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ABSTRACT

The present paper considers a model selection criterion in regression models using generalized estimating
equation (GEE). Using the prediction mean squared error (PMSE) normalized by the covariance matrix,
we propose a new model selection criterion called PMSEG that reflects the correlation between responses.
A numerical study reveals that the PMSEG has better performance than previous other criteria for model

selection.

Key Words: Generalized estimating equations, Longitudinal data, Prediction mean squared error, Model

selection.

1. INTRODUCTION

In real data analysis, correlated data are often discussed in health sciences, medical sciences, eco-
nomics and many other fields. Longitudinal data, defined from observations of subjects measured
repeatedly over time, often arise in these fields as an important example. In general, observa-
tions from each subject in longitudinal data are correlated. Liang and Zeger (1986) introduced
an extension of the generalized linear model (Nelder and Wedderburn, 1972) to the analysis of
longitudinal data, known as the generalized estimating equation (GEE) method. Defining features
of the GEE method are that we can use a working (but not necessarily correct) correlation matrix
as the correlation matrix, and a full specification of the joint distribution is not required. Hence,
the GEE method is widely used in many fields for analyzing longitudinal data.

In addition, the model selection problem in the GEE methodology is also an important. The
goodness of fit of the model is commonly measured by a risk function, and the model selection is
performed by obtaining a certain estimator of the risk function. For example, the risk function
based on the expected Kullback-Leibler (KL) information (Kullback and Leibler, 1951) is often
used, and the most famous estimator of the risk function is Akaike’s information criterion (AIC)
proposed by Akaike (1973, 1974). The AIC is obtained by using the likelihood, it can be simply
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defined as AIC = —2 x the maximum log likelihood + 2 x the number of parameters. Furthermore,
Nishii (1984), Rao (1988) proposed the GIC as a general extension of the AIC, which is widely
applied for selecting the best model, and considered about various properties in many literatures.

However, in the GEE method, the maximum likelihood based model selection criteria such as the
AIC or GIC, are not applicable directly because the GEE method is not likelihood based. Some
model selection criteria like the AIC or GIC in the GEE method have been already proposed. For
example, Pan (2001) proposed the QIC that is based on the quasi likelihood (Wedderburn, 1974).
Cantoni et al. (2005) proposed the GC,, as a general extension of the Mallows’s C), (Mallows, 1973).
Hin and Wang (2009), Gosho et al. (2011) proposed the CIC to select the correlation structure.
Unfortunately, above model selection criteria are not derived by taking account into the correlation
between responses. For example, the risk function of the QIC is based on the independent quasi
likelihood. In this respect, these criteria are not reflective of the significant feature in longitudinal
data.

The principal aim of the present paper is to obtain a new model selection criterion that reflects
the correlation between responses. In this study, we have focused on deciding the best subset
of variables. By using the risk function based on the prediction mean squared error (PMSE)
normalized by the covariance matrix, we propose a new model selection criterion called the PMSEG
(the prediction mean squared error in the GEE).

The remainder of the present paper is organized as follows: In Section 2, we consider a stochastic
expansion of a GEE estimator. In Section 3, we propose the PMSEG. In Section 4, we verify that
the proposed PMSEG has good properties by conducting numerical experiments. In Section 5, we

conclude our discussion. Technical details are provided in the Appendix.

2. STOCHASTIC EXPANSION OF THE GEE ESTIMATOR

Let y;; be a scalar response variable, and let @, ;; be a [-dimensional nonstochastic vector consists
of all possible explanatory variables for the ith subject at the jth occasion, where ¢ = 1,...,n and
j=1,...,m. Assume that response variables from different subjects are independent and response
variables from the same subject are correlated. For i = 1,...,n, let y; = (Yi1,- .., ¥im)’, Xsi =
(T ity Tuim)’, and let X; = (@i1,...,Tim) be a m X p submatrix of the matrix X, ;. Liang

and Zeger (1986) used the GLM to model the marginal density of y;;,
F(yizi iz, B, ¢) = expl{yi;0i; — al0i;)}/ o + b(yiz, )], (2.1)

where, a(-), b(-) are known functions, #;; is an unknown location parameter and ¢ is a scale
parameter. In the GLM framework, the location parameter 6,; = u(n;;) = 0;;(8), where u(-) is a
known function, 7;; = w;jﬁ and B is a p-dimensional unknown parameter. In the present paper,
we assume that ¢ is known, and we also assume O to be the natural parameter space (see, Xie and

Yang, 2003) of the exponential family of distributions presented in (2.1), and the interior of © is



denoted as ©Y. Then © is convex, and in the O, all derivatives of a(-) and all moments of Yij

exist. Under such model conditions, the first two moments of y;; are given by
1i5(8) = Elyi;] = a(0i;), 07;(8) = Covly;] = i(0s;)d = v(pi;(B)) (say).

In this situation, the expectation of the response y;; is modeled by a link function g(t) =
(a0 u)~*(t) and the linear predictor 7;;, i.e., g(ui;j(8)) = nij = x};8. When u(s) = s, we say that
g(t) = (a)~1(t) is the natural link function. For example, the logistic regression model is defined
with the natural link function. We call the model with . ;; or x;; as the full or candidate model,
respectively. We assume that the true probability density function of y;; can be written as (2.1),
i.e., the true model is one of the candidate models.

