, Stage, Grade, Acid 1 6 7 0 0 0
X Ray, Stage, Grade, Age 0 1 1 0 0 0
X Ray, Stage, Grade, Age, Acid 0 1 1 0 0 0

PEg 146.5 145.8

Next, for the purpose of analyzing the GLM, we consider the data reported in Brown (1980),
who discussed an experiment in which 53 prostate cancer patients underwent surgery to examine
their lymph nodes for evidence of cancer. The response variable is the number of patients with
nodal involvement, and there were five predictor variables: X Ray, Stage, Age, Acid, and Grade.
First, we assume that the response variable y; is distributed according to B(1,p;) (i = 1,...,n).
For the link function, we prepare two functions: the logistic link function and the Probit link func-
tion. In this analysis, we select the link functions and variables simultaneously. Table 3 shows the
selection-probability of the model selected by minimizing the information criterion and the estimated
prediction error of the best model selected by the information criterion. We divide the data into
calibration sample data and validation sample data. The sample sizes of the calibration sample and
the validation sample were 43 and 10, respectively. The best subset of the variables and the link
function were selected by criteria derived from the calibration sample. The selection-probabilities
were evaluated from only the calibration sample. The prediction errors were estimated as follows.
Let d; = (dyj, ..., dyn;) be an n-dimensional vector expressing a pattern to leave out 10 data at the

Jth iteration j = 1,...,100), i.e., d;;j = 1 or 0 and ", d;; = 10. Moreover, we let BB,[,dj] denote

14



B[,dj] of B of the best model evaluated from the calibration sample, where B[,dj] is given as

Bla = argmaxz dij) log f (y:; B)-

Finally, the estimated PEg is given as

100

B 1002102d1]{ QIng yza/BB[ d])}

Table 3 indicates that the models selected by the AIC were spread over a wider area than those of
the CAIC, although the model most selected by the AIC is the same as that selected by the CAIC.
In particular, the selection probability of the model most selected by the CAIC is much higher than
that selected by the AIC. The estimated prediction error of the CAIC was smaller than that of the
AIC. Thus, the CAIC is thought to have improved the accuracy of the original AIC.

Consequently, from Tables 1, 2, and 3, we recommend the use of the CAIC rather than the AIC
for selecting variables in the GLMs.

6. CONCLUSION

In the present paper, we derived a simple formula for the CAIC in the GLM. All of the coefficients
in our formula are the first through fourth derivatives of the log-likelihood function. The GLM can
express a number of statistical models by changing the distribution and the link function and can be
easily fitted to the real data using the function “glm” in the “R” software, which implements several
distributions and link functions. Hence, based on the real data analysis, the present result is useful
for real data analysis. Moreover, the numerical studies revealed that the CAIC is better than the
original AIC.

For example, we presented explicit forms of the CAIC in all of the models that are implemented in
“olm”. These explicit forms are thus confirmed to be useful in real data analysis. Even if a researcher
wants to use the CAIC in a model that for which an example CAIC has not yet been derived, the
researcher can easily obtain the CAIC using formula manipulation software.

In the present paper, we deal primarily with variable selection. However, in the simulation of
the real data analysis, we also considered the selection of the link function. If we choose the link
function by minimizing the original AIC, the optimal link function is determined only by maximizing
the log-likelihood function. On the other hand, if we use the CAIC to select the link function, the
optimal link function is not determined only by maximizing the log-likelihood function. Thus, using
the CAIC will allow us to select an appropriate link function.

As mentioned above, we confirm that the results are useful and user friendly.
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APPENDIX

A.1 Derivation of the Third Term of (3.4)
In order to calculate the moments of b; and Z,, we rewrite the third term of (3.4) using by, Z,

and Mj; as

2 v v

where ¢;; and d;; are defined in (2.5), and U;; is defined in (3.8). Let ¢y, (t) be the characteristic

function of the distribution of by, defined as

n

v, (t) = Elexp(it'by)] = | [ Elexp{i(y; — dji)s;}],

Jj=1

_ ! -1
§j = —————cut' My 'z,

Vna(g)

where t = (t1,...,t,)". Note that Elexp{i(y — p)s}] is the characteristic function of y — p, which is

expressed as

Elexp{i(y — p1)s}] = exp { b + isald)) — B6) _ ius} :

a(¢)

