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Abstract

This paper is concerned with the problem of testing the homogeneity of mean vectors. The
testing problem is without assuming common covariance matrix. We proposed a testing statistic
based on the variation matrix due to the hypothesis and the unbiased estimator of the covariance
matrix. The limiting null and non-null distributions are derived as each sample size and the
dimensionality go to infinity together under a general population distribution including normal
distribution. It is found that our proposed test has the same limiting power as the one of Dempster’s
trace statistic for MANOVA proposed in Fujikoshi, Himeno and Wakaki (2004, JJSS) for the case
that the population distributions are multivariate normal with common covariance matrix for all
groups. A small scale simulation study is performed to compare the actual error probability of the
first kind with the nominal. It is seen that our proposed test is little affected by the non-normality.

1 Introduction

Let w?% ce, X ( ) be the p-dimensional observation vectors from the ith population IT;, i = 1,...,g.
Assume that the observation vector has the following model:

i 1/2 (¢ . 1
m;):uz‘FE»L/ 65) (j:17aNl7l:17?g)’ (1)

where s( ) . ,55\2 are independently and identically distributed (i.i.d.) as p-dimensional distribution
F=F (0, I,) with mean 0 and covariance matrix I,,. We concern the problem of testing homogeneity

of these mean vectors, i.e., the problem is testing the null hypothesis

HO lj’l - = l‘l’g

against all alternative hypothesis H;. Some results are obtained under the assumption that 3; =
- =3, and F' is p-dimensional normal. Let W and B be the variation matrices due to the errors
and due to the hypothesis, respectively, which are defined as follows:

=N -1DS1+---+ (N, —1)S,

g
B=>Y N -z)@z" - 2),

i=1

where (V) = N;! Zj\il w(i) x=N"1 ZQ | N;zW N =Ny +---+N,, S; is the unbiased estimator
of X;, which is defined as S; = (N; —1)~ Z;y:il(:c;l) —:i(i))(mg-z) —z®). Whenn = N —g+1 > p, the
three tests are classically used, where the three tests are the likelihood ratio test A = |[W|/|W + Bj,
Lawley-Hotelling’s trace test tr BW ! and Bartlett-Nanda-Pillai’s trace test tr B(B + W)~'. For
the case that p > n, these three tests cannot be defined by the reason that W becomes singular.
Srivastava and Fujikoshi [12] proposed adapted versions of these three tests by using Moore-Penrose
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inverse matrix. They showed asymptotic normality as the dimension and the sample size go to infinity
together. Although these three tests are natural extension of the classical tests, the preciseness of
the actual error probability of the first kind is worse, which can be checked by simulation. On the
other hand, Dempster [4], [5] proposed non-exact tests for one and two sample problems. Later, Bai
and Saranadasa [2] proposed other non-exact test for two sample problem. These two tests are both
invariant under transformation (#,S) — (cI'Z, c2T'ST’) for an orthogonal matrix I and a constant c.
Fujikoshi et al. [6] generalized Dempster’s test for MANOVA problem and Srivastava and Fujikoshi [12]
did Bai and Saranadasa’s test. Generalization for non-normality has been studied. Bai and Saranadasa
[2] has shown that their test is robust for the general population distribution with the condition Cpg of
F that E[e}] =3+ for € = (e1,...,&,) ~ F and E[[[}_, /"] = 0 (and 1) when there is at least one
v; = 1 (there are two v;’s equal to 2, correspondingly), whenever v; +- - - + v, = 4 under the model (1).
Chen and Qin [3] proposed a test based on Bai and Saranadasa [2]’s testing statistic for two sample
problem. They showed the asymptotic normality under the general population distribution with the
condition Coq of F that Elef] = 3+ v and E[[[{_, €/’] = [I{_, Ele;’] for a positive integer ¢ such
that 23:1 v; <8 and ¢y # - - - # £, without assuming that 3; = 3. The condition Ccq implies Cgg,
and so Cgg is milder condition than Ccq.

This paper is concerned with the testing Hy without assuming that ¥; = --- = 3,;. Let m =
>4 Ni(p; — ) (p; — p) with p = (1/N)>°9_, N;p,. Then m > 0, where the strict inequality holds
except for the case that py = --- = p . Hence, the null hypothesis Hy is equivalent to the hypothesis

that m = 0. Rejection of the null hypothesis Hj results from evidence that the unbiased estimator m
of m is significantly larger than zero. Hence we propose the testing statistic as

ro L lenoy (1 Rus)

We derive the asymptotic distribution under asymptotic framework A1l:
Al:p—o00,N; = 00,N;/p—¢; € (0,0), N;/N = v, € (0,1),i=1,...,g.
In addition, we will assume A2 and A3, which are as the following;:

A2: trE?/p=0(1) as p — 00,i = 1,...,g,but at least one of them converges to a positive constant;
A3: 12} /p=0(1)asp—o0,i=1,...,g.

These assumptions are concerned with the structure of the covariance matrices. Instead of using the
Cps or Ccq, we use the assumptions A4, A5 and A6, which are as follows:

Ad: k) = sup E[(e'X?%e —trX?)%] = O(p?) for ¢ is distributed as F;

1<i<yg

A5: ke = sup E[(E’lZz/QE;/ng)‘l] = o(p?) for 1 and €y are i.i.d. as F;
1<i,j<g

A6: k3= sup E[(s’E%ﬂEjE;/ZE)Q] = O(p?) for ¢ is distributed as F.
1<i,j<g

For the case that g = 2, the statistic T is identical to the Chen and Qin [3]’s testing statistic except
for multiple of N//N1N2. We will show the asymptotic null distribution of 7" under the asymptotic
framework Al and the assumptions A2,...,A6. The testing statistic is not invariant under trans-
formation: ar;y) — Ai:cg.l) for an non-singular matrix A;. So the asymptotic variance of the testing
statistic becomes the function of the nuisance parameters (31,...,3,), which needs to be estimated
for practical use. It is common to use the unbiased estimator. To show the consistency, we use the

following assumption AT:

AT: oy = sup {B[(€'S2e)] — 202} — (=)} = o(p®), sup {E[(}Zie2)"]} = o(p*)

1<i<g 1<i<g

for €1 and &5 are i.i.d. as F.



Under the asymptotic framework Al and the assumptions for covariance matrices A2 and A3, the
assumptions for distribution A4, A5, A6 and A7 hold when F' is elliptical distribution, and are implied
by Cps. Hence our assumption is milder than Cgg.