Denote pi(B) = (pia(B),---sim(B))'s Ai(B) = diag(o?(8),...,07,(8)) and Ay(B) =
diag(90;1/0n:1, - .., O0im /OMim,), where diag(aq,...,as) denotes the s x s diagonal matrix whose
the (i,7)th element is a;,. We write D;(3) = A;(B8)A;(B) X, X;(8) = A3/2(B)R;“A3/2(B), where
R} is the true correlation matrix, and V;(3,a) = A§/2(,8)Ri(a)Ai1/2(,3). Here, R;(c) is the
working correlation matrix that one can choose freely, which may possibly have a nuisance param-
eter a. Depending on the situation, we can choose some useful working correlation matrices. For
example, “Independence” (i.e., (R),r = 0, if j # k), “Exchangeable” (i.e., (R);x = «, if j # k),
“(first-order) Autoregressive” (i.e., (R);x = (R)g; = o/ % if j > k), “l-dependent” (i.e.,
(R)jr = (R)kj = «, if j = k+ 1) and “Unstructured” (i.e., (R)jx = (R)x; = ok, if j > k). If
R;(a) is equal to R}, then V;(Bo, ) = £;(Bo) = Ai/Q(Bo)RfA;/Q(,Bo) = Cov[y;], where By is

the true value of 3.

Liang and Zeger (1986) proposed the GEE as follows:
sa(8) =Y Di(B)V, (B, ) (yi — 1i(B)) = 0y, (2.2)
i=1

where 0, is a p-dimensional vector of zeros. An estimator B of By is defined as a solution of the
equation (2.2), and the estimator is called the GEE estimator. In the present paper, we assume
that R;(a) = R(a) and R} = Ry. Moreover, to simplify our discussion, we also assume that the
nuisance parameter « is known. Hence, we write V;(3, a) = V;(3).

In order to propose a new model selection criterion at Section 3, a stochastic expansion of B is
needed. In this section, we obtain the stochastic expansion of B up to the order n~!. For simplicity,
we omit (3) from functions of 3 like p1;;(3) = pi;. Furthermore, in order to distinguish a function
of 3 evaluated at the true parameter By and GEE estimator B, we write such as 11;;(Bo) = fij,0

and p;;(8) = f1i;, respectively. Furthermore, in order to assure asymptotic properties of the GEE

estimator, we consider the following regularity assumptions (see, e.g., Xie and Yang, 2003):

Cl. By is in an admissible set B, where B is an open set in R? for the parameter 3.

C2.  x};8 € g(M) for all B € B, where M is the image of a(6°).
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C3.  wu(m;y;) is four times continuously differentiable and u(n;;) > 0 in g(M)°.

C4. H,,and M, are positive definite when n is large, where

n n
H,=> DV;"'D;, M,, =) DV, 'S,V 'D,.
i=1 i=1
Condition C1 and C2 are necessary to have the GLM for all 3. Condition C3 and C4 are necessary
to calculate the bias. In addition, in order to assure the strong consistency, asymptotic normality
and uniqueness of the GEE estimator, we consider the following additional assumptions, which can

be derived slightly modifying the results reported by Xie and Yang (2003):

C5.  liminf A\pin(Hy,0/n) > 0, where Apin (A) is the smallest eigenvalue of symmetric matrix A.

Cé6. Szzlznce {x;;} lies in X with u(x;;3) € ©°, B € B, where X is a compact set for regressors
xi;.

C7. In a neighborhood of By, say IV, there exist a constant ¢y > 0 and some § > 0, independent
of n, such that, when n — oo, for any p-dimensional vector X, |A|| =1,

A 88")\ > coAYDH(M,, ), as. for B € N.

616 max

C8.  The equation (2.2) has a unique solution when n is large.

Here Apax(A) is the largest eigenvalue of symmetric matrix A. According to THEOREM 7 and
COROLLARY 1 in Xie and Yang (2003), B has the strong consistency and asymptotic normality
under these conditions. Furthermore, from C5, H,, o = O(n).

Based on the above conditions, to perform the stochastic expansion of ,é, we focus on the fact
that s,, = 0,. By applying a Taylor expansion around B = By to this equation, the GEE is

expanded as follows:

s,
op’ B=PBo

= 850 — H,o(I, + G104 Ga0) (B — Bo) + 5{([9 — Bo) ® IL,}L1(B*)(B — Bo), (2.3)

(B~ o)+ 516 - ﬂo)®1p}(aﬂ gj;)'ﬁ_ﬁ*@—m

Op = Sn,() -+

where B* lies between 3y and B, I, is a p-dimensional identity matrix, G1,9, G20 and L1 (8*) are
defined by

1,0 = nOZD <8ﬂ/ V;'_l

)
Gao = —H;})Z (66' ® D!

