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ABSTRACT

In this paper, we consider the expected probabilities of misclassification (EPMC) in linear discriminant
function based on 3-step monotone missing data and derive an asymptotic approximation for EPMC. On
condition that the parameters are unknown, we derive the maximum likelihood estimators (MLEs) and the
unbiased estimators based on 3-step monotone missing data. Finally, we perform the Monte Carlo simulation
for evaluating our result.

1 Introduction

Linear discriminant analysis is well known as one of statistical procedures to assign p dimensional observation
vector & which arises from one of some groups into one of them. In particular, we consider that for the case
that @ comes from one of two groups, i.e., II(V : Np(u(l),E) and 11 : Np(u(2)72). If the parameters are

known, then linear discriminant function is constructed as
1
W= (u® = p®ys~tz — S(u® +u®)]. (1)

If W > 0, & may be assigned to II(!)| otherwise it may be assigned to II(®). Then the exact probabilities of

misclassification in (1) are
1% M = (2) 1
Pr[W < 0|z € II'Y] = Pr[W > 0|z € II'7/] <I>( §A),

where ®(-) denotes the cumulative distribution function of the standard normal distribution and A? = (u™) —
p@Y S (™M — p?) is Mahalanobis squared distance between II(") and I1(?).
However, in general, both p(9) and ¥ are unknown. Therefore their own estimators are substituted for (9

and X in (1), respectively. If we can obtain the following data set:
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from 119, in other words, Nl(g) observation vectors & ; G=1,..., Nl(g), g = 1,2) can be observed completely

from I1(9) | where a:grq ) = (ac;'(‘{), J;Ef?, . ,x%))’ are distributed as N,(u(9), %) then linear discriminant function
can be constructed as follows:
1
Wﬁqﬁn_f®ygdh_§@m+5wﬂ, 2)

(9)

where 9 is sample mean vector from I1(9) and S is pooled sample covariance matrix on the basis of x ;

Since it is difficult to have the exact distribution of W7, we cannot obtain exact EPMC, i.e.,

e1(2/1) = Pr[W; <0l € IW), (3)
e1(1]2) = Pr[W; > 0|z € 1?). (4)

Alternatively, the asymptotic distribution of Wi is well known. Several authors considered the asymptotic
approximations for EPMC using the asymptotic properties.

For instance, Okamoto [8] and Lachenbruch [7] derived the asymptotic approximations under an asymptotic
framework:

Nl(l) — 00, N1(2) — 00.

On the other hand, Fujikoshi and Seo [2] and Lachenbruch [7] derived the same under another asymptotic

framework:

Nl(l) — 00, N1(2) — 00, P — 00, N| — P — 00,
N(l)

—1__ — positive const. and A? = O(1),
NP

In this paper, we primarily deal with the asymptotic approximation for EPMC proposed by Lachenbruch [7].
Using the property of asymptotic normality of (2), he proposed an asymptotic approximation for EPMC of (3)

as
1

e1(2]1) =~ 2(E(U{E(V)}™2), (5)
where
1
— (1) _ 5@y g-171) _ (DY _ =2
U =@ -2)s @) ) - L7,
D? = (5(1) _ 5(2))/5—1(5(1) _ 5(2))’

V= (@Y —z?)ystys izl —z?),

In order to the asymptotic aproximation for EPMC, Lachenbruch [7] derived the following expectations:

(1) (2)
ni o, P(N;' = N;77)
BEU)=—— A2 1 1/ —p—1>0 6
( ) 2(7711*]7*1){ + Nl(l)Nl(z) }a i p >0, ()
nf(m — 1) p(N Y + M)
E(V) = ! A2 L oL 2 —p—3>0. 7
V)= = pm =y D ==\ NN L ™



The same for (4) can be also expressed by interchanging Nl(l) with N1(2) in (7).

In addition, several authors discussed a general missing data or monotone missing data. For a general missing
pattern, many statistical methods have been developed by Srivastava [13], Srivastava and Carter [14] and Shutoh
et al. [12]. When the missing pattern is monotone, Seo and Srivastava [9] consider the test of equality of means
and simultaneous confidence intervals in one sample problem, and Koizumi and Seo [5,6] considered them in K
samples problem for k-step monotone missing data. Anderson and Olkin [1] obtained the MLEs of mean vector
and covariance matrix for 2-step monotone missing data in one sample problem, and Kanda and Fujikoshi [4]
consider the MLE’s and the asymptotic expansions of the distributions concerning k-step monotone missing
data in one sample problem. Hao and Krishnamoorthy [3] stated tests for the mean vector and a covariance
matrix for k-step monotone missing data in one sample problem. Shutoh, Hyodo and Seo [11] stated the MLEs
for two sample problem based on 2-step monotone missing data in order to derive an asymptotic approximation
for EPMC in linear discriminant function in this case.

In this paper, our purpose is to obtain the asymptotic approximation for EPMC similar to Lachenbruch [7]

with 3-step monotone missing data:

(9) . (9) (9) (9) (9) (9)
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where N((ti)) = N9 4 N9 N@ = N9 4 N + N and the statement “x* denotes missing observation.

N ((fQ)) samples lose common p — p; observations and N:,Eg ) samples lose the common p — (p; + p2) observations,

respectively. In other words, we assume that

’ ’ N
2 = (2t @) 2l ) ~ Ny, %) (=1, N, g=1,2), (9)
’ N\
(289, 2) ~ Npripa (8 Sazya2) (=N 41, NE g=1,2), (10)
w(lg) ~ Npl (Ngg)’ E11) (J = N((iq2)) +1,.. -7N(g)7 g = 172)7 (11)

where

wgi) = (mg),...,x;‘gl)’ (j=1,...,N9 g=1,2),

(9) _ (..(9) (9)
Loy = (xj7;l71+17 s Lip4p,
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This paper is organized as follows. Section 2 states the outline for derivation of the MLEs for two groups
based on 3-step monotone missing data. Section 2 also presents some Lemmas for our purpose in this paper. In
Section 3, we state the main results in this paper, i.e., the asymptotic approximation for EPMC based on 3-step
monotone missing data and the estimators of the Mahalanobis squared distances. Section 4 conducts Monte
Carlo simulations in order to evaluate our result. Section 5 concluded this paper. In Appendix, we present the

proof as to several theorems.