For the nonnull case, we assume the assumption AS8:

A8 : itrEfQi =0(/p) (k=1,2),

i=1

where ) L
—1 _ _ _
Q= N2 (- ) (s — )
Under the asymptotic framework Al and the assumptions A2-A8, we gave asymptotic power, and
found that it is the same as the one proposed by Fujikoshi et al. [6] or Srivastava and Fujikoshi [12]
when ¥y =--- =X, and F = N,(0,1,).
Later, we denote “5” as the convergence in probability, and «2» a5 the equality in distribution.

In addition, we use the notation “Z#j” as the sum of all pairs of ¢ and j such that i # j.

2 Assumptions for multivariate distribution

In this section, we show that the assumptions for distribution A4, A5, A6 and A7 hold when F' is
elliptical distribution and are implied by Cgg under the asymptotic framework A1l and the assumptions
for covariance matrices A2 and A3,

Lemma 1. Assume that F' is p-dimensional elliptical distribution with mean vector 0 and the covari-
ance matriz I,,, and E[R*] = O(p*) with R = Ve'e for e ~ F. Then A4, A5, A6 and AT hold.

Proof. First of all, we evaluate E[(e’Ae)?] with positive semi definite matrix A. Since & 2 Ie for any

orthogonal matrix I', we may assume without loss of generality that A = diag(A1,...,A,). It holds
that

P p
E[(e'Ae)’| = > NE[] + > \NE[ele]]

with € = (g1 ---¢p)". The moments can be evaluated as the following:

4 _ SE[RY] 2 o B[R
Pel=prey PEel= 01y
fori,j=1,...,p, i # j (cf. Anderson [1]). So we have
o 2BRY o EIRY
E[(e'Ae) ]_p(p+2) A +p(p+2)(t A)-. (2)

Fori=1,...,p,

E[(€E?e —trX7)?] = 2B[RT | s {pE[Rﬂ

r2; -1 trE? 2,
p(p+2) (p+2) }( )
which is O(p?) under A1, A2 and A3, so A4 holds. Letting A = aa’ with a = £}/*%}/%¢,, it can be
expressed that

E|(e\%°%}%e2)"] = B[E|(a'e1)"|a]]

= E[E|[(¢} Ae1)?|al]

2E[R*
ﬂth2 +

=k p(p+2) p(p+2)



where the last equality follows from (2). Note that tr A? = (tr A)> = (a’a)?. Using the result in (2)
again, we have

4 4
Eﬂézyﬁy%ﬁﬂE{;?i$m¥+pé@i%mAV

E[R4] 2 ) N2 r . N2
() ey mmn

fori,j =1,...,p. From the inequalities in (25), it is found that

1 2

under the asymptotic framework Al and assumption A3. Using Cauchy-Schwarz’s inequality, it holds
that

(%)’ < tr T tr 32
Thus,

]%(tr 2,202 =0(1). (4)

From (3) and (4), E[(€121/22]1-/2€2)4] is o(p*) under A1, A2 and A3, so A5 holds. By the result in

(2), A6 and A7 can be shown immediately. O
Lemma 2. Under Al, A2 and A3, the condition Cgs implies A4, A5, A6 and A7.

Proof. Let C' = (c;5) be px p positive semi definite matrix. Under the assumption Cgg, the expectation
E|[(¢'Ce¢)?] can be evaluated that

E[(e'Ce)’| = E Z i€l + Z CijEiE]

i#]

)4 P
= ZC”E[Eﬂ + ZciiijE[Efé’?] + QZC?jE 6262

i=1 i#j i#j
P P p
:(3+’7)ZC¢¢+ZCM€M+QZC%. (5)
i=1 i3 i

Note that Y7_; ¢ < tr C?, 30, ciicj; < (tr C)? and Y7, ¢Z; < tr C*. Thus we have

=1 "1
[(E C& 3+’Y ZC”‘FZC”C]]"'ZZC”

i#] i#]
< (3+’y)trC2 + (trC)* + 2tr C*. (6)

This leads that

k1 < (5+7) sup tr 2?,
1<i<g

which the right-hand side is O(p) under A2, and so k1 = O(p). Hence we find that A4 holds. For any

fixed i,7 € {1,...,p} with i # j, letting A = aa’ with a = 21/22;/252, it can be expressed that

E[(e/ 21?2} %e,)"] = E[B[(¢} Ae1)?|al],

J

From (6), we find that

E[E[(e)Ae1)?|al] < E[(3+7)tr A® + (tr A)? + 2tr A”].



Since tr A? = (tr A)? = (d'a)?,

E[(ei 212} %e)Y] < (6 +7)El(e,2)/° 52 %e,)?]
<6+ {B+7)tr(ZE;)? + 2tr(X; %) + (tr Eizj)Q} , (7)

where the second inequality follows by (6). From (25), the right-hand of the inequality (7) is O(p?), and
S0 kg is o(p?), which leads that A5 holds. We can show A6 and A7 by the result in (6), immediately. O

3 Asymptotic null distribution of the proposed testing statis-

tic
Let
Pn, O O
*=(y)=| o . o |-Pn (8)
O O Py,
where the matrix P; = j'1; 1;, 1; is j-dimensional vector which all elements are equal to 1. Then it
holds that
B=X®X',
where
X=(af) o o) o - ).
Define
o N1+"'+N7;,1 (222,37 .,g),
e 0 (i=1).

()

Setting Ty, = , we can rewrite X as

X:(a:l :CN),

and then expand tr B as
N N
trB =Y duziwi+2 ¢jzim;.
i=1 i<j

Recalling the definition of ®, we have ¢p, = Nfl —N-twhenk eI, ={m;+1,...,m; + N;}, and so

g m;+N;
trBzZ(—) Z wkwk—i—Z(b”w x;. 9)
i=1 k=m;+1 i#£]
On the other hand, let X; = (wmiH a:miJrNi). Then
1
S,i=—X;(In, — VX
~ XN =P
which can be described as
m;+N; 1 mi+N;
Z TLT) — NN D Z TrTy. (10)
k m;+1 k#£t
ke>m;+1
So,
m;+N; 1 mi+N;
trS; = — Z T TN — NV -D Z x)Ty. (11)
Fhmitl kSTt



From the expressions (9) and (11), we have

1 g N; 1 m;+N; )
Lo 53 (18w L e

2 =1 k#L
i 7 J ko £>mg+1

Recalling the definition ® again, it holds that for i # j,

11
~ N (i€,
py={ Ne N

N (otherwise).