0 _ 0sn,
1 (5058,

) I, ® (yi — i)},
B=Bo

) [T, @ {V; o (g — 10},
B=Bo



Note that for a matrix W = (wj;), the derivative of W by 8 = (81, ..., 0p)" and () are respectively

defined as follows:
) 151%% 151%% 0 oW’ ow'\' ow Ow; ;
QW= [—1\...,— ], —@W= : = ”).
op’ ( b1 2By ) B ( 051 0By ) 0Bk ( 0Bk

Also note that Lyi(8*) = O,(n), sno = 0,(n'/?), B — Bo, G1,0,Gao = Op(n~1/2). Thus, (2.3)
yields

B—Bo=H,sh0+O0p(n" ") =brg+Oy(n"). (2.4)

Similarly, the GEE can also be expanded as follows:

80 = Hpo(I, + G1o+ Ga0)(B — Bo) — %{(B — Bo) @ I,}{G30 + (L1(Bo) — G3.0)}(B — Bo)

| RS , 0 0 _ 0Osy, A R
~ B j D T - - 2.
sB-ren{me(pese)l|  (B-sed-p) e
where 8** lies between By and B3, and Gs,o = E[L1(8)].

Note that the order of the last term of equation (2.5) is O,(n~1/2). Also note that G390 = O(n)
and Ly (Bo) — Gz, = Op(n'/?). Therefore, by using equation (2.4) and (2.5), 3 can be expanded

as follows:

B — By =bio+bag+O0,(n3), (2.6)

where bgyo = H_l(b/LO®Ip)G3’0b1’0/2—G170b170—GQ’Obl’O. Note that bl,O and b270 are Op(nfl/Q)

n,

and O,(n™1), respectively.

3. MAIN RESULT

In this section, we propose a new model selection criterion. The goodness of fit of the model is

measured by the risk function based on the PMSE normalized by the covariance matrix as follows:

n

Riskp = PMSE — mn = Ey Ez Z(ZZ — ;lz)’Z;& (Zi — ,ljl;l) —mn,
i=1
where z; = (2;1,...,2im)" is an m-dimensional random vector that is independent of y; and has

the same distribution as y;. It is easy to show that if ,[;' is Bp, then Riskp has the minimum value
of zero, i.e., the PMSE has the minimum value of mn. For this reason, we would like to select the
model, which has the minimum PMSE. However, since the PMSE is typically unknown, we must

estimate it.



We define Ry(3), L(B31,82) and L*(3) as follows:

I _
Ro(8) = =" A7y — )y — ) A7,
=1

n

L(B1,B2) =D (i — milB1) AT (B2) Ry ' (B2) AT (B2) (wis — pua(B1)),
L*(B) = Z(yi — 1) 0 (yi — i)

Based on the above, we estimate PMSE by E(B, 5’ ), where B ¢ is a GEE estimator that is obtained
under the “full” model. Specifically, ﬁ ¢ is defined as the solution to the following equation:

spn(Ba) =Y DBV, H(Be, ) (yi — pi(B.)) = 01,
=1

where D;(8,) = Ai(B.)A(B)X.i, Vi(Bs,a®) = AV (B,)Ri(a*)Al*(B,) and R;(a*) is a
positive definite working correlation matrix that one can choose freely. We assume that the nuisance
parameter a* is known. Note that 3, is an [-dimensional unknown parameter under the full model.
Also note that R;(a*) is the same for all candidate models. The reason for using Bf is discussed
later. For simplicity, we write £(8o,82) = L(B2) and L*(By) = L*.

Since E(B, B ) is not an asymptotically unbiased estimator of PMSE, we evaluate the asymptotic

bias in order to propose the new model selection criterion. The bias when we estimate the PMSE
by E(B,Bf) is given as
Bias = PMSE — B, [£(8, 3;)] = {Riskp — E, [L"(B)]} + {E,[£*(8) - £)]}

+{E[L* — LB} + {Ey[L(Br) — LB, By)]}
= Biasl + Bias2 + Bias3 + Bias4. (3.1)

Here, we can see that Bias3 in (3.1) satisfies

Bias3 = By | (4 — 1i0) {Sg — A; (B Ry (Br) A, (B1)} (wi — pio)
=1
=mn— By | (g — mio) A7 2 (Br) Ry (Br) AT (Br) (i — i)
=1

Therefore, we can ignore the calculation of Bias3 because it is not dependent on candidate models.

Similarly, Biasl in (3.1) is expanded as

Biasl = E, |E. | ) (2 — 1) Sig (zi — fui) | = > _(yi — ) ;0 (yi — fi)
=1 =1
= 2B, | ) (yi — pi.0) ;0 (i — pi0) (3.2)
=1




Applying a Taylor expansion around 8 = B to [; yields

Opi
op’ B=Bo

1 2 !
- LB o 1) {

i = Mo +

T PN A A
B-p+ 3B oLl (5o 55 )| B

BYeS
o (0 ow - -
o5 (55255 )}, (BB eB-p)

— 110+ DyolB — Bo) + LB - Bo) © LYD(B ~ B) + Oyfn~2), 5.
DY) = (i ® D, ) ‘ .
i 9B B=Bo

Here, 3*** lies between 3y and B Substituting the stochastic expansion of B in (2.6) into (3.3)
yields the following:

i — a0 = Diobo + {DZ a0+ 3 (b0 ® L)DYb, } L0, (3.4)