2 MLEs based on three-step monotone missing data

In this section, we derive the MLEs for two groups based on 3-step monotone missing data defined in (9)—(11).

First we consider the transformation of the observation vector mgg ) by multiplying
Ip, 0] (@)
~Su¥y I, O
-1
*23(12)2(12)(12) Ip,

on the left-hand for obtaining MLEs, where O is a matrix with 0’s. The transformed observation vectors have

the following distributions:
vl =i ~ Ny (i, 0a0),
y%) = wé?) ‘1’2193( 9~ Npy (1) = W1 p? ),
(9)
x;
ygg) = wgg) W3(12) ( (g)) ~ Ny, (13 2 ‘1’3(12)Hf29])»‘1’33),
2j

where
U Vigyaz2) Yazs
U3(12) V33

( Y12)a12) 2(—12)(12)2<12)3>
23(12)2(12)(12) Y3312

N _ Ui Uy _ X1 21’11212
(12)02) Wy oo DIETD DD YOO ’

222 1= 222 — 221211 2127 233 12 = 233 — 23(12)2(12)(12)2(12)3 and 211 has nonsingularity. Thus we consider

the new parameters {u&g),u(g), uég), U} instead of {ugg), 23 ), l{(gg), 2}

It should be noted that y§j>, yé? and yé‘? are mutually independent and the likelihood function to obtain
the MLESs is constructed as

( (9) , (9) (Q) T) = Const.x |\IJH|,%(N(1)+N(2>)|\I/22|—%(N((115)+N((12;))|\I/33|7%(N1(1)+N§2))

7/1'2 7/1'3 )
2 N
. eu«( S ) - Y - u%)
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(9)
2 N,
1 I
x etr<—2z >~ {(@) — vmal)) - () - warpi?) | )
X {(mé?') — Uiai]) — (ug” ‘1’21M(Q))}>

TSN z!?) 0 () g1
X etr —52 {(ng U312 (g) ) — (3 _‘1’3(12)“[2])} V33

g=1 j=1
(9) @, (9) (9)
x {(%? — Vs(12) (g) ) — (g’ —‘1’3(12)H[§])} : (12)
Laj
We define the sample mean vectors
N(tz)

fggl _ N(g) Z:)} (i=1,2,3),

Nl(J)+N2(9)

=92 _ 1 @)
T; T N® Z T (i=1,2),
2 =N
s 1 Nl(g)+N2(9)+N:§g) "
T, = (9) Z 2y
N3

. (9)
j—N(ti)Jrl

and

93] _ 1 (gD | @z | N0
1 _Nl(g)+N()+N()<N1 + Ny N, )

1
EEQ,Q] — (Nl(g)fz('%l) + Nég)fgg’2)> (’L — 17 2)’
2

1
ol _ (N1<9>5(9=1>) (i=1,2,3).

7

Then, by (12) and the correction of their own coefficients, we can express the following estimators

239,31
ma e
1 —lg,2 T —|g,2 —lg,3
i@ = [ | = z % — Uy (@ ]1— z ]g ’
ﬁ?w 200 By ) z
3 3 ( @ — ) 4 Uy (@7 - F)
and
1 4 1@ @), yy = ( (1) <2>> Gow = L0
= n( L )7 Vo2 = n(12 F(12)(12) +I 22.17 Va3 = ny Fagao (13)
1 —1
Uy = (Fgll) + FQ)) ( iy + F(2)) , Us2) = Fg()12) (FS)Q)(H)) ) (14)

n=NO 4+ N® 2 niy =N + N7 —2and ny = NV + N -2

Therefore & has the following forms:

S _ 2A3(12)(12) EA3(12)3
Y3(12) a3



where
$ Ty Uy Wy
(12)(12) = ~ ~ S,
Uor Uy Wyp + Uy Uy 0y
fl3(12) = fl/(12)3 = @3(12)2(12)(12), D33 = Ugs + @3(12)§3(12)(12)§3(12)3-
In addition, T, T'® and T'®) are defined as
1 1 1
(g
1 1 1
P — [pm p pm | 500,
1 1 1
ryy g Ty

2 2 2 | 71 —(g,2 —(g,1 —(g,2 !
2 2 E : ,1 —(g,2 —(g,1 —(g,2
Fél) ]_"§2) (9 ) (2_‘] ) :Eég ) mgg )

N(9)+N
and
N(Q)—FN(Q)) (9) 1
IO = 1,80 4 <x< 9.3) _ (NOFD 4 N(gkc(g’?)))
Z N (@) 1 Nl(g)+N2(g) o 2
li
y ( 3 _ 1 NozeD , Nz <q,2>)>
Nl(g) N(H)
where
N(q)
(1) (9) _ (g1 @ D)
S anZ( Ty )(m] - )
g=1j=1
N
Nz (9) _ (9:2) (9) _ =(9,2)
2) _ Ty 1 Ty Ty
! nQZ > <w<5) w(g@)) <m<5) 202 >> !
N(g)+1 2j 2 2j 2
N

1 /
3 —(9,3 ,3
56) = 7732 3 (mgg) 9 )) (x%) 9 )) ’

r® @ ,
r _ 11 12 F(1) _F(1) — (T W
12)12) — \ ) @) 3(12) (12)3 — \*+31 32 |-
2 22

Then ngl-) and FE?) are p; X p; partitioned matrices of '™ and I'®. At the end of this section, we have several

Lemmas for the distributions and expectations of (13) and (14).

Lemma 1. I‘(l) F(l) Fﬁ) +T6), (Fg)z)(m) +T®)y51 and F33 12 have the following distributions receptively:

L5 ~ Wy, (n1,501),
V4 1@ 416 = nlyy ~ Wy, (n, S11),
(F%)(lz) +T®)g0 = ”(12)\1/22 ~ Wp,(na12) — p1, La22.1),
551y = 11 Ws3 ~ Wy, (n1 — p1 — pa, Baz12),



where Wa(m, Q) denotes Wishart distribution with the parameters m and §Q.

