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Abstract

In this paper, we discuss a high order asymptotic expansion for the distribution of the
linear discriminant function with two-step monotone missing data. In discriminant analysis,
asymptotic expansion plays important role in considering the probabilities of misclassifica-
tion. We derive a high order asymptotic expansion based on two-step monotone missing
data. Finally, we perform the Monte Carlo simulation in order to evaluate our result.
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1 Introduction

Linear discriminant analysis is well known as one of multivariate statistical procedures to assign
p—dimensional observation vector @ which arises from one of some groups into one of them (see,
e.g., Fisher [1], Wald [13]). In this paper, we discuss that & comes from one of two groups,
ie., IW : N(uM, %) and I : N,(u?),%). Then, the linear discriminant function W; based
on the p—dimensional sample vectors mg-g) j=1,..., Nl(g), g =1,2) from M and I® can be
constructed as

Wy = (@Y -2y s e - %(E(l) +z?)|,

where Z(9) denotes the sample mean vector from II1(9) and S denotes the pooled sample covariance

matrix. If W) > ¢, the sample vector & may be assigned to II(M) and if Wy < ¢, otherwise it may
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be assigned to II?), where ¢ is a cut-off point. Consequently, the probabilities of misclassification

can be represented as

e1(2]1) = Pr(Wy < c|a e IY),
e1(1]2) = Pr(Wy > cla € 1?),

However, it is so difficult to obtain the exact misclassification probability since the discriminant
function Wy has complicated distributional expression. Alternatively, the asymptotic distribu-
tion of Wi is well known under a couple of asymptotic frameworks.

First, we focus on a large-sample framework: a fixed p, Nl(l) — 00, N1(2) — oo and
Nl(l) /N1(2) — positive constant. Then, the limiting distribution of W; under & € I is
N((=1)971(1/2)A2%, A?) for g = 1,2, where A% = (u(M) — p@)Y =1 (™ — u?)) is Mahalanobis
squared distance between II(V) and I,

Under the framework, Okamoto [8] derived an asymptotic expansion for the distribution of

Wi under = € TI™M up to the terms of the second order with respect to ({Nl(l)}_l, {NI(Z)}_l, nyt):

W1 — (1/2)A?

Pr A

< u’:z: cn®

14+ 2NIPA2)"Hd* + p(d? + Ad)}

+ NP A2 (2 — Ad)? + p(d® — Ad)}
+ (4ny)"H(2d* — Ad)* +2(p + 1)(3d*> — Ad)}

+ (4(N1(1))2A4)_1{2d4(d2 + Ad) + p(d® + Ad)? + %{d“ +p(d® + Ad)}z}
+ (AN 2(d? — Ad)* + p(d? — Ad)? + %{(dQ — Ad)? 4+ p(d® - Ad)}?}
+ NI NP A
x {2d4(d2 — Ad) + pd* + %{d4 +p(d? + Ad)H(d? — Ad)? + p(d? — Ad)}

+ (2N1(1)n1A2)_1{4d4(2d2 — Ad) + 2(5p + T)d* — A2d% + (p? + p)(3d* + Ad)

+ %{d“ +p(d® + Ad)}{(2d" — Ad)® +2(p + 1)(3d* — Ad)}}
+ (2N1(2)n1A2)*1{2(d2 — Ad)(2d® — Ad)? + 2(5p + T)d* — 4(3p + 4)Ad3 + (3p + 4)A2d?

07 + D)3 — Ad) + (@ — Ad)? + p(d® — Ad)}

x {(2d* — Ad)? + 2(p + 1)(3d? — Ad)}}

+ (12n%)—1{2(2d2 — Ad)}(7d? — 2Ad) + 9(15p + 13)d* — 24(4p + 3)Ad® + 3(5p + 3)A%d?
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+ 6(6p° + 13p + 9)d® — 6(p + 1)°Ad

3

+2{(2d" — Ad)? +2(p + 1)(3d — A} | @(w) + O,

where n; = Nl(l) + NI(Z) — 2, ®(-) is the cumulative distribution function of N(0, 1), d denotes
the differential operator d/du, u is a finite constant, and O3z denotes the remainder terms of
the third order. The same under € II®) can be obtained by interchanging Nl(l) and N1(2).
Okamoto’s [8] result can be consider as one of the asymptotic approximations for e;(2|1) and
e1(1|2) under the large-sample framework.

In contrast, Fujikoshi and Seo [2] dealt with a high-dimensional asymptotic framework: p —
00, Nl(l) — 00, N1(2) — 00, N — P — 00, Nfl)/Nl(m — positive constant and A? = O(1). Under
the framework, Fujikoshi and Seo [2] proposed an asymptotic approximation for the expected
probabilities of misclassification. In addition, Fujikoshi and Seo [2] also justified Lachenbruch’s
[7] asymptotic approximation under the framework. Thus, Lachenbruch [7] derived the expected
probabilities of misclassification (EPMC) in linear discriminant function W; under the both of
frameworks.

Furthermore, some authors discussed the asymptotic theory for linear discriminant analysis
based on monotone missing data. For Lachenbruch’s [7] type asymptotic approximation, Shutoh
et al. [12], Kurihara et al. [6] and Shutoh [10] derived an asymptotic approximation for EPMC
and the unbiased estimators for Mahalanobis squared distance based on two-step monotone
missing data, three-step monotone missing data and k-step monotone missing data, respectively.
For Okamoto’s [8] asymptotic expansion, Shutoh [11] derived an asymptotic expansion for the
distribution of linear discriminant function up to the terms of the first order based on k-step
monotone missing data.

In this paper, our propose is to derive an asymptotic expansion for the distribution of linear
discriminant function up to the terms of the second order based on two-step monotone missing
data:

29 = (@ ) ~ Ny(u9.%) (9=1,2, j=1,....N),

mg) ~ NP1(U’§ )7211) (9=12,j= Nl(g) + 17"'7N1(g) +N2(g))v

where

] (j17 cey ggp)l)/ (921727 ]:17’N(g))’

o) = (D D) =12 5= 1 N
MO =N NP (=1,

pl9) = Hgg) 5 (Ell Eu) .
p ) Yo Yo

5”1



Then, ,uég) is py—dimensional partitioned vector and ps = p — p1, X IS pr X pm, partitioned

matrix.

The rest of this paper is organized as follows. Section 2 states the estimators of two-step
monotone missing data. Section 3 derives an asymptotic approximation of the linear discriminant
function. In Section 4, we perform the simulation studies to evaluate the main result. Section 5

concludes this paper and states the future problem. In Appendix, we present the main proofs.