By combining (3.2) and (3.4), we obtain

1. - _
gBiasl = Ey > (i — Mi,o)/EwlDi,obl,o]
i=1
- _ 1 (3.5)
+ Ey Z(yz — 1i0)' 74 {Di,0b2,0 + §(b/1,o ® Im)Di(,lo)bl,o}]
i=1
+ By [Op(nilm)]-
Note that E[(y; — ti0)'(y; — i5,0)] =0, (i # j), the first term of (3.5) can be calculated as
Ey Z(yi — 11i0)' B; g Diob1o| = E, Z Z(yi —1i0)'E; 0 DioH,, (D} o Vi (y; — o)
i=1 i=1 j=1
=B, Z(yl - F‘%O)/Ei_,olDi,OH;,(l)Dg,ovi,_ol(yi — i)
Li=1
= tr [H,;g > D;OVJDZ-,O] = tr[H,, (H, 0] = p. (3.6)

Similarly, since E[(y; — pi0) ® (yj — 5.0) (Yr — k0)] = Om, (not i = j = k), the second term of
(3.5) can be expanded as

By | Y (yi — i) S0 {D oboo + = (b'1 0@ L,)DYb,, 0}]
=1
- Ey Z(yz - “’i,O)lzi—’(} {Dz Osz 0 + = (b/h ,0 & I )Dz(lo)blz 0}] 9
=1




where by; 0 = H;éDé,OVi,_ol (yi — pio), baio=H, (bY.0@1,)G3,0b15,0/2—G1iob1i,0 — G2i,0b14,0,

n,

_ 0 _
Giio = —Hn,(l)Dg,o (6_3 ®V, ! ) {I, ® (yi — pio)},

B=Bo
0

~1
Gao=-H,, (a—ﬁ, ® D;

) [T, © {V; ' (yi — pio)}].
B=PBo

Note that D; b2 o+ (b; o ® Im)D§713b1i70/2 = O,(n™?), the second term of (3.5) can be obtained

as

=0(n1). (3.7)

= _ 1
E, [Z(yi — 1i0) i {Dz‘,obz,o + 500 ® Im)Df,lo)bl,O}

i=1
Under certain conditions, the limit of the expectation is equal to the expectation of the limit.
Furthermore, in many cases of practical interest, a moment of statistic can be expanded as power
series in n~! (see e.g., Hall, 1992). Therefore, by substituting (3.6) and (3.7) into (3.5), we obtain

the asymptotic expansion of Biasl up to order 1 as
Biasl = 2p+ O(n™'). (3.8)
Moreover, by using the same argument of the calculation of Biasl, we obtain
Bias2 + Bias4 = O(n™1). (3.9)

The derivation of (3.9) is shown in Appendix.
Consequently, by substituting (3.8) and (3.9) into (3.1), we obtain the asymptotic expansion of
Bias up to order 1 as
Bias = 2p + Bias3 + O(n™1). (3.10)
Recall that Bias3 is not dependent on candidate models. Hence, the PMSEG can then be defined
by adding an estimated (Bias — Bias3) to £(8, Bf), ie.,

PMSEG = £(8, By) + 2p. (3.11)

(3.11) is our proposed model selection criterion called the PMSEG (the prediction mean squared
error in the GEE). Recall that 3 ¢ is estimated under the full model and it is not dependent on
candidate models. Since the covariance matrix in the PMSEG is estimated by B ¢, the PMSEG can
be simply defined. If the covariance matrix is estimated by B, Bias3 in (3.11) is different for each
candidate model. Unfortunately, it is difficult and too expensive to calculate Bias3. This is one of
the advantages of using 3 s for estimating the covariance matrix. For actual use, we recommend to
use the working independence matrix in order to obtain B + since we can get B ¢ easily by omitting
the calculations of the working correlation matrix. Fitzmaurice (1995) mentioned that the GEE
estimator under the working independence assumption is often inefficient. Nevertheless, from some
simulation results, we confirmed that the estimation of the covariance matrix using the inefficient

estimator does not dramatically influence the performance of the PMSEG.
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4. NUMERICAL STUDIES

In this section, we confirm a usefulness of the PMSEG through comparisons with the QIC, which
is a representative previous study. The QIC is an estimator of a risk function based on the quasi
likelihood under the independence assumption. The risk function that is estimated by the QIC,
which is called Riskq in this paper, and the quasi likelihood Q(-) are defined as follows:

o ~ n gil(m;j:é) 2o — ¢t
Riskq = E, | E; —22:2@(5; zig) | |+ QB zi5) = / =L dt,
i=1 j=1 2ij v(t)
where z; = (z;1,...,2im)" 18 an m-dimensional random vector that is independent of y; and has

the same distribution as y;. Note that since the Riskq is considered under the independence
assumption, both the Riskqg and QIC are not reflective of the correlation between responses. Also
note that the PMSEG and QIC are estimators of the Riskp and Riskq, respectively. In general,
the Riskp and Riskq are different, i.e., the PMSEG and QIC are criteria from different viewpoints.