Thus,

1 g 1 1 m;+N; g m;+N; mj+N;
- Z(M_N) S a3 Y Y we

i=1 . (ifnf i z;éj k=m;+14l=m;+1
Ly (i N mzl“v
K3
+ — <1 - ) mkmEa
I — N AN ke
k£>m;+1
which can be coordinate as
1 g 1 N, m;+N; m;+N; m;+N;
(3 /
e D (R I DT o] U DD S
= e ME el e
>

Assuming the model (1), under the null hypothesis Hy, it can be expressed that

g m;+N; g m;+N; M +N;
/ 1/2 1/2
T2 (0 N) D Ay XY Amtea )
=1 Kot z<J k=m;+1L=m;+1

where each z; denotes the error vector corresponding to x; which satisfies z; = sk) for the case that
1 =my + k. Notice that T is represented as the sum of correlated terms. In order to show asymptotic
normality, we use Martingale difference central limit theorem. For the case that ¢ € I, let

9 / 7—1 m;+N; / 1 N /—1
o 12 12 J / .
e G e T S B g (034 5 2|

=1 k=m;+1 k=m;+1

and let F; be the o-algebra generated by the random vectors z1,...,2; and Fy = {¢, 2}, where ¢
denotes the empty set and 2 the whole space. It shall be noticed that 7y C F1 C --- C Fun. Letting
zo = 0, we have

In addition,

Ene| Fe—a] =
j=1 mi+N; "=l mitN
[W‘}—é ] {Z Z 21/2 1/2 } {Z Z 2;/22;/22k}
i=1 k=m;+1 1=1 k=m;+1
/
-1 -1
1( 2 NP )
+p{Nj_1 - (2 )5 (2
k:m]-+1 k:mJ+1
/
9 9 N j—1 m;+N; s 1 2 —1
QN{N._1<N>}{ =z > Tz (12)
p J i=1 k=m;+1 k=m;+1



for the case that ¢ € I;. By taking expectation for the conditional expectation, we have

410 wey, 9 N2 tr 332
Bl =z LN { s (- ) b ey e ay)

=1

which is finite under the asymptotic framework A1l and the assumption A2. So the sequence (1, Fy)
is a squared integrable Martingale difference. In order to show the central limit theorem, it shall be
verified that

N
(1) C =Y Emi|Fe1] > o5 < o0
=1

N
) L= ZE I(|ne| > €)|Fe1] % 0 for Ve > 0,
=1

where the function I(.) denotes the indicator function. The latter is known as the Lindberg’s condition
in central limit theorem.
We first show the condition (I). From the definition, it can be described as

Cl=)_ Elnj).

=1
Partition the summing as
N g mi+N;
> EWfl=3_ > Ell
=1 i=1 f=m;+1
From (13), we have
g i—1 m;+N;
4 tr 3,3,
=2 a2 X0
=1 Jj=1 l=m;+1

2 AN A tr 32
+{Ni_1(1—N)} > oA{e-1- m2+1)+1}p 7

l=m;+1
which can be represented as

g 2 2 g
2 N; Ni(N; =) trx? 2 tr 2,3,
1- 2 i+ ZNTNN; 7.
Z{Ml( N)} 2 p +NQZ J

i=1 i#£] p

This implies that E[C] converges to a positive constant under the asymptotic framework Al and
assumption A2, say o2. Thus, to show the probability convergence in (I), we need to show that Var(C')
converges to 0. Partition the summing in C' as

g mi+N;

C=3" > EnFe1]

i=1 =m;+1

From (12) it can be expressed that
C=T1+1T5+1Ts,



where

i

n Bl O X (2 ) ()

i—1 m;+N;

g m;+N; i—1 m;+N.
1/2 1/2 1/2 1/2
h=—5) 2.\ Z 2 g
pN2 >
1=1l=m;+1 J=1k=m;+ j=1k=m;+1

s (- MHES ) {052}

2
T =-2-—)
’ Np - {Ni —1
=1 j=1k=m;+1 l=m;+1

Since Var(C) < 3(Var(Ty) + Var(T») + Var(T3)), it is sufficient to show that Var(T;
Firstly, we show that Var(7}) converges to 0. Let

1) = 0,i=1,2,3.

mi+N; -1 ! -1
2
T” = E E Zk Zi E Zk | -
l=m;+1 k=m;+1 k=m;+1

From the independency, it holds that

Var(Ty) = pgi{N?_l (1 - %) }4Var (Ths) .

Note that the random variable T7; can be expanded as

-1

mi+N; /—1
S IR I SN S
l=m;+1 k=m;+1 a#B
@,B>m;+1
and so we find that NAN 1
BTy = %trﬁ?.
This gives that
m;+N; -1 —1
T - ETu)= ) Y (#HZa D)+ Y 2Tz
{=m;+1 k=m;+1 a,ﬁaz;fyf}iﬁ»l
Let
Y0 = 21322, - 032,
YOEBB}Z.) =2/ %225
The variance Var(7y;) can be expressed that
B[(Th; — E[Tu))?)
2
mi+N; 2
S D SR1I SRR N I oiR T IEY( ot E | B ST
t=mi+1 | \k=m;+1 ap k=m+1 af
a,B>Zm;+1 a,B>Zm;+1

m;+N; -1 {—1
S i 1D SRR TERED IR T 1 D DR TERED iR
k=m;+1 mﬁ>m+

+1<e<t’ \ k=m; #6
m;+1<0<l k=m;+1 o 1y



For evaluating these expectations, we use the following identities.

m;+N; -1 m;+N;
Bl Y ( > Y,jfl?@) ST {-1)— (mi +1) + 13 E[(2'Siz - tr 53)?]

l=m;+1 \k=m;+1 {=m;+1

N;(N; —1
= %)E[(zf)iz —trx2)?],
2
m;+N; (-1 m;+N;
E| Y SovSY = Y -1~ i+ DHE-1) — (mi +1) + 1} tr S
i\, i
_ 2NNV = D) (N = 2) -
i 3
DQ B1
y Z ( Z Yk’i > Z Yaﬁ,i =0,
l=m;+1 \k=m;+1

ap
a,B>m;+1

m;+N; -1 -1
E Z ( Z Yk(,?Q)> Z YDQ)

