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Abstract

It is common knowledge that the Akaike’s information criterion (AIC) is not a con-
sistent model selection criterion. This inconsistency property has been confirmed from
an asymptotic selection probability evaluated from a large-sample asymptotic framework.
However, when a high-dimensional asymptotic framework, such that the dimension of the
response variables and the sample size are approaching oo, is used for evaluating the selec-
tion probability, we can prove a consistency property of the AIC for selecting variables in
multivariate linear models. This means that the probability of selecting the true model by
the AIC goes to 1 as the sample size and the dimension simultaneously approach co. The

consistency property is also checked numerically by conducting a Monte Carlo simulation.
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1. Introduction

Let Y be an n X p observation matrix of p response variables, and let X be an n x k

observation matrix of full rank k, where k is the number of nonstochastic explanatory
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variables, n is the sample size, and it is assumed that n — p — k — 1 > 0. In order to
ensure the possibility of estimating the model, we also assume that rank(X) = £ for all
n > k. Suppose that j denotes a subset of w = {1,..., k} containing k; elements, and X
denotes the n x k; matrix consisting of the columns of X indexed by the elements of j. For
example, if j = {1,2,4}, then X consists of the first, second, and fourth columns of X.
Also, in general, we will let k4 denote the number of elements of a set A, i.e., k4 = #(A).
Of course, it holds that X, = X and k, = k. We then consider the following candidate

model with k; explanatory variables:
Y ~ Npwp(X;0,,3;, ® I,), (1.1)

where O is a k; X p unknown matrix of regression coefficients, and X, is a p X p unknown
covariance matrix. We call the model with X, (namely X) the full model. We will

assume that the data are generated from the following true model:
Y ~ Npup( X0, 28, @ 1), (1.2)

where j, is a set of integers indicating the subset of explanatory variables in the true
model. Henceforth, for simplicity, we represent X;, and k;, as X, and k., respectively.

The multivariate linear regression model in (1.1) is one of basic models of multivariate
analysis. This model is introduced in many multivariate statistical textbooks (see, e.g.,
Srivastava 2002, chap. 9; Timm 2002, chap. 4), and even now is widely used in chemomet-
rics, engineering, econometrics, psychometrics, and many other fields, for the predication
of multiple responses to a set of explanatory variables (see, e.g., Yoshimoto, Yanagihara,
and Ninomiya 2005; Dien et al. 2006; Saxén and Sundell 2006; Sarbu et al. 2008). Since
it is important to specify the factors affecting response variables in regression analysis,
searching for the optimal subset j is essential.

The Akaike’s information criterion (AIC), proposed by Akaike (1973, 1974), is widely
used for selecting the best model. In the case of regression analysis, the best model for
a subset of explanatory variables is chosen. The AIC was proposed as an asymptotic
unbiased estimator of the risk function assessed by the expected Kullback-Leibler (KL)
loss (Kullback and Leibler 1951) under the assumption that the candidate model includes
the true model. One purpose of model selection using the AIC is to choose a model
that makes the risk function small. For that purpose, using the AIC for model selection

will be asymptotically efficient when the true model is infinite (Shibata 1980; Shao 1997;
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Yang 2005). The Bayesian information criterion (BIC) proposed by Schwarz (1978) and
a consistent AIC proposed by Bozdogan (1987) are also widely used for model selection.
It is a well-known fact that, when the true model is included in a set of the candidate
models, these two criteria are consistent in model selection, although the AIC is not.
When using the AIC in model selection, this inconsistency property sometimes becomes
a target for criticism, although the purpose of the AIC is not to choose the true model.
The inconsistency property of the AIC is confirmed from the asymptotic probability of
selecting the model, which is evaluated from a large-sample asymptotic framework that
represents an ordinary asymptotic procedure (Shibata 1976; Nishii 1984; Fujikoshi 1983,
1985). In the case of multivariate linear models, although there are many bias-corrected
AICs for the risk function (see, e.g., Bedrick and Tsai 1994; Fujikoshi and Satoh 1997;
Fujikoshi, Yanagihara, and Wakaki 2005; Yanagihara 2006; and Yanagihara, Kamo, and
Tonda 2011), the bias-corrected AIC is still not consistent for model selection.

However, there is a possibility that the AIC can acquire a consistency property when
another asymptotic framework is used for evaluating the asymptotic probability of se-
lecting the true model. In fact, in this paper we will prove that a selection method
using the AIC is consistent for selecting variables in multivariate linear models under
a high-dimensional asymptotic framework. More precisely, we show that the probabil-
ity of selecting the true model by the AIC goes to 1 as the sample size and the di-
mension of the response variables simultaneously approach oo under the condition that
Cnp = p/n — ¢o € [0,1). Furthermore, we will also prove that a selection using the
bias-corrected AIC, as proposed by Bedrick and Tsai (1994), satisfies the consistency in
a wider range than that using the AIC. We find that variable selections using the BIC
and the consistent AIC do not become consistent when ¢, , — ¢y € (0,1). In this paper,
lime, ¢, means a limit as (n, p) — oo simultaneously under the condition that ¢, , — co.
We assume that p is not constant in the high-dimensional asymptotic framework.

In this paper, o(z), O(x), o,(x), and O,(x) used in a vector or matrix mean that
the orders of all the elements in that vector or matrix are o(x), O(z), 0,(x), and O,(x),
respectively. Furthermore, the notations o, O, o,, and O, indicate the orders as n — oo
when the large-sample asymptotic framework is considered. Meanwhile, those are the
orders as ¢, , — ¢ when the high-dimensional asymptotic framework is used.

The present paper is organized as follows: In Section 2, we present the necessary

notation for evaluating a selection probability. In Section 3, the asymptotic probability



of selecting the true model is calculated under a high-dimensional asymptotic framework.
In Section 4, we verify the adequacy of our claim by conducting numerical experiments.