At the beginning, we examine the numerical studies for the frequencies of candidate models and
the prediction error of the best models selected by the PMSEG and QIC. We prepared the fifteen
candidate models with n = 100 and m = 3. First, we constructed a 3 x 5 explanatory variable
matrix X, ; = (T i1, T2, T43)", ¢ = 1,...,100. The first column of X, ; is 13, where 13 is
a 3-dimensional vector of ones, and the second column of X, ; is 13 X ¢;, where ¢;,...,6190 are
i.i.d. binomial distribution B(1,0.5). The third column of X, ; is (0,1,2)’, and the remaining six
elements of X, ; were defined by realizations of independent variables with uniform distribution
on the interval [—1,1].

In this simulation, we prepared two situations, as follows:

Case 1: Corrlyi;,yi-] = 0.857 7971 By = (0.25, —-0.25, —0.25,0,0)’,
Case 2: Corr[y;, yij«] = 0.35, Bp = (0.25,—0.25, —0.25,0,0)".

The explanatory variables matrix for the ith subject in the (5k 4+ k*)th model consists of the
first £* column of X, ;, k = 0,1,2, k* = 1,...,5. For the working correlation matrix, we pre-
pare three different matrices, working exchangeable matrix (k = 0), working autoregressive matrix
(k = 1) and working independence matrix (k = 2). Thus, in case 1, the true model is the eighth
model, and in case 2, the true model is the third model. We simulated 10,000 realizations of y =
(Y11 -+ Yim, - - Y100,15 - - - s Y100,m ) in the logistic regression model, i.e., y;; ~ indep. B(1,p;;),
where p;; = logit_l(az;jﬁo), i=1,...,100, 7 = 1,2,3. Note that we used the working indepen-

dence matrix for obtaining Jé; ¢ in this simulation. Tables 1 and 2 list the following characteristics.

(1)  Prediction error of the best model in the Riskp /Riskq (PEBp/PEBq): the Riskp and Riskg



Table 1: Selection probability and prediction error for the Case 1

Criterion k* 1 2 3 4 5 SPc | SPu | PEBp | PEBq
Exchangeable 095 0.08 11.02 2.62 1.10
PMSEG || Autoregressive | 2.61 0.48 50.71 9.77 6.92 | 70.49 | 95.61 | 4.37 | 416.66
Independence 0.22  0.06 12.72 0.67 0.08
Exchangeable 436 0.01 260 3.46 3.60
QIC Autoregressive | 38.36 0.26 22.20 6.11 5.86 | 72.79 | 55.50 | 10.54 | 418.09
Independence 1.51  0.00 3.09 517 341

Table 2: Selection probability and prediction error for the Case 2

Criterion k* 1 2 3 4 5 SPc | SPu | PEBp | PEBq
Exchangeable | 13.97 0.89 26.28 8.06 6.76
PMSEG || Autoregressive | 7.67 1.77 9.10 1.97 1.20 | 55.96 | 72.79 | 4.88 | 416.24
Independence | 2.06 0.85 17.00 1.73 0.69
Exchangeable | 29.70 1.14 20.06 7.46 5.64
QIC Autoregressive | 2.55 0.19 1.70 1.17 1.14 | 64.00 | 57.93 | 5.53 | 416.61
Independence | 7.53 0.96 16.64 2.56 1.56

of the model selected by the criterion as the best model, which are respectively estimated as

10000 [ =
1 R ~ R
PEBp = ——— E. |Y (2 — 1:(B8,)) S5 (20 — ma(Bs,)) | —mn,
10000 2~ * | &=
| 10000 [ nom
PEBg = —— E, |-2 ;244
© 7 10000 &~ ;;Q(ﬂB“ i)

(2)  Selection probability: the frequency of the best model chosen by minimizing each criterion.
In particular, the SP¢/SPy is the frequency that the working correlation matrix/mean

structure of the selected model is correctly specified.

Here z; is a future observation, and BBU is the value of ,é of the selected model at the vth iteration.
In particular, both the PEBp and PEBq are important properties because these are equivalent
to the Riskp and Riskq of the best model selected by the criterion, respectively. We would like
to note that the PMSEG selects the model which minimizes the Riskp, and the QIC selects the
model which minimizes the Riskg. Thus, the model selected by the PMSEG does not necessarily
minimize the Riskqg and the model selected by the QIC does not necessarily minimize the Riskp. In
other words, in order to evaluate the goodness of the criterion, the PEBp and PEBq are favorable
indicators for the PMSEG and QIC, respectively.

From Tables 1 and 2, we can see that the value of the PEBp from the model selected by the

10



PMSEG is smaller than that from the model selected by the QIC. This result is justified since the
PEBp is the favorable indicator for the PMSEG. However, surprisingly, although the PEBq is the
favorable indicator for the QIC, the value of the PEBq from the model selected by the PMSEG is
also smaller. This result means that the PMSEG is better than the QIC whether evaluating the
goodness of the criterion by the PEBp or PEBqg. Moreover, both the frequency of selecting the
true model and SPy; of the PMSEG are larger than those of the QIC in two cases. On the other
hand, the SP¢ of the QIC is larger in two cases. Furthermore, by comparing Tables 1 and 2, we
can see that the difference between the PMSEG and QIC is more salient when the correlation is
large. We simulated several other models and obtained similar results.