2 The estimators based on two-step monotone missing data

In Section 2, we discuss the estimators based on two-step monotone missing data. Shutoh et al.
[12] derived the MLEs under the similar setting for a data set. However, it is complicated to
calculate an asymptotic expansion of Wy using MLEs. Alternatively, in this paper, we consider
the estimators similar to Shutoh [11] based on MLEs.

Then, we construct the respective estimators of ,ugg ) (1=1,2) and

U — <‘I’11 ‘1’12) _ ( X1 Z111212>
Wor Voo Y1 Xt Boeg )
where Y91 = Y9 — Yo EilElQ. Similarly to the results obtained in Shutoh [11], the corrected

MLESs can be also obtained as

I:\ng) — 5[19’2}7 ﬁ(Qg) — i[ngl] _ \/I}Zl(i[lgvl] _ l/l(lg))’

~ 1 ~ = 1
\IIH - E(Fgll) + F(2))7 ‘1112 = (1-‘511))—1:[\512)’ \IIZQ - argé)la

1 1 1 1)\ —11(1
1ﬂé2).1 = Fg; - Fé1) (F(n)) 1F§2)7

where

) N . N ) N
=lg.1] (90  =lo1] —l9:2] _ (9)
i DDk (R taktee 7 D DR N© > @
Ny 53 Ny J=N@ 41 j=1
) 9 N1(g)
_g,1 _g,1
Su=-30 3 (] — @@l —ay
g=1 j=1
2 N(g)

1 _ _
SV =20 2 @ - @)@ -y
? o=l J=N9 41

n9 :NQ(I) +N2(2) — 2, n=mn1+ ne,

(1) p@)
F(l) = FH F12 = n18, F(z) = 7125(2).
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3 An asymptotic expansion of the linear discriminant function

In Section 3, we construct the linear discriminant function and derive the asymptotic expansion

of Wy similar to Shutoh [11] under a large-sample framework, i,e.,

fixed p, N9 — 00 (g=1,2, i =1,2),
NI(Q)/Nl(l) — positive const., N(Q)/N(l) — positive const.

Using Shutoh’s [11] technique, W5 has another expression using Wi:

_ _ _ . 1 _ _
- <x£1’” - x?’”yslf(wl - w[f’”> - 5<w[f’” = )s @ [f’” - w[l?’”),
where
Wy = (a:(l) _ x@))’g 1(33 _ x(2)) + %(5(1) _ 5(2))/5 ( (1) _ a:(2))

In order to derive the asymptotic expansion of W5, we consider the characteristic function
C(t) of (Wa — (1/2)A%)A~" under x € TI as

1
C(t) = E[exp{itA_l (Wg — §A2> ‘az € H(l)H.
Then, the expectation with respect to « can be represented as

Ex exp(itAfl(WQ _ %AQ)) ‘w e

1
= exp( — iitA —itA (—a) V) + ag) — ftQA ala )
where

a) = @Y -zyst+ @ - aldyer! - @ - a s B

ot



B= (Ipl Op1><102)7
a4y = %@u) _ 2@y 5Lz _ z@)

b o [@ Ay @l - ) - @ e lys @ - 2],

Op, xp, denotes p; x pa matrix with 0’s. Therefore, the expectation with respect to & can be
represented as follows:

1 1 1
exp( — EitA — itAT by + izm—%g — 2t2A—2b3> ,

where

b= @) —z?ys @) - )+ @7 -2 T @] - )
@ st @ - ),
by = @ -2y s @D - z?) + @ - 2@ - )
- @ -2y s @ -2
by = (@ — 2y s 2@ —z?) + 2{ @D -2y s 1 B'o ) = - 2P
- @Y -zysTpspt@ ! -zt )+ @ - Py e@El Y -z
=@ - w s @ - w ) @ - s e,

We use the following random vectors and matrices:

#0_z® 5L m gm0 L

Vv 1pP1 _1/1’Lp1y
1] 21 1 11 _[1,2] —[22 1T P2
33[1 ]—m[l ]:61+7np1z[1], m[l }—:13[1 }:61—1—%,2[1},
_n1 1 1 11 1,2 1 1
A0~ L a0 L
1
S=1I,+ T,
P V1P1
1 1 2 1 2
Su = Iy, + TplTl(l)v Sil)_IP1+\/n—[)2T1(1)7



where

1 niy n9
6= —u® .81 = i — ui? 8y = i) i o1 = Ty =2
By using the above notations and
A s
1 B i —i/2 A
<I+ \/EA> = I+Z( 1)Im ™/ 47,
. _
il /2
<I+\/EA> _I+Z Y (G +1)ym=9/2 47,
we can obtain the following terms of b;; (i =1,2,3, j =1,2,3,4):
by = —=bn + bl2 + —=biz3 + 71,14 +o(n™?),
\/E \/7
1
by = A% + b21 + —bao + bz3 + b24 +o(n™?),
1 1 1
bs = A? -+ 7b31 + —b39 —l— 623 + b34 + 0( 2).
Thus, by using Taylor expansion, we can also obtain
192 1< 1 <
Llg i —
Ct)=e2"E |1+ f{ Zem Jﬂlj} + n{ Zem 352]}
7=1 7j=1
1 [ 1<
_ - -2
T n{ ZGJA ]ﬁ3ﬂ} * n2{ ZQJA ]ﬁ4]} +o(n™7),
7j=1 7j=1
where
0 = —it,

1 1
P =bu — 5bn, b2 = Sba,
1 1
Bo1 = bi2 — 5227 P2 = §(4b32 +4b1) — dbuibar +b3,),
1 Lo
P23 = Z(2b11b31 — ba1b31), Bos = §b31,

1 1
B31 = b1z — 5523, B32 = 1(21733 + 4b11b12 + ba1baa — 2b11b22 — 2b21b12),



Ba3 = 15 (24b11bgo — 1263132 + 24bg1bip — 12b31b2 + 8b3, — b3y — 1202 bay + 6b11b3;),

8(
B34 = (41?311732 + 4b%,b31 + b31b3; — 4b11ba1bs),

1
B35 = (2511631 b21b%), Bss = @531,

Ba1 = b1a — 5524,
1
Baz = §(4534 + 4b%y + b2y — 4biobog + 8b11bz + 2b21bog — 4by1bag — 4bo1by3),

1
Bz = T6(8b12b32 — 4bosbso + 8b11bss — 4ba1bss + 8bg1big — 4bsibag + 8bT1b1o — 4b7,bao
+ 2b5,b12 — b3 bog — 8b11b21b1g + 4br1ba1bes),

/844 = 48[)22 + 96b31b33 + 96() 532 + 24()%11)32 — 96b11b21b32 + 192b11b31b12 — 96b11b31b22

384(
— 96b21b31b12 + 48b1bs1bag + 16D, + by, — 320, ba1 + 24b7,b3; — 8b11b3,),
1
Bas = 5 (12631012 — 6b31 b2 + 24b11bg1bgs — 12bo1bsibsa + 8bi1bs1 — 1207 bon b
+ 6511521b31 - b%lbi’)l)’

1
/846 = (4b b32 + 4b%1b§1 - 4bllb21b§1 + b%lb§1)7
1 4

1
Bar = %(25111?%1 — by b3)), Bas = 384

Then, we use the following Lemmas in order to derive an asymptotic expansion of Ws.