In Section 5, we discuss our conclusions. Technical details are provided in Appendix.

2. Preliminaries

In this section, we present and discuss the notation that we used for evaluating the
selection probability. First, we describe several classes of j that express subsets of X in
the candidate model. Let J be a set of candidate models denoted by J = {j1,...,jm}-
We then separate J into two sets, one of which is a set of overspecified models, candidate
models that include the true model, ie., J. = {j € Jl|j« C j}, and the other is a
set of underspecified models that are not the overspecified models, i.e., J_ = J; N J.
Thus, the true model j, can be regarded as the smallest overspecified model. We use the
same terminologies, “overspecified model” and “underspecified model,” as were used by
Fujikoshi and Satoh (1997).

Estimations for the unknown parameters @, and X; in the model (1.1) are carried
out by the maximum likelihood estimation, i.e., ®; and X, are estimated by

. . 1
0; = (X;X;)7'XjY, X;= EY/(In - P)Y,

where P; is the projection matrix to the subspace spanned by the columns of X, i.e.,
P; = X;(X;X;)"'X]. Then, the AIC and the bias-corrected AIC (AIC,, Bedrick and
Tsai 1994) in the model (1.1) are defined by

. 1
AIC(j) = nlog|%;| + np(log 2w + 1) + 2 {kjp + §p(p + 1)} , (2.1)
. o 2n 1
AIC.(j) = nlog |X;| + np(log 2w + 1) + {kjp + -p(p + 1)} . (222
n—kij—p—1 2

When p = 1, the AIC, in (2.2) coincides with the bias-corrected AIC proposed by Sug-
iura (1978). Davies, Neath, and Cavanaugh (2006) showed that Sugiura’s bias-corrected
AIC is a uniformly minimum-variance unbiased estimator (UMVUE) of the risk function
consisting of the expected KL loss when the candidate model includes the true model.
By extending the result to the multivariate case, this property can be proved even when
p > 1. The detailed proof is omitted because it can be obtained from the Lehman-Scheffé
theorem and the fact that @j and ﬁ]j are complete sufficient statistics. Complete efficien-

cies of @j and ﬁlj can be derived by slightly modifying the results of Siotani, Hayakawa,
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and Fujikoshi (1985, pp. 18-20). This property indicates that, for all the overspecified
models, the AIC, is better than the AIC at esimating the risk function. On the other
hand, the BIC proposed by Schwarz (1978) and the consistent AIC (CAIC, Bozdogan
1987), are also well-known information criteria for model selection. The BIC and the

CAIC in the model (1.1) are defined by

. 1
BIC(j) = nlog |%;| + np(log 2w + 1) + {k:jp + §p(p + 1)} logn, (2.3)
. 1
CAIC(j) = nlog|%;| + np(log27 + 1) + {kjp + Ep(p + 1)} (1+logn). (2.4)

Four information criteria are defined, each one by adding a penalty term based on the
complexity of the model to —2 times the maximum log-likelihood of the model. Thus,

each criterion is specified by an individual penalty term. The best subsets of w, chosen

by minimizing the AIC, the AIC., the BIC, and the CAIC, are written as
Ja = in AIC(j), Je= in AIC.(5),
Ja = argmin AIC(j),  jo = argmin AlC.(;)
= in BIC(j), Jo = in CAIC(5).
Jo = argmin BIC(),  jo = argmin ()
Next, we deal with a noncentrality matrix defined by
> 2. X!(I, - P)X.0,.%'2

In order to decompose the noncentrality matrix, the minimum overspecified model includ-
ing j is prepared as

J+=JjYj. (JE€JT) (2.5)
If j, is arranged as j, = {{j. Nj}, {7« N} }, (I — Pj) X, = (Ony,, .y » Xj.nje) is satisfied,
where Oy, is a k X p matrix of zeros. It is easy to see that X ;e is a full column rank

matrix because it is assumed that X is a full column rank matrix. Hence, the rank of

X/ (I, — P;) X. is calculated as
rank(X (I, — P))X.) = kj.nje = kj, —kj < ks, ("j € T).

Let the rank of the noncentrality matrix be denoted by 7;, and let us assume that it
is independent of n and p. From the inequality rank(©,3;'@.) < min{p, k.} and a

knowledge of an elementary linear algebra, we can see that
v; < min{rank(X. (I, — P;)X.),rank(©,X,'0.)} < min{p, k;, — k;}.
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It should be kept in mind that v; = k;, — k; if ©,% 1@’ is a full-rank matrix. Since the
noncentrality matrix is a positive semidefinite matrix, and its rank is v;, it is decomposed

as

where I'; is a p X ; matrix. I'; is a full column rank matrix in the case of large p, at
least p > k.. We will assume X'X = O(n) and that the order of elements of I';T"; is
O(n), which is a common assumption in papers dealing with an asymptotic theory on the
regression model (Fujikoshi and Satoh 1997; Fujikoshi, Yanagihara and Wakaki 2005).

Notice that
p ¥j

D (OT))ae = tr(T;T) = tr(T/T5) = > (T} )as

a=1 a=1
where (A),, denotes the (a, b)th element of a matrix A. Hence, if we assume that all the
orders of the elements of T';I"; are O(n) and all the orders of the elements of I';T'; are
uniformally equal, (I;T';)a, = O(np) holds because v; does not depend on n or p. From
this fact and the inequality {(TT;)a}” < (T)T;)aa(TiT )5, (TiT;)a = O(np) is also
obtained. Consequently, it is natural to assume that I';T'; = O(np) when X'X = O(n)
is assumed.

Finally, in order to evaluate the probability of selecting the model j by the AIC, the
AIC,, the BIC, and the CAIC, we prepare the following assumptions:

AsSUMPTION A1 : The true model is included in the set of candidate models, i.e., j, € J.