Next, for the purpose of analyzing the GEE method, we consider the Mother’s Stress and Child
Morbidity (MSCM) data reported in Alexander and Markowitz (1986), who studied the relationship
between maternal employment and pediatric health care utilization. The MSCM data contain the
information of mothers and children in the study for 28 days, and there are 167 mothers and
preschool children enrolled. In this analysis, we focus on the child illness for the first 9 days. The
response variable is the child illness on the study day (1=yes, 0=no), and there were eight predictor
variables: Married (1=married, O=other), Employed (1=employed, 0=unemployed), Race (child
race, 1=non-white, 0=white), Household (size of household, 1=more than 3 people, 0=other),
Stress (today’s mother’s stress, 1=yes, 0=no), and additionally, St1, St2 and St3 are the mother’s
stress of one, two and three days before, respectively. This data have a few missing value, and we
assume that the missingness mechanism is missing completely at random. We use complete 146
mothers and children data. We also assume that the response variable y;; is distributed according
to B(1,pi;), ¢ = 1,...,146, j = 1,...,9. For the link function, we prepare the logistic link
function. For the working correlation matrix, we prepare four matrices: the working 1-dependent,
autoregressive, exchangeable and independence matrices. In this analysis, we select the working
correlation matrix and variables. Table 3 shows the selection probability of the model selected
by minimizing the criterion and the estimated prediction error of the best model selected by the
criterion. We divide the MSCM data into calibration data and validation data. The numbers
of subjects in the calibration data and validation data were 136 and 10, respectively. The best
subset of variables and working correlation matrices were selected by each criterion derived from
the calibration data. The selection probabilities were obtained from only the calibration data.
The estimated prediction errors were obtained as follows. Let d; = (di¢,...,d146t)" be a 146-
dimensional binary vector that contains 136 zeros and 10 ones at the tth iteration, t = 1,..., 1000,
i.e.,d;; =0or1and Zzliﬁ d;; = 10. In addition, we denote that ﬁB7[_dt} is a GEE estimator B[_dt]
of the best model selected from the calibration data, where B[_dt] is the solution of the following

equation:
146

Z(l — dit) DV, (yi — i) = 0y,

=1
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Table 3: Selection probability and estimated prediction error with the MSCM data

Variables PMSEG QIC
Auto Ex 1-dep Ind | Auto Ex 1-dep Ind
Race, Household, Stress, St1 0 6 7 0 0 0 2 8
Race, Household, Stress, St3 0 11 0 0 0 0 0 233
Race, Household, Stress, St1, St2 0 2 1 0 0 0 0 0
Race, Household, Stress, St1, St3 0 135 739 10 25 0 2 429
Race, Household, Stress, St2, St3 0 3 0 0 0 0 0 0
Married, Race, Household, Stress, St1, St3 0 1 3 0 0 0 0 0
Employed, Race, Household, Stress, St1, St3 0 0 1 0 0 0 0 0
Race, Household, Stress, St1, St2, St3 0 8 1 0 0 0 0 1
Married, Race, Household, Stress, St1, St2, St3 0 2 0 0 0 0 0 0
PEBp 230.11 234.89
PEB, 1018.41 1020.72
Finally, the estimated PEBp and PEBq are given as
. T, )
PEBp = 136 x (W ; 19 L85 ) Brat) = 9) :
- | 1000 4 146 9
PEBq = 136 x o Z o —2;;% x Q(Br—a; Vij) | »

where £(81,82,1) is defined as follows:

146

L(Br. Ba, 1) Zdux — ma(B) A7 (B2) Ry (B2) AT (Ba) (wi — pa(Br)).

Note that we used the working independence matrix for obtaining 3 ¢ from the calibration data

in this study. Also note that we denote Bf,t as the value of Bf from the calibration data at the

tth iteration. From Table 3, we can see that the model most selected by each criterion is different.

However, both the P/EB\p and PEB\Q of the PMSEG were smaller than those of the QIC. Hence,
using the PMSEG is better than using the QIC for selecting models in this study.

Consequently, from Tables 1, 2 and 3, we recommend the use of the PMSEG rather than the

QIC for selecting models in the GEE method.

5. CONCLUSION AND DISCUSSION

In the present paper, we proposed the PMSEG as a model selection criterion that reflects the
correlation in the GEE method. The PMSEG is the simple criterion such as the AIC. Nowadays,

12



the GEE method is one of the mainstream of longitudinal analysis methods and many statistical
softwares (e.g., SAS, R, etc) support the GEE method. For these reasons, it is important to
propose a more useful criterion for analyzing longitudinal data using the GEE method.

We recall that, in deriving the PMSEG, we assume that the nuisance parameter o is known.
Actually, we often estimate a because a is unknown in many cases. In fact, we estimate a in
Section 4. However, Liang and Zeger (1986) showed that an estimator of v is consistent under the
standard assumption, and we confirmed that the estimation of a dose not dramatically influence
the performance of the PMSEG from some simulation results. Theoretical study of the influence
of estimating a to the PMSEG is left for the future work.