Lemma 3.1. Suppose that & has N,(p,%). Let both A and B be p x p constant matrices,

respectively. Then the following expectations can be obtained:

Elz'Az] = tr(X)A + p' Ap,
E[m’Amm’Bw} = tr(SB'SA) + tr(AD)tr(BY) + tr(ASB'Y) + tr(SB) ' Ap
+2u AL Bp + 20 ASB o+ tr(AX) ' Bp + p/ App' Bp.

Lemma 3.2. Let A, B and C be p X p constant matrices, respectively. Then the following

expectations of the random matriz T can be obtained as follows:

E[7MW A47M BT(l)}

_ } (A'B'+ BA+ B'A+ BA' + tr(A)B' + t(B)A' + tx(AB')I, + tr(A)tx(B)1, ).
ni

E[7® 470 BT(l)CT(l)]



- <A’BC’ + B'C'"A+ CA'B + CBA + C'BA' + tr(A)BC' + tr(B)C' A’ + tr(C)A'B

+ tr(CA")B' + tr(C)tr(A)B + tr(AB'C) 1, + tr(B)tr(C’A)Ip) +o(nyh).

For a proof, refer to Appendix.

The expectations of §;; (i = 1,2,3,4, j = 1,2,3,4,5,6,7,8) can be derived by using both

Lemma 3.1 and Lemma 3.2, and we can obtain the following Theorem.

Theorem 3.3. The cumulative distribution function of (Wy — (1/2)A2)A™" under € T s

expressed as

Pr((W2 —12ANA T <y |z e H<1>)

bil f2 f3
[ aN Az anPA?  dm

fu fa2 fi2
aN2at g vPyzat oI NP Al
n f13 n fo3 f33

2n1N1(1)A2 2711N1(2)A2 12”%

n 1 1 n 1 1 +1<1_ 1>

oAZ\ N~ N0 )9 T oA\ N T @ )92 T i\ T /968
1

1
n 1 1 - 1 L n 1 1 _ 1 L
4N1(1)A4 N1(1) N 1(1,4) 4N1(2)A4 N1(2) N©@ 2(2,5)
( 1

+

1 1 L n 1
ANDOAL | N N1(1) 44D T UNERIAL
1

2
1
+4A4{<Nu>> -
1 JR—

N
%‘H

=
~
)
——

P

=

~

,_.

N

+

o
> =

N
—

n 1 1 L n 1 B 1 N
ANDA\N® @ JHEDT @ A N @) )
1 1 1
T INDAT N
1




AN2\n N N1(1) h(6a,31) "N NI(Q) (65,32)
1
T
1
ni

1 1 1
+ vaz (s - a)hw) +i( 1)h5
1 1 1
rre Rt e Rre el e )h?
1 1 1 b 1
+ An, A2 N o Nl(l) 3(4,1) + An, A2 2)
1 1 1 b 1 1 he
Az No N1(1) 6(4.1) T Az | v@ (2) 6(5,2)

+ (;% — % : a)h(SS,GS) + <% nll - %)h(63766)
1

CID(u) + 03,

where

fi = d* +p(d® + Ad),
fo = (d* — Ad)? + p(d®* — Ad),
f3 = (2d* — Ad)* 4+ 2(p + 1)(3d* — Ad),
fi1 = 2d*(d® + Ad) + p(d® + Ad)? + %{d“ + p(d* + Ad)}Q,
faz = 2(d® — Ad)® + p(d® — Ad)? + %{(dZ — Ad)? + p(d? — Ad)}z,
Fio = 2d*(d? — Ad) + pd* + %{d‘* +p(d? + Ad)}{(d2 — Ad)? +p(d® — Ad)},
fiz = 4d*(2d*> — Ad) + 2(5p + 7)d* — A2d? + (p* + p)(3d® + Ad)
+ i{d“ +p(d? + Ad) H (2~ Ad? +2(p + 1) (38 — Ad)},
foz = 2(d* — Ad)(2d* — Ad)* + 2(5p + 7)d* — 4(3p + 4)Ad® + (3p + 4)A%d?
+(p° +p)(3d° — Ad) + i{(dQ — Ad)® + p(d® — Ad)}
x {(2d4 — Ad)? +2(p+ 1)(3d* — Ad)},
fa3 = 2(2d* — Ad)*(7d* — 2Ad) + 9(15p + 13)d* — 24(4p + 3)Ad® + 3(5p + 3) A%d?
+ 6(6p° + 13p 4+ 9)d* — 6(p + 1)?Ad + g{(2d4 — Ad)? +2(p +1)(3d* - Ad)}Q,

52
941 = Ed4 + p1(d? + Ad),
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52
G52 = E(eﬂ — Ad)? + pi(d® — Ad),

5 52
96,3 = F(M —Ad)? +2- ViR 1)(3d% — Ad),
1 2 32 3 4 52 5 6
higiay = =p1(p1 — 2)(A2d% + 2Ad° + 2d%) — (pl +p- F)(Ad + d%

2
- 5—2(2A3d5 +p1Ad® — 2A%d°5 — d®) + Lo d®
A? h 2 AT
1 2 72 3 4 52 2\3
haas) = P (01 — 2p) (A0 = 2A%) 4 pi(p1 = 2)d* + (p1 +p- 75 ) (Ad — d?)
52 2 4 5 62 1 54 2\4
+3p1 - 5 (A% — A - (EJF?E)(M—CZ) :
_} 2/ A2 12 3 4 2A—145 1 ﬁ 8
h4(4,1) = 2p1(A d +2Ad +2d )+p15 A d + B A4 d s
h — L2A22 4 2aY) 4 2pAGE 4 p162(2A22 — 3AGP) 4 0! Ad— )
5(5,2)—5191( +2d°) +2p; + p10°( - )+§'E< - ),
52 52
haany = p1(A%d? + 2Ad° + 2d*) + 2E(Ad5 +d%) + 2p1 57 - ds,
52
h(ss,22) = P1(A%d + 2Ad°) + E(—2A3d3 — 6Ad° + (p1 + 1)d°)
Lo 12A%0% — 4Ad™ + d8
+ 5 E( - +d°),

his2) = {pl (p1 — p)A*d* — p1(p1 + 2p)d4} + p1(2A3d°% 4 2A%d% 4 d9)
2

+ 5]~ PAYE = 2(p + p1)Ad + pd® — 200" +
o) = { —pi(p — 1)A%d* + py (2p — p1)d* +p1d6} + 52{(319 +2p1)A%d® — (p — p1)A%d?
52 54
5 6 6 7 8 8
— 2Ad° +2d }+§{pd —9AdT +d }—@d :
52
has2) = { — piA*d® + pi(p1 + 4)d4} + F{plA?’cF’ —2p1Ad® — A2d6}