Therefore, we have

o (£) = oxp {Z (b(ej + z‘s%)) —b(6) _ idﬂgj) } |

j=1
Based on the property of the random variable with mean zero, the third moment is equivalent to the

third cumulant. Since |s;| = O(n™'/2), log s, (t) can be expanded as

logn, (£) = 3 {b(9j +isja(o)) —b(d;) z’djlsj}

j=1 a(e)
- @ ; {%djg(iSja(¢))2 + édj3(i8ja(¢))3 + 2—14dj (Z'Sja,(gf))yl} + O(n—3/2).

Thus, the third cumulant of by = (by1, ..., b1p)" is computed through the derivative of log ¢y, (), i.e.,

03 log vy, (t)
Elby. b b = 32 10890 (E)
(D10, b1050105] = i Oty Oty Ol |

- 0s; 0s; 0s; _
= (0P Y dyy o D01 05y oy
1 aq (o2 as

=

Note that

08, 1
i _ L -1,
——cﬂeallw2 x;,

ataz N \/ﬁa(gb)
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where e; is the p-dimensional vector, the jth element of which is 1 and the other elements of which

are 0. Thus, using Equations (2.5) and (3.8), we obtain

1 1
—E[b M;(b; @ by)] =

NG Z ol]gc]1 i3Co + 3dZQCzlle>U;} +0(n™?). (A.2)

7”L3

Let @b, z,(t,T1) denote the characteristic function of the joint distribution for by and Z, as

(6T e {Z b6, + iv]‘;l((j))) —b(0) dﬂvj} |

where Ty = (t l(Jl)) (i,j=1,...,p) and

(—let/Mgle + ngw;-lej).

b=t
T Vna(9)

In the same manner as in the calculation of log ¢, (), we have

log @p, 2, (t,T) = ) {b(ej - ivjz(%) ) bl0) _ z’djwj}

j=1
n

(o) Z{ sy + v <¢>>3+§dj4<wja<¢>>4}+o<n3/2>.

Note that

Qop 1 crei Myt Oue _ 1 cro(€eixy) (e xy)
atZ - \/ﬁa((ﬁ) k1€, 2 ks 87—;‘7 - \/ﬁa/(gﬁ) k2 Lk g k)

Hence, we obtain

1
vn

Substituting (A.2) and (A.3) into (A.1), the third term of (3.4) is given by (3.7).

E[b1Z2b1 Z dzgczlcng% + O(n_Z). (A?))

A.2 Derivation of the Fourth Term of (3.4)
In order to use the asymptotic properties, we express the fourth term of (3.4) in terms of by, Zs,
Zg M2 Mg, and M4 as

6|3 ) Lol + calelb) e + Gealaivy

2 n
ny/n L_ 6
1
= EE (b1 ® by) MyM; " M;(by @ by)] + %E [(by ® by) My(b; ® by)]
3 4 4
EE (b1 ® by) M5My " Zoby | — EE (b} Zs My Zoby ] + 3—nE [b) Z5(b; @ by)] . (A.4)
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Let @b, 2,2, () denote the characteristic function of the joint distribution for by, Z,, and Z3 defined

by

©b1,22,25 (t, TQ, Tg) = exXp {Z (b(ej + erj((gf))) - b(ej) . idjlrj> } ’

J=1

where T = (Tl(f)) (t,j=1,...,p), T5s = (71(]3,3) (i,7,k=1,...,p) and

(—let/Mz_lmj —+ ngm;TQCL'j + ngil?;-Tg,(QZj X azj))

1
r, = ——
T Vna(¢)
In order to simplify the calculations, we define the following notation:

1 1

Thj = ) H(m(ﬁb)djk?“j)k,
- 827'20[ 1 -

Kij = 2 oot~ nald) E dmgcml(e My e, ) (e My 2, (A.5)
s _Zn Praa 1 }n:d et Cma (€M 1) (€4 (€4Tmn), (A.6)
e a=1 (’%i@Tj(k  na(p) £ 2rmitme 2 B G Em A Em '
kgt = S LS 2 () () (€ (), (A7)

a=1 ajl(lc)aj;(l) na<¢) m=1
- 8 Too 1 - _1
Kiii dmaCmicms(€;My @y, (el (elxy) (e x,y,). A8
ijk = § :8758le?}3 na(d) m§1 2Cm1Cm3(€; My @) ( )(€5xm) (€T ) (A.8)