AssuMPTION A2 : None of the elements of ©, and X, depend on the sample size n, and

3. is positive definite for all p.
ASSUMPTION A3 : lim,_,.on ' X’'X = M exists and is positive definite.
ASSUMPTION A4 : lim,, e, (np) 'T T = A exists and is positive definite.

For M in A3, we write a limiting value of n_lXj’-Xg as M, for j,£ € J. It is clear that

M, is a submatrix of M, and Mj, also exists if M exists.

3. Main Results

In this section, we evaluate the asymptotic probability of selecting a model by the

AIC, the AIC., the BIC, and the CAIC. First, we describe the asymptotic selection
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probabilities under the ordinary asymptotic framework, i.e., the large-sample asymptotic
framework. Using the ideas of Shibata (1976), Nishii (1984), and Fujikoshi (1983; 1985),
we obtain the following Theorem 1 (the proof is given in Appendix A.1):

THEOREM 1: Suppose that the assumptions Al, A2, and A3 hold. Then, as n — oo, the
asymptotic probability of selecting the model j by the AIC or the AIC, is

lim P(j, =j) = lim P(jo = j)
n—oo

n—oo
_ { 0 (jeT) (3.1)
P(Mieg\y(zpze — 2525) < 2p(ke — k) (G € Ty)
where z; ~ Ni,p(Op,p, It,p), Cov(zj, 2] = I, ® MJZI/QMMME 1/2, and 0, s the p-

dimensional vector of zeros.

These results include the results of Nishii (1984) as a special case. When the candidate
models are nested, the probability of selecting the true model j, by the AIC or the AIC,

becomes simple, as is shown in Corollary 1, as follows (a short proof is given in Appendix
A2).

COROLLARY 1: Suppose that the assumptions A1, A.2, and A3 hold. When the candidate
models are nested, i.e., J = {{1},{1,2},...,{1,...,k}}, as n — oo, the asymptotic
probability of selecting the true model j, = {1,...,k.} by the AIC or the AIC, is

k—ki th
. S h,p )
lim P(ja = j.) = lim PG.=34)=>_ ] (3.2)

[k—ky] =1

where Fy(x) is the distribution function of the chi-square distribution with p degrees of
freedom, the summation Z[a] extends over all the a-tuples (hy, ..., hy) of non-negative

integers with the property Y i, ih; = a. Specific forms of (3.2) are, e.g.,
1
Fy2p), (k= k= 1), (B0 + Fy(4p)}. (k— k. =2)
1
E{Fp@p)?) + 3F,(2p) Fop(4p) + 2F3,(6p)}, (k — ki = 3),

2—14{Fp(2p)4 + 6Fy(2p)* Fyp(4p) + 3F(4p)* + 8F,,(2p) F, (6p) + 6F i (8p) }, (K — ki = 4).

Table 1 shows the values of the probability expression (3.2) for several choices of p

and k — k.. From (3.2), we can see that as the number of candidate models increases,
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TABLE 1. Values of the equation (3.2) (%)

p\k — k. 1 2 3 4 5 6 7 8
1 84.27 T78.74 76.02 74.46 7349 72.85 7241 7210
2 86.47 82.80 81.32 80.60 80.22 80.01 79.89 79.81
3 88.84 86.36 85.51 &85.17 85.01 84.93 84.89 84.88
4 90.84 89.14 88.65 8847 8840 88.38 88.36 88.36
5 92.48 91.30 91.00 90.91 90.88 90.87 90.87 90.87
6 93.80 9298 92.80 92.76 92.74 9274 92.74 92.74
7 94.88 94.30 94.20 94.17 94.17 94.16 94.16 94.16
8 95.76 95.35 95.29 95.28 95.27 95.27 95.27 95.27
9 96.48 96.19 96.15 96.15 96.15 96.15 96.14 96.14
10 97.07 96.87 96.84 96.84 96.84 96.84 96.84 96.84
11 97.56 97.42 97.40 9740 9740 9740 9740 97.40
12 97.97 97.86 97.85 97.85 97.85 97.85 97.85 97.85
13 98.30 98.22 98.22 98.22 98.22 98.22 98.22 98.22
14 98.58 98.52 98.52 98.52 98.52 98.52 98.52 98.52
15 98.81 98.77 98.77 98.77 98.77 98.77 98.77 98.77
16 99.00 98.97 9897 98.97 9897 9897 98.97 98.97
17 99.16 99.14 99.14 99.14 99.14 99.14 99.14 99.14
18 99.29 99.28 99.28 99.28 99.28 99.28 99.28 99.28
19 99.41 99.40 99.40 99.40 99.40 99.40 99.40 99.40
20 99.50 99.49 99.49 99.49 9949 99.49 99.49 99.49

and as n — oo, the asymptotic probability of selecting the true model by the AIC or
the AIC, decreases. Moreover, since Fj3(23) is a monotonically increasing function with
respect to § > 1, the asymptotic selection probability always increases with increasing p.
These theoretical results can be confirmed with the data in Table 1. Theorem 1 points
out that, when n — oo, the AIC and the AIC. are not consistent in the selection of
variables. However, when the behaviors of the AIC and the AIC, are evaluated under a
high-dimensional framework, we obtain new information, as in Theorem 2 (the proof is

given in Appendix A.3).

THEOREM 2: Suppose that the assumptions Al, A2, and A4 are satisfied.

(1) If chp — co € [0, ca) holds, where ¢, (= 0.797) is a constant satisfying log(1 — c,) +
2¢, = 0, then the asymptotic probability of selecting the true model j, by the AIC is

lim P(j,=j,) = 1.

Cn,p—C0O

(2) If cnp — co € ]0,1) holds, then the asymptotic probability of selecting the true model
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Jx by the AIC, is
Jim P(je = i) = 1.

