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Abstract
When we consider a statistical test in the high dimensional case, we often need
estimators of the functions of the covariance matrix Σ. Especially, it is needed
to estimate a2 = (1/p)trΣ2. The unbiased and consistent estimator of a2 is
proposed in preceding study when the population distribution is multivariate
normal. But it is difficult to estimate in the non-normal case. So we propose
the unbiased and consistent estimators for some functions of covariance matrix
including a2 under the non-normal case. Through the numerical simulation, we
confirmed the accuracy of the approximation of the our proposed estimators.

1 Introduction

We consider the one-sample problem, that is, let x1, · · · ,xN be independent
p-dimensional random vectors, each xi can be expressed as

xi = µ+Σ1/2zi, (1)

and zi has a distribution F with mean vector 0 and covariance matrix Σ, where
Σ is a p× p positive definite. When we deal with statistical tests of the multi-
variate analysis for high-dimensional data, we often need the estimator of trΣ2

(e.g. Schott [2], Srivastava and Fujikoshi [4], Chen and Qin [7], Fujikoshi et
al. [8], and so on). Srivastava [3] proposed unbiased and consistent estimator
of trΣ2/p(=: a2) under some conditions and the assumption that F is normal.
The estimator is given by

ã2 =
n2

(n− 1)(n+ 2)

1

p

[
trS2 − 1

n
(trS)2

]
, (2)

∗The first version appeared on July 10, 2012. Some errors are corrected.
†Corresponding author, Email address: t-himeno@st.seikei.ac.jp
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where

x̄ =
1

N

N∑
i=1

xi, n = N − 1,

S =
1

n

N∑
i=1

(xi − x̄)(xi − x̄)′.

Subsequently, Srivastava [5] verified that this has consistency under the strong
conditions even if F is not normal. Note that this estimator is not generally
unbiased. Chen and Qin [7] and Chen et al [6] also proposed other consistent
estimator of a2. However these are not also unbiased and complicated form,
respectively. Additionally, the consistency of these estimators is derived under
strong moment conditions. So, we propose the unbiased consistent estimators
of not only trΣ2 but also (trΣ)2 and κ11 in simple form, where

κij := E[z′Σizz′Σjz]− 2trΣi+j − trΣitrΣj (3)

and z ∼ F . For normal case, κij is equal to zero (Magnus and Neudecker
[1]). κ11 is one of the important parameters to indicate difference from the
non-normal case.

In Section 2, we propose these estimators and prove the unbiasedness and
the consistency. In Section 3, we verify the performance of the our proposed
estimators by using Monte Carlo method. Technical details are provided in an
Appendix.

2 Unbiasedness and consistency of estimators

Firstly, we set up the asymptotic framework A1 and assumption A2:

A1: n/p → c ∈ (0,∞),

A2: ai := trΣi/p → a0i ∈ (0,∞) (for i = 1, · · · , 4).

When the estimation of trΣ2 is considered, we often use trS2 and (trS)2. The
expectations of these statistics are calculated as

E[trS2] =
1

N
κ11 +

N

N − 1
trΣ2 +

1

N − 1
(trΣ)2, (4)

E[(trS)2] =
1

N
κ11 +

2

N − 1
trΣ2 + (trΣ)2. (5)

Since there are three unknown parameters in the expectations, it is difficult to
estimate trΣ2 by only trS2 and (trS)2. So we define another statistics as

Q :=
1

N − 1

N∑
i=1

((xi − x̄)′(xi − x̄))2. (6)
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The expectation of Q is expressed as

E[Q] =
N2 − 3N + 3

N2
κ11 +

2(N − 1)

N
trΣ2 +

N − 1

N
(trΣ)2. (7)

By solving simultaneous equations (4), (5), and (6), we obtain the following
theorem.

Theorem 1 For model (1), the unbiased estimators of trΣ2, (trΣ)2, and κ11

are obtained as

t̂rΣ2 =
N − 1

N(N − 2)(N − 3)
{(N − 1)(N − 2)trS2 + (trS)2 −NQ},

̂(trΣ)2 =
N − 1

N(N − 2)(N − 3)
{2trS2 + (N2 − 3N + 1)(trS)2 −NQ},

κ̂11 =
−1

(N − 2)(N − 3)
{2(N − 1)2trS2 + (N − 1)2(trS)2 −N(N + 1)Q}.

Next, we consider the consistency of â2(:= t̂rΣ2/p) and â21(:=
̂(trΣ)2/p2). From

the definitions of t̂rΣ2 and ̂(trΣ)2, these statistics are expressed as

t̂rΣ2 =
1

N(N − 1)

N∑
i,j=1

i ̸=j

(z′
iΣzj)

2

− 2

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk

+
1

N(N − 1)(N − 2)(N − 3)

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl,

̂(trΣ)2 =
1

N(N − 1)

N∑
i,j=1

i ̸=j

z′
iΣziz

′
jΣzj

− 2

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk

+
1

N(N − 1)(N − 2)(N − 3)

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl.

Note that above form of t̂rΣ2 is the same as the one of Chen et al. [6]. But this
form costs O(N4) for calculation about sample size. On the other hand, our
proposed form costs only O(N).