_mi—&-1§5<€’ k=m;+1 k=m;+1
m;+N; /-1 m;+N;
= > E| Y <Y,§?Q>>] > -1 - (ni+ )+ BE[(z'Sz - u D))
m;+1<e<e’ k=m;+1 m;+1<e<e’
N; —2)(N; — 1)N;
e T
mitNi m;+N;
(B1) (B1) _ (B1) (B1)
Bl > Z Yapi Z Yasi || =4 > F Z Yasi Z Yasi
m;+1<e<e’ m;+1<e<e’ a<p a<p
['}>m +1 a ['}>7n +1 a>m;+1 a>m;+1
2
m;+N; -1 m;+N;
_ (B1) _ (Bl)
ST ST D SRR T) N PR SH Sip= te 10
m;+1<e<e! a<p m;+1<b<l a<B
a>m;+1 a>m;+1
m;+N;
SV ) — D= 1) — (my 1)+ 1 Ni(N; — D)(N; — 2)(N; — 3
Lo TS D DM e D)0y N D20
m+1<e<e’
m;+N; -1
(DQ (B1) _
Bl Y (Z )| x|
mi+1<0<l/ \k=m;+1 a#B
a,B>m 41

where z ~ F. Combining these results, we have

N;(N; —1)(2N; — 1)
6

Ni(N; —1)*(N; — 2)
3

Var(Ty;) = E[(2'2z —tr22)%] + tr 7,
and so Var(T}) converges to 0 under the asymptotic framework Al and the assumptions A3 and A4.

Next, we show that Var(7T3) converges to 0. To do it, we use the following inequality:

Var(Xy + -+ X,,) <n ) Var(X;), (14)
where the strict inequality holds unless X; = --- = X,,. Using the inequality, we have
116 & — 1/2¢1/2 ARy [ 1/25-1/2 A
EEEE N S LD TR Bt st
j=1 k=m,+1 j=1 k=m;+1



The right-hand side of the inequality can be expressed as

!

116 <& i—1 [ m;j+N; mj+N;
1/2 1/2
EELR DT D ol B St ISR B i
p i=1 j=1 k=mj;+1 k=mj+1
i—1 /ma+Na ! mg+Ng
1/2
+2Z< > zk> s2ms Y w| |,
a<f \k=mq+1 k=mg+1
and from the uncorrelatedness,
116 <& i—1 mj+N; ' s s m;+N;
LIy S v ([ ) e (Y
p i=1 j=1 k=m;+1 k=m;+1

i—1 Ma—+Ng ! mpg+Ng
+4Z\/ar < Z zk> EimEiEéﬂ Z ZL

a<f k=mq,+1 k=mg+1

Further, it can be expanded as

i— m;i+N; m;+N;
116 < . AR 1/2 1/2 — 1/2 1/2
N N? Z Z Var(zkEj/ 27;2]»/ zp) +4 Z Var(z;czj/ zizj/ z)
im1 j=1 \ k=m;+1 oot
=m;

i—1 Ma+Na ! mg+Ng
+4ZVar ( Z zk) Ei/QEiEE/Z Z Zi

a<f k=mq+1 k=mg+1

Evaluating these variances, and coordinating them, we have

g9 2 5

NiNj 1 1/2 1/2 2N/N;(N; —1)1

1692 |: N4J ?E[(ZIEJ/ EZEJ/ z—tr EZEJ)Q] + Ej]\/'—élj; tr(ElEJ)Q
Jj<i

g L N2 N NB
o1 RS 200 5 515 > I (15)

From the inequalities in (26), it is found that
1
p

under the asymptotic framework Al and the assumption A3. With using (3), it is found that (15)
converges to 0 under the asymptotic framework Al and the assumption A3, and so Var(T3) also
converges to 0. Lastly, we show that Var(T3) converges to 0. Making use of the inequality in (14), it
holds that

169 & 1 N2
Ty) < 1- =t
Var(Ts) < 25 2 (N; —1)? ( N)

!

i—1 m;+N; m;+N; -1
- Var Z 1/2 1/2 Z Zk {El< Z Z zk>} . (16)

j=1 k=mj+1 l=m;+1k=m;+1

10



Note that

!/

i—1 m;+N; mi+N; _
Var Z 1/2 1/2 Z Zk {El< Z zk>}

j=1 k=mj +1 l=m;+1 k=m;+1

!

m;+N;—1 m;+N;—1
=tr|E {zi > (Nitmi—k)z {2 > Ni—i—mi—k)zk}

k=m;+1 k=m;+1
/
i—1 m;+N; i—1 m;+Nj
1/21/2 1/21/2
- B (21 Ej ) E Zk E (22 Ej ) E Zk y
j=1 k=mj +1 7j=1 k=mj +1

which is evaluated as

N;i(N; = 1)(2N; — 1) o — 1/2 1/2
tr { s »? ;szi %

Thus, the right-hand side of the inequality (16) is

1692( ) _ i]]vvrz’z?- (17)

p

From the inequalities in (26), it is found that tr ;37 /p = O(1), and so (17) converges to 0 under the
asymptotic framework Al and the assumptions A2 and A3. It implies that Var(73) converges to 0.
Since Var(Ty), Var(T) and Var(T3) are all converge to 0, Var(C') = Var(Ty + T3 + T3) converges to 0.
Thus C converges in probability to o3.