54 2 16 7 8 1 4 14
+2A4{4A 45 — 4Ad" +d }_55 i)

1 5t

h5(4,1) = p%dA‘ + (52(2p1Ad3 — p1d4 — d6) + 554d4 + Al

54
h(a2,15) = {p1A3d3 —2p1A%d +p1Ad5} - 52{(2101 — p)Ad3 + 3pA%dt — pAd5} +35 2AD,

(2A3d° + d®),

52 X )
h(12,45) = 2p1Ad° + F{Ads +2(p1 — 1)d6} + 62 Ad>,

h6a31) = {4p1(p1 + 1)Ad + 2p1(p1 + 1)d2} + 52{ —pp1+1) +2pi(p1 +1) — 2}d2
52 2 4
+ F{ — 6p — 2p1 +38 }d,
2 62 3 2 4
hesan = {2101+ D(Ad+d) } + 5 { =401 — 2)Ad° — 20303 + 3p1 - 2)a'}
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5 4
F38d s
2

5 (1
haos) = {4p1(p1 + 1)a | + 15 {5601 +2)Ad" + 6p1 (1 + 2)d*}

+ 26%pyd* +

ot 5 6 &° 7 8

+2i{ — 01+ 9AP + 2o +3)d  + o { — 28d" + 24
st 4 8
+{—A2§(p1+4)d}+—m4.d,

52
hso = {4p1(pr + DA} + Z5{ = 403p1 + A + 67 + 3p1 + 4)d* |
4 6

N
B 5 6 _ 7 8
+ A4{ (9p1 + 109)Ad® + (2py + 27)d } + AG{ 6Ad" + 2d }

52 4 1)d? ot (1 8)Ad? 1d4 2244
+ 3+ 01+ D} + {51+ A + Jd* 4224}

81 5o s 13 4
+E{§A d* = 30 + }
2 4

5 5
hies) = 2z (1 +1)(2pAd° + 6pd" — Ad® + 3d°) + E{(Qp —2p; —3)d® —2Ad" + 2d8}

+ 66{2Ad7 - 2d8} 2

1
G N{(Qp —3p1 — 3)Ad3 — —(29p;1 + 24)d4

4

1 1 4
—2p —2)A® + =d8h — = . b
+5(p—2p1 = 2)Ad° + 3 } 5 Al

N | —

52
haos) = oz { (b1 + 1)(~4pAd® + 6pd* — TAL + 3d°) }
4 56
+ E{(—élp +3p1 — DA + (2p — 2p1 — 3)d° — 6AdT + 2d8} ~ g2
5t 1 1
+8%py+ D{(p1 = p)d? = A + 54} + Z5 {5 (0~ DA + 5 (5p — pr)d*
1 13 5% (1 13
SA2dE = 3AD + =dC b+ —— 3 S A%d + 3Ad — = dF
+3 +odt pa{patdt s sad - Td),
1
hs(a1) = { —p1(p + 1)A%d® + 2p; (p1 + 1)Ad® + §p1A3d3 +6p1(p + 1)d*
3 2 74 6 62 2 3 4
— Sp A+ 2pid } + F{ —(20% + 23p1 + 21)Ad® + 2(6p + T)d
1
— (p+9)Ad® + 3(p + 3)d® — 2AdT + 2d8} + 52{(1? +1)Ad® + 2pd* + §d6}
54
+ E{ — (p1+1)Ad> + 2p1d4},

1
has2) = pl{(p +1)(A%d% — 4Ad3 4 6d*) — 4Ad® + 5(—A3d3 + 5A%d" — 8Ad® + 4d6)}

52
+ F{4(p + 1)A%d? + (4p3 + 4py — 9p — 13)Ad® + 12(p + 1)d* + 5(p + 5)A?d*

1
— (10p + 41)Ad® + 3(p + 9)d® + §A2d6 — 6Ad" + 2d8}
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64 {<1p by 1)Ad3 — op A2d4 + 6(py + 1)Ad5} N A252d4

A4
52 5
hean) = X2 {2p1(P1 +1)Ad® +12(p1 + 1)d4} — a1t 1A,
52 54
h6(572) AQ{ 4p1( p1+ 1)Ad3} + F{ - (pl + 1)A3d3 + 4p1d4 - 6(]91 + 1)Ad5}
56 7
+ 250Ad,

52
h(33,63) = A2 { (6 + 3p + 4p1 + 3pp1)d® + - (910 + 7p1 + 3p + 3pp1)(Ad® — d*)

7 1 1
— (p1+ 1)<§A2d4 AL+ §d6) — (L P+ p+pp) A% + 1—6A3d3}

51
{503~ 0+ 20+ AR + (7~ Ty 4+ 99— AP
1 1
+ g(p + 9)A3d3 + 5(—31 — 18p + 4py + 5p?)dt — TA%dY — EA“d“

1 1 5

+5(5p = AP + 5 (3p — 6p1 — 19)d° — ZA%d° +2Ad" d8}

- 56{ - 1(pl + 1A% + 1(7p1 —61)A%d" — (p1 + 1)Ad” + 1(42p1 - 190)d6}
AL 8 8 3

58 44 315 326 7 18
Ag{ Atd Ad + A% — Ad +§d},

52
hies.66) = A2 { — (3pT + Tp1 + 6)d* + (p1 + 1)Ad® + (8 + 8p1 + 3p + 3pp1)A2d4}
54
4A4
— (5p? + 42p1 + 25)d* + 16Ad5}
6
Sl

8
+ 32‘5 o { - At 8A — 248700 + 328" — 164"

1
{ (p? + 14py +20)A2d + (3p2 + 14py + 19)AdP

3p1 + 11)A3d3 — 3(7py + 35)A2d* — 24(2p; + 6)d6}

2 2 4 6

) 0
h(33,66) = SAZ (5+ 5p1 + 2p))Ad + - SA? (—=37p1 — 79)d* + — (p1 — 3)d’,

5
2
1+ 34"+ o 2A

where d denotes the differential operator d/du, 6 = (ugl)—p,(lz))’Zl_ll (u(l)—u,(l )) u is a constant,

and O3 denotes the terms of the third order.
In addition, the cumulative distribution function of (Wy — (1/2)A2)A_1 under x € TI?) s
also obtained by substituting u = —u and interchanging N( ) and N for 1=1,2.