Using the calculations of Appendix B, we obtain the following lemma.
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Lemma 1 For model (1), the variances of t̂rΣ2 and ̂(trΣ)2 defined by theorem
1 are derived as

Var(t̂rΣ2) =
2

N(N − 1)
E[(z′

1Σz2)
4] +

4(N − 3)

N(N − 2)
κ22

− 8

N(N − 1)(N − 2)
E[(z′

1Σz2)
2z′

1Σ
2z2]

− 2(N + 1)(N − 4)

N(N − 1)(N − 2)(N − 3)
(trΣ2)2

+
4(2N2 − 13N + 23)

N(N − 2)(N − 3)
trΣ4,

Var( ̂(trΣ)2) =
2

N(N − 1)
κ2
11 +

4(2N − 5)

N(N − 1)(N − 2)
κ11trΣ

2 +
4

N
κ11(trΣ)

2

− 8

N(N − 1)(N − 2)
E[z′

1Σz1z
′
1Σ

2z2z
′
2Σz2]

+
8(N2 − 6N + 10)

N(N − 1)(N − 2)(N − 3)
(trΣ2)2

+
4(2N − 3)

N(N − 1)
trΣ2(trΣ)2

+
16

N(N − 1)(N − 2)(N − 3)
trΣ4.

From this lemma, the following theorem is derived.

Theorem 2 Assume model (1). Under the asymptotic framework A1 and as-

sumptions A2 and C1, â2 is the consistent estimator of a2. In addition, â21 is
the consistent estimator of a21 under A1, A2 and C2. Here, conditions C1 and
C2 are defined as follows:

C1: E[(z′
1Σz2)

4] = o(p4), κ22 = o(p3) (z1,z2 ∼ i.i.d.F ),

C2: κ11 = o(p3).

We remark that E[(z′
1Σz2)

2z′
1Σ

2z2] = o(p5/2) under the condition C1 and
E[z′

1Σz1z
′
1Σ

2z2z
′
2Σz2] = o(p7/2) under the condition C2. These results are

derived using the Cauchy-Schwarz inequality as follows:

E[|(z′
1Σz2)

2z′
1Σ

2z2|] =
√

E[(z′
1Σz2)4]E[(z′

1Σ
2z2)2]

=
√

E[(z′
1Σz2)4]trΣ4

= o(p5/2),

E[|z′
1Σz1z

′
1Σ

2z2z
′
2Σz2|] =

√
E[(z′

1Σz1)2(z′
2Σz2)2]E[(z′

1Σ
2z2)2]

=
√

{κ11 + 2trΣ2 + (trΣ)2}2trΣ4

= o(p7/2).
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If F is normal distribution, then the variance of â2 can be expressed as

Var(â2) =
2(4N3 − 28N2 + 67N − 42)

N(N − 1)(N − 2)(N − 3)p
a4

+
4(N2 − 6N + 11)

N(N − 1)(N − 2)(N − 3)
a22

=
8a4
Np

+
4a22
N2

+O(N−3).

By contrast, it can be expressed that

Var(ã2) =
8(N + 2)

(N + 1)(N − 1)p
a4

+
4

(N − 2)(N + 1)
(a22 − a4/p)

=
8a4
Np

+
4a22
N2

+O(N−3)

under the assumption that F is multivariate normal (Srivastava [3]). Therefore,
the variance of our proposed estimator is equal to the one of ã2 asymptotically.

Next we consider the estimation of κ11. When F is normal distribution,
κ11 = 0. When z ∼ F and the all elements of z = (z1, · · · , zp) are i.i.d., we can
calculate as κ11 = (γ − 3)trΣ⊙ Σ = O(p), where γ = E[z4i ] and ⊙ denotes the
Hadamard product, that is, (A ⊙ B)ij = (A)ij · (B)ij . In the case that F is a
specific multivariate distribution such as the multivariate t-distribution and the
multivariate contaminated normal distribution, we obtain κ11 = O(p2). So, we
consider the consistency of κ11 for the cases that all elements of z are i.i.d. or
κ11 = O(p2).

When all elements of z are i.i.d., we assume that E[z8i ] < ∞. Then the
following relations holds:

E[(z′Σz − trΣ)4] ≤ C(trΣ2)2,

E[(z′
1Σz2)

4] = 3(trΣ2)2 + 6trΣ4 + 6(γ − 3)trΣ2 ⊙ Σ2

+(γ − 3)2tr(Σ⊙ Σ)2,

where C is a constant (Appendix D). Additionally, we use the following inequa-
tions:

E[(z′Σz)2z′Σ2z] ≤
√
E[(z′Σz)4]E[(z′Σ2z)2],

E[z′
1Σz1z

′
2Σz2(z

′
1Σz2)

2] ≤
√
E[(z′

1Σz1)2(z′
2Σz2)2]E[(z′

1Σz2)4],

E[z′
1Σz1z

′
1Σ

2z2z
′
2Σz2] ≤

√
E[(z′

1Σz1)2(z′
2Σz2)2]E[(z′

1Σ
2z2)2],

E[z′
1Σ

2z1z
′
2Σz2z

′
1Σz2] ≤

√
E[(z′

1Σ
2z1)2(z′

2Σz2)2]E[(z′
1Σz2)2],

E[(z′
1Σz2)

2z′
1Σ

2z2] ≤
√
E[(z′

1Σz2)4]E[(z′
1Σ

2z2)2].
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We note that E[(z′Σz)4] = O(p4). Since the above five relations hold without
the assumption that all elements of z are i.i.d., we obtain the following theorem
from the above relations and the result of Appendix C.

Theorem 3 We assume the framework A1 and assumption A2. If all elements
of z ∼ F are i.i.d. and the eighth moment of the element is finite, then it holds
that κ11 = O(p) and κ̂11/p is an unbiased and consistent estimator of κ11/p.
If we assume κ11 = O(p2), then κ̂11/p

2 is unbiased and consistent estimator
of κ11/p

2 under the assumptions that E[(z′Σz)4] = O(p4), κ13 = O(p2), and
κ22 = O(p2).

3 Numerical simulations

In this section, we examine the performance of our proposed estimators by
Monte Carlo simulation.

