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Abstract

In the analysis of actual data, it is important to determine whether there are clusters in the
data. This can be done using one of several methods of cluster analysis, which can be roughly
divided into hierarchical and nonhierarchical clustering methods. Nonhierarchical clustering can
be applied to more types of data than can hierarchical clustering (see e.g., Saito & Yadohisa,
2006), and hence, in this paper, we focus on nonhierarchical clustering. In nonhierarchical
clustering, the results heavily depend on the number of clusters, and thus it is very important to
select the appropriate number of clusters. In the present paper, we propose a new information
criterion for selecting the number of clusters. In order to do so, we clarify the relationship
between nonhierarchical clustering and the multivariate linear regression model.

Key words: AIC; Cluster analysis; Information criterion; k-means procedure; Multivariate linear

regression model; Nonhierarchical clustering.
1. Introduction

In practice, we often determine whether clusters exist before further analyzing a data set. How-
ever, this is highly intuitive, and a formal cluster analysis is one way to avoid subjectivity.

In a cluster analysis, n individuals with p-dimensional data are divided into several clusters. This
can be done with either hierarchical clustering or nonhierarchical clustering. We will briefly illustrate
these methods in the Section 2. Further details of cluster analysis can be found in the literature
(e.g., Bijnen, 1973; Romesburg, 1984; Hastie, Tibshirani, and Friedman, 2008; and Everitt, Landau,
Leese, and Stahl, 2011). Saito and Yadohisa (2006) point out that nonhierarchical clustering can
deal with more types of data than can hierarchical clustering. Hence, in the present paper, we
focus on nonhierarchical clustering. One popular method for nonhierarchical clustering is the k-
means procedure that was proposed by MacQueen (1967). In nonhierarchical clustering, the number
of clusters must be decided by the user, and, since the results are strongly affected by this, it is

important to choose appropriately.
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The number of clusters is often selected in an arbitrary manner or by an empirical rule, which
may be based on a scatter plot or on various properties of the data. Several studies have proposed
methods for selecting the number of clusters (see, e.g., Bozdogan, 1986), but these methods have
assumed that the data clusters are hierarchical. This assumption is not always satisfied. In this
paper, we propose a new information criterion that can be used for selecting the number of clusters
without assuming that they are hierarchical.

To do this, we begin by clarifying the relation between nonhierarchical clustering and the mul-
tivariate linear regression model. Based on this relation, we will propose a criterion based on the
Akaike information criterion (AIC; Akaike, 1973); as mentioned above, our proposed criterion does
not assume a hierarchy in the data. Moreover, this criterion allows us to regard the number of
explanatory variables as the number of clusters. The AIC consists of adding the negative twofold
maximum log-likelihood to twice the number of independent parameters. In the multivariate linear
regression model, the number of independent parameters is m(2l +m + 1), where [ is the number of
explanatory variables, and m is the dimension of the response variables. However, in nonhierarchical
clustering, there are more parameters. In a cluster analysis, the location of each individual data
point is an independent parameter. Thus, by adding such a term to the AIC, we propose a new
criterion for selecting the number of clusters.

The remainder of the present paper is organized as follows: In Section 2, we briefly illustrate clus-
ter analysis and several cluster criteria for the clustering of data. We show the equivalent condition
for renewing the clustered data, based on each cluster criterion. Further, we prove this equivalence in
the Appendix. In Section 3, we show the relationship between cluster analysis and the multivariate
linear regression model. Then, from an illustration of the AIC, we propose a new AIC-based criterion
that includes information about the location of each data point. In Section 4, we perform a numerical

simulation to demonstrate the new criterion.

2. Cluster Analysis

Let y;, © = 1,...,n, be a p-dimensional data vector, where n is the number of individuals. One
of various cluster analysis methods is often used to determine the clusters that exist in y1,...,y,
(see, e.g., Hastie, Tibshirani, & Friedman, 2009, Section 14.3).

These methods can be roughly divided, as follows:

e Hierarchical clustering: Initially, each data point is regarded as a cluster, so there are n clusters.
A clustering method is then used to combine clusters until there is only one cluster.
e Nonhierarchical clustering: The number of clusters is determined prior to beginning the cluster

analysis. The data points y1, ..., y, are divided into clusters either randomly or by using one of



various methods. The contents of each cluster are then evaluated using some cluster criterion,

and the process is repeated until convergence is reached.