Lemma 2. Suppose that G has Wa(m,Q). Let C be a d x d constant matriz or a random matriz which is

independent of G. Then the following expectations can be obtained:

-1y _ -1 g
E(G )_m—d—lg , m—d—1>0,
—d—2
E(G-lcG1) = m 0-loo-1
(G ee™) (m—d)((m—d—1)(m—d—3) ¢
1 —1,v—1 -1 -1
+(m7d)(mid71)(mid73){ﬂ Q!+ tr[CQY0 }
m—d—3>0,

respectively.

Lemma 3. The following conditional expectations given F(lll) and ngl) can be obtained as follows:

E(\/I\/12|P§11),F§21)) = 2;112127
E(\I’12022‘I/21|F§11), Fﬁ)) — t1[Cas %001 J(TY) + TN ™1 4 57151500050, 511,

where Cy; is p; X p; constant matric.
Lemma 4. The following conditional expectations given Fg)z)(u) can be obtained as follows:

T (1) _
E(P3019)T10)(12)) = E3012)Z02)02),
T T (1) _ (1) - -1 -1
E(\I/(12)3C33\IJ3(12)|F(12)(12)) - tr[C?)3233'12](F(12)(12)) L 2(12)(12)2(12)303323(12)2(12)(12)7

where Cy; is p; X pj constant matri.

Lemma 5. Suppose that G1 has Wy(mq,Q), Go has Wy(me, Q) and they are independent. Let Cy and Cs be
constant matrices respectively. If m —d —3 >0 and m; —d — 1> 0, then

E(tr[C1GT Co (G + G2) 7)) = e1(m — d — 2)tr[C1 Q71 CL0 71
+ o {tr[C1Q71 O + tr[C1 QT [Co 7Y,

where m =my +mg, c1 = 1/{(m —d)(m —d—3)(m1 —d—1)}.

As to proof, refer Shutoh, Hyodo and Seo [11].

3 Asymptotic approximation for EPMC and estimators of Maha-
lanobis distances

Now we consider the asymptotic approximation for EPMC in the case of 3-step monotone missing data. If

19 and ¥ are unknown, then the linear discriminant function is constructed as

. ~(2) o 1 ~
Wy = () = ®)S7 o - S0 + B, (15)



where ﬁ(g) (9 =1,2) and S are estimators obtained in Section 2. Under = € II() , the EPMC such that x is
assigned to I1(?) is expressed as
es(2|1) = Pr[Ws < 0]z € TV, (16)

Moreover, another EPMC is also expressed as
es(1|2) = Pr[Ws > 0|z € TI?)]. (17)

We consider (16) and define

~ ~(2) V=1~ 1
Us = (" = g2y (@ — ) - D3, (18)
Df = (@ = p?yS @ - p®), (19)
Vs (A(l) ﬁ( ))i lygi- Y (1) ﬁ(Z)). (20)

then Z3 = Vg_%(ﬁ(l) p?ys- Ha — ﬁ(l)) is independent of (Us,V3) and is distributed as N(0,1) given at,
i® | S. By using (18)—(20), (15) can be also expressed as

Wa = Vi Z — Us. (21)

Consequently, W3 can be expressed in the same way as Lachenbruch [7] in case of 3-step monotone missing
data. As to EPMC of (16), it can be expressed by using (21) as

e3(2|1) = Pr[W; < 0]z € IV] = Pr[Zs < UsVy 2|z e IO (22)
Since Z3 is distributed as N(0,1), (22) can be expressed as
_1
es(21) = E[<I>(U3,v3 2)}. (23)

We consider the asymptotic approximation for EPMC stated in (16). WS is not distributed as normal distribution

exactly, but is closely normal asymptotically. thus we propose

es2I1) = ®[E(Us){E(V5)} ] (24)
It follows from
\/I}ﬁl + (1\112(1\’;21(1\/21 + \/1313\/1\/531\/:[\/31 (1\112(1\/521 + \/1\113(1\/?:31\/1}32 —\:[113\1/;31
= —U, Wy + ‘1’23‘If§31‘1/31 ‘1122 + ‘1’23‘1133 U3y *‘1123‘1’;?31 ;
AL — U3y Ws Uy
and Lemmas 1-4 that Theorem 6 holds.

Theorem 6. If ny —p—3 > 0, then the exact expectation of Us and the asymptotic expectation of Vs for large

N(Q)

(12) (9 =1,2) can be obtained as

_ ) pl(N(l) — N(2))
E(Ug) = E(UZ) - u1{611 + W

1) @
52 o PVas) — Nigy)
U2y 01y D @ )
NagyNa)



NO L N@)
B(Va) ~ B(V3) + v1{6%1 o+ V)

NON©)
(1) (2)
o i(Nag) + Nig)
U2\ 0t o (¢
(12)N(12
where
= — = naz)
! 2(n—p; — 1)’ 2 2(na2) —p1 — 1)’
N n%(n—1)
' n—p)n—pi - —pi -3)
2nn12)p2(n — 1)
(n—p1)(n—p1—3)(na2) —p1 — 1)(n@a2) —p1 —p2— 1)
2nnips(n — 1)
(n—pi)(n—p1—3)(n1 —p—1)(n1 —p1 —pz — 1)’
{1z (n(12) = 1)
Vg =

(na2y —p1)(na2) —p1— 1)(naz) —p1 —3)
n 2”(212)772(”(12) -1
(na2) —p1)(nazy —p1 —3)(na2y) —p1 — 1)(na2) —p1 —p2 — 1)
2na2ynps(nag) — 1)
(na2) —p1)(naz2y —p1 —3)(n1 —p—1)(n1 —p1 —p2 — 1)

+

and 63, denotes () — p@ YL H () — uP). In addition, Us is U, stated in Shutoh, Hyodo and Seo [11].

For details of proof, refer A.1. Therefore the asymptotic approximation stated in (16) can be obtained by
substituting the result of Theorem 5 into (24). Moreover, the asymptotic approximation stated in (17) can be
also obtained by interchanging Ni(l) and Ni(2) for i =1,2,3.