Since â2, â21, and κ̂11 are invariant for µ, we assume xi = Σ1/2zi (i =
1, · · · , N), where zi ∼ i.i.d. as F . We give the covariance matrix as Σ =
(0.2|i−j|). We chose sample sizes and dimensions as N = 40, 80, 120 and p =
40, 80, 120. We consider the following four case of z = (z1, · · · , zp)′ ∼ F :
D1 : z1, · · · , zp are i.i.d. as N(0, 1),
D2 : z1, · · · , zp are i.i.d. as t distribution with p/4 d.f.,
D3 : z1, · · · , zp are i.i.d. as χ2 distribution with 1 d.f.,
D4 : z is distributed as p variate t-distribution with 10 d.f..

We note that the distribution of F is standardized so that Var(z) = Ip. Under

each situation, we calculate the estimates of â2, ã2, â21, ã
2
1(:= (trS/p)2), and

κ̂11/p
i, the unbiased sample variance of these estimates, and the true values of

these parameters, where i = 1 in the case D1, D2, and D3 and i = 2 in the case
D4. The number of replications is 10,000.

Table 1 shows the true value of a2 and the estimates â2 and ã2. The values
in parentheses show standard errors. The performance of ã2 is good for all
distributions. Especially, even if the distribution is the normal distribution, the
standard error of â2 is close to the one of ã2. By contrast, if the distribution is
not near normal distribution, then the performance of ã2 is not so good. Table

2 shows the true value of a21 and the estimates â21, ã
2
1. ã

2
1 seems to overestimate.

But we can hardly confirm the difference between â21 and ã21 from this table.
Table 3 shows the true value of κ11/p

i and the estimates κ̂11/p
i, where i = 1

in the case D1, D2, and D3 and i = 2 in the case D4. When F is a symmetric
distribution, the approximation seems to be good. However F is a chi square
distribution, the approximation becomes bad. In such a case, we need large p
and N .

4 Conclusions

We proposed the unbiased estimators of a2, a
2
1, and κ11 as simple forms under

non-normality and showed consistencies of them. Especially â2 is given as simple
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Table 1: The true value of a2 and the estimates â2 and ã2 of a2 (and standard
errors).

distribution N p a2 â2 ã2
D1 40 40 1.081 1.081 (0.106) 1.081 (0.105)

80 1.082 1.081 (0.085) 1.081 (0.084)
120 1.083 1.082 (0.075) 1.082 (0.074)

80 40 1.081 1.081 (0.068) 1.081 (0.068)
80 1.082 1.082 (0.052) 1.082 (0.052)
120 1.083 1.083 (0.046) 1.083 (0.045)

120 40 1.081 1.081 (0.055) 1.081 (0.055)
80 1.082 1.083 (0.040) 1.083 (0.040)
120 1.083 1.083 (0.035) 1.083 (0.035)

D2 40 40 1.081 1.080 (0.120) 1.104 (0.126)
80 1.082 1.084 (0.088) 1.092 (0.088)
120 1.083 1.083 (0.080) 1.088 (0.079)

80 40 1.081 1.082 (0.079) 1.094 (0.081)
80 1.082 1.082 (0.055) 1.087 (0.055)
120 1.083 1.083 (0.045) 1.086 (0.047)

120 40 1.081 1.082 (0.063) 1.090 (0.064)
80 1.082 1.083 (0.043) 1.086 (0.043)
120 1.083 1.082 (0.036) 1.084 (0.036)

D3 40 40 1.081 1.081 (0.228) 1.368 (0.348)
80 1.082 1.081 (0.165) 1.365 (0.255)
120 1.083 1.084 (0.141) 1.369 (0.215)

80 40 1.081 1.082 (0.151) 1.228 (0.191)
80 1.082 1.084 (0.111) 1.231 (0.141)
120 1.083 1.083 (0.092) 1.230 (0.118)

120 40 1.081 1.081 (0.125) 1.180 (0.148)
80 1.082 1.082 (0.088) 1.181 (0.103)
120 1.083 1.082 (0.073) 1.180 (0.086)

D4 40 40 1.081 1.082 (0.238) 1.421 (0.692)
80 1.082 1.078 (0.224) 1.725 (0.741)
120 1.083 1.085 (0.221) 2.059 (1.081)

80 40 1.081 1.079 (0.162) 1.250 (0.250)
80 1.082 1.082 (0.153) 1.415 (0.341)
120 1.083 1.081 (0.150) 1.577 (0.467)

120 40 1.081 1.081 (0.130) 1.196 (0.180)
80 1.082 1.081 (0.124) 1.303 (0.217)
120 1.083 1.081 (0.122) 1.416 (0.279)
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Table 2: The true value of a21 and the estimates â21 and ã21 of a21 (and standard
errors).

distribution N p a21 â21 ã21
D1 40 40 1.000 1.000 (0.075) 1.001 (0.075)

80 1.000 1.001 (0.053) 1.001 (0.053)
120 1.000 0.999 (0.042) 1.000 (0.042)

80 40 1.000 1.000 (0.052) 1.000 (0.052)
80 1.000 1.000 (0.037) 1.001 (0.037)
120 1.000 1.001 (0.030) 1.001 (0.030)

120 40 1.000 1.000 (0.043) 1.000 (0.043)
80 1.000 1.000 (0.030) 1.000 (0.030)
120 1.000 1.000 (0.025) 1.000 (0.025)

D2 40 40 1.000 0.999 (0.090) 1.001 (0.090)
80 1.000 1.001 (0.057) 1.002 (0.057)
120 1.000 1.000 (0.046) 1.001 (0.046)

80 40 1.000 1.001 (0.064) 1.002 (0.064)
80 1.000 1.000 (0.040) 1.002 (0.040)
120 1.000 1.000 (0.032) 1.001 (0.032)

120 40 1.000 1.000 (0.052) 1.002 (0.052)
80 1.000 1.000 (0.032) 1.001 (0.032)
120 1.000 1.000 (0.026) 1.000 (0.026)