In general, nonhierarchical clustering can be applied to more types of data than can hierarchical
clustering (see, e.g., Saito & Yadohisa, 2006). We note that the k-means procedure (MacQueen,
1967) is popular method for nonhierarchical clustering.

For nonhierarchical clustering, various cluster criteria have been proposed for renewing clusters
(see, e.g., Marriott, 1982; Krzanowski & Marriott, 1995), and we will begin by introducing them.
Let k£ be the number of clusters, let n; be the number of individuals belonging to the jth cluster.
Here, we note that n = n; 4 --- 4+ n;. Moreover, let C; be the set of indices of the individuals in
the jth cluster. For example, consider a clustered set in which k = 2; y, y2, and y4 belong to the
first cluster; and ys; and ys belong to the second cluster. Then, ny = 3, ny = 2, C; = {1,2,4}, and
Cy = {3,5}. In the present paper, we always assume n; > 1 for all j; that is, each cluster includes
more than one individual. We summarize the C,...,Cy as G(k) = {C4,...,Ck}. In addition, let

k
W= (i~ )b —9"), W(GK) =) W,
i€C; j=1
where :l]](»k) = Eiecj yi/n;, and 'g](.k
(7 =1,...,k) and W(G(k)) are symmetric matrices. Throughout this paper, we will also assume

that det(W);) # 0 for any G(k), k, and j. Note that this assumption means that det(W;) > 0, since

) is the sample mean in the jth cluster. We note that W

W, is a nonnegative-definite matrix for any G(k), k, and j (for the definition of a nonnegative-definite
matrix, see, e.g., Gentle, 2007, Section 8.3). From this assumption, we obtain det(W(G(k))) > 0
for any G(k) and k (see, e.g., Liitkepohl, 1996, p. 55). Using W; and W (G(k)), Table 1 lists the

various cluster criteria that been proposed previously.

Table 1; Cluster criteria for renewing clustered data

(i) | tr(W(G(R)))

(ii) | det(W(G(k)))
k

(iti) | ) det(W;)'/”

Of the cluster criteria listed here, (i) and (ii) are the most frequently used, since they are very

simple. Criteria (iii) to (vi) were proposed by Krzanowski and Marriott (1995), and we will refer
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to any of these six as CC(W (G(k))). The algorithm for performing nonhierarchical clustering with
any of the criteria CC(W (G(k))) is as follows:

1. Choose k, and select a cluster criterion CC(W (G(k))).

2. Divide yi,...,y, into k clusters, either randomly or by using a nonhierarchical clustering

method, such as the k-means procedure.

3. Move y,., which is in the sth cluster, into the tth cluster (s # t) if CC(W (G'(k))) < CC(W (G(k)))
holds for the selected criterion, where G’ (k) = {C1,...,Cs_1,CL, Csi1,...,Ci_1,C}, Ciyq, ..., Cr}y
C? is derived by deleting r from Cj, and Cj is derived by adding r into C;. Here, we note that
CL=C,\ {r} and C] = C,U{r}. When y, is moved from the sth cluster into the ¢th cluster,
we renew G(k), Cs, and Cy as G'(k), C%, and C}, respectively.

4. Repeat the previous renewal procedure until the selected CC(W (G(k))) converges to a mini-
mum value. This produces the optimal clustering G (k). That is, the optimal clustering G(k) is
derived from G(k) = argmingy CC(W (G(k))) for the selected cluster criterion and the given
k.

Marriott (1982) showed the variation that occurred when the rth individual y, is added to the jth
cluster. From that, for each criterion, we can derive the condition for moving vy, from the sth cluster
to the tth cluster. In Table 2, letting @ = {n;/(n;+1)}*?(y,—4;) and b = {n,/(n,—1)}/*(y,—y,), we
summarize the equivalent condition with CC(W(G'(k))) < CC(W (G(k))) for each criterion. From
the definitions of the various matrices, we can see that for (i), CC(W(G'(k))) < CC(W (G(k)))
is equivalent to the renewal condition (2.1). Yanagihara and Yoshimoto (2005) showed for (ii),
CC(W(G'(k))) < CC(W(G(k))) is equivalent to the renewal condition (2.2). We prove in the
Appendix that the remaining renewal conditions (2.3), (2.4), (2.5), and (2.6) are equivalent to the

corresponding cluster criteria.