Consequently, we have the asymptotic approximation for EPMC under the respective frameworks
Nl(g) — 00, N2(g) — 00, N?Eg) — 00.
and

Nl(g) — 00, NQ(g) — o0, N{gg) — 00, p1 — OO, P1 +p2 — 00, p — 00,

N N((112)) N
% — positive const., —z= — positive const., —= — positive const.,
N® NG N®

n—pp — 00, N2y —P1 — p2 — 00, N1 —p — 00, A* = O(1).
Besides, to check on the results in Theorem 6, we can obtain the following corollary.

Corollary 7. If we put Nég) =0 (g = 1,2), then the results given by Theorem 5 coincides with the result
derived by Shutoh, Hyodo and Seo [11] respectively.

Next, we can obtain the asymptotic approximation for EPMC in the previous section, but p(9 and ¥
are unknown. Then we derive the unbiased estimators of the Mahalanobis distances A%, §%; and 6%,, where

1 2 — 1 2 1 2 — 1 2
6 = (Ng )~ Ng ))/21110‘(1 ) #g )) and 07, = (Hfz]) - Hfz]))/z(é)(m) (Hfz]) - “Eg]))

Theorem 8. The unbiased estimators for 62, 63, and A% can be obtained as



3\2 L o Pl(N(1)+N(2))

e e ORI (25)
5 1, 1o ap(ND+NB)
512 = . d12 s (Cl 03)511 Co NON
(1) 2) N )
P2(N(13) + Niig) pip2(N, (12) + Vi) 2
TN NE T T NOND (26)
(12)"V(12) n(2)Va2)tY (12)
R 1 1 1 c NO L N©)
o_ Ly Lo e 1 e ap (VU A+ N
A° = C4D o (c1 — c3)011 s (c2 — ¢5)015 s NON®
1 2 1 2
Co p2(N(( ;) + N(( ))) CoC3 p1p2< ((12)) + N((lg))
- 1) A (2) o (1) Ar(2)
A Ny N 4 nayNig Ny
p3(N1(1) + N1(2)) p3(p1 +p2)(N1(1) + N1(2)) o7
T NOy@ DO N@ ’ (27)
1 1 7’L1N1 Nl

respectively, where ¢y = n/(n —p1 — 1), c2 = nag)/(na2) —p1 —p2 — 1), 3 = naay/(naz —p1 — 1), c =
ni/(ni —p—1), cs =ni/(n1 —p1 —p2 — 1),
S (i 1) ~@2
S - )
~(1)  ~(2) ~(1)  ~(2
o (i <> <u§)—u§)>
12 = A(1) _~(2) (12 (12) | (D) ~(2) )
)
i A(2))

As to a proof, refer to A.2.

4 Simulation studies

In this section, we compare the accuracy of the result which is proposed in (24) as ex(2|1) with other
approximations in the case of complete data, i.e., the result of Lachenbruch [7] denoted by e (2|1). As Monte
Carlo simulation for €x(2|1) and €r,(2|1), we carry out 1,000,000 replications. Moreover, we can acquire the
exact probability of misclassification by Monte Carlo simulation. Therefore, we evaluate the difference between
the asymptotic approximation for EPMC and the exact probability of misclassification.

First, in the case of A = 1.05, we select the parameters as

(p17p27p3) :(27171)3 (23271)7 (37231)’ (47372)a (57473)7
(My, Ma, Ms) =(10, 10, 10), (20,20,20), (50,50,50), (100,100,100),

where M; = Nl-(l) (2) (1=1,2,3).
Then, the simulation results are presented in Table 1. As for e;1(2|1) and e (2|1), we put My = Mz = 0.
Moreover, the higher the value of A is, the superior it is that both the approximation value and the difference
between the asymptotic approximation for EPMC and the exact probability of misclassification. In this section,
we set that A = 1.05.

Next, we performed Monte Carlo simulation under unequal sample sizes. We assume that the sample size

from IV is two times the same from 11 i.e, Ni(l) = 2Ni(2) (i =1,2,3). Then, we select the parameters as

(pl?pZ?pS) :(2?171)7 (2327 1)7 (372? 1)7 (47372))
(L1, Ls) =(10,5), (20,10), (50,25), (100,50),

10



and A = 1.05,where L, = Nl(g) = NZ(g) = Nég) (g = 1,2). Then, the simulation results are presented in Table
2. As for e1(2|1) and e (2|1), we put L; = Nl(l) and N2(g) = Nég) =0(g=1,2).
Finally, we consider the value of A, §12 and 11 so that we perform the simulation peculiar to 3-step monotone

missing data. Then, we select the parameters as

(A, 812,611) =(1.05,0.70,0.35), (1.05,0.60,0.15),
(My, Ma, Ms) =(10, 10, 10), (20,20,20), (50,50,50), (100,100, 100).

As for M; (i = 1,2,3), they are similar to first simulation case. This simulation results are presented in Table
3 and 4.

5 Conclusion

In this paper, we derived the MLEs of 3-step monotone missing data in Section 2. By using the MLEs,
we considered the linear discriminant function based on 3-step monotone missing data. And then, by using
existing results and several Lemmas, we proposed the approximation for EPMC as to Lachenbruch’s [7] type. In
addition, we proposed not only the asymptotic approximation for the EPMC but also the unbiased estimators.
Finally, we compared our result with Lachenbruch’s [7] approximation in Section 5. These results implied that
the method we proposed in this paper could be useful. But, when the difference between the number of the
dimension and the number of the sample is small, it could be obtained that the Lachenbruch’s [7] approximation

is more accurate than the proposed result.