Theorem 2 shows that, when ¢, , — ¢y, the AIC and the AIC, are consistent in model
selection if ¢y € [0, ¢,) for the AIC, and if ¢y € [0, 1) for the AIC.. Therefore, the range of
values for (n,p) that satisfy consistency is wider for the AIC. than it is for the AIC. This
indicates that it is possible that the bias correction to the risk function has a positive
effect on model selection.

In Theorem 2, it seems that the existence of a limiting value of (np)*lI‘;»I‘j as Cpp — Co
is a strong assumption. Next, we consider weakening assumption A4 in Theorem 3. For

a matrix A, let A\pin(A) and A\pax(A) indicate the minimum and maximum eigenvalues,

respectively. Then, we will replace assumption A4 with the following assumption:

ASSUMPTION A4 : limg, e, nyp = 00, and lim, ., )\maX(F;-I‘j)/(nzni’p) = 0, where
Nnp = Amin(T5T5) /1.

Even if we use assumption A4’ instead of A4, the consistencies of the AIC and the AIC,
hold, as is shown in the following theorem (the proof is given in Appendix A.4):

THEOREM 3: FEven when assumption A4 is replaced with assumption A4', Theorem 2 still
holds, i.e., the AIC is consistent when ¢, , — ¢y € [0, ca), and the AIC, is consistent when

Cnp — Co S [0, 1)

Notice that the upper bound of )\max(l";.I‘j) is given by

/\maX(F;‘I‘j) < AnlaX(G);E*A@;))‘maX(X,(In - P])X*)

*

Additionally, if we assume that ©,X;'@’ is a full-rank matrix, the lower bound of

)\min(I‘;I‘j) is given by

Amin(T/T) > Ain (@, 21O A

min

(X;(In - I)])X*)a

where Al . (A) denotes the minimum nonzero eigenvalue of A. Therefore, if ©,3;'@" is
a full-rank matrix, the assumption A4’ holds when the following equations are satisfied:
Amnax (0, 2,107)

. . —1 / — . _
Pt Aun(©.2,7€,) =00, O Te)

1 1
liminf =\ (X/(I, — P))X,) >0, limsup —Apax(X.(I, — P;)X,) < co.
n n

min
n—00 n—00



Using the above equations, it is easy to check if assumption A4 holds.

Before concluding this section, we describe the consistencies of the BIC and the CAIC.
Let S_ = {j € J_|k« — k; > 0}. Then, the probabilities of selecting the true model j,
by the BIC or the CAIC are given in the following theorems (the proofs are given in
Appendices A.5 and A.6, respectively):

THEOREM 4: Suppose that assumptions Al, A2, and A3 hold. Then, as n — oo, the
asymptotic probability of selecting the true model j. by the BIC or the CAIC is

lim P(j, = j.) = lim P(j, = j.) = 1.

n—o0 n—o0
THEOREM 5: Suppose that assumptions A1, A2, A4, and A5 hold, and ; > co(k. — k;)
is satisfied for all j € S_. If ¢, — ¢ € [0, ¢p) holds, where ¢, = min{1, minjes v;/ (ks —
k;j)}, then the asymptotic probability of selecting the true model j. by the BIC or the CAIC
18

P (o = Ju) = o Jm P (o =Js) = 1.

Theorem 4 confirms the well-known fact, that the BIC and the CAIC are consistent in
variable selection when n — o0, is also satisfied in the multivariate linear regression model.
However, Theorem 5 indicates that the BIC and the CAIC are not always consistent in
variable selection when ¢, — ¢o. If ©,3;10)/, is a full-rank matrix, v; becomes k;, — k;.
Since ¢y < 1 and k;, —k; > k., —k; for all j € S_, v; > co(ki — k;) is satisfied if ©,X,16),
is a full-rank matrix. In contrast, if ¢g = 0 then v; > ¢o(k. —k;) is satisfied. Therefore, we
can see that variable selections using the BIC and the CAIC are consistent as ¢, , — ¢
if ©,3X;'@’ is a full-rank matrix, or ¢,, converges to 0. However, if ©,X1@/ is not a
full-rank matrix and ¢ € (0,1), we cannot determine if variable selection using the BIC

and the CAIC are consistent as ¢, , — co.

4. Numerical Study

In this section, we numerically examine the validity of our claim. The probability of
selecting the true model by the AIC in (2.1), the AIC, in (2.2), the BIC in (2.3), and the
CAIC in (2.4), was evaluated by Monte Carlo simulations with 10,000 iterations. The ten

candidate models j, = {1,...,a} (a = 1,...,10), with several different values of n and
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TABLE 2. Selection probabilities of the true model (%)

Case 1 Case 2 (co = 0.01)
n| p| AIC AIC. BIC CAIC p| AIC AIC. BIC CAIC
100 | 2| 757 81.5 76.7 66.0 21 7.7 815 76.7 66.0
200 2| 796 832 98.6 98.0 41 871 91.0 95.1 88.3
500 | 2| 79.7 813 998 999 | 10| 96.1 974 100.0 100.0
1000 | 2| 81.0 817 999 100.0| 20| 994 99.6 100.0 100.0