Table 2; The conditions for renewal of each cluster based on the corresponding CC(W (G(k)))
CCW(G(K))

renewal condition ‘

(i) a'a <bb (2.1)
(i) (@ —b)W(G(k) a+b) <adW(G(k)) (ab — ba" YW (G(k))"'b (2.2)
(iii) a' W, 'adet(W;) < bW lbdet(W,) (2.3)
(iv) (1+a'W,  a)"  det(W,) < (1 — W 1b)~ (=) det(W,) (2.4)
v) 1+ (a— bW (G(k)) (a+b) —aW(G(k)) (ab —Q/ba’)W(G(k:))*lb 05
{20 '
(i) | (L-EWB (L a W e det( W W) <{Z—( —ni) (“ni)} (2.6)




3. Criterion for Selecting the Number of Clusters

3.1. Relationship between cluster analysis
and the multivariate linear regression model

Prior to proposing our new information criterion for selecting the number of clusters k, we will
clarify the relationship between cluster analysis and the multivariate linear regression model.

Let e ) be an r-dimensional vector in which the jth element is one and the other elements are
zero. Then, when the ith individual yi is in the jth cluster (that is, ¢ € C;), we set m(k) = (k)
(t=1,...,n; j=1,..., k). Note that :c ) also depends on k, since it depends on the results of the
clustering. Furthermore, let €J(. (j = 1,...,k) be an unknown p-dimensional vector which means
that the unknown center vector of the jth cluster when wyy, ..., vy, are divided into k clusters. When
ieC;(j=1,...,k), y; is closer to £§k) than E](.ZC) (7' # 7). Thus, we can assume that y; can be

derived from the following model:
Yi = Ej(k) +e ="z 1e (i=1,... n), (3.1)

where EF) = ( %k), . ,£l(€k))’ is a k x p matrix. Suppose that g; LLe; (i # j) and g; ~ N,(0,,X),
where 0, is a p-dimensional zero vector, and X is an unknown px p covariance matrix with det(X) # 0.
Then the model (3.1) can be expressed as Y ~ N, ,(X®WE® B ® I,), where Y = (y1,...,9n),
X*) = (m@, . ,m&’“))’ , and ® indicates the Kronecker product (for the definition of the Kronecker
product, see, e.g., Muirhead, 1982, p. 73). Note that rank(X®) = k for any k, since we assume
that n; > 1 holds for j = 1,..., k. Hence, using dummy vectors acgk), e ,mﬁf’ that are based on the
clustered data, when k is provided, cluster analysis is equivalent to the multivariate linear regression
model. Thus, by comparing several model selection criteria for the multivariate linear regression
model for each k, we may select the number of clusters.

When we have Y ~ N,,,(X®E® 3 @ I,), based on é(k‘) under the provided k, the log-

likelihood function is derived, as follows:
1
g(EW By, X®) = -5 (nplog(2m) + nlog{det(X)} + tr {(Y — XWE®)=~1(Yy — XWE®)1) .

Then, we can also define G(k) based on X®) = argmaxx(k>eM(n py MaXgk) 53 g(E *) By, X*)),
where M(n, k) = {A € M(n k)lel™A (k) =0orl Zj L€' Ae- =1 for any i} and M(n, k) is an
n x k real matrix. Here, X*) € M(n, k) means each individual belongs to only one cluster, and, for
a given k, all clusters have more than one individual.

The maximum-likelihood estimators for 2% and 3 are derived as 2*) = (X X E)-1 X Ry
and ©® = n='Y'{I, —X(k)(X(k)/X(k))_lX(k)/}Y respectively. Thus, the maximized log-likelihood
function can be obtained as g(2®), 2®|y, X *)) = [np{log(27r) + 1} + nlog{det(X*)}]/2. Then,
we can also define G(k) based on X*) = argmax YeM(nk) g(B ®y, X*). Hence, k is likely
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to be optimized when we minimize ndet(ﬁl(k)). Therefore, in the next subsection, we will propose
an information criterion that is based on this term.