Corollary 3.4. The probabilities of misclassification in linear discriminant function Wy for

c =0 can be obtained as follows:
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Pr(Wg <Ol € H<1>)

Ca(~la) S i, 5
2 aNUA2  anPaz 2m g(n{V)zat g(N{P)2Ad
N - R R R

aNONPAt T anp A2 aNPp a2 8

* <2N(1)A2 B 2N§>A2>gz:1 * <2Né)A2 B 2N§>A2)932 * (% N zlnl>9§:3

N 1 L1, N 1 L1,
4N1(1)A4 N1(1) N1 | TLL4) 4N1(2)A4 Nl(z) N@ | 72(25)

1 1 LY, 1 1 LY.
Tavoar | vm T o ) ey T iyear | ve T y@ )62
1 1

2 2 2 2
1 1 1 o 1 1 1 x
+ A \yvo | ~ 7N1(1) (44,11) T v | ~ 7N1(2) (55,22)
1

N 1 1 L. N 1 L,.
4N1(1)A4 N©®) N1(2) 1(5,2) 4N1(2)A4 N Nl(l) 2(4,1)

1 1 L. 1
+ ANOA4 N@ N1(2) 4(5,2) + AN A4

1 1
tia) | vo
n 1 1

nr |\ N

1 1 > -
D A 5(4,1)
N T ND

L L P
n N®@ n N1(2) (65,32)

n
1 1 1y, . 1 1 "
T INDAZ <E nl)h4(6’3) AN A2 <E B E)h5(673>
1 1 1y, ., 1 1 1y, .,
4N(1)A2 (n nl)h1(673) 4N(2)A2 (E E)hQ(G’g)

dniAZ\ N N1(1) 34D T 4 A2\ NO N1(2) 3(5,2)

* nAZ\ N N1(1) 6(4,1) T A2\ N@ N1(2) 6(5,2)
1

11 1y, 111y, 1y, o
+<n%_n'nl) (33,63)+(ﬁ'n71_ﬁ> (63,66)+<n%_n2) (33,66) T U35
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where d% = (& /du?)®(u) RN (1 =2,4,6,8),
- 2

fi=dy+3pds, f5=ds—(p—4)dj, fi=(p—1)dy,
fiy=dS +6(p+2)dS+ (p+2)(9p + 16)dy + 20p(p + 2)d2,

f32 = d§ = 2(p = 10)d§ + (p — 6)(p — 16)d§ + 4(p — 4)(p — )5,
fia = dg +2(p + 8)df — 3(p* — 10p — 16)dg — 12p(p — 6)d3,
fis = (= D){d6 +3(p+ 1)} + 6(p + )83},
£33 = (0= D{d} = 800 — 4)d5 — 2(p — 4)d5 },
fis = 0= D{(p+1)d} +4(p - 12)3},

2

; 5 . 52 . (52 2

911 = A3 -y +3p1dg, gia = @(dg +4dg) — p1dg, gis = A2 (Pl +1-2- A2>d0’
g = {=3p1d§ + p1(5p1 — 10p — 8)dy + 10p1 (p1 — 2p)d;}

2, 0%, s 6 I

+8-0%dy + E{—do + (2p1 — 3p)dg + 8(p1 — p)dy} + 5 Al

he5) = {p1d + pi(p1 + 10)dg + 2p1 (12 + p1 — 2p)dg}

—db,

52
+ E{—dg + (Tp1 — 24)d§ + 72(p1 — 2)dg + 96(p1 — 2)d3}

54
- AL (d5 + 24d8 + 144d] + 192d3),
* 2 52 4 1 (5
h4(471) = (5p1d + 10p do) A2 (2p1d0 + 8p1d ) 2 A4d

e
(dS + 24d5 + 144d3 +192d2),

hi.2) = {P1(3p1 + 4)dg + 2p1(3p1 + 4)d3} + 2p1 - %dg + 2 A2

(1411) = (10p1dy + 20p1d3) + §{2(p1 + 3)d§ + 16d3},

Bissomy = (Op1dd+ 16p1d3) + 6 5%+ 0 {(pr — 27)d — 19045 — 19243}
1 s
~5 Al

15.2) = {26p1dg + p1(3p1 — 6p + 200)dg + 12p1 (p1 — p + 20)dg}

7dS 4 48d5),

52
— 2z {85 + 3(4py + p + 8)dg + 8(11p1 — 2p)dy — 92p1dg}
54
A4
Ry = {—p1dg + p1(2p + p1 — 4)dg + 12p1(p — p1)dg }
+ 62{2dS — (5p + 5p1 — 16)ds — (12p + 8p1 )d2}
st

6 g 1
+§{3do (24 — p)d}+2 A4d

{ d3 + 12848 + 45644 + 288d2}

15



Wis.2) ={—p1<3p1—4)d4 12pidg} + A2{ —4dg + 4(p1 — 11)dg + 8(7py — 10)dg + 96p1d5 }

1o
I v 8 6 4
5 0o + 5 - 7(9d5 + 128 + 320dy),
ot ot
h 1) = prdy + 82 (=dg + 3p1dy + 8p1dg) + +3 A4d +E(17d + 240d§ + 768dg + 384d3),

his1s) = (2p1d0 + 24p1dg + 48d5) + 02 {10pd§ + 2(p1 + 37)dg + 8(p1 + 8)d3 }
4

5
+ E(4d + 16dy),

h12,45) = = (4p1d§ + 16p1d}) + 6%(2d3 + 4d3) +

2

5
Az (2p1dg + 8dp),

(61.31) = 10p1(p1 + 1)dg + 6*{(2p1 — p)(p1 + 1) — 2}df —

2

)
Az (6p1 +2p1 )dé7

x 5°
h(e5,32) = 6p1(p1 + 1)ds — §{2(3p% + Tp1 — 10)d; + 16(p1 — 2)d5 }

54
+ 2py - 6%d% 439 - A —d?,
* 2 6 2 4 1 54 4
Pie,3) = 4p1(p1 + 1)d5 + *{(6p1 + 15p1 + 2)dy + (6p1 + 4)dg} + 5 A2 (p1 +4)dy
A4{12d +8(p1+9)d}+2 A4d A6(2d + 24dy),

hse,3) = 4p1(p1 + 1)d3 + (p1 + 1) (p1 + 4)8°dg + §{2(3p% +3p1 — 10)dg — 16(3p1 + 4)d3}
L 5
+ 23 { 5 (1 + 20 + 201 + 8)d0} A4{(20p1 +191)dS + 8(11py + 109)dd)