oo | 2| 802 &80.2 100.0 100.0| oo |100.0 100.0 100.0 100.0
Case 3 Case 4 (cp = 0.1)
n| p| AIC AIC. BIC CAIC p| AIC AIC. BIC CAIC
100 | 10 | 86.5  73.5 5.2 02| 10| 86.5 735 5.2 0.2
200 | 10 | 95.0 98.2 678 3731 20 985 99.8 181 0.8
500 [ 10 | 96.2  97.5 100.0 100.0 | 50| 100.0 100.0 99.1 69.6
1000 | 10 | 96.7 97.0 100.0 100.0 | 100 | 100.0 100.0 100.0 100.0
oo | 10| 96.8 96.8 100.0 100.0 | oo |100.0 100.0 100.0 100.0
Case 5 Case 6 (cy = 0.3)
n| p| AIC AIC. BIC CAIC p| AIC AIC. BIC CAIC
100 | 30 | 89.9 0.0 0.0 0.0 30| 89.9 0.0 0.0 0.0
200 | 30 | 994  99.6 1.1 0.0 60| 99.8 21.3 0.0 0.0
500 [ 30 | 99.8 100.0 999 974 | 150 | 100.0 100.0 0.0 0.0
1000 { 30 | 99.9 99.9 100.0 100.0 | 300 | 100.0 100.0 0.0 0.0
oo |30 999 999 100.0 100.0 | oo | 100.0 100.0 0.0 0.0
Case 7 (¢o = 0.0) Case 8 (¢y = 0.0)
n| p| AIC AIC. BIC CAIC p| AIC AIC. BIC CAIC
100 | 30 | 89.9 0.0 0.0 0.0 30| 89.9 0.0 0.0 0.0
200 | 32| 99.6 99.6 0.3 0.0 40| 99.7 974 0.0 0.0
500 [ 35| 99.9 100.0 99.8 93.9| 50| 100.0 100.0 99.1 69.7
1000 | 40 | 99.9 100.0 100.0 100.0 | 60 | 100.0 100.0 100.0 100.0
oo | oo | 100.0 100.0 100.0 100.0 | oo | 100.0 100.0 100.0 100.0

p, were prepared for Monte Carlo simulations. We generated 21, ..., 2z, ~ i.i.d. U(—1,1).
Using z1, ..., 2z,, we constructed a n x 10 matrix of explanatory variables X where the
(a,b)th element was defined by 267! (a = 1,...,n;b = 1,...,10). The true model was
determined by ©, = (1,-2,3,-4,5)'1}, j. = {1,2,3,4,5}, and X,, where the (i, j)th ele-
ment was defined by (0.8)4% (a =1,...,p;b=1,...,p). Here 1, was the p-dimensional
vector of ones. Thus, ji, 72, 73, and j4 were underspecified models, and js, js, 7, 78, Jo,
and jio were overspecified models.

In our numerical study, 7; = 1 and max(k, — k;) = 4 hold for all j € S_. This
implies that when ¢y > 1/4, the inequality v; > co(k. — k;) was not always satisfied for
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all j € S_. Thus, the probability of selecting j, by the BIC and the CAIC converged to
0 as ¢pp — ¢ € (1/4,1). This means that the BIC and the CAIC were not consistent in
variable selection when ¢y > 1/4.

Table 2 shows the probability of selecting the true model by the AIC, the AIC,, the
BIC, and the CAIC. For n = oo or p = oo, we list the theoretical values obtained from
Corollary 1 and Theorems 2, 4, and 5. In the table, Cases 1, 3, and 5 are the results
when n — oo under a fixed p, and Cases 2, 4, 6, 7, and 8 are the results when (n,p) — oo
and with ¢y = 0.01,0.1,0.3,0.0, and 0.0. From the table, we can see that in the cases of
the AIC and the AIC,, the greater the dimension and sample size were, the greater the
probabilities became. Compared with the results obtained from the AIC and the AIC,,
probabilities by the AIC, tended to be higher than those by the AIC when n was not
small. In the cases of the BIC and the CAIC, the greater the dimension and sample size
were, the higher the selection probabilities became, with the exception of Case 6. This
was because variable selection using the BIC and the CAIC were not consistent in Case
6. Additionally, when n was small and p was large, the selection probabilities of the BIC
and the CAIC were both very low. However, if the BIC and the CAIC were consistent in
variable selection, these probabilities became high as n and p increased.

We simulated several other models and obtained similar results. Since the theoretical
difference between using the AIC and the AIC, occurs when ¢, , > 0.8, we should list
the numerical results for such a case. However, when ¢, is close to 1, the convergence of
selection probabilities was extremely slow . Thus, we do not show simulation results for

dimensions close to the sample size.

5. Conclusion and Discussion

In this paper, we demonstrated that the AIC for the multivariate linear regression
model is consistent in variable selection when we approximate the probability of selecting
the true model using a high-dimensional asymptotic framework. The AIC and the bias-
corrected AICs are sometimes pilloried for inconsistency, although the value of the AIC is
not in choosing the true model. The results presented in this paper will help to dispel the
undeserved negative reputation of the AIC. Moreover, a range of the parameters necessary
for the AIC, to satisfy consistency is wider than that for the AIC. This indicates that it

is possible that correcting the bias to the risk function may have a positive effect on the

12



model selection. It is a well-known fact that variable selections using the BIC and the
CAIC are consistent if we approximate the probability of selecting the true model using
a large-sample asymptotic framework. However, we found that there is a possibility that
the BIC and the CAIC become inconsistent if we approximate the probability of selecting
the true model using a high-dimensional asymptotic framework.

It is known that the large-sample asymptotic theory gives a poor approximation when
the dimension is large. The high-dimensional asymptotic theory gives a better approxima-
tion than the large-sample asymptotic theory when the sample size is large, and sometimes
even when the dimension is not so large (Fujikoshi and Seo 1998; Fujikoshi and Sakurai
2009; Fujikoshi, Shimizu, and Ulyanov 2010). Hence, the consistency property of the AIC
that we demonstrated will be useful for high-dimensional data analysis, which recently
has been attracting the attention of many researchers. Usually, the high-dimensional
asymptotic theory is used to improve the approximations of the distributions of statistics.
However, the results in this paper suggest a possibility that new insight can be provided
by applying the high-dimensional asymptotic theory to high-dimensional data.