Additionally, since ;zj](-k) = é(k)/a:gk), and I, — X®)(X® X ®)=1 X ®)" is a symmetric and idem-
potent matrix, the relationship between 3*®) and W (G (k)) can be derived, as follows:

~

n3® = (Y — X(’f)é(k’))/(y _ X(k)é(k))
k
_(k _(k
= i 9w - 9Y)
7j=1 ieCj

= W(G(k)).

3.2. New AIC-type criterion for selecting the number of clusters

Note that in the ordinary multivariate linear regression model, the only independent parameters

are in = and X. For the model (3.1), based on g(E®, 2®|yY, X®) and neglecting the constant

term, we propose the following AIC-based information criterion:
A A p+1
AIC(G(k)) = nlog{det(W (G(k)))} + 2p | K+ —— | . (3.2)

This criterion is frequently used for selecting explanatory variables in the multivariate linear regres-
sion model. (For more details of the AIC, see, e.g., Konishi and Kitagawa, 2008; Rao, Toutenburg,
Shalabh, and Heumann, 2008).

However, when minimizing the above criterion, we often select a large number of clusters k. The
reason for this is that n log{det(W (G(k)))} decreases more rapidly than 2p{k + (p+1)/2} increases
as k becomes large.

Furthermore, in the ordinary multivariate linear regression model, the AIC is considered by
combining g(E® n "W (G(k))|Y, X®) with the number of independent parameters, which are
only in E and 3, and neglecting the constant terms. On the other hand, in cluster analysis, we
can regard the location of the ith individual as an independent parameter. Thus, clustering the
data is equivalent to assigning a value of 0 or 1 to k — 1 parameters for each individual. Since the
individual belongs to the kth cluster when all k£ — 1 parameters are zeros, only k — 1 parameters can
be chosen; that is, there are k — 1 independent parameters for each individual. This means that there
are n(k — 1) new independent parameters, which correspond to the location of the n individuals.

However, we note that the weight for the new parameter n(k — 1) may not be equal to 2, which
is the weight for ordinary parameters. Hence, we will let @ be a nonnegative tuning parameter, and

we propose the following AIC-type criterion:

AIC(G(k)|a) = AIC(G(k)) 4+ an(k — 1). (3.3)



N N ~

Note that AIC(G(k)|0) = AIC(G(k)), and AIC(G(k)|2) corresponds to this criterion when the weight
for the new parameter is 2. In the numerical studies presented in the next section, we will choose «.
It is reasonable to expect that more clusters will be selected when « is small, and that fewer will be
selected when « is large.

Using the k-means procedure for a given k, @(k) can be derived, and then we can regard the
model (3.1) as the true model. The number of clusters k is then selected by AIC(G(k)|a) for a fixed
a. In order to select k, we used the following algorithm:

1. Set a and the candidate number of clusters K; for example, K = {1,2, 3,5, 10, 15}.

2. Obtain G(k) based on some criterion by using the algorithm in Section 2 for each k € K.

3. Compare (3.3) for each k € K.

4. Select k by minimizing (3.3) for the given «.

In this algorithm and in (3.3), the tuning parameter « is fixed. However, in the numerical studies in

the next section, we will derive the o that is optimized for selecting the number of clusters.

4. Numerical Studies
4.1. Simulation

In this subsection, we evaluate the performance of the proposed criterion for selecting k& by
presenting the results of some simulations.

Let k* be the true number of clusters, let D, = diag(1,...,p) be a p x p diagonal matrix, and let
A,(p) be a px p matrix in which the (i, j)th element is p"=Jl. Then Y, which is the data, is generated
from N, ,(0,X*® I,,) for each repetition, where ¥* = D;/QAp(p)D},/Q, © =55(6115,,...,6;-1, )
is an n X p matrix, J is a scale parameter, and 1, is an r-dimensional vector in which each of the
elements is one. Here, 6; (j = 1,...,k*) controls a p-dimensional vector at the true center of each
true cluster. We set the 8; as follows: 6; = 0, Oéel(-p) = sin(i), 0’361@ = log((—1)" + 4 + 1), and
Oflel(p) =(-1)"+0.5 (i =1,...,p). We note that d controls the scale of @. The candidate number
of clusters was set to K = {1,2,3,...,10}, and the weight for the new penalty term a was set to
0,0.1,0.5,1, 1.5, and 2.