D3 40 40 1.000 1.002 (0.190) 1.011 (0.193)
80 1.000 0.999 (0.133) 1.003 (0.134)
120 1.000 1.001 (0.109) 1.004 (0.110)

80 40 1.000 1.001 (0.131) 1.006 (0.132)
80 1.000 1.002 (0.095) 1.004 (0.095)
120 1.000 1.001 (0.077) 1.002 (0.077)

120 40 1.000 1.000 (0.110) 1.003 (0.110)
80 1.000 1.000 (0.077) 1.002 (0.077)
120 1.000 0.999 (0.063) 1.001 (0.063)

D4 40 40 1.000 1.000 (0.205) 1.010 (0.212)
80 1.000 0.996 (0.191) 1.005 (0.195)
120 1.000 1.002 (0.190) 1.011 (0.195)

80 40 1.000 0.999 (0.143) 1.004 (0.145)
80 1.000 0.999 (0.135) 1.004 (0.137)
120 1.000 0.999 (0.134) 1.003 (0.136)

120 40 1.000 1.000 (0.116) 1.003 (0.117)
80 1.000 0.999 (0.111) 1.002 (0.112)
120 1.000 0.999 (0.109) 1.002 (0.110)
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Table 3: The true value of κ11/p
i (i=1 or 2) and the estimates κ̂11/p

i of κ11/p
i

(and standard errors).
distribution N p κ11/p

i κ̂11/p
i

D1 40 40 0.000 -0.004 (0.548)
80 0.000 0.005 (0.535)
120 0.000 0.002 (0.540)

80 40 0.000 -0.007 (0.369)
80 0.000 0.000 (0.364)
120 0.000 0.004 (0.362)

120 40 0.000 0.002 (0.295)
80 0.000 0.001 (0.295)
120 0.000 0.004 (0.292)

D2 40 40 1.000 0.994 (0.974)
80 0.375 0.369 (0.643)
120 0.231 0.236 (0.593)

80 40 1.000 1.011 (0.708)
80 0.375 0.370 (0.427)
120 0.230 0.223 (0.401)

120 40 1.000 0.996 (0.581)
80 0.375 0.375 (0.350)
120 0.231 0.228 (0.322)

D3 40 40 12.000 12.069 (7.219)
80 12.000 11.960 (5.623)
120 12.000 11.975 (4.916)

80 40 12.000 11.970 (4.984)
80 12.000 12.047 (3.935)
120 12.000 12.060 (3.552)

120 40 12.000 12.020 (4.232)
80 12.000 11.990 (3.125)
120 12.000 11.957 (2.826)

D4 40 40 0.351 0.356 (0.590)
80 0.342 0.340 (0.314)
120 0.339 0.341 (0.333)

80 40 0.351 0.351 (0.247)
80 0.342 0.342 (0.235)
120 0.339 0.339 (0.255)

120 40 0.351 0.350 (0.229)
80 0.342 0.340 (0.185)
120 0.339 0.341 (0.196)
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from in comparison with Chen et al. [6]. We confirmed that the approximations
of these estimators are good by numerical simulations. However we note that
we need large p and N when we use κ̂11.
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A Expectation of estimators

Let yi = xi − µ (i = 1, · · · , N). Then the sample covariance matrix S can be
expressed as

S =
1

N − 1

N∑
i=1

N − 1

N
yi −

1

N

N∑
j=1

j ̸=i

yj


N − 1

N
yi −

1

N

N∑
j=1

j ̸=i

yj


′

=
N − 1

N2

N∑
i=1

yiy
′
i −

1

N2

N∑
i=1

yi

 N∑
j=1

j ̸=i

y′
j

− 1

N2

N∑
i=1

 N∑
j=1

j ̸=i

yj

y′
i

+
1

N2(N − 1)

N∑
i=1

 N∑
j=1

j ̸=i

yjy
′
j +

N∑
j,k=1

j ̸=k,j ̸=i,k ̸=i

yjy
′
k



=
1

N

N∑
i=1

yiy
′
i −

1

N2

N∑
i=1

yi

N∑
j=1

j ̸=i

y′
j

− 1

N2

N∑
i=1

 N∑
j=1

j ̸=i

yjy
′
i


+

N − 2

N2(N − 1)

N∑
i,j=1

i ̸=j

yiy
′
j

=
1

N

N∑
i=1

yiy
′
i +

(
N − 2

N2(N − 1)
− 2

N2

) N∑
i,j=1

i ̸=j

yiy
′
j

=
1

N

N∑
i=1

Σ1/2ziz
′
iΣ

1/2 − 1

N(N − 1)

N∑
i,j=1

i ̸=j

Σ1/2ziz
′
jΣ

1/2,
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where zi = Σ−1/2yi. From above expression and the definition of Q, we can
express trS2, (trS)2, and Q as

trS2 =
1

N2

N∑
i=1

(z′
iΣzi)

2 +
1

N2

N∑
i,j=1

i̸=j

(z′
iΣzj)

2

+
1

N2(N − 1)2

N∑
i,j,k,l=1

i̸=l,j ̸=k

z′
iΣzjz

′
kΣzl

− 2

N2(N − 1)

N∑
i,j,k=1

i ̸=k

z′
iΣzjz

′
jΣzk

=
1

N2

N∑
i=1

(z′
iΣzi)

2 +
N2 − 2N + 2

N2(N − 1)2

N∑
i,j=1

i ̸=j

(z′
iΣzj)

2

+
1

N2(N − 1)2

N∑
i,j=1

i̸=j

z′
iΣziz

′
jΣzj

− 4

N2(N − 1)

N∑
i,j=1

i̸=j

z′
iΣziz

′
iΣzj

+
2

N2(N − 1)2

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk

− 2N − 4

N2(N − 1)2

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk

+
1

N2(N − 1)2

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl,

(trS)2 =
1

N2

N∑
i=1

(z′
iΣzi)