From the simulation study, we found that, the larger the dimension and sample size,
the higher the selection probabilities. This numerical result naturally implies that using
multiple response variables at the same time as the model selection can increase the
probability of selecting the true model. In other words, we should not select variables
using only each response variable. That is a strong reason to apply the model selection
procedure based on the multivariate linear regression model to high-dimensional data.

In this paper, we considered the case of n > p because f)j becomes singular when
p > n. However, using a ridge-type estimator of the covariance matrix, the singularity
can be avoided, as demonstrated by Yamamura, Yanagihara, and Srivastava (2010). We
can expect that an AIC consisting of such a ridge-type estimator will be consistent in

model selection.

Appendix
A.1. The Proof of Theorem 1
Since AIC, = AIC + O(n™!) when p is fixed, it is enough to show only the case of the

AIC for proving Theorem 1. The selection probability of a model j selected by the AIC

13



is

P(ja = j) = P(Nec (3 {AIC(¢) > AIC(j)})
= P({Necg \jitAIC({) > AIC(j) }} N {Neeg 1 {AIC(F) > AIC(5)}}). (A1)

Notice that nill"jI‘;- is convergent when assumption A3 holds, where I'; is given by (2.6).
Let Wyq = lim, oon 'TyI. When ¢; € J; and ¢, € J_, ﬁ]gl 2 3, and ﬁ]b RN

21/2\1142,02}/2 + X, as n — 00. Since Wy is a positive semidefinite matrix, we have
1
—{AIC(fy) — AIC(4))} B 1og |BY2W,, (212 + 3,| —log |Z.| = log|I, + ¥y, 0| > 0.
n

This result implies that

lim P(AIC(fy) > AIC(6)) =1, lim P(AIC(¢;) > AIC(fs)) = 0.

n—o0 n—o0
Using the above two equalities and a basic probability theorem, we have
Tim P(Neeg\H{AIC(C) > AIC()}) = 1, (j € ),
Tim (e, {AIC(0) > AIC()}) = 0, (j € T.).

Thus, from the above equalities and (A.1), we obtain the following result.

{0 (jed)

ln PUs =) =\ lim P(Oegop fAIC() > AICGY) (Ged) ~ (A2

n—oo
From here to the end of proof, we assume j € J;.. Let V and Z; be the p x p and the
k; x p matrices defined by
1
NLD

where € = (Y — X, 0,)%; 2. It is well known that V has an asymptotic normality as
Ve

V=—(E€-nl), Z=(XX;) "Xk,

n — 00, and Z; ~ N, xp(O; p, I1;p). Furthermore, using

7P
e 1 1
D INRVE) M FRRTAE Ee’(In —~ P)E = 5(8’8 ~-Z.Z)),
we have
S2e w2 1 1% 1Z’Z
. g2 T = Ay + % 4%

From the above expression, the first term of the AIC(j) can be expanded as
nlog |2;| = nlog || + vntr(V) — {tr(V?) + tx(Z; Z;)} + O,(n?).
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Let z; be a k;jp-dimensional random vector defined by z; = vec(Z;), where vec(A) is an
operator that transforms a matrix to a vector by stacking the first to the last columns
of A, ie., vec(A) = (al,...,a,) when A = (ay,...,a,) (see, e.g., Harville 1997, chap.
16.2). Then, it follows from the expansion and the equality tr(Z;Z;) = zz; that

AIC(0) — AIC(j) = —(zp2¢ — 22;) + 2p(ke — kj) + Op(n™'/?). (A.3)

Consequently, by combining (A.3) with (A.2), Theorem 1 is proved.
A.2. The Proof of Corollary 1

Let z; be the same random vector as in Theorem 1. Notice that when ¢; C ¢, C {3 and
b, lo, U3 € Ty, 2,205 — 2y, 20, is distributed according to the chi-square distribution with
p(ke;, — k¢, ) degrees of freedom, and 2y, ze, — 2y, z¢, and zj, 24, — 2, 24, are independently
distributed according to the chi-square distributions with p(k,, — k¢, ) and p(ke, — ke,)
degrees of freedoms, respectively. Using these properties, when the candidate models are

nested, the distribution in (3.1) is rewritten as

P (a max 30, (w; — 2p) < 0) , (A.4)

=1, h—hs

where wy, ..., w,_j, are independently and identically distributed according to the chi-
square distribution with p degrees of freedom. Using lemma 1 of Shibata (1976), the
probability (A.4) is explicitly evaluated as (3.2).

A.3. The Proof of Theorem 2

First, we consider the case of j € J_. Let Wi, W5, and W3 be p x p mutually
independent random matrices distributed according to W,(n — k;,, I,,), W,(d;, I,,), and
Wy (), Ip; T';TY), respectively, where d; = k;, — k; — v; and T'; is given by (2.6). Using

these three matrices, we have
SNV = W+ Wy + W, aXY2S B0V =W,

It follows from the property of Wishart distributions (see Fujikoshi, Shimizu, and Ulyanov
2010, p. 57 th. 3.2.4) that

. ) (W + W, + W W + Wy
log |2 —log |2, | =1 +log ———=
Og’ ]| Og| ]+| Og “171+“72’ Og |~“71|
U, | U3
= —log ——1 — —log ——>_ A5
g|U1+U2| g|U3+U4| (A-5)

15



where Uy, U,, Uz, and U, are random matrices distributed according to Wishart or

noncentral Wishart distributions;

U, ~W,,(n—k;—p,L,), Us ~ W, (p, I,; T'T;),

Vi)

A.6
U3Nde(n_k:j_’yj_paIdj)7 U4Nde(p7Idj)’ ( )

Here, U, and U, are mutually independent, and Uz and U, are also mutually independent.