In each iteration, the data Y is was divided into k (€ K) clusters by using the k-means procedure;
we used the ‘kmeans’ function in the R programming language. The clustered data were renewed
based on the condition (2.2), which evaluates the results of clustering based on det(W (G(k))). Note
that det(W (G(k))) is also in the first term of AIC(G(k)|e) in (3.3) and the other criteria. Using the
clustering results, W (G(k)) and X *) were derived for each k. AIC(G(k)|a) was also derived for each

«. In order to compare the various criteria for selecting the number of clusters, we computed the

Bayesian information criterion (BIC; Schwarz, 1978), the consistent AIC (CAIC; Bozdogan, 1987),



and the corrected AIC (AIC®; Sugiura,1978):

BIC(G(R) = nlog{det(W (G(1)} + plogn) (-+ 232,

CAIC(G(k)) = BIC(G(k)) + (k: + 2%1) ,

o)A . 2p(k+p+1) p+1
AICY(G(k)) = AIC(G(k)) + P —— (k: - T) .

These criteria were initially proposed for selecting the explanatory variables in the multivariate linear
regression model. For each of the K, we select k& by minimizing each criterion; the result of clustering
é(/%) is also derived in each repetition. The results from each criterion are compared by using the
predicted error (PE), defined as follows:

PE = %bg{det(fl(i“))} + log(27) + %tr (E*f](l%rl) + niptr {(M ~Y)(M - Y)f)(i“)fl} :
where %) is obtained by n W (G(k)), ¥ = X®(X® X1 X®'Y and X® is derived from
the cluster results G (/%) for each repetition. After 10,000 repetitions, the average PE values and the
probability (%) of correctly selecting the number of clusters were used for comparing these criteria.

We present the (rounded) results in Tables 3 to 12. In Tables 3 to 7, for each case, the minimum
value is in bold, and next smallest value is in italics. In Tables 8 to 12, for each case, the maximum
value is in bold, and next largest is in italics. That is, in each table, the best score is in bold, and the

second best is in italics. In these tables, for simplicity, BIC(G(k)), CAIC(G(k)), and AICC(G(k))
are written as BIC, CAIC, and AIC®, respectively.

’Please insert Tables 3 to 12 around here.‘

We first consider the results based on the PEs that are listed in Tables 3 to 7. We will focus on the
results for k* = 2, as shown in Table 3. As p increases, the values for AIC(G(k)) (= AIC(G(k)|0)),
AIC(G(K)|0.1), BIC(G(k)), CAIC(G(k)), and AIC®(G(k)) always decrease. In addition, as p in-
creases, the values for AIC(G(k)|1) and AIC(G(k)|1.5) increase, except when p = 0.95, and they

decrease when p = 0.95. As ¢ increases, the results for AIC(G(k)|a) (o = 0.5,1,1.5,2) almost always
decrease. The results for the other criteria also tend to decrease as d increases, at least in some situa-
tions. The results for AIC(G(k)|e) (a = 1,1.5,2) almost always decrease as p increases. We note that
the results for AIC(G(k)), AIC(G(k)[0.1), BIC(G(k)), CAIC(G(k)), and AIC®(G(k)) almost always
follow the same tendencies as p increases. However, in several situations, the results for the other cri-
teria tend to increase as p increases. Comparing the results, we see that AIC(G(k)|1) always yields
the best results, followed by AIC(G(k)|1.5). Furthermore, both AIC(G(k)[2) and AIC(G(k)[0.5)
work well in almost every situation. On the other hand, AIC(G(k)) and other the criteria cannot be
used directly for selecting the number of clusters based on the PE values with k* = 2.