2 +
1

N2

N∑
i,j=1

i̸=j

z′
iΣziz

′
jΣzj

+
1

N2(N − 1)2

N∑
i,j,k,l=1

i ̸=j,k ̸=l

z′
iΣzjz

′
kΣzl

11



− 2

N2(N − 1)

N∑
i,j,k=1

j ̸=k

z′
iΣziz

′
jΣzk

=
1

N2

N∑
i=1

(z′
iΣzi)

2 +
2

N2(N − 1)2

N∑
i,j=1

i ̸=j

(z′
iΣzj)

2

+
1

N2

N∑
i,j=1

i ̸=j

z′
iΣziz

′
jΣzj

− 4

N2(N − 1)

N∑
i,j=1

i̸=j

z′
iΣziz

′
iΣzj

− 2

N2(N − 1)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk

+
4

N2(N − 1)2

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk

+
1

N2(N − 1)2

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl,

Q =
1

N − 1

N∑
i=1

{(y′
iyi)

2 + 4(y′
iȳ)

2 + (ȳ′ȳ)2

+2y′
iyiȳ

′ȳ − 4y′
iyiy

′
iȳ − 4y′

iȳȳ
′ȳ}

=
1

N − 1

N∑
i=1

(y′
iyi)

2 +
4

N2(N − 1)

N∑
i=1

y′
i

N∑
j=1

yj

2

+
2

N2(N − 1)

N∑
i=1

y′
iyi

 N∑
j,k=1

y′
jyk


− 4

N(N − 1)

N∑
i=1

y′
iyiy

′
i

 N∑
j=1

yj

− 3N

N − 1
(ȳ′ȳ)2

=
N2 − 3N + 3

N3

N∑
i=1

(z′
iΣzi)

2 +
4N − 6

N3(N − 1)

N∑
i,j=1

i ̸=j

(z′
iΣzj)

2

12



+
2N − 3

N3(N − 1)

N∑
i,j=1

i̸=j

z′
iΣziz

′
jΣzj

−4(N2 − 3N + 3)

N3(N − 1)

N∑
i,j=1

i̸=j

z′
iΣziz

′
iΣzj

+
2N − 6

N3(N − 1)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk

+
4N − 12

N3(N − 1)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk

− 3

N3(N − 1)

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl.

Therefore, we obtain the following lemma.

Lemma 2 The expectations of trS2, (trS)2, and Q are calculated as

E[trS2] =
1

N
κ11 +

N

N − 1
trΣ2 +

1

N − 1
(trΣ)2,

E[(trS)2] =
1

N
κ11 +

2

N − 1
trΣ2 + (trΣ)2,

E[Q] =
N2 − 3N + 3

N2
κ11 +

2(N − 1)

N
trΣ2 +

N − 1

N
(trΣ)2,

where κ11 = E[(z′Σz)2]− 2trΣ2 − (trΣ)2 and z ∼ F .

B Some variances and covariances

For the calculations of variances of t̂rΣ2, ̂(trΣ)2, and κ̂11, we need some vari-
ances and covariances for functions of zi ∼ F . We express the results of the
calculations as under.

Var

(
N∑
i=1

(z′
iΣzi)

2

)
= N{E[(z′

1Σz1)
4]− (E[(z′

1Σz1)
2])2},

Var

 N∑
i,j=1

i ̸=j

(z′
iΣzj)

2

 = 2
N∑

i,j=1

i ̸=j

E[(z′
iΣzj)

4]

13



+4

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[(z′
iΣzj)

2(z′
iΣzk)

2]

+

N∑
i,j,k,l=1

i≠j ̸=k ̸=l,k ̸=i ̸=l ̸=j

E[(z′
iΣzj)

2(z′
kΣzl)

2]

−N2(N − 1)2(trΣ2)2

= 2N(N − 1)E[(z′
1Σz2)

4]

+4N(N − 1)(N − 2)E[(z′
1Σ

2z1)
2]

+N(N − 1)(N − 2)(N − 3)(trΣ2)2

−N2(N − 1)2(trΣ2)2

= 2N(N − 1)E[(z′
1Σz2)

4]

+4N(N − 1)(N − 2)κ22

+8N(N − 1)(N − 2)trΣ4

−2N(N − 1)(trΣ2)2,

Var

 N∑
i,j=1

i ̸=j

z′
iΣziz

′
jΣzj

 = 2
N∑

i,j=1

i ̸=j

E[(z′
iΣzi)

2(z′
jΣzj)

2]

+4
N∑

i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[(z′
iΣzi)

2z′
jΣzjz

′
kΣzk]

+
N∑

i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

E[z′
iΣziz

′
jΣzjz

′
kΣzkz

′
lΣzl]

−N2(N − 1)2(trΣ)4

= 2N(N − 1)(E[(z′
1Σz1)

2])2

+4N(N − 1)(N − 2)(trΣ)2E[(z′
1Σz1)

2]

+N(N − 1)(N − 2)(N − 3)(trΣ)4

−N2(N − 1)2(trΣ)4

= 2N(N − 1)κ2
11 + 8N(N − 1)κ11trΣ

2

+4N(N − 1)2κ11(trΣ)
2

+8N(N − 1)(trΣ2)2

+8N(N − 1)2trΣ2(trΣ)2,
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Var

 N∑
i,j=1

i ̸=j

z′
iΣziz

′
iΣzj

 =
N∑

i,j=1

i̸=j

E[(z′
iΣziz

′
iΣzj)

2]

+

N∑
i,j=1

i̸=j

E[z′
iΣziz

′
jΣzj(z

′
iΣzj)

2]

+
N∑

i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[z′
iΣziz

′
iΣzjz

′
kΣzkz

′
kΣzj ]