When ¢, , — ¢y € [0,1), we have

1 1
U 5 I,
n—kj—=7—p

1
— Us 5 1, ~U S I, (A7)
n—kj—p p

From the definition of the noncentral Wishart distribution, a different expression of U is

given as Uy = (Z +T;)(Z + 1), where Z ~ Nyy.(Op,;, Iy;). Thus, we derive

P Ly
vec(Us) = vec(Z'Z) + vec(T; Z) + vec(Z'T;) + vec(I'jT;). (A.8)

Notice that
Covlvec(T';Z)] = I, ® T;T;,  Covlvec(Z'Ty)] =TT; @ L,,. (A.9)

Hence, vec(I';Z) = O,(n*/?p'/?) and vec(Z'T;) = O,(n'/*p'/?) are obtained, because
['.T'; = O(np) is satisfied. Needless to say, vec(Z'Z) = O,(1) holds. These results imply
the convergence in probability of U, as
Lo
—U; — Aj’(), (Al())
np
where Ao = lim,, , ¢, (np)~'T;T; in the assumption A4. Combining the equations (A.7)
and (A.10) yields

1
(Us+Uy) 5

1 D
np( 1+ 2) J,0 n_k]_fy]_p ]_—CQ

I,

Using the results of the convergence of the probability, the first and second terms in (A.5)

are expanded as

g |U1|_:10g( P )”_logwl/m—kj—pn
U1 + Us| 1 —cnp—ki/n (U + Uy)/(np)
= 7jlogp —;log(l — o) +log |Aj ] + 0p(1), (A.11)
and
U3 \Us/(n — k;j —v; — )|
—log ———— = —1o = —d;log(l—cy)+o0,(1). (A.12
B0 Oh ~ B s Unf(n—ky—y —p)] sl Fopll). (A12)
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Since log |A;o| is a constant, lim,, . (logp) ' log|A;o| = 0 holds. Substituting the
equations (A.11) and (A.12) into (A.5) yields

- < p
logp(log |35 —log X5, ) =7 > 0. (A.13)

Using the same idea as in the derivation of (A.12), it can be shown that

(log |3, | —log|3;.|) & 0. (A.14)

log p o

Let m; be the penalty term in the AIC, for the model j. Then, we have

2n 1
- k.4 — 1
m; n_kj_p_l{pg+2p(p+ )}
_ npcn,p P

1—chp (1—cnyp)

(2= cup)kj + 1} + O(pn ™).

From the expansion of m;, m; —m,;, is expanded as

T'j (2 —cnp)p
(1- Cn,p)2

where r; = k; — k.. Hence, differences between the penalty terms of the AIC;s and the

+O(pn™), (A.15)

mj —mj* =

AICs are convergent as

1 1
2k — k)pt =0, i
{2(k; P} enprco 110g P

lim
cnp—rco N 10g p

Using these results with the results (A.13) and (A.14), the difference between the infor-

mation criteria of the model j and the true model j, is convergent as

1 1
AIC(5) — AIC(G)Y B ~, —— {AIC.(j) — AIC.(G)Y B v > 0. (A1
nlogp{ C(j) C(j.)} = v; >0, nlogp{ Ce(y) Ce(je)} = ;> 0. (A.16)

Next, we consider the case of j € J,. Notice that
nS PSS Wo(n— ky, L), nEVPS R0V~ Wo(n =k, 1),

It follows from the property of Wishart distributions (see Fujikoshi, Shimizu, and Ulyanov
2010, p. 57 th. 3.2.4) that

B
Bl _ —nlog|I,, + BoBy'Y, (A.17)

nlog %] — nlog [, Bi+B)

= nlog

where r; = k; — k., and B; and By are r; X r; independent random matrices with Wishart
distributions;

BlNWTj(n_k*_paIrj)v By ~ W, (varj)-

J
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Notice that as ¢,, — ¢ € [0, 1),

1

1
— B %I, -B,21I,.
n—k:*—p J P J

Using these results and p < n, the right-hand side of (A.17) is expanded as

I, +—2 'B L )
T —ke—p\p ) \n—k.—p !

p -
I; + n—rk.—p {I, +O0u(p 1/2)}’ ’

—nlog|I,, + BoBy'| = —nlog

= —nlog

Therefore, the equation (A.17) divided by p is evaluated as

n . . 1 _
E(IOg 25| —log[%;.[) = ———log |, /(L — cuy) + Op(p'*n7")|

n?p

T _
= c_] log(1 — cn,p) + Op(p 1/2>-
n7p

Furthermore, it follows from the equality (A.15) that

1 ri(2 = cup) -1
—(m; —m;,) = ———"=-4+0(n"").
p( J J ) (1_Cn’p>2 ( )

From these results, we can see that

L a10(0) - A1)} = { L log(1 - ) 42} + 0,67)

Cnp
L {AIC(j) - AIC.(.)} L og(1 L +0,(p'7?)
- c - c\J* =Tr;— 10 — Cp, .
D J J " enyp & P L=y (1= cpp)? PP

Notice that the lim. .oc 'log(l —¢) = —1, and ¢ 'log(1 — ¢) + 2 is a monotonically

decreasing function in 0 < ¢ < 1. Thus, when ¢y < ¢, holds, and ¢, is a constant
satisfying log(1 — cg) + 2co = 0, ¢ log(1l — ¢p) + 2 > 0 is satisfied. Therefore, when

co < Ca, we derive
1 1
Z—j{AIC(j) — AIC(5.)} N T; {C—log(l —co) + 2} > 0. (A.18)
0

Meanwhile, ¢! log(1 —¢) + (1 —¢)"' 4 (1 — ¢)2 is a monotonically increasing function in
0 < ¢ < 1. Thus, we have
| . (1 1 1
—{AIC.(j) — AIC.(jx)} = r; ¢ — log(1 —
LLAIC.) - ATCU} 2 1y { D tost — )+ 2k

It follows from the results in (A.16), (A.18). and (A.19) that
C hIEcO P(ja :j ) (] € j\{j*}7 Co S [O’Ca))7

)=0
lim P(je=4)=0, (j € I\{j.}, co€0,1)).