To show (II), it is sufficient to show that

> E[f] =0

{=1

under the asymptotic framework Al. From Jensen’s inequality, it holds that

7—1 m;+N; 4 1 9 N {—1 4
(B2 j B2
st <2 (2|(- LA 2 S ) e |( Gt (08 X o
i=1 k=m;+1 VP N k=m;+1
(18)
for £ € I;, where
Yé(ka) = 2,3z,

Ve - oz e

Firstly, we evaluate the first expectation in the right-hand side of the inequality. It can be expanded
that

J—1 mi+N; 2 521 matNy —1 ( ma+Na mg+Np
y (B2) (B2 y(B2) (B2)
(575 ) =SS ) S el S )
=1 k=m;+1 k=m;+1 a#B \k=mq+1 k=mg+1
and so the expectation of the squared is described as
J=1 mitN; a1 i mi+N; 4 i1 Mot Na 2 [mp+Ns
y(B2) . (B2 B2) (B2)
|28 ) |- e |(1 ) fa e | (S ) (2 v
i=1 k=m,;+1 i=1 k=m;+1 a#B k=mq+1 k=mg+1
(19)
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It can be expressed that

4

m;i+N; mi+N;
(B2) 1/21/2
( > n) = > B35z
k=m;+1 k=m;+1
L+N
Z E( 1/221/2 0 (z,ﬁzil/QE;/zzz)g]7
af
a,B>m;+1

which is bounded by N;ks + 3N;(N; — 1)k3. Besides, we can see that

ma+Nq 2 ( ms+Ns ?
s | 7S v 1S v | - st sz,
k=ma+1 k=mg+1

where o # (. Using Cauchy-Schwarz’s inequality, the right-hand side of the equality is bounded by

N.Njg \/E[(zgzj.”EaE;”zz)?]E[(zgz;”zﬁz;”zz)?],

which is bounded by N, Ngk3. Combining these results, we have

J=1 mitN; 1 i j-1
(Z Z Yg;?j?) < Z{ng +3N;(N; —1)k3} +3 Z NoNgks. (20)
i=1 k=m;+1 i=1 Py

Next, we evaluate the second expectation in the right-hand side of the inequality (18). It can be
expanded that

2
-1 -1 _
B
S ) - Y st Y ESEe),
k=m;+1 k=m;+1 B(;W .
and so the expectation of the squared can be described as
-1 4 —1 -1
B2
Ell X va) | |= X BlE@Sz)+3 Y El=%z.)(=%25))
k:m]‘ +1 k:m]‘+1 13(;#/3 41
a,B>m;

From the assumptions A5 and A6, if ¢ € I}, the right-hand side of the equality is bounded by
{(€—=1)=(m; +1)+ 1} ko +3{({ = 1) — (m; + 1) + 1}{({ — 1) — (m; + 1) }ks.

Thus, we have

E Z Yo | | < (6= my —1)ka +3(€ —my — 1)(£ —my — 2)ks. (21)
ka+1
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From the inequalities (20) and (21), it holds that

N g mj+N;
Y El =) Y EW
(=1 j=14l=m;+1
16 g mitls fs=1 Nl p2 K2 3 Nz(le]-) R3 3 i NaNﬁ K3
< i R I S 4 = phd
j=1ll=m;+1 |i=1 a#B
g mij+N; 16 N. 2
+>> pQ(N—l)‘*<1J\;> {(€ —mj — 1)ka +3(£ —my — 1)(£ —my; — 2)k3}
j=1L=m;+1 J
EVEL SR J‘l{wmwww@} 3G Nals iy
- 2 2 2 2 2
N j=14=m;+1 | i=1 p N N p N a#f N p

N N
P3N NN NN 2 2) s
(N; —1)3 N 2N pt N p2 p2 ’

which goes to 0 under asymptotic framework Al and assumptions A2, A3, A5 and A6, and so the
condition (II) holds.

Thus it completes the proof of the asymptotic normality of 7', which is given in the following
theorem.

Theorem 1. Assume that the observation vectors have the model (1), where these error vectors are
independent and identically distributed as F' with the mean O and the covariance matriz I, for i =
1,...,g9. Under the asymptotic framework Al and assumptions A2-A6, the null distribution of T
converges in distribution to the normal distribution with mean 0 and variance o, where o} = lim o

g 2 2 g
N N, o3 NN r 3,3
2 i ‘ 4 L) =
=23 (1- 2 2 mi
7 i=1< N) N-1p 2N T

)

For the actual use of Theorem 1, we need to estimate 03. The unbiased estimator of o2 is given by

g 2 ) g o
- N; N; trX; N;N; tr 3,3,
2=2 11— = ! L) L Mt}
por(1-3) p e SR
= 1#£]

—

where tr ¥?/p and tr E/ZE\j/p are unbiased estimators of tr X2 /p and tr 3%, /p, respectively, which
are defined as

wre? N —1

P Ni(N;—2)(IV; - 3)
%,  trS,S;

p  p

p{(NZ — 1)(Nz — 2) tr 512 —|— (tI‘ 51)2 — NiQi}a

Here,

1 :
v o (@) 2y @ —a0))
J=1

Qi =

—

The unbiased estimator tr E? /p has consistency under the asymptotic framework Al and the assump-
tions A2, A3, A5 and A7, which can be checked in Himeno and Yamada [8]. We need to show the
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consistency of tr 3;%,;/p. From (10) and the invariance property of mean vector,

1 1 1 m;+N; 12 12 1 m;+N; 12
—trS;S,; = —tr — ¥y - —— 3z
p (V) p Nz k:%;—i_l 7 7 Nz(Nz _ 1) ; 7
k£>m;+1
1 mj+Nj ’n’LJ+N
1/2 1/2 /2,
~ 2 2228 - 5 Z =)/
J k:m_7‘+1
k, Z>m +1
which can be expanded as Uy — Uy — Uz + Uy with
1 m;+N; m;+N;
_ (B2)y2
Ur = pN:N; Z Z Yo ji)"
T k=m;+10=m;+1
m;+N;  mi+N;
(B2)y,(B2)
Uz = NN Z Z Yoék,]zyﬂk ji?
P k mitl a, B(;i? +1

m;+N;  m;+N;

1 (B2) B2)

Us= ————— Y, i Yeg it
I YN e

J a ﬁ>m 41

1 mi+N; m;+N;
U, — 1(B2)3-(B2)
NN D, ) 2 2 YoV

kL a#pB
k>m;+1 a,8>m;+1

Since Uy, Us, Us and Uy are uncorrelated,

1/2
zzl

1/2

Var (; tr SiS]) = E[{U1 — (1/p) tr=;%;)?] + E[UZ] + E[U3] + E[UZ).

Firstly, we treat E [{U; — (1/p) tr 3;%;}?]. It follows that

E[{Uy - (1/p) tr 2;%;}?]