= N(N − 1)E[(z′
1Σz1)

2z′
1Σ

2z1]

+N(N − 1)E[z′
1Σz1z

′
2Σz2(z

′
1Σz2)

2]

+N(N − 1)(N − 2)E[z′
1Σz1z

′
1Σ

2z2z
′
2Σz2],

Var

 N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk


= 2

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[(z′
iΣzi)

2(z′
jΣzk)

2]

+4

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[z′
iΣziz

′
iΣzkz

′
kΣzjz

′
jΣzj ]

+2

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

E[z′
iΣziz

′
jΣzj(z

′
kΣzl)

2]

= 2N(N − 1)(N − 2)trΣ2E[(z′
1Σz1)

2]

+4N(N − 1)(N − 2)E[z′
1Σz1z

′
1Σ

2z2z
′
2Σz2]

+2N(N − 1)(N − 2)(N − 3)trΣ2(trΣ)2

= 4N(N − 1)(N − 2)E[z′
1Σz1z

′
1Σ

2z2z
′
2Σz2]

+2N(N − 1)(N − 2)trΣ2{κ11 + 2trΣ2}
+2N(N − 1)(N − 2)2trΣ2(trΣ)2,

Var

 N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk


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= 2

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[(z′
iΣzjz

′
iΣzk)

2]

+4

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[z′
iΣzjz

′
iΣzkz

′
jΣzkz

′
jΣzi]

+2
N∑

i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

E[z′
iΣzjz

′
iΣzkz

′
lΣzjz

′
lΣzk]

= 2N(N − 1)(N − 2)E[(z′
1Σ

2z1)
2]

+4N(N − 1)(N − 2)E[(z′
1Σz2)

2z′
1Σ

2z2]

+2N(N − 1)(N − 2)(N − 3)trΣ4

= 4N(N − 1)(N − 2)E[(z′
1Σz2)

2z′
1Σ

2z2]

+2N(N − 1)(N − 2){κ22 + (trΣ2)2}
+2N(N − 1)2(N − 2)trΣ4,

Var

 N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl


= 16

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

E[z′
iΣzjz

′
kΣzlz

′
iΣzkz

′
jΣzl]

+8

N∑
i,j,k,l=1

i̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

E[(z′
iΣzjz

′
kΣzl)

2]

= 8N(N − 1)(N − 2)(N − 3){2trΣ4 + (trΣ2)2},

Cov

 N∑
i=1

(z′
iΣzi)

2,
N∑

i,j=1

i̸=j

z′
iΣziz

′
jΣzj


= 2

N∑
i,j=1

i ̸=j

E[(z′
iΣzi)

3z′
jΣzj ]

+

N∑
i,j,k=1

i̸=j,j ̸=k,k ̸=i

E[(z′
iΣzi)

2z′
jΣzjz

′
kΣzk]
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−N2(N − 1)(trΣ)2E[(z′
1Σz1)

2]

= 2N(N − 1)trΣE[(z′
1Σz1)

3]

−2N(N − 1)(trΣ)2{κ11 + 2trΣ2 + (trΣ)2},

Cov

 N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk,

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk


= 2

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[z′
iΣziz

′
jΣzkz

′
iΣzjz

′
iΣzk]

+4
N∑

i,j,k=1

i ̸=j,j ̸=k,k ̸=i

E[z′
iΣziz

′
jΣzkz

′
jΣzkz

′
jΣzi]

+2
N∑

i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

E[z′
iΣziz

′
jΣzkz

′
lΣzjz

′
lΣzk]

= 2N(N − 1)(N − 2)E[z′
1Σz1z

′
1Σ

3z1]

+4N(N − 1)(N − 2)E[z′
1Σ

2z1z
′
2Σz2z

′
1Σz2]

+2N(N − 1)(N − 2)(N − 3)trΣtrΣ3

= 2N(N − 1)(N − 2)(κ13 + 2trΣ4)

+4N(N − 1)(N − 2)E[z′
1Σ

2z1z
′
2Σz2z

′
1Σz2]

+2N(N − 1)(N − 2)2trΣtrΣ3.

C Evaluation of the variance of κ̂11

From the definition of κ̂11, we can express κ̂11 as

κ̂11 =
1

N

N∑
i=1

(z′
iΣzi)

2 − 2

N(N − 1)

N∑
i,j=1

i̸=j

(z′
iΣzj)

2

− 1

N(N − 1)

N∑
i,j=1

i ̸=j

z′
iΣziz

′
jΣzj

− 4

N(N − 1)

N∑
i,j=1

i ̸=j

z′
iΣziz

′
iΣzj
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+
4

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk

+
8

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk

− 6

N(N − 1)(N − 2)(N − 3)

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl.

From above expression and Appendix B, we obtain the following result:

Var(κ̂11) ≤ 4Var

 1

N

N∑
i=1

(z′
iΣzi)

2 − 1

N(N − 1)

N∑
i,j=1

i ̸=j

z′
iΣziz

′
jΣzj



+2Var

− 2

N(N − 1)

N∑
i,j=1

i ̸=j

(z′
iΣzj)

2

− 4

N(N − 1)

N∑
i,j=1

i ̸=j

z′
iΣziz

′
iΣzj



+2Var

 4

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk

+
8

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk

− 6

N(N − 1)(N − 2)(N − 3)

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl



≤ 4Var

 1

N

N∑
i=1

(z′
iΣzi)

2 − 1

N(N − 1)

N∑
i,j=1

i ̸=j

z′
iΣziz

′
jΣzj


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+
32

N2(N − 1)2
Var

 N∑
i,j=1

i ̸=j

(z′
iΣzj)

2



+
128

N2(N − 1)2
Var

 N∑
i,j=1

i ̸=j

z′
iΣziz

′
iΣzj



+2Var

 4

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣziz

′
jΣzk

+
8

N(N − 1)(N − 2)

N∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

z′
iΣzjz

′
iΣzk

− 6

N(N − 1)(N − 2)(N − 3)

N∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

z′
iΣzjz

′
kΣzl


= 4

{
1

N
E[(z′

1Σz1 − trΣ)4]

− (N − 3)

N(N − 1)
κ2
11 −

4(N − 3)

N(N − 1)
κ11trΣ

2 − 4(N − 3)

N(N − 1)
(trΣ2)2

}
+

{
64

N(N − 1)
E[(z′

1Σz2)
4] +

128(N − 2)

N(N − 1)
κ22

+
256(N − 2)

N(N − 1)
trΣ4 − 64

N(N − 1)
(trΣ2)2

}
+

{
128

N(N − 1)
E[(z′

1Σz1)
2z′

1Σ
2z1]

+
128

N(N − 1)
E[z′

1Σz1z
′
2Σz2(z

′
1Σz2)

2]

+
128(N − 2)

N(N − 1)
E[z′

1Σz1z
′
1Σ

2z2z
′
2Σz2]

}
+

{
128

N(N − 1)(N − 2)
E[z′

1Σz1z
′
1Σ

2z2z
′
2Σz2]

+
512

N(N − 1)(N − 2)
E[z′

1Σ
2z1z

′
2Σz2z

′
1Σz2]

+
512

N(N − 1)(N − 2)
E[(z′

1Σz2)
2z′

1Σ
2z2]
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+
64

N(N − 1)(N − 2)
κ11trΣ

2

+
256

N(N − 1)(N − 2)
κ22 +

256

N(N − 1)(N − 2)
κ13

+
192(2N − 3)

N(N − 1)(N − 2)(N − 3)
(trΣ2)2

+
64

N(N − 1)
trΣ2(trΣ)2 +

256

N(N − 1)
trΣtrΣ3

+
128(2N2 − 4N + 3)

N(N − 1)(N − 2)(N − 3)
trΣ4

}
.

D Some moments of z ∼ F

In this section, we assume that all elements of z = (z1, · · · , zp) ∼ F are i.i.d.
and E[z8i ] < ∞. Let z(= (z1, · · · , zp)) and y(= (y1, · · · , yp)) be x,y ∼ F . We
note that γi = E[zij ]. Then we can calculate some moments as follows:

E[(z′Σy)4] = E


 p∑

i,j=1

σijxiyj

4


= E


 p∑

i,j=1

σ2
ijx

2
i y

2
j +

p∑
i,j,k=1

j ̸=k

σijσikx
2
i yjyk

+

p∑
i,j,k=1

i ̸=j

σikσjkxixjy
2
k +

p∑
i,j,k,l=1

i ̸=j,k ̸=l

σikσjlxixjykyl


2

=

p∑
i,j=1

σ4
ijE[x

4
i y

4
j ] + 2

p∑
i,j,k=1

j ̸=k

σ2
ijσ

2
ikE[x4

i y
2
j y

2
k]

+

p∑
i,j,k,l=1

i̸=j,k ̸=l

σ2
ikσ

2
jlE[x

2
ix

2
jy

2
ky

2
l ] + 4

p∑
i,j,k=1

j ̸=k

σ2
ijσ

2
ikE[x

4
i y

2
j y

2
k]

+4

p∑
i,j,k=1

i ̸=j,k ̸=l

σikσilσjkσjlE[x
2
ix

2
jy

2
ky

2
l ]

+2

p∑
i,j,k,l=1

i ̸=j,k ̸=l

σ2
ikσ

2
jlE[x

2
ix

2
jy

2
ky

2
l ]
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+2

p∑
i,j,k,l=1

i ̸=j,k ̸=l

σikσjlσilσjkE[x
2
ix

2
jy

2
ky

2
l ]

= γ2
4

p∑
i,j=1

σ4
ij + 6γ4

p∑
i,j,k=1

j ̸=k

σ2
ijσ

2
ik

+3

p∑
i,j,k,l=1

i ̸=j,k ̸=l

σ2
ikσ

2
jl + 6

p∑
i,j,k,l=1

i ̸=j,k ̸=l

σikσjlσilσjk

= (γ4 − 3)2tr(Σ⊙ Σ)2 + 6(γ4 − 3)tr(Σ2 ⊙ Σ2)

+3(trΣ2)2 + 6trΣ4,

E[(z′Σz)4] = E


 p∑

i=1

σiiz
2
i +

p∑
i,j=1

i ̸=j

σijzizj


4

=

p∑
i=1

σ4
iiE[z

8
i ] + 4

p∑
i,j=1

i ̸=j

σ3
iiσjjE[z

6
i ] + 3

p∑
i,j=1

i ̸=j

σ2
iiσ

2
jjE[z

4
i z

4
j ]

+6

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σ2
iiσjjσkkE[z

4
i ]

+

p∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

σiiσjjσkkσll

+24

p∑
i,j=1

i ̸=j

σ2
iiσjjσijE[z

5
i z

3
j ]

+24

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσjjσkkσijE[z
3
i z

3
j ]

+24

p∑
i,j=1

i ̸=j

σ2
iiσ

2
ijE[z

6
i ] + 12

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σ2
iiσ

2
jkE[z

4
i ]

+24

p∑
i,j=1

i ̸=j

σiiσjjσ
2
ijE[z

4
i z

4
j ] + 48

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσjjσ
2
ikE[z

4
i ]
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+12

p∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

σiiσjjσ
2
kl

+48

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσjjσkiσkjE[z
3
i z

3
k]

+32

p∑
i,j=1

i ̸=j

σiiσ
3
ijE[z

5
i z

3
j ] + 16

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσ
3
jkE[z

3
j z

3
k]