A.1 Proof of Theorem 6

First, we consider the expectations of sample mean vectors. If we put d, = uél) — uéz) (¢=1,2,3) and C;; is

p; X pj matrix and independent of sample mean vectors, then we can obtain the expectations of sample mean

vectors as
_[1,3]  _[2,3 1,3 —[2,3]\] N® 4+ NG
E|:(m[1 ] _ w[l })/Cll(w[l ] _ ;1;[1 ])- = 5’101161 + Wtr(zuch),
_ _ _ 1 1
E[(m[ll’S] - :c[12’3])’011(58[11’3] - Ngl))_ = Wtr(ZuC{l),
- 5 + N
E{(f[f’g] 2y on@! — 2P| = 81 0ne + %U(Ench),
’ (12)°7(12)
el P . ] 1
E[(x[llz] . "3[12 2])/011(33[11 2] ugn) _ Ttr(EMCh),
- Nay

NY 4 ND
| — | | 12 12
E{(z[f,z] _ w[lz,z])/cm(w[;,z] _ w[22,2])} = 8,020, + ( (i) (2() )tr(zqu)’

a2)2V(12)
_ _ _ 1 1
E{(x[lm] —z0 ) Cp@y ! - ps))| = o r(Z12012),
T Nay
SRR S0 22N s\ s\ N L N
Bl (Zhy Phy) Caman (Thy Shay ) =) Caman 3] + %tr(&lz)(w)qlz)(m))’
Ty Ty Ty Ty ) | 02 02 NNy
1] =21\’ _[1,1 D\ T 1 2
E w[l - w[l | 0(12)(12) w[l - Ng ) = Nl( 7) i Nl( )tr(E(u)(u)C’ )
_1,1]  —[21 _1,1 1 = 12)(12) )
1) _ 2l 200 | | T N N® (12)012)
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} (1)
1 2.1 ) 2] N+ N
E[(m:s — @) Cs3(Ty " — Ty )_ = 0303303 + Wtr(z?)scw),
_ N(l) + N(Q)
_[1,1]  —[2,1 1,1 1
B[@! - @y g @l - u)] = Sl (SasCl),
. Nl N1
1,1 —[2,1] ] ! (1) 2
T, —F na _ 21| _ (0 w, M +N
’ (a:él’” " ”) Com(E =m0 = (52> Clzads” + =y v r(Fa2iCs).
—[1,1]  [2.1] ] (1) (2)
T T i 1 N7+ N
E ([1171] _i2, 1]) Crgp @y — pi) | = =LA tr(X(12)3C(19)3)-
332 w ] 1

So we have the expectation of Us including Us:

Uz = U,
2012 g2y p@)-1 gl 0

n(12 1,2 2,2 1 2 1,2]  _[2,2
+ ( )(w[l | :n[l ])’(I()+l()) ([1 ]—wg ])
—[1,3]  —[2,3 1 2 _1,-[1,3 1
+n(m[1 ]—a:[l ])'(l 51)4—[51)4—1(3)) 1(ar:[1 ]—ug))
n,_[1,3] _[2,3 1 2 —1,-(1,3] —[2,3
(:c[1 ]—az[l ])’(I §1)+|§1>+1<3>) 1(:13[1 ]—:1:[1 ]).

2
The expectation of Us has already derived by Shutoh, Hyodo and Seo [11]. By using Lemma 2, after deriving the
expectations of sample mean vectors, we can have the expectations of the random matrices. Therefore we have
the exact expectation of Us since Fgl) + F(l) is independent of (Z] [1.2] *[12’2],5[11’2] - pgl)) and Fgll) + ngl) +T3)

[1,3] 112[12 3]77[11 3l gl))

is independent of ( , respectively.

Next we consider the expectation of V3. In a similar manner to Us, we express V3 which depends on V; as

Va="Vs
+n2@ Y =z () + 1 + 1) e () + 1 + 1)@ -7 (28)
— @ — 2Py + 1) e (0 + 1) @ -z ) (29)
+ 20n ) @)% — 2 (T 1) + TP S (00 + T 4 1O) @ - 2% (30)
— 2nmy (@5 =B ({119 + TP (5 +T57) (O + 1)
x S (P + T+ 1) 7 @y - ) (31)
— 2nnay @Y - (R + ) O + T 19 + TPz
x o1 (P + T + 1)@ - 27) (32)
+ 2nn (1) @) — 20T (0F) + T) 7108 + )T 1) + T2k
x (0 + TS + ) on (0 + 1 + 1) L@ -2 (33)
— oy, (@5 — §%<(”12+F”»mznw“+I“U @ -z (34)
+ 2n(12)( zy %~ [2 ) ( (12)(12) +1¢ ))22 1(F(1) + F(2))(Fgl1) + Fﬁ))_l
xzn@8+ﬁﬁb <“”ff?% (35)
+ 2“(12)(:p[11 A2y + i)t + F%))(FE1)2)(12) +T®)55
> 221@( ) 5 )) ( (1,2] —[2,2]) (36)
fgn(m)( Zl12] 5 2,2 )( (1) (2))— (T (1)+F(2))(F8)2)(12) @)
x (0 + 1)@ + 1) 7 () + 1)) @ - zP) (37)
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o+ 2nm (@5 =2 (0)15) ™ S (T + T+ 1) 7 (@ —2p7)

1,1 —[2,1 1 L L -
—2nn1(mg’] é y (P83 10)~ 1Fg()12)(FE1)2)(12)) '

X S (T + T 4+ 1@) 1zl — 29
(1,1 _ Zl2.1] " o N
- - 1) -
— 2nn, (w[ll,l] _[12,1]> (F(12)(12)) 1F(12)3(F33‘12) 1
1
x La (0 + T +10) @ -z
) ) M M
1 —
o ( - [2’1]> (F(12)(12)) 1F(12)3(F33-12) 1113(12) (F(lz)(m)) !
L1
X X(12)1 (F(l) + F(2) + F(3))_1(*[1’3] _ 7[2,3])

21 1 2 1,2 —[2,2
—2”(12)”1( . ]) 331) 1231(Fgl)+r( )) ( [1 }—x[1 ])

T
1,1 2 1 1 1
+ 2n(12)n1 (T3 ) ])’(ng 12)” 11ﬂ(() )(FE1)2)(12)) !
)