In all situations of the simulation results of Section 4, we showed that the PMSEG has better
performance than the QIC for the variable selection, and the difference between the performances
of the PMSEG and QIC is more salient when the correlation is large. Recall that the PMSEG
reflects the correlation between responses, however, the QIC is not reflective. This is probably one
of the reasons why the PMSEG has better performance than the QIC. In the study of the MSCM
data, we also showed that the PMSEG is useful as same as the QIC. Nevertheless, computational
costs of the PMSEG are lower than those of the QIC because the bias term of the PMSEG is 2 x
the number of parameters. On the other hand, many previous studies including the QIC require
the calculation of the bias term for each candidate model. Therefore, the PMSEG is useful and

user friendly.

APPENDIX: Derivation of (3.9)

In this section, we calculate Bias2 4+ Bias4. Bias2 in (3.1) can be calculated as

Bias2 = E, Z(yz — [13)'2 0 (yi — ) — Z(yz — 14i0)' ;0 (yi — i)
Li—1 i—1
=E, |2 Z(yz - Hi,O)IEi_,(}(/J’i,O — ;) | +Ey Z(Hz’,o - ﬂi)lzi_,(}(/l'i,o — )|,
L =1 i=1

and Bias4 in (3.1) can also be calculated as

Biasd = E, an(yi — o) A7 (B Ry (B AT (Br) (i — i)
- E, iwi — ) AT (B Ry (Br) AT (Br) (wi — i)
= —E, |2 an(yi — i) A7 (B Ry (Br) AP (By) (i 0 — i)
- E, Zm — ) A7 V2B R (Br) AP (By) (a0 — i)
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Thus, we obtain Bias2 + Bias4 as follows:

Bias2 + Bias4
2 Z —pi0) {0 — ATV (BHRT (B AT (B) M pio — i) (A1)
+Ey [ (mio — 8 (S0 — A2 (BR (Br) ATV (B) Y (i — i) (A.2)
=1

In order to calculate (A.1) and (A.2), we perform the stochastic expansion of A;1/2(,3f),
REI(Bf), [J;z(,éf) and ,éf Denote D*ﬂ; = Az(ﬁ*)AZ(IB*)X*J and D*ﬂ;’() = Ai,OAi,OX*,i- Consid-
ering the same argument in section 2 and 3, Bf and ul(B #) can be expanded as

Bf —Beo=bso+ Op(n_l)v byo = Hf_,rlL,Osfm(B*@)?
1i(By) — pio = Diiobyso + Op(nh), (A.3)

where 3, o is the true value of B, and Hy ¢ is defined as
Hy, o= 2 D ;oA "R (@)A " D

Let a;;(Bf) denote the m-dimensional vector and the jth element of which is the (4, )th element
of A;1/2(Bf). Note that diag(afii(ﬁ?f)) = A;l/g(ﬁf). By applying a Taylor expansion around
,éf = B0, af,i(,éf) is expanded as

o . B . o
ari(By) = api(Bo) + Afiobro+ Op(n™h), Afio= a_ﬁ’af’i(ﬁ*) '
* B*:B*,O
Hence, we obtain
A2 (By) = diag(ayi(Br)) = Ar/? + diag(A% gbso) + Op(n ). (A.4)

Note that by, Dy 0by0,diag(A%; zbro) = O,(n~'/2). Moreover, substituting (A.3) and (A.4)
into Ro(3;) yields following:

= ZAil Z{D* i,0by, o(yi Hz‘,o)' + (yi — pio0)(Dy i oby, 0) }A 1/2

+ - Z Ao (yi — mio) (Wi — pio) Ary?
(A.5)
+ - Z diag(A%; 0bso) (Y — pio)(yi — Hi,O)/AZ&/Z

=1

1~ - : . -
3 Aoy — 1i0) (Yi — i) ding (A 0bro) + Opn ).
=1
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By the Lindeberg central limit theorem, the first term of (A.5) is Op(n~1). Thus, using this fact
and (A.5), we obtain

Ry Ro(87) Ry = I, - Ry ”2{ ZA 2y — o) (i — o) Ary?
1 w— .. " / 1/2
- Z diag(A} ; 0by.0) (Yi — mi0) (i — pio) A
- Z A_1/2 — Hi0)(Yi — Ni,O)/diag(A},i,ObﬁO)} Ry'?+0,(n7).
Therefore, by calculating the inverse matrix of R, 1/ ’Ro (B )Ry 1/ 2, Ry 1(B #) can be expanded as
o' (By) = Ry' + Ry {Ro - Z Ao (yi = pa0)(yi — pio) Ary
1 . . ) a—1/2
- Z dlag(Af,i,Obf,o)(yi — pi0)(Yi — Wio) Ai,O (A-6)

—— Z _1/2 — pio)(yi — Ni,o)'diag(A?,i,obf,O)} Ry +0,(n7h).