56

+ A4{ dS — 10d4 + 12d3} {10d8 + 728,
52
hi(6,3) Az{( 1+ 1)df + 2(p1 + 1) (5p — 4)dg + 8p(p1 + 1)dg}
64 4 2
A2{ (2p dp; — 3)dS + (32p — 85p; — 64)d +4(2p — 3p; — 1)d0}
6° d + 6° 6
4{ 25+ (2p — 2p1 — 271)d3} — 5 - 2 + 75 (25 + 24d),

hae,3) = 52{3(291 +1)dy + (p1 + 1)(p1 — p — 4)dg}
52
— xz 111(pr +1)df + 2(p1 + 1) (p + 42)dg + 16p(p1 + 1)dg}

& { dS + <zp L 11)d§ +2p+ 2)d§}

A2 27 2
+ F{-10d§ + (—=6py + 4py — 77)dS + 16(—4p + 3p; — 1)dg}
6% (3 . . 6
+ {500 + 388 + 1243 | — 2 - 24,

R340y = {2(pp1 + 2p} + 3p + 3p1)dy + 4(—3pp1 + 2pT + 2p1)d3}
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1 Y
+ 02 Sd§ + 2(2p + D) + d(p + DF } — S5 {248 + d(p1 +1)d3},
62
— E{2d§ + (33 — p)dS + 2(2p? + 23p1 — 2p + 50)dg + 4(p1 + 1)(2p1 + 21)d3},
« 1 1 7
Wiy = {501( = 2d8 = p1(2p +3)d3 | + 05§ + 55 + 3d5)

L
+ %2 {4d (3p +215)dS + - (4p% +4p1 + Tp + 435)d
54 1 23)d4

+ (49} + 33p + dp1 + 1013} + T { (o1 + 3)dl + (2p1 — Jp +

1
~ (gp+12p+1)d3 },
62 4 2 54 4 2
64,1) = 7z 141 +3)(pr+ D)o + 8p1(p1 + 1)dg} — 15{2(p1 + 1)dg + 4(p1 + 1)dg},

) 5 5t
6(5.2) — _E{&Dl (p1 +1)dj + 16p1 (p1 + 1)dg} — B{Qo(pl + 1)d§ + 4(29p1 + 30)d;

56
+96(py + 1)d3} + x5 s (12d5 + 72d5),

. 52 1 1
(33,63) = E{ - 5(6101 +5)dg + 2(}?1?1 +p — 28p1 — 17)dg — 2(7p1 + 3)d(2)},
{8d8 2 (5p — 2p1 — 93)dS + (6p? + 5py — 37p + 437)d2

56
AG
L (49p — 34p1 + 15)d% + (21p — 12p1 — 195)d§}

(33p1 4 922p; — 48p + 221)d§} { (21p + 66p; + 179)dS

1
2
+

2
58 6 123 )
+ {345 + 30d5 + —db - 18d0},
62
hiss6) = 7z {(10p1 + 10+ 3p+ 3pp1)dg — (3p + 3p1 + 2)dg}

54
{8d6 (3p1 + 1dp; — 196)d4 + (9p% +70p; + 125)d3}

A4
85 (1 1 8 /3
- { 5 (27p1 +119)d5 + 2 (31py + 179)d; + (9p1 + 61)d3} = ( i+ 18d0)
. 52 , 1 8 1o )
h(33,66) A2 (8 + 6p]_ + 2p1)d 2 A4 (37p1 + 79)d 2 . E(p]_ — 3)d0

In addition, another probabilities of misclassification in linear discriminant function Wo can be
obtained by interchanging Ni(l) and Ni@) fori=1,2.

4 Simulation studies

In this section, we perform Monte Carlo simulation in order to evaluatethe result stated in

Theorem 3.3. In particular, we select some § because § depends on the result in the case of
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monotone missing data. We compare the accuracy of the result which is derived in Theorem 3.3
denoted by € (2|1) with other asymptotic expansions, i.e., the result of Okamoto [8] denoted by
€0(2]1) in the case of complete data, and Shutoh [11] denoted by €g(2|1) in the case of k = 2.
As Monte Carlo simulation for €x(2|1), €0(2|1) and €g(2|1), we carry out 1,000,000 replications.
Then, for the result of Okamoto [8], we use the estimators of A% i.e., (ny —p — 1)D?/ny,
where D? = (2() — z(?))'s~1(2(1) — ). For the result of both Theorem 3.3 and Shutoh [11],
we also use the estimators of A2 and 62, i.e., (n1 —p — 1)d2,/n1 and (n — p; — 1)d2,/n, where
d3y = (B —a®yST (@0 -5 and d3y = (Y —aP Y ST (A A1), respectively. Besides,
the Mahalanobis distance is fixed as A = 1.05 in all the tables and we select §, dimensions, and

sample sizes as follows:

6 =0.42, 0.63, 1.00,
(p17p2) == (271)7 (37 2)7 (47 2)7 (473)7
(My, Ms) = (10,10), (20,20), (30,30), (40,40), (50,50),

where M; = Ni(i) = Ni(2) (¢ = 1,2). Then, the results are presented in Table 1 — Table 6. For
€0(2]1) and e;1(2|1), we put My = 0.

5 Conclusion and future problem

In this paper, we derived third moment and forth moment of Wishart matrix. By using these
results, we also derived an asymptotic expansion for linear discriminant function Wo. Moreover,
we compared our result with Okamoto’s [8] expansion and Shutoh’s [10] expansion by Monte
Calro simulation. Then the expansion derived in this paper could be useful since we could
observe our result provided more accurate approximation except for some cases. In the case of
small sample sizes, it could be obtained that the both Okamoto’s [8] and Shutoh’s [10] expansions
are more accurate than the derived result. Thereby, we can also consider the confidence interval

for the misclassification probability.

Appendix. A

In Appendix, we prove Lemma 3.2. First, 7" can be transformed as

1
where n1S ~ Wp(n1,%). Then, TOATOBTD and TWATOBTOCTM) can be represented

as

m\l/m(nls)A(nls)B(nls) _ \/%(nls)A(mS)B

18

7D AT g —




— L (11S)AB(n1S) + y/Ai(n1 S)AB

N
— \/%A(nlS)B(mS) + mA(nls)B

 VATAB(mS) — n1ATAB,
T AT BTOCT® =L (1,8) A(r1.S) B(m S)C(m, S) — ni(nls)A(nls)B(nls)c
n? 1
1
— —(n1S)A(n1S)BC(n1S) + (n1S)A(n1.S)BC

ny
- nll(nlS)AB(nlS)C’(nlS) + (nS)AB(n1S)C
+ (mS)ABC(n1S) — ny(n1S)ABC
- nllA(nlS)B(nlS)C(nlS) + A(m1S)B(n1 S)C
+ A(niS)BC(n1S) — niA(n1 S)BC
+ AB(n18)C(n1S) — miAB(nS)C
—n1ABC(n1S) + n3ABC.