1 m;+N; mj+N; m1+N m;+N;
_ (B2) (B2) (B2)\2
=F 2 N2 N2 Z Z Yfkm Z Z Yak ﬂ Yﬁkm)
PN | hZim f=m;+1 k=m;+1 a#8
a,ﬁanJ+1
m;+N; m;+N; m;+N; mj+N;
(B2 (B2) (B2 (B2)
D D MMt D Y (Ve (Vg
a3 = m;+1 a#fB k#L
a,B>m;+1 a,B>m;+1 k.Z27nj+1
L e 25 ey + N L g sirs w12 )
2N N 1 J pzNiNj 1< J <
N, —1 al/2a wl/2 2 1 11 1 2
+p2NzNJE[(€12J EZEJ 61) ]+ NN —ﬁ— N tI‘EE s

which is bounded by

2 2
(1 Ni+N;—2 (1 1 1 1\ /1
SN B (e e feny) .
NiN, ( 1 2>+ NiN; 2B T\NN, TN N, ) e
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Under the asymptotic framework A1 and the assumptions A2, A5 and A6, the boundary converges to
0, and so E[{U; — (1/p) tr £;3,}?] converges to 0. Next, we treat F[UZ]. It follows that

2
1 JEAR A (B2) 1, (B2)
2 _
ElR] = E | ene v, =12 > > Yarii¥ors
L A k=m;+1 B
(X,ﬁZ’NLj+1
mi+N; mj+N; mj+N;
(B2)+-(B2) (B2)+ - (B2)
+ > Y YauaYieo Y Yo Yies
k0 a#B a#B
k£>m;+1 a,B27nj+1 a,ﬁzmj+1

m;+N;  m;+N;

1 (B2)\2 y(B2)\2
=E p2N2N»2(N‘ —1)2 2 Z Z (Yakdi) (Yﬁkvji)
c bmmitl

m;+N;  m;+N;
(B2)y,(B2)y-(B2)+y-(B2)
20 Y Yau Y Yaos Yaes
kel aB Syt
B 9
o pzNiNj(Nj — 1)

2(N; — 1)

E[(€%)?s;5 %)) +
J p2NiNj(Nj — 1)

tr(EiZj)Q,
which is bounded by

w1 (%) * s 1 1 "B

Using (3), it is checked that the boundary converges to 0 under the asymptotic framework Al and the
assumptions A3 and A6, and so E[UZ] converges to 0. By similar derivation, it can be shown that
E[U2] converges to 0. Lastly, we treat E[UZ]. It follows that

2
1 m;+N;  mi;+N;
ElU} =E y B2y (52)
k,>m;+1 a,52n1j+1
2
1 m;+N; m;+N;
— E y B2y (B2)
4 k
k,0>m;+1 @,B>mj+1
m;+N; mj+Nj
(B2)+-(B2) (B2)+-(B2)
Do Yau Yoo Y YarsiYsos
a#B aFB
@,B>mj+1 o, B>mj+1

m;+N;  m;+N;

_ 2 (B2)y2(y-(B2)\2 | 1-(B2)y(B2),(B2)1(B2)
" p2N2N2(N; —1)2(N,; — 1)2 Z Z E {(Ya&ji) Yarj)” + Yaf,jiyﬁ&ﬁYak,tiBk,ji]
1] g J ) a#p

kzm;+1 o,f2m ;+1

- 2 (tI‘ EiEj)z + ltr(EiEj)Q
NiN;(N; —1)(N; — 1) p p P '

From (3) and (4), it is found that E[UZ] converges to 0 under asymptotic framework Al and the

assumptions A2 and A3. Thus, the consistency of tr 3;3; /p is shown under the asymptotic framework

A1 and the assumptions A2, A3, A5 and A6. By Slutsky’s theorem (cf. Rao [9]), T/V 02 converges in
distribution to the standard normal distribution.
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4 Asymptotic non-null distribution of the proposed statistic

Under the alternative hypothesis Hy,

1 g9
T2 Ty, +2Tc+— Y %,

i=1

where Ty, is the T under Hy, Tc = Tc1 — Tce,

1 g N, m;+N; ©1)
Tm=z(1—z) >
\/231':1 N k=m;+1

mi+N;

Z > Vi

z;é] k=m;+1
with
Yk(fl) :u;z:;”zk (k=m;+1,....,m;+N;,i=1,...,9),
C2 1/2 .. . .
Yk(,i;j) :I‘L;Ez/ 2 (k:mi—i_lv"'vmi'i_NiaZ?] = 17"'7971#])'

It can be found that E[T¢] = 0. To show that T converges to 0 in probability, it is sufficient to show
that Var(T¢) converges to 0. Firstly, we treat Var(T¢y). It follows that

1 g N, 2 [/ mi+N; ( 2
i C1
Var(Te,) = E ;E‘_ (1—N> < > v )>

=1 k=m;+1
1 N\ " (c1)
538 ot
p ( N) Z ( )
=1 k=m;+1
1 N\ 2
=N N (-2
3 (1- %) wimn.

1 g g g N, m;+N; 12 N, m;+N; 12
Vot = 303 S| (R S ) (N S i
p i=1 j1=1 j2=1 k=m;+1 k=m;+1
J1#t JoFi
1 g g g le
53 5D SRR
1=1 J1=1 j2=1
J1#t JoFi
/ /
g N
— J
*ZN ZNMJ T 2N
g g

Lastly, we evaluate Cov(Tc1, Te2). It follows that

1 g mi+N; m;+N;
contron e < £ |13 (1= 3 3 (75 v} (75 )
p #

17#] k=m;+1 k=m,;+1
1 N;\ N,
DS (-3 T s,
i#j
; N\ < N
= —(1-= 7“’121“
25 (1-F) L R
J#



From these results, it can be shown that

Var(T¢) = Var(Tc1) — 2Cov(Ter, Tee) + Var(Tes)

! !/

g g g
N; N; N; N; N;
:E -t j —_ _,E Ly 3 1— 2 _,E ariry
p p ( N) /‘I”L — Nll’] ( N) l‘l’z — Z\T II'J

JFi j#i
1 g
==Y 3.
pi:l

Thus under the asymptotic framework Al and the assumption A8, Var(T¢) converges to 0, and by
Chebyshef’s inequality, it can be shown that T¢ converges to 0 in probability.

Theorem 2. Assume the same model as in Theorem 1. Under the asymptotic framework Al and the
assumptions A2-A8,

li (1 9 tr 30,
ljikr{lP(T/\/g>x):<I>(—m+ 00 (1/y/P) D25y tr )

g0

For the special case that F' = N,(0,I,) and 3; = --- = ¥, = X, the limiting power for the
significance level « is given by

tr 20
lim P(T/VG > 21-0) = ® | —21_a + lim L
Al p—00

2(g — 1) tr X2

where z,, is the 1 — a point of the standard normal distribution and

Q=% {Z(Nz‘ —)(p; — ﬁ)/} =2

i=1
The asymptotic power is the same as the one of Fujikoshi et al. [6]’s test, which is given as the following

corollary.