XEmn(F%BH% ) (@ -2

1,1 2,1
+ 2nazm ([11,11 _[12 11) (FS)Q)(H)) 11“8)2)3(1“%),12)*1
S (0l + 1) @ -2l
—[1,1] 2,1
— 2na2)m (“"% 11 _méz 1] (FEPZ)(M)) 11“51)2)3@%)_12) 1F§1()12) (FEB)(H))*I
x oIy + 1) @ - 7).
By using Lemmas 1-5, we have the following results:

B[ + T + 1) 72y (1) + 1 + 7))
_ n—1 sl
(n—=p1)(n—p1 = 1)(n—p—3)"""

naz) — 1 1
(na2y —p1)(na2) —p1— 1)(na2) —p1 —3) o

— 1 1 2 —
E _2111212@51)2)(12) + @) 3 (1Y + 15 + 1) 1}

E (F(1)+F(2)) 1211( (1)+F(2)+) }:

1 ~ _ _
T N —p1— _1211121222214221@91)+F§21)+F(3)) !
(12) P2
2 1 2 1 2 1 2
B[S Sia(T <1%><12>+F( Dara (T + PEYCF + )00 (07 + 1 + 1)~ 1), r®
1 ~ _
= S D19 500 801 (T 4+ T 4 1)) -1
N2y —p1—p2—1
1 2 1 2 1 — 2 — 1 2
B[l + 1) <r§£+r< D) + )z Zar (O + T + 1)) 1, 1|
1

_ 2_12 Yoo T F(l) F(Q) F(3) -1
P —— L 128221801 (I} + 117 + )

(1)
E|(T
[( (12)(12) (na2) —p1 — 1)(na2) —p1 —p2— 1)

1 - 2 1 2)y—1g—1 /(1 2) 1) (2
E[(FE1)2)(12) + T35 (T + Fél))(FQ + Fgl)) 12111(F§1) + Fgl )" 1|F§1 7F( )]
1

= Yoo 1221(F(1) + F(2)) )
N2 —p1—p2—1
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_ _ 1 _ _
+ F(2))221-1221(F§11) + Fﬁ)) 1} - 2221~122121117

(40)

(44)



] ! 2 2 2 1 I |‘ 2
— — 2 E E | 1 2)\—1
B n(12) pl p2 — 11 12 22-1221( g ) + | g )) ,

E{(Fggm)—lggl(rﬁ) + 0 +1®) 1 = (n—p1— 1)1(n1 —p— 1)2531-12231Zf117
B[ (T8h2) " TS0 (T 1z) " Taan (0 + T + 1)~ r (), ), 1]
- 711%]91253 12231(F11) + F(Q) +T®)~1
B[(T{1)12) 7 TS (0 + T 4+ 1) e, 1, 1|
= ﬁzﬁé)(lz)z(lmsgﬁm&l (rfy + 1 +re) -t
E (ng)m)) 1F8)2)3Fz(3212r:(31()12)(Fgg)(mﬂ_lz(l?)l(rﬁ) + Fﬁ) + F(3))—1|Fg11)’r§21)’r(3)}

_ 1 (1)
= m—po1 a0

+ 2(112)(12)2(12)3233'1223(12)2(112)(12)2(12)1(Fgll) +1 + F(S))_l} ;

) 8o (T8 + T8 + 1)~

1 2 1 2 1 1 9 N N
E[@® + @)1 4 ¢ ))(Fgl)Q)UQ)+F(2))22_1(F(21)+Fgl))(r(11)+r(11)) sy,
1 2 _ (1 (2
x (M) + 17 +16) 1|F11),F11),F(3)}
1 (1) (21 (1) (2) -
B Iy +T STy + 18 + 1@
”(12)—p1—p2—1[p2( B 1)l )
+ 55 S12855 o (T )y F(z) +T®)~ }

To obtain the above expectations of random matrices, we should note the dependence of each random matrix.
First, since Fgl) + F(z) +T'®) is independent of :c[l fl

n%(n—1) ( 5 pl(N(l)—i—N(Q)))

:L'[f’gl, the expectation stated in (28) can be obtained:

(n—p1)(n—p1 —1)(n—p1 —3) NON®@)

Similarly to the above, (29) can be also obtained:

_ ") (naz) —1) , | PiNG + NG)
p1—3) .

(n(12) —Pl)(n(lz) —P1— 1)(”(12) - ((112))N((122))

Next, by the exact and conditional expectations, both (30) and (31) are canceled. In addition, (34) and
(35), (38) and (39), (42) and (43) are canceled similarly. Therefore, we consider the expectations of (32)—(33),
(36)—(37), (40)—(41) and (44)—(45). As to the expectations of (32)—(33), using Lemma 5, we can obtain as

follows:

2nn12)p2(n — 1) ) pi(ND + N©?)
(n=p1)(n—p1 —3)(na2) —p1 — 1)(n@a2) —p1 —p2 — 1) NONEG)

Similarly, we can express the expectations of (37)—(38), (41)—(42) and (45)—(46) as follows:

(1) (2)
2nd19)p2(n(12) — 1) ( s P(Npgy + N(12)))
—p2—1) ’

0
(n(12) - pl)(”(lz) —P1— 3)(”(12) —P1— 1)(”(12) - 1 N((112))N((2))

2nnips(n — 1) 52, + (N + N®)
(n—p)(n—p1—3)(n1i—p—1)(n —p1—p2— 1) \ " NON®) ’
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(1) (2)
B 2n2ymps(nae) — 1) | W) +Ny)
p1—p2—1) 7

(na2) —p1)(naz) —p1 = 3)(m —p —1)(m — NG

respectively. We can obtain the result by substituting all the expectations in order. Thus, the proof is completed.