Cn,p—>C0O

}>0. (A.19)
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Consequently, Theorem 2 is proved.
A.4. The Proof of Theorem 3

The proof in the case of 5 € J, is the same as that in Theorem 2, so it is sufficient
to prove Theorem 3 only in the case of j € J_, where we use assumption A4’ instead of
assumption A4. Thus, we will show that the selection probability of the model j € J_
converges to 0. In order to prove this, we use U;, U,, Uz, and Uy, which are given
by (A.6). Notice that IJ'; < Apax (L)L, Hence, when the assumption A4’ holds,
I'T; = o(n’n; ) holds. Recall that Uy = (Z+4T;)(Z+T;), where Z ~ Npuy, (O, Iy,).
From the order of I';T'; and the results in (A.9), we can see that vec(I';Z) = 0p(n1np)
and vec(Z'T;) = op(nny,,). These results and equation (A.8) imply the convergence in
probability of Uy and U; + U, as

1 1

(U — F;‘Fj) = O ;5 n—(Ul +U; — I‘;'I‘j) 50

Mn.p Tin,p

Let Aj = (nn,) " 'TT;. Tt follows from Apin(A;) = 1 that

(A.20)

VisVi*

liminf log |A;| > 0.

Cn,p—C0O
The above result and the assumption that lim, , ¢, 7np = 00 lead us to
lim inf
Cn,p—>CO Og nn,p
The results in (A.7) and (A.20) give an expansion of —log(|U|/|U; + Us|) as
Vi e
%1 :10g< n.p ) log UL /(n =k = p)|
| 1 —cnp —kj/n (U1 + Us)/ (1)
= 75 l0g 1 — 7;10g(1 — co) +log |A;] + 0,(1). (A.22)

log |A,| > 0. (A.21)

“Nog 121
U, T U,

Hence, substituting equations (A.12) and (A.22) into (A.5) yields

4|

log Mn,p

Using the same idea as in the derivation of (A.12), it can be shown that

(log |35, | —log |2;.]) & 0. (A.24)

+’_

10g 1.p
From the result in (A.15), the differences between the penalty terms of the AICs, and the
AIC.s are convergent as
1 1

lim ———{2(k; — k)p} =0,  lim ————(m; —m;.) = 0.
o Tog nn,p{ (kj — k+)p} cn,iglcomognn,p(mﬂ m;, )
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The above results with the results in (A.23) and (A.24) imply the convergence in prob-
ability of the differences between the information criteria of the model j and the true

model j, is expressed as

1
 — IAIC(j) — AIC(4,) — log | ALY B~
nlognw{ C(j) C(ji) — log|A;|} = v; >0,
1 . . P
. IAIC.(5) — AIC.(4,) — log | A ; 0.
nlognn’p{ (7) (j.) —log| A} = 5 >

Combining the above results with the result in (A.21) yields

~ ~

lim P(ja=3j)=0, lim P(j.=3)=0, (€ IT).

Cn,p—C0O Cn,p—C0O

Consequently, Theorem 3 is proved.

A.5. The Proof of Theorem 4

Notice that the differences between the penalty terms of the BICs and the CAICs are

convergent as

1 1
lim —{p(k; — k.)logn} = li_>m ﬁ{p(kj —ko)(1+1logn)} =0,

n—,oo N,
and

1 1
Jim 1Ogn{p(k'j — k.)logn} = lim log

{p(k; — k)1 +logn)} = p(k; — k.).

Thus, using the same method as in the proof of Theorem 1, we have

1
E{BIC(j) — BIC(j.)} & log | I, + ¥ ;| > 0,

1
E{CAIC(j) — CAIC(5,)} B log |I, + ¥, | > 0,

(jeJ),

and

1

logn
1
logn

{BIC(j) — BIC(j.)} = p(k; — k.) >0,
(7 € Te\{d})-

{CAIC(j) — CAIC(j.)} & p(k; — k.) > 0.

These results imply that

lim P(jp, = j,) = lim P(j, = j,) = 1.

n—o0 n—oo

Consequently, Theorem 4 is proved.

20



A.6. The Proof of Theorem 5

Notice that the differences between the penalty terms of the BICs and the CAICs are

convergent as

lim
cnp—co plogn

{p(k; — k) logn} = lim

— k) (1+1 =7
Cnﬁcoplogn{p(k k) (1+logn)}t =r;

Thus, using the same method as in the proof of Theorem 2, we have

1 {BIC(j) — BIC(j.)} & r; > 0,
g Olg" (j € T\ (A.25)
{CAIC(j) — CAIC(j.)} B r; >0,

plogn

Moreover, it is easy to obtain

log c

1 = Cnplyj | — ~t L),

nlogp{p< k)08 1) = gy (-~ 22 4 1)

1—logc
] DY =c, 0 | ——2P 4 )
il = K)o+ 1} = ey (2 1)

Since lim,_, clog ¢ = 0 holds, we derive
lim {p(k; — k) logn} = lim {p(k; — k.)(1 +logn)} = cor;.

Cnp—co T log Cnp—co T logp
Therefore, if y; > co(ke — k;) is satisfied for all j € {j € J_|k. — k; > 0}, it follows in the

same way as in the proof of Theorem 3 that

{BIC(j) — BIC(j.)} & 7, + corj > 0,
nlogp .

(GjeJ). (A.26)
{CAIC(j) — CAIC(j.)} & v + cor; > 0,

nlogp
The equations (A.25) and (A.26) imply that
lim P(j,=j.) = lim P(jo=j,) =1
Cn,p—C0O Cn,p—>C0O

Consequently, Theorem 5 is proved.
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