Corollary 1. Assume that F = N,(0,I,) and 31 = --- = X, = 3 on the model (1). Under the
asymptotic framework Al and the assumptions A2, A3 and A8,

o tr $Q
lim P(T/6 > &) = lim P(Truw /Graw > ) = @ | —z + lim -
Al Al p—o0

)

2(g — 1) tr X2

where n = N — g,

~ tr B
Traw = \/ﬁ{ntrW - (9—1)}7

—

2 . . . . . = . . . .
and opw 45 consistent estimator of the asymptotic variance for Truw, which is given as follows:

5 _ g = D W?/n® — (r W)*/n*}/p
e {te W/ (np) 2 '

5 Numerical results

In this section, we did some simulations to check the precision of the proposed test. The proposed
testing criterion with the significance level « is that the null hypothesis is rejected if

T, =T/6 > 21_a, (22)
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where z1_, denotes the 100(1 — «) percentile point of the standard normal distribution. Firstly, we
treated the two sample problem, i.e., g = 2. Since the proposed test can also be defined for the case
that ¥; = ¥3 = X, we compare with the test proposed in Fujikoshi et al. [6], which the test rejects
Hy when ~

Truw = Traw /TFOW > 21—a- (23)

By Monte-Carlo simulation, the actual error probabilities of the first kind (« error) of the proposed
test (22) with the nominal o and the Fujikoshi et al. [6]’s test (23) are estimated by the proportions

—~ T, > 21 o T > 21
ap = apla) = w, argw = araw(a) = # FHWm & a}7

respectively, where m denotes the number of the replication. We carried out the simulation with
1,000,000 replications of random samples having the model (1) with

dq p\lfl\ p|1*2| pllfp\ dy
do [2—1] 2—2] ... [2—p] do
> = . P P . , (24)
d, p\p—ll p\p—2| o plp—pl d,

where d; =5+ (—1)"' % (p—i+1)/p and p = 0.1, which the results were given in Table 1. We chose
the total sample size as N = 50 and 100 and the dimensions as p = 50, 100, 200, 500 and 1000. The
ratios of sample sizes Ny : Ny are 7:3, 6 : 4 and 5 : 5, i.e., (N1, N2) = (35,15), (30,20) and (25, 25)
for N = 50, and (70, 30), (60,40) and (50,50) for N = 100. We treated the following 3 cases as the
distribution F' of the error vector on the model (1):
Case 1:  F' is the multivariate normal distribution with the mean 0
and the covariance matrix I .
Case 2: For wy,...,wp are i.i.d. as the chi-squared distribution with 5 degrees of freedom,
zi = V5w /5 —1)/V2,i=1,...,p.
Case 3: F is the scaled multivariate ¢ distribution with 10 degrees of freedom,
the mean 0 and the covariance matrix I,,.
From Table 1, we found that the actual error probabilities of the first kind for 7}, are almost the same in
all cases, larger than 0.05 and almost monotone decreasing for n and p. The actual error probabilities
of the first kind for Tryw are also the same tendency as the ones for 7}, in Case 1 and 2, but are
smaller than 0.05 when p > 100 and come cross to 0 as p becomes large in Case 3.

Next, we confirmed Corollary 1 for 2-sample case. For ease, the common covariance matrix is set
to be the identical matrix I,. For the alternative hypothesis with satisfying A8, we chose as u; =0,
and py = (p°/2°6,0,...,0)’, 6 = 4,8,12,16,20,24,64. The empirical powers of the proposed test (22)
for the significance level a and the Fujikoshi et al. [6]’s test (23) are calculated, which are defined as

Bp = #(Tp > Zlfa)/mu
Braw = #(Traw > 21-a)/m.

Table 2 gave these values for the case that F' = N,(0,1I,), p = 200, N; = Ny = 50, a = 0.05 and
m = 10,000. It can be confirmed that the proposed test (22) is almost the same power as the Fujikoshi
et al. [6]’s test (23) under normal population distribution.

Lastly, we checked the actual error probabilities of the first kind for the proposed test (22) when
the covariance matrices are not common. We checked when g = 2 (Table 3) and g = 3 (Table
4). As covariance matrices, we set 3; as the matrix (24), ¥y as the identity matrix and X3 as
the diagonal matrix diag(bs,...,b,) where by,...,b, are i.i.d. as x?(3). For g = 2, generate the
observation vectors ngl), .. ,mgél) which are 1.i.d. as F,(0,3;) and 1:52), .. ,:(:532) which are i.i.d. as
F,(0,X5). Table 3 are listed the values of a;, = a;,(0.05) based on 1,000,000 replications for the case
that p = 50, 100, 200, 500, 1000 and

N Ny = (35,15),(30,20),(25,25), (20,30, (15,35) (N = 50),
(M, 2)_{ (70,30), (60, 40), (50, 50), (40, 60), (30,70) (N = 100).
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Table 1: Actual error probabilities of the first kind when ¢ = 2 and 31 = X5 = X.
N N N » Case 1 Case 2 Case 3

50 0.063 0.060 0.063 0.059 0.062 0.051

100  0.059 0.057 0.059 0.056 0.059 0.042

35 15 200 0.057 0.055 0.057 0.053 0.067 0.032
500 0.055 0.052 0.054 0.051 0.055 0.021

1000 0.054 0.052 0.054 0.051 0.053 0.014

50 0.062 0.060 0.062 0.058 0.062 0.044

100  0.058 0.056 0.058 0.055 0.059 0.031

50 30 20 200 0.056 0.054 0.057 0.053 0.066 0.017
500 0.054 0.052 0.054 0.051 0.0564 0.005

1000 0.053 0.051 0.053 0.050 0.053 0.001

50 0.061 0.059 0.061 0.058 0.062 0.042

100  0.059 0.057 0.059 0.055 0.058 0.028

25 25 200 0.056 0.055 0.056 0.053 0.056 0.014
500 0.054 0.053 0.054 0.051 0.055 0.002