A.2 Proof of Theorem 8

First, as to d?,, using Lemma 2, we can obtain

2 . n 2 pl(N(1)+N(2))
E(dll) - n—p — 1 (511 + N(l)N(2) .
Next, we consider the expectation of d2,. Then it can be expressed as follows:
d%? = d%l
12]  _[2,2 1,2 2,2
+n(2) (T, b - ])/( yaz) T T @y — %)
1,2 1 2 1 2 1
+ nag) (T " ),(Fgl) + F( )) (ng) + F( ))(Fgli)(lz) +T®)5,
<wﬁ+rmxﬁﬁ+r)> ) )

_[1,2]  —[2,2 2 1 2 1,2 2,2
= 2y @ - 2P () + 1) O + TR o) + TP (@2 - 25,
By using Lemmas 1 and 2, the expectation of (47) can be expressed as

NO L N

n(12) 1 2y n-1 L (2 (12) (12) 5yl
NGz —p1—pa— 1 ((/1’2 By ) Eon (K3 py) + N((l))N((fQ)) tr(X22¥551)

By using Lemmas 1-4, the expectation of (48) can be expressed as

(1) (2)
N+ N
(12) (()12) ) n(12) : p1p2 - + tr(21222721_12212f11)
N(12)N(12) nN@a2) —P1— P2 — N2y —P1 —
n(12) D2 (1) (2)y 1 _ @2
N2y — p1 —pa — 1 <n(12) P 1(“1 —m)E ( pi)

1 2 — — _ 2
+ (Ng )~ Ng ))/21112122221.12212111( W Hg ))>
Moreover, by using Lemmas 1-3, the expectation of (49) can be expressed as

(1) (2)
2TL(12) N N

N2 —p1—p2—1

ORYE)
Nigy Nz

Therefore, we can obtain (26).

Similarly, D? can be written as
D? = d%2
1,1 _[21 1) y—1/=l11] 21
@y ) () @y )

[11 1 7[12 ! 1) 1 1) -1 1) 1 5[11 - 5[12 !
+m —[1,1]  _[2,1] (F(12)(12)) 11(12)3(F33.12) F3(12) (F(lg)(lz)) _[1,1]  _[2,1]
Ly T Ty Ly T Iy

_[1,1]  —[2,1]
11 2.1 1) 1 [T -
— 2n4 (T3 - g ])/(Fg3).12) 1F3(12)(FE1)2)(12)) ' ([11,1] [12,1]>-
Ly = =Ty
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_|_
(( M w Dy St (ud) - pd) ¢ 212 (12)tr(2122221.12212111)>'

(51)

(52)

(53)

(54)

(55)



As to the expectation of d3,, we use the formula stated in (26). Then, we have only the expectations of (53)—(55).

By using Lemmas 1 and 2, the expectation of (53) can be expressed as follows:

(1) ()
om0, @y o ey MR NT s s .
n1p1<(u3 B3 ) ggio(ps —ps ) + NON® r(¥33¥33.12) " |- (57)

By using Lemmas 1-5, the expectation of (48) can be obtained as

N 4+ NP m (p1 +p2)ps
NON®  np—p—1\n —p1 —p2 — 1

/
Lom ps R R Ty i
n—p—1\m—p—p2—1\pf = pf? ) TP\ @) —

pt) =\ ' T
+ D3P Y (12)3833.12253(12) 25 . (57)
Mgl) . MéQ) (12)(12) ~(12)3<33.12-3(12) ~(12)(12) Mgl) _ Hg)

+ tf(2(12)32331.1223(12)2(112)(12))>

Moreover, using Lemmas 1-2 and 4, the expectation of (55) can be expressed as follows:

(1) (2)
2ny 1 2)\ /e _ - p
Thi—p—1 b1 ((Ng = /Jg ))/2331.1223(12)2(112)(12) (uél) _ NiQ)

NV 4+ NP

tr(X12)3X 535 192312 2 11 0101) | - (58)
N1(1)N1(2) (12)3433.1243(12) ~(12)(12)

Thus, the proof is completed.
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Table 1
The accuracy of asymptotic approximations for EPMC A = 1.05

(p1,p2,p3) (M1, M, M3) | e1(2]1) er(2]1)  ern(2]1) —e1(2]1) | es(2]1) ex(2]1) ex(2]1) —es(2[1)

(2,1,1) (10,10,10) 0.359936  0.408087 0.048151 0.339725 0.368785 0.029060
(20,20,20) 0.331155 0.356067 0.024912 0.319168 0.330313 0.011145

(50,50,50) 0.313104 0.322412 0.009308 0.307796 0.311244 0.003448
(100,100,100) | 0.306688 0.311126 0.004438 0.304240 0.305427 0.001187

(2,2,1) (10,10,10) 0.370428 0.418821 0.048393 0.348130 0.380535 0.032405
(20,20,20) 0.339964 0.363719 0.023755 0.324471 0.335633 0.011162

(50,50,50) 0.316683 0.326269 0.009586 0.309150 0.313409 0.004259
(100,100,100) | 0.308855 0.313122 0.004267 0.304839 0.306461 0.001622

(3,2,1) (10,10,10) 0.380722 0.428697 0.047975 0.355718 0.390997 0.035279
(20,20,20) 0.347301 0.370401 0.023100 0.328517 0.339423 0.010906

(50,50,50) 0.321139 0.329747 0.008608 0.311504 0.314788 0.003284
(100,100,100) | 0.311202 0.315056 0.003854 0.305850 0.307199 0.001349

(4,3,2) (10,10,10) 0.406218 0.456319 0.050101 0.390769 0.443115 0.052346
(20,20,20) 0.365220 0.388379 0.023159 0.345841 0.360694 0.014853

(50,50,50) 0.329934 0.339762 0.009828 0.318157 0.322726 0.004569
(100,100,100) | 0.316118 0.320669 0.004551 0.309331 0.311087 0.001756

(5,4,3) (10,10,10) 0.428524 0.483275 0.054751 0.424156 0.484035 0.059879
(20,20,20) 0.380594 0.403624 0.023030 0.363805 0.381424 0.017619

(50,50,50) 0.339997 0.348760 0.008763 0.326214 0.330501 0.004287
(100,100,100) | 0.321302 0.325947 0.004645 0.312498 0.314917 0.002419

Table 2

The accuracy of asymptotic approximations for EPMC Ni(l) = 2Ni(2) (1=1,2,3)