Thus, we will focus on the PEs when £* = 4, which are shown in Tables 4 to 7. As p increases, the
results for AIC(G(k)), AIC(G(k)[0.1), BIC(G(k)), CAIC(G(k)), and AIC®(G(k)) always decrease.
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The results of AIC(G(k)|2) are small when p = 0.95. The results of AIC(G(k)|1) and AIC(G(k)|1.5)
are also small when p = 0.95, except in the case (n1,ns, ns, ng,d) = (30, 50,30,30,1). As 4 increases,
the results for AIC(G(k)), AIC(G(k )yo 1), AIC(G(K)|2), BIC(G(k)), CAIC(G(k)), and AICC(G(k))
always decrease. The results for AIC(G(k)[0.5) and AIC(G(k)|1.5) also become small in most cases.
In many cases, the results for AIC(G(k)|1) decrease as & increases. The results for AIC(G(k)[2)
decrease somewhat as p increases, and the results for AIC(G(k)|1.5) decrease in many cases. In ad-
dition, the results for AIC(G(k)), AIC(G(k)[0.1), BIC(G(k)), CAIC(G(k)), and AIC®(G(k)) almost
always show the same tendency as p increases. We note that in all situations considered, either
AIC(G(K)|0.5) or AIC(G(K)|1) gave the best results. As when k* = 2, we see that BIC(G(k)),
CAIC(G(k)), AICS(G(k)), and AIC(G(k)) cannot be used directly to select the number of clusters.

Next, we consider the probability (%) of correctly selecting the number of categories; this is shown
in Tables 8 to 12. In the results in Table 8, when k* = 2, AIC(G(k)|1) and AIC(G(k)|1.5) almost
always select the correct number of clusters, and AIC(G(k)|0.5) is always either the best or second
best method. Tables 9 to 12 show the results when k£* = 4. Based on these results, we see that
AIC(G(k)|1) is almost always the best method, followed by AIC(G(k)[0.5).

These results indicate the necessity of the term an(k—1), which is the parameter for the location of
each individual. Further, from these results, we recommend using either AIC(G(k)[0.5), AIC(G(k)|1),
or AIC(G(k)|1.5) for selecting the number of clusters.

2. An analysis of real data

For a cluster analysis of actual data, we used the ‘iris’ data set (Fisher, 1936), which is built into
the R language, and is frequently used as test data for cluster analyses. The iris data set has 150
individuals data points, which are based on three types of iris, and hence have three natural clusters.
For each individual, the following information was recorded: sepal length, sepal width, petal length,
petal width, and the name of the type of iris. For the various information criteria, we used the
various length and width values to select the number of clusters (types).

In order to compare the criteria, we selected the number of clusters independently for each trial.
For each trial, we randomly deleted one individual from each group. Then, based on the remaining
data, we selected the number of clusters by minimizing each of the criteria. We note that each trail
was based on the data from 147 individuals, and we repeated the clustering process 10,000 times.

We set the candidate number clusters to be K = {1,2,3,4,5}. When we used AIC(G/(k)|a), given
n (3.3), we set a to be 0,0.1,0.5,1,1.5, 2.

In the Table 13, we list how many times each candidate number of clusters was selected. Fur-
thermore, as in Tables 3 to 12, for simplicity, BIC(G(k)), CAIC(G(k)), and AIC®(G(k)) are written
as BIC, CAIC, and AIC®, respectively.

’Please insert Table 13 around here.\
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AIC(G(K)), BIC(G(k)), CAIC(G(k)), AICS(G(k)), and AIC(G(k)|0.1) tend to select a large
number of clusters, and thus the data are divided more minutely. CAIC(G(k)) selects fewer clusters
than does BIC(G(k)), and BIC(G(k)) tends to select fewer than does AICC(é(k)). Thus, overall,
AIC(G(k)[1.5) and AIC(G(k)|2) tend to select fewer clusters. Moreover, AIC(G(k)|1) selected the
true number of clusters the most frequently. Thus, AIC(G(k)|1) is the best method for selecting the
number of clusters, and, as can be seen in the table, the second best methods is AIC(G(k)|0.5).

Thus, we recommend using AIC(G(k)|0.5) or AIC(G(k)|1) for selecting the number of clusters.

5. Conclusions

In practice, prior to formally analyzing a data set, it is common to begin by determining subjec-
tively whether the data are clustered. This is then followed by a formal cluster analysis, which does
not depend on the analyst’s intuition. It is well known that there are two types of cluster analysis
methods: hierarchical and nonhierarchical. We briefly discussed these in Section 2. Compared to
hierarchical clustering, nonhierarchical clustering can be applied to more types of data (Saito and
Yadohisa, 2006), and so, in this paper, we have focused on nonhierarchical clustering.