+96

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσijσ
2
jkE[z

3
i z

3
j ]

+96

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσijσikσjkE[z
4
i ]

+32

p∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

σiiσjkσjlσkl

+8

p∑
i,j=1

i ̸=j

σ4
ijE[z

4
i z

4
j ] + 48

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σ2
ijσ

2
ikE[z

4
i ]

+96

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σ2
ijσikσjkE[z

3
i z

3
k]

+12

p∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

σ2
ijσ

2
kl + 48

p∑
i,j,k,l=1

i ̸=j ̸=k ̸=l,k ̸=i ̸=l ̸=j

σijσklσikσjl

= (γ8 − 28γ6 − 56γ5γ3 − 35γ2
4 + 420γ4 + 560γ2

3 − 630)

×tr(Σ⊙ Σ⊙ Σ⊙ Σ)

+4(γ6 − 15γ4 − 10γ2
3 + 30)trΣtr(Σ⊙ Σ⊙ Σ)

+3(γ4 − 3)2{tr(Σ⊙ Σ)}2 + 6(γ4 − 3)(trΣ)2tr(Σ⊙ Σ)

+(trΣ)4 + 24γ3(γ5 − 10γ3)δ(Σ⊙ Σ)′Σδ(Σ)

+24γ2
3trΣδ(Σ)

′Σδ(Σ)

+24(γ6 − 15γ4 − 10γ2
3 + 30)tr{(Σ⊙ Σ)Σ2}

+12(γ4 − 3)trΣ2tr(Σ⊙ Σ)

+24(γ4 − 3)2δ(Σ)′(Σ⊙ Σ)δ(Σ) + 48(γ4 − 3)trΣtr(Σ⊙ Σ2)

+12(trΣ)2trΣ2 + 48γ2
3δ(Σ)

′Σ2δ(Σ)
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+32γ3(γ5 − 10γ3)tr[Σ⊙ {Σ(Σ⊙ Σ)}] + 16γ2
3trΣtr{Σ(Σ⊙ Σ)}

+96γ2
3δ(Σ)

′Σδ(Σ2) + 96(γ4 − 3)tr(Σ⊙ Σ3) + 32trΣtrΣ3

+8(γ4 − 3)2tr(Σ⊙ Σ)2 + 48(γ4 − 3)tr(Σ2 ⊙ Σ2)

+96γ2
3tr{Σ2(Σ⊙ Σ)}+ 12(trΣ2)2 + 48trΣ4

E[(z′Σz)3] = E


 p∑

i=1

σiiz
2
i +

p∑
i,j=1

i ̸=j

σijzizj


3

=

p∑
i=1

σ3
iiE[z

6
i ] + 3

p∑
i,j=1

i ̸=j

σ2
iiσjjE[z

4
i ] +

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσjjσkk

+6

p∑
i,j=1

i ̸=j

σiiσjjσijE[z
3
i z

3
j ] + 12

p∑
i,j=1

i ̸=j

σiiσ
2
ijE[z

4
i ]

+6

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σiiσ
2
jk + 4

p∑
i,j=1

i ̸=j

σ3
ijE[z

3
i z

3
j ]

+8

p∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

σijσikσjk

= (γ6 − 15γ4 − 10γ2
3 + 30)tr(Σ⊙ Σ⊙ Σ)

+3(γ4 − 3)trΣtr(Σ⊙ Σ) + 12(γ4 − 3)tr(Σ⊙ Σ2)

+4γ2
3tr{Σ(Σ⊙ Σ)}+ 6γ2

3δ(Σ)
′Σδ(Σ)

+(trΣ)3 + 6trΣtrΣ2 + 8trΣ3,

where Σ = (σij), δ(A) = (a11, · · · , app)′ (A = (aij) : p×p). From the expansions
of E[(z′Σz)4] and E[(z′Σz)3], we can derive

E[(z′Σz − trΣ)4] = (γ8 − 28γ6 − 56γ5γ3 − 35γ2
4 + 420γ4 + 560γ2

3 − 630)

×tr(Σ⊙ Σ⊙ Σ⊙ Σ)

+3(γ4 − 3)2{tr(Σ⊙ Σ)}2

+24γ3(γ5 − 10γ3)δ(Σ⊙ Σ)′Σδ(Σ)

+24(γ6 − 15γ4 − 10γ2
3 + 30)tr{(Σ⊙ Σ)Σ2}

+12(γ4 − 3)trΣ2tr(Σ⊙ Σ)

+24(γ4 − 3)2δ(Σ)′(Σ⊙ Σ)δ(Σ)

+48γ2
3δ(Σ)

′Σ2δ(Σ)

+32γ3(γ5 − 10γ3)tr[Σ⊙ {Σ(Σ⊙ Σ)}]
+96γ2

3δ(Σ)
′Σδ(Σ2) + 96(γ4 − 3)tr(Σ⊙ Σ3)

+8(γ4 − 3)2tr(Σ⊙ Σ)2 + 48(γ4 − 3)tr(Σ2 ⊙ Σ2)
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+96γ2
3tr{Σ2(Σ⊙ Σ)}+ 12(trΣ2)2 + 48trΣ4.

Using the inequality 2ab ≤ a2+b2 for any real numbers a and b, above all terms
are bounded by C(trΣ2)2, where C is a positive constant. For example,

tr(Σ⊙ Σ3) =

p∑
i,j,k=1

σiiσijσjkσki

≤
p∑

i,j,k=1

(σ2
ii + σ2

ij)(σ
2
jk + σ2

ki)

≤ 4

 p∑
i,j=1

σ2
ij

2

= 4(trΣ2)2.

Since the other terms can be evaluated by similar derivation, we obtain the
relation E[(z′Σz − trΣ)4] ≤ C(trΣ2)2.
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