(pr,p2,p3) (L1, L2) | ex(2(1)  en(21) en(21) —e(2]1) | es(2]1)  ex(2]1) ex(21) —es(2(1)
(2,1,1) (10,5) |0.341016 0.400051 0.059035 0.329661 0.373823 0.044162
(20,10) | 0.322140 0.349749 0.027609 0.313375 0.327650 0.014275
(50,25) | 0.309707 0.319765 0.010058 0.305294 0.309526 0.004232
(100,50) | 0.304642 0.309789 0.005147 0.302817 0.304500 0.001683
(2,2,1) (10,5) | 0.347668 0.408917 0.061249 0.337201 0.388290 0.051089
(20,10) | 0.326629 0.353791 0.027162 0.317423 0.331659 0.014236
(50,25) | 0.312397 0.322064 0.009667 0.307898 0.311015 0.003117
(100,50) | 0.305818 0.311036 0.005218 0.302890 0.305209 0.002319
(3,2,1) (10,5) | 0.354980 0.419486 0.064506 0.344932  0.405943 0.061011
(20,10) | 0.331159 0.357808 0.026649 0.320938 0.335230 0.014292
(50,25) | 0.314004 0.324277 0.010273 0.307139 0.312074 0.004935
(100,50) | 0.307927 0.312253 0.004326 0.304330 0.305680 0.001350
(4,3,2) (10,5) | 0.377852 0.466836 0.088984 0.380846 0.474031 0.093185
(20,10) | 0.341389 0.369563 0.028174 0.334242  0.355649 0.021407
(50,25) | 0.319890 0.330032 0.010142 0.312986 0.317951 0.004965
(100,50) | 0.311208 0.315772 0.004564 0.307150 0.308469 0.001319
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Table 3

The accuracy of asymptotic approximations for EPMC A = 1.05, ;5 = 0.70 and 617 = 0.35

(Pop,ps) (My, Mg, My) | es(2))  p(2) 2 —ea(@l) [ es(21)  ex(@l1) ex(2/1) — es(2]1)
(2,1,1) (10,10,10) 0.359864 0.408075 0.048211 0.340666 0.382973 0.042307
(20,20,20) 0.331345 0.356096 0.024751 0.319122 0.338599 0.019477
(50,50,50) 0.312972 0.322477 0.009505 0.306782 0.314754 0.007972
(100,100,100) | 0.306497 0.311132 0.004635 0.303539 0.307168 0.003629
(2,2,1) (10,10,10) 0.369826 0.418719 0.048893 0.349179 0.393023 0.043844
(20,20,20) 0.339666 0.363593 0.023927 0.324339 0.343898 0.019559
(50,50,50) 0.316627 0.326276 0.009649 0.309321 0.317064 0.007743
(100,100,100) | 0.307680 0.313155 0.005475 0.304547 0.308346 0.003799
(3,2,1) (10,10,10) 0.380918 0.428740 0.047822 0.356425 0.402307 0.045882
(20,20,20) 0.348265 0.370548 0.022283 0.329676 0.347964 0.018288
(50,50,50) 0.320395 0.329813 0.009418 0.310769 0.318728 0.007959
(100,100,100) | 0.311000 0.315080 0.004080 0.306089 0.309215 0.003126
(4,3,2) (10,10,10) 0.406507 0.456331 0.049824 0.388825 0.444124 0.055299
(20,20,20) 0.365315 0.388557 0.023242 0.346084 0.367291 0.021207
(50,50,50) 0.329834 0.339811 0.009977 0.317700 0.326661 0.008961
(100,100,100) | 0.315484 0.320666 0.005182 0.308911 0.313250 0.004339
(5,4,3) (10,10,10) 0.427818 0.483223 0.055405 0.418758 0.480375 0.061617
(20,20,20) 0.380761 0.403758 0.022997 0.362696 0.385061 0.022365
(50,50,50) 0.339419 0.348717 0.009298 0.326680 0.334229 0.007549
(100,100,100) 0.321206 0.325955 0.004749 0.313356 0.317207 0.003851
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Table 4

The accuracy of asymptotic approximations for EPMC A = 1.05, ;5 = 0.60 and 617 = 0.15

(Pop2ps) (M Mo M) | ea2D) 2,2 en@ll) — @) | 521D ex(@l1) ex(@]) - es(2D)
(2,1,1) (10,10,10) 0.359774 0.408057 0.048283 0.341192 0.385583 0.044391
(20,20,20) 0.331665 0.356112 0.024447 0.319137 0.340104 0.020967
(50,50,50) 0.312801 0.322490 0.009689 0.306608 0.315360 0.008752
(100,100,100) | 0.306588 0.311133 0.004545 0.303752 0.307466 0.003714
(2,2,1) (10,10,10) 0.369902 0.418726 0.048824 0.349376 0.395237 0.045861
(20,20,20) 0.339708 0.363586 0.023878 0.324349 0.345369 0.021020
(50,50,50) 0.316861 0.326270 0.009409 0.309499 0.317686 0.008187
(100,100,100) | 0.308110 0.313158 0.005048 0.304781 0.308674 0.003893
(3,2,1) (10,10,10) 0.380711 0.428736 0.048025 0.356027 0.404235 0.048208
(20,20,20) 0.348279 0.370548 0.022269 0.329697 0.349421 0.019724
(50,50,50) 0.320518 0.329834 0.009316 0.310953 0.319407 0.008454
(100,100,100) | 0.310894 0.315084 0.004190 0.306049 0.309559 0.003510
(4,3,2) (10,10,10) 0.406227 0.456313 0.050086 0.388386 0.444103 0.055717
(20,20,20) 0.365185 0.339816 0.023403 0.346026 0.368320 0.022294
(50,50,50) 0.329916 0.339811 0.009900 0.318256 0.327318 0.009062
(100,100,100) | 0.315206 0.320672 0.005466 0.308670 0.313628 0.004958
(5,4,3) (10,10,10) 0.427584 0.483261 0.055677 0.417638 0.479598 0.061960
(20,20,20) 0.381044 0.403787 0.022743 0.362690 0.385542 0.022852
(50,50,50) 0.339250 0.348711 0.009461 0.326564 0.334834 0.008270
(100,100,100) 0.321289 0.325954 0.004665 0.313569 0.317592 0.004023
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