Using the derivations of ¢, z, z,, the first term of (A.4) is given by

p
E[(by @ by)' MMy Ms(by @ by)] = > [MyM; ' Ms); i 1E[bisbjabrabua]

1,7,k,l

p
Z 1M3 zykl 0490b17227z3<t’T2,T3) .
= 0t;0t;0t,.0t, =0, Ty=0,T5=0

By applying a Taylor expansion, we obtain

e —~ (b(0; +irja(¢)) —b(0;)
0t,:0t,0t,0t, ¥ {; ( a(9) iy ) }

84 n ,
= — . . , —3/2
0t;0t,;0t,0t, oxXp {Z(T% + 735 + 745) + O(n )}

Jj=1

t=0,,T=0,T3=0

t=0,,T5=0,T3=0

847'4a

= {Iizglikl + Kigkj + Kjpkqa + Z m + O(n_2/3)} exp {1 + O(n_3/2)} .

Note that |r;] = O(n~Y/2) and

740, “ 5, Org 0ry Ory Or, o
0t:0t,0t,0t, D a(¢)’dus o, ot oty oy~ O
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Hence, the first term of (A.4) is expressed as

p
E[(bl X bl)/MéMz_lMg(bl X bl)] = Z [MéMz_lMg]i7j7k7l(I€ij/£kl —+ RikRjl + /’fjk/'fil) -+ O(n_l). (Ag)

i7.j7k7l

By substituting (A.5) into (A.9), we obtain

E[(b; ® by) MiM; ' Ms(b; @ by)]

1 n
= W Z(diQC?l + 3di20i10i2)(dj26?1 + 3dj20j10j2)(UiiUijUjj + 2Uz?;> + O(n_l). (AlO)
0]

The remaining terms of (A.4), as well as the first term of (A.4), will be calculated. The second
term of (A.4) is similarly obtained from (A.10) as follows:

31 «
E[(bl & bl)/M4(b1 & bl)] = —— Z(diﬁlc?l + 6di30?16i2 + BdiQC?Q + 4di2cilci3)Ul‘2i + O(n_l).
na(¢) =
(A.11)
Next, we calculate the third term of (A.4). The third term of (A.4) is expressed as follows:
P
E [(by ® by) MiM; ' Zoby] = > [MsM;"]; ;4B [bribabyiZo )
i,5,k,l
p
= 3 zgk (Kijkigl + KikKjg + Kjpkig) +O(n~ b, (A.12)
0,9,k l

Expression (A.6) implies that

E [(b) ® by) MjM; " Z5b, ]
1

n

= ——HQG(@Q Z(dwcg’l + 3dizciiciz)djociicio(UyUsUjy + QUZ-SJ-) +0(n™). (A.13)
i,J
The fourth term of (A.4) is as follows:
p
E [b1Z.M; " Zoby ] = Z [My e (Kakir g + Kigilim + Kigkeg) + Om™h). (A.14)
ijikl

It follows from (A.7) and (A.14) that

E [} Z,M; " Z5b, |

n

1 — 1
e N AU+ ———— S (digcircio) (dincincin) (UsUsiUss + U3 + O(n™b). Al5
na((b); 2€i2 +n2a(¢)2 ;( 2Ci1Ci2) (djaci1¢2)( iU +Ui) +0(n™) ( )

Finally, we calculate the fifth term of (A.4). Note that

P
E[b]Z3(b; ® by)] = Z E[Z; ;jib1:b1;b1k]

.5,k

p
= Z(liijﬁk,mk + KikKjijk + KjkRiik) + O(n™). (A.16)
1,5,k
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Substituting (A.8) into (A.16) yields

3¢ -
E [b&Zg(bl X bl)] = E Zl diZCilcigUiQi -+ O(n 1). (Al?)
Consequently, from (A.10), (A.11), (A.13), (A.15), and (A.17), we obtain the fourth term of (3.4) as
(3.9).
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