Then, we calculate up to the fourth moment using the expectations of Wishart matrices and

add each expectation, which completes the proof.
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Table 1

The comparisons of the accuracy of ex(2|1) and ep(2|1) when 6 = 0.42

(p1,p2) (M, M) | e1(2[1) co(2]1) ei(2]1) —er(21) | ea(2]1) e (2[1) ea(2[1) —ex(2(1)
(2, 1) (10, 10) | 0.345354 0.319227 0.026127 0.333407 0.411930 —0.078523
(20, 20) | 0.323210 0.310219 0.012991 0.315529  0.313745 0.001784
(30, 30) | 0.316426 0.306775 0.009651 0.311150  0.303559 0.007591
(40, 40) | 0.311045 0.305084 0.005961 0.307088 0.301464 0.005624
(50, 50) | 0.308153 0.303982 0.004171 0.305070 0.301061 0.004009
(3, 2) (10, 10) | 0.370663 0.301135 0.069528 0.359814 0.372791 -0.012977
(20, 20) | 0.339207 0.307855 0.031352 0.330774  0.308850 0.021924
(30, 30) |0.326921 0.306821 0.020100 0.319958 0.301202 0.018756
(40, 40) | 0.320251 0.305709 0.014542 0.315276 0.300812 0.014464
(50, 50) | 0.317238 0.304783 0.012455 0.312765 0.300241 0.012524
(4, 2) (10, 10) | 0.380507 0.294575 0.085932 0.367689 0.382524 -0.014835
(20, 20) | 0.347129 0.306044 0.041085 0.335615 0.308860 0.026755
(30, 30) | 0.332856 0.306445 0.026411 0.324202 0.303738 0.020464
(40, 40) | 0.325367 0.305635 0.019732 0.318508 0.300409 0.018099
(50, 50) | 0.320455 0.304968 0.015487 0.314789 0.299307 0.015482
(4, 3) (10, 10) | 0.390690 0.288681 0.102009 0.381335 0.384429 -0.003094
(20, 20) | 0.353724 0.304364 0.049360 0.344795 0.313246 0.031549
(30, 30) | 0.338402 0.305800 0.032602 0.330668 0.300438 0.030230
(40, 40) | 0.330075 0.305515 0.024560 0.323583  0.299473 0.024110
(50, 50) | 0.323813 0.304940 0.018873 0.317719  0.298623 0.019096
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Table 2

The comparisons of the accuracy of €x(2]1) and eg(2|1) when ¢ = 0.42

(p1,p2) (M1, M) | e2(2]1) ex(2[1) es(2[1) |e2(2]1) —ex(2[1) e2(2[1) —es(2]1)
(2, 1) (10, 10) | 0.333407 0.411930 0.300325 -0.078523 0.033082
(20, 20) | 0.315529 0.313745 0.299239 0.001784 0.016290
(30, 30) | 0.311150 0.303559 0.299168 0.007591 0.011982
(40, 40) | 0.307088 0.301464 0.299290 0.005624 0.007798
(50, 50) | 0.305070 0.301061 0.299315 0.004009 0.005755
(3, 2) (10, 10) | 0.359814 0.372791 0.291911 —-0.012977 0.067903
(20, 20) | 0.330774 0.308850 0.293937 0.021924 0.036837
(30, 30) | 0.319958 0.301202 0.295507 0.018756 0.024451
(40, 40) | 0.315276 0.300812 0.296466 0.014464 0.018810
(50, 50) | 0.312765 0.300241 0.297054 0.012524 0.015711
4, 2) (10, 10) | 0.367689 0.382524 0.288578 -0.014835 0.079111
(20, 20) | 0.335615 0.308860 0.291482 0.026755 0.044133
(30, 30) | 0.324202 0.303738 0.293725 0.020464 0.030477
(40, 40) | 0.318508 0.300409 0.294967 0.018099 0.023541
(50, 50) | 0.314789 0.299307 0.295898 0.015482 0.018891
(4, 3) (10, 10) | 0.381335 0.384429 0.284609 -0.003094 0.096726
(20, 20) | 0.344795 0.313246 0.288934 0.031549 0.055861
(30, 30) | 0.330668 0.300438 0.292123 0.030230 0.038545
(40, 40) | 0.323583 0.299473 0.293805 0.024110 0.029778
(50, 50) | 0.317719 0.298623 0.294856 0.019096 0.022863
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Table 3

The comparisons of the accuracy of ex(2|1) and ep(2|1) when 6 = 0.63

(p1,p2) (M, M) | e1(2[1) co(2]1) ei(2]1) —er(21) | ea(2]1) e (2[1) ea(2[1) —ex(2(1)
(2, 1) (10, 10) | 0.345376 0.319216 0.026160 0.333453 0.401176 -0.067723
(20, 20) | 0.323116 0.310194 0.012922 0.316171 0.316184 —0.000013
(30, 30) | 0.316388 0.306759 0.009629 0.311141 0.305642 0.005499
(40, 40) | 0.311153 0.305076 0.006077 0.307473  0.302682 0.004791
(50, 50) | 0.308379 0.303962 0.004417 0.305032 0.301377 0.003655
(3, 2) (10, 10) | 0.370761 0.301031 0.069730 0.359543 0.382418 -0.022875
(20, 20) | 0.339401 0.307843 0.031558 0.330774 0.313614 0.017160
(30, 30) | 0.326806 0.306843 0.019963 0.320288 0.303739 0.016549
(40, 40) | 0.320942 0.305713 0.015229 0.315705 0.300915 0.014790
(50, 50) | 0.317379 0.304780 0.012599 0.312883 0.300664 0.012219
(4, 2) (10, 10) | 0.380427 0.294517 0.085910 0.367812 0.397328 -0.029516
(20, 20) | 0.347168 0.306047 0.041121 0.335361 0.315190 0.020171
(30, 30) | 0.332856 0.306445 0.026411 0.324202 0.303738 0.020464
(40, 40) | 0.325367 0.305635 0.019732 0.318508 0.300409 0.018099
(50, 50) | 0.320455 0.304968 0.015487 0.314789 0.299307 0.015482
(4, 3) (10, 10) | 0.390690 0.288681 0.102009 0.381335 0.384429 -0.003094
(20, 20) | 0.353724 0.304364 0.049360 0.344795 0.313246 0.031549
(30, 30) | 0.339085 0.305764 0.033321 0.330982  0.306670 0.024312
(40, 40) | 0.329931 0.305513 0.024418 0.323527  0.299588 0.023939
(50, 50) | 0.323286 0.304939 0.018347 0.317521  0.299212 0.018309
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Table 4