1000 0.053 0.052 0.053 0.050 0.053 0.000

50  0.061 0.060 0.061 0.060 0.061 0.055

100  0.058 0.057 0.058 0.057 0.058 0.047

70 30 200 0.056 0.055 0.056 0.055 0.056 0.039
500 0.054 0.053 0.054 0.052 0.0564 0.026

1000 0.053 0.052 0.053 0.052 0.053 0.018

50  0.061 0.060 0.061 0.059 0.060 0.050

100  0.059 0.058 0.058 0.056 0.058 0.040

100 60 40 200 0.056 0.055 0.056 0.054 0.056 0.028
500 0.054 0.063 0.0564 0.052 0.054 0.011

1000 0.053 0.052 0.053 0.051 0.053 0.003

50  0.061 0.060 0.061 0.059 0.061 0.050

100  0.058 0.057 0.058 0.056 0.058 0.039

50 50 200 0.056 0.055 0.056 0.054 0.056 0.025
500 0.054 0.0563 0.054 0.062 0.054 0.008

1000 0.053 0.052 0.053 0.0561 0.053 0.001

Table 2: Simulation results for Bp and Bpf{w when a = 0.05, p = 200 and N; = Ny =50
)
4 8 12 16 20 24 64
T 0.61 0.70 0.78 0.87 0.92 0.96 1.00
Traw | 0.60 0.69 0.78 0.86 0.92 0.96 1.00

Case 1
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For g = 3, generate the observation vectors asgi) .

,:1:5\1,2 which are i.i.d. as F,(0,%;) for i = 1,2,3.

Table 4 are listed the values of a, = &,(0.05) based on 1,000,000 replications for the case that

p = 50,100,200 and (N1, N2, N3) = (50,25,25), (25,50,25) and (25,25, 50).

The settings of the

multivariate distributions F' are the same as the ones of Table 1. From Table 3 and 4, we found that
the actual error probabilities of the first kind for 7}, are almost the same in all cases, larger than 0.05
and almost monotone decreasing for n and p. We can see that the value of &, for (N, Na) = (a, b) with
a > b is smaller than the one for (N1, N2) = (b,a) in Table 3. It is conjectured that the precision of
the approximation becomes good when the size of sample with complicated structure of the covariance
matrix is relatively large. We can also check it from Table 4.

Table 3: Actual error probabilities of the first kind when g = 2 under heteroscedasticity.

N N Ny P Casel Case2 Case3 | N N; Ny Casel Case2 Case3
50 0.062 0.063 0.062 0.061 0.061 0.061

100 0.059 0.060 0.059 0.058 0.058 0.058

35 15 200 0.057 0.058 0.057 70 30 0.056 0.057 0.056
500 0.054 0.054 0.054 0.054 0.054 0.054

1000  0.053 0.053 0.053 0.053 0.053 0.053

50 0.063 0.063 0.062 0.061 0.061 0.060

100 0.059 0.060 0.058 0.059 0.058 0.058

30 20 200 0.057 0.057 0.057 60 40  0.056 0.056 0.056
500 0.054 0.054 0.055 0.054 0.054 0.054

1000  0.053 0.053 0.053 0.053 0.053 0.053

50 0.062 0.062 0.063 0.062 0.060 0.061

100 0.060 0.059 0.060 0.059 0.059 0.058

50 25 25 200 0.057 0.057 0.057 | 100 50 50  0.056 0.056 0.056
500 0.055 0.055 0.056 0.054 0.054 0.054

1000  0.054 0.053 0.054 0.053 0.053 0.053

50 0.063 0.063 0.063 0.062 0.061 0.061

100 0.060 0.059 0.060 0.059 0.059 0.059

20 30 200 0.058 0.057 0.058 40 60  0.057 0.057 0.057
500 0.055 0.055 0.055 0.054 0.054 0.055

1000  0.054 0.054 0.055 0.053 0.053 0.054

50 0.065 0.064 0.065 0.062 0.061 0.062

100 0.062 0.061 0.061 0.059 0.059 0.059

15 35 200 0.059 0.058 0.059 30 70 0.057 0.056 0.057
500 0.056 0.056 0.057 0.055 0.054 0.055

1000  0.055 0.055 0.055 0.054 0.054 0.054

Table 4: Actual error probabilities of the first kind when g = 3 under heteroscedasticity.

N1 Ny Ns P Casel Case2 Case 3
50 0.060 0.060  0.060
50 25 25 100 0.058 0.058  0.058
200 0.056 0.056  0.056
50 0.062 0.061  0.062
25 50 25 100 0.059 0.059  0.059
200 0.057 0.057  0.057
50 0.062 0.062  0.062
25 25 50 100 0.059 0.059 0.059
200 0.057 0.057 0.057
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6 Concluding remarks

This article is considered to test the homogeneity of mean vectors under heteroscedasticity for some
groups. We have proposed a test based on the unbiased estimator of the measure from the null
hypothesis. It has been shown to perform for wide range of the population distribution which includes
elliptical distribution, theoretically and numerically. As a special case that the population distribution
is multivariate normal and assuming common covariance matrix, our proposed test has the same
asymptotic power as the one proposed in Fujikoshi et al [6] or Srivastava and Fujikoshi [12] when the
sample sizes and the dimension are large.

A Results on matrix algebra

We here show some results on matrix algebra

Lemma 3. Let 31, 39, X3 be positive semi definite matrices. Then the following inequalities hold.

tr(T1322)? < tr(XIX3) <\ /trTitr X3, (25)

tr 33,533, < \/tr(zfzg)tr(zgzg) < (rxtash) (s (26)

Proof. For p x ¢ matrix T, let vec(T') be the pg x 1 vector formed by stacking the columns of T under
each other; that is, if 7' = (¢, ---t,), where ¢; is p x 1 for i = 1,...,q, then vec(T) = (t} ---t,)". Tt
holds that

tr(2122)2 = (Vec(EgEl))’vec(ElEg).

By Cauchy-Schwarz’s inequality,

(VGC(EQEl))/VeC(Elzg) S \/(VQC(EQEl))/VeC(Egzl) . (VGC(2122))/V6C(2122).

Since the right-hand side of the inequality equals to \/tr(Zl ¥23) tr(XeX2%,), we have the first in-

equality in (25). The second inequality in (25) also can be shown by using Cauchy-Schwarz’s inequality
again. Using similar derivation method, we can also prove the inequalities in (26). O
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