Note that the second term of (A.6) is O,(n~1/2).
Next, we calculate (A.2). By using (A.4) and (A.6), we obtain

0 — ATV(Br)Ry N (Br) A (By)
= —diag(A}, obro) Ry 1A 1/2 — A, 1/2R0 1d1ag(Af i,007,0)

~ A\ ’Ry { o——ZA_l/Q — p10) (i — pi0) Ay g

) (A7)
1 . « / a—1/2
- Z diag(A%; 0br.0)(Yi — wi0)(Yi — Hio) Asg
- Z AL (i — o) (yi — ui,oydiag(A;,i,obf,o)} Ry A2 4 0y(n7h).
Note that ;¢ — A;*(B) Ry (B1)A;*(Bs) = Op(n~1/?) and D; ob1 o = Op(n~"/?). There-
fore, by substituting (3.4) and (A.7) into (A.2), we obtain
(A2) = O(n~Y). (A.8)

Recall that, in general, a moment of statistic can be expanded as power series in n~!'. Hence, the
order of (A.8) is shown by O(n™!), not O(n~1/2).
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Finally, we calculate (A.1). By substituting (3.4) and (A.7) into (A.1), we obtain

(A1) = Zano{dlag(Aflobfo)RolA 2+ ARy M diag(A% ; obr.0)} Diobi o
=1

_ 1 _ _ _
_EZJ 22 ioAz 5/2R ' ZA 1/2'4"7 OK'j OAJ é/zR 1A 1/2Dz 0b10

=1

—-E, | = Z QOA 1/QRo 1d1ag(AfJ obro)k;, 0’% oA 1/2R0 1A 1/2 D; b10 (A.9)

~E, —Z Ki0Ar o PRyVAS Pk ok odiag(AS ; 0bro) Ry A /* Diobi g

+ Ey 2 Z R;’OEZ‘_’OIDi,Obl,O + O(n_l).

=1

Here, k0 = (yi — pio) and >, ; = S Z?:y Moreover, in order to simplify the calculation,

we define the following notation:
Z:Z Z ’ bf7i70_ fn()l:/zO‘1 o Ki,0-
i =1 j=1i#]

Recall that E[k; 0 ® K gkk,0] = Om, (not i = j = k). Hence, the first term of (A.9) is as follows:

23" k] {diag(A%, obro) Ry A" + Ay 2RO1diag(A}’i’0bf,0)}Di,obm]

=1

=E, [2 Z ’@;,o{diag(A?,i,obf,i,O)RalAi_,ol/2 + A_1/2R51diag(A?,i,obf,i,O)}Di,Obli,Ol
i=1

=0(n™). (A.10)
Similarly, since E, ["52,0"3‘,0"5},0"5/6,0] = 0 unless i = k, the second term of (A.9) can be calculated

as

— Ey 2 Z z OA_1/2 Z A_é 2[‘53 OK,] OA_1/2R0_1A1'_’01/2DZ',0b1,0

n

" _ .1 _ _ 1 .= _
=—-E, QZ%,OAi,ol/QRolg Z Ajé/QK’JO goA 1/2R01A¢,5/2D¢,0b1¢,0 +0(n™1)

i=1 J=1,i#j
=—B, |2) K} Z;Diobiio| +O0(n~")=-2p+0(n"). (A.11)
=1

Note that —2p in (A.11) is obtained from (3.6). Furthermore, Ey [k} o(K;,0 ® K}, o) (Kk,0 @ Ki,0)] =0

expect in the following cases:
t=j=lori=j#k=lori=l#k=jorj=1#k=1.
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Thus, the third term of (A.9) is given by

2

“1/2 51 - « —1/2 -1 4—1/2
— By n Z’{;,OAz‘,o/ R, 1dlag(Af,j,ObﬁO)K’j,OK;',OAj,O/ R, 1Ai’0/ D ob1,0
t,j
2 — “1/2 0 .. * —1/2 5—1 4—1/2
= -k, n ZK’;,OALO/ R, 1dlag<Af,¢,obf,O)"‘i,O"?;,oAi,o/ R, lAi,O/ D; b1,
i=1

2 —1/2 991 4. " —1/2 5—1 4 —1/2
— By n Z K’;,OAi,O/ R, 1dlag(Af,j,Obf,i,O)K’J}OK’;’,OAJ',O/ R, 1Ai,0/ D b0
| T

2 —1/2 -1 1. . —1/2 51 4—1/2 _
— By - ) :K’;L,OAZ‘,O/ R, 1dlag(Af,j,obf,j,o)"@j,o'f},oAj,o/ R, 1Ai,0/ D obiio| +0(n™1)
| _
=0(n ). (A.12)

In the same manner as in the calculation of the third term of (A.9), the fourth term of (A.9) is

calculated as

9 e o L _
—E, ﬁZ“Q,oAi,é/QRo1Aj,é/2'ij,O'@},odlag(Af,j,obf,o)RolAi,é/QDi,obl,o =0(n™"). (A13)

.7

Moreover, the fifth term of (A.9) is obtained from (3.6), as follows:

Ey, |2 K} oZi;Diobio| = 2p. (A.14)

=1

Substituting (A.10), (A.11), (A.12), (A.13) and (A.14) into (A.9), (A.1) is given by
(A1) =0(n™1). (A.15)

Consequently, from (A.8) and (A.15), we obtain Bias2 + Biasd = O(n™1).
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