The comparisons of the accuracy of €x(2]1) and eg(2|1) when ¢ = 0.63

(prp) (M,0) | () ex(ll)  es2l) | ea(2ll) — ex(2lL) ea(2lD) — es(2])
(2, 1) (10, 10) | 0.333453 0.401176 0.300138 —0.067723 0.033315
(20, 20) | 0.316171 0.316184 0.299083 —0.000013 0.017088
(30, 30) | 0.311141 0.305642 0.299047 0.005499 0.012094
(40, 40) | 0.307473 0.302682 0.299189 0.004791 0.008284
(50, 50) | 0.305032 0.301377 0.299219 0.003655 0.005813
(3,2) (10, 10) | 0.359543 0.382418 0.291695 —0.022875 0.067848
(20, 20) | 0.330774 0.313614 0.293755 0.017160 0.037019
(30, 30) | 0.320288 0.303739 0.295394 0.016549 0.024894
(40, 40) | 0.315705 0.300915 0.296357 0.014790 0.019348
(507 50) 0.312883 0.300664 0.296962 0.012219 0.015921
(4, 2) (10, 10) | 0.367812 0.397328 0.288396 -0.029516 0.079416
(20, 20) | 0.335361 0.315190 0.291313 0.020171 0.044048
(307 30) 0.324202 0.303738 0.293725 0.020464 0.030477
(407 40) 0.318508 0.300409 0.294967 0.018099 0.023541
(507 50) 0.314789 0.299307 0.295898 0.015482 0.018891
(4, 3) (107 10) 0.381335 0.384429 0.284609 —0.003094 0.096726
(207 20) 0.344795 0.313246 0.288934 0.031549 0.055861
(307 30) 0.330982 0.306670 0.291690 0.024312 0.039292
(40, 40) | 0.323527 0.299588 0.293675 0.023939 0.029852
(50, 50) | 0.317521 0.299212 0.294759 0.018309 0.022762
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Table 5
The comparisons of the accuracy of ex(2|1) and ep(2|1) when 6 = 1.00

(p1,p2) (M, M) | e1(2[1) co(2]1) ei(2]1) —er(21) | ea(2]1) e (2[1) ea(2[1) —ex(2(1)
(2, 1) (10, 10) | 0.346416 0.319110 0.027306 0.334412  0.397841 —0.063429
(20, 20) | 0.323429 0.310090 0.013339 0.316270 0.324347 -0.008077
(30, 30) | 0.316291 0.306702 0.009589 0.311765 0.309478 0.002287
(40, 40) | 0.311266 0.305040 0.006226 0.308137 0.304948 0.003189
(50, 50) | 0.308554 0.303928 0.004626 0.306037 0.302862 0.003175
(3, 2) (10, 10) | 0.370297 0.301053 0.069244 0.358527 0.396118 —-0.037591
(20, 20) | 0.339631 0.307815 0.031816 0.331150 0.320346 0.010804
(30, 30) | 0.327573 0.306867 0.020706 0.320406 0.307301 0.013105
(40, 40) | 0.321198 0.305717 0.015481 0.315904 0.303045 0.012859
(50, 50) | 0.316789 0.304777 0.012012 0.312362 0.301235 0.011127
(4, 2) (10, 10) | 0.380929 0.294657 0.086272 0.367667 0.399946 -0.032279
(20, 20) | 0.347431 0.306038 0.041393 0.335778  0.325509 0.010269
(30, 30) | 0.332899 0.306420 0.026479 0.324266 0.309024 0.015242
(40, 40) | 0.325352 0.305639 0.019713 0.318426 0.303618 0.014808
(50, 50) | 0.321614 0.304957 0.016657 0.315900 0.301446 0.014454
(4, 3) (10, 10) | 0.390455 0.288767 0.101688 0.381371 0.394054 —-0.012683
(20, 20) | 0.353378 0.304305 0.049073 0.343806 0.320777 0.023029
(30, 30) | 0.339085 0.305764 0.033321 0.330982  0.306670 0.024312
(40, 40) | 0.329283 0.305506 0.023777 0.323098 0.302071 0.021027
(50, 50) | 0.322743 0.304935 0.017808 0.317221  0.300195 0.017026
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Table 6

The comparisons of the accuracy of ex(2]1) and eg(2|1) when 6 = 1.00

(p1,p2) (M1, M) | e2(2]1) ex(2[1) es(2[1) |e2(2]1) —ex(2[1) e2(2[1) —es(2]1)
(2, 1) (10, 10) | 0.334412 0.397841 0.299661 -0.063429 0.034751
(20, 20) | 0.316270 0.324347 0.298735 —0.008077 0.017535
(30, 30) | 0.311765 0.309478 0.298847 0.002287 0.012918
(40, 40) | 0.308137 0.304948 0.299044 0.003189 0.009093
(50, 50) | 0.306037 0.302862 0.299112 0.003175 0.006925
(3, 2) (10, 10) | 0.358527 0.396118 0.291221 —0.037591 0.067306
(20, 20) | 0.331150 0.320346 0.293413 0.010804 0.037737
(30, 30) | 0.320406 0.307301 0.295213 0.013105 0.025193
(40, 40) | 0.315904 0.303045 0.296213 0.012859 0.019691
(50, 50) | 0.312362 0.301235 0.296849 0.011127 0.015513
4, 2) (10, 10) | 0.367667 0.399946 0.288003 -0.032279 0.079664
(20, 20) | 0.335778 0.325509 0.291017 0.010269 0.044761
(30, 30) | 0.324266 0.309024 0.293500 0.015242 0.030766
(40, 40) | 0.318426 0.303618 0.294833 0.014808 0.023593
(50, 50) | 0.315900 0.301446 0.295799 0.014454 0.020101
(4, 3) (10, 10) | 0.381371 0.394054 0.284038 —-0.012683 0.097333
(20, 20) | 0.343806 0.320777 0.288512 0.023029 0.055294
(30, 30) | 0.330982 0.306670 0.291690 0.024312 0.039292
(40, 40) | 0.323098 0.302071 0.293465 0.021027 0.029633
(50, 50) | 0.317221 0.300195 0.294617 0.017026 0.022604
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