We note that for some nonhierarchical clustering methods, it is necessary for the user to provide
the number of clusters, although there is no method for selecting this for an arbitrary data set.
However, in Section 3 and (3.1), we showed the relationship between clustering analysis and the
multivariate linear regression model, and using this, we proposed a new AIC-type criterion (3.3) for
selecting the number of clusters. This criterion was derived by adding a new term n(k — 1) with the
nonnegative weight a to the AIC (3.2).

By conducting numerical studies, we showed that the added term n(k —1) is needed to reduce the
predicted error and to select the correct number of clusters. By inspecting the simulation results, we
recommend using AIC(G(k)[0.5), AIC(G(k)|1), or AIC(G(k)|1.5) to select the number of clusters.
Furthermore, from the results of analyzing the ‘iris’ data set (using built in data set in the R
language), we note that AIC(G/(k)|1) is the best criterion for selecting the number of clusters.

Based on numerical studies, we recommend using AIC(G/(k)[0.5) or AIC(G(k)|1) for selecting the

number of nonhierarchical clusters.

Appendix: Proof of the Renewal Condition for the Cluster Criterion
in Nonhierarchical Clustering

In Section 2, we illustrated the cluster criterion for nonhierarchical clustering, and we then consid-
ered the cluster criteria (iii), (iv), (v), and (vi), as listed in Table 1. We now consider whether vy, in
the sth cluster moves to the tth cluster (s # t), based on each criterion. Here, we recall some notation

that was previously defined: G(k) = {C4,...,Cx}, C; has the indices of the individuals in the ith

10



cluster, G'(k) = {Cy,...,Cs_1,C., Csiq,y ..., Ci1,Cy, Cyiq, ..., Ci}, CL is derived by deleting r from
Cs, and Cj is derived by adding r to C;. Note that ny, > 2, since n; > 1 is always assumed. Then,
the condition for moving y, in the sth cluster to the tth cluster is CC(W(G'(k))) < CC(W (G(k)))
in each cluster criterion. In this section, we prove that, for each cluster criterion, this condition
coincides with the renewal conditions listed in Table 2: (2.3), (2.4), (2.5), and (2.6).

To begin, we prepare the relationship between W (G(k)) and W (G'(k)). Here, we also recall that
W, = Yo,y — 9;) (i — 9,) and W(G(k)) = 35_, W, where §; = 3, 9i/nj, and n; is the
number of individuals in the jth criterion. Note that the difference between G(k) and G'(k) is only
the content of the sth cluster and the tth cluster. Furthermore, let Wy = >"._ . (yi — y;/)(yi — Y;)',
where g is the sample mean of C}. Here, gy (¢’ # s',t') is the same as yy. Theri, from the definition
of W(G(k)), we can see that

W(G' (k) = Z Z(yz' —9)(yi — ;) + Wy + Wy, (A1)
.7'3:.;;’%1@ i€Cy
since Wy =3 icor (Ui — Yo ) (Y — Gv) Wy = Y icor (Ui — Ys)(yi — Ys)', and go = g, for £ # s,t.
Since C; and Cj are derived by deleting and adding r, we have gy = >, o ¥i/(ns — 1) and gy =
> icct Yi/ (ny + 1), and we obtain the following results:

_ nt'gt + Yr

o A2
Yi n + 1 ( )
_ nsgs —Yr

o= s T Yr A3
Y - (A.3)

since Ys = Y ico. Yi/ns and Yy = Y., Yi/n:. Hence, we can calculate Wy and Wy in equation
(A.1) by using these results.

Using (A.2), we derive y; — gy = i — Yr — (Y — U¢)/(ne + 1). Then, the following result is
obtained:

Wi = (yi— )y — ) + (¥ — 90)(yr — 90)'

1€Cl

_ _ / 2
. =YY = Yy Y T = R,
Z{y 0] ntﬂ}{yz 0] nt+1}+(nt+1) (Yr — 9)(yr — Uo)

1eCy

=W, +aad,

since @ = {ny/(ny+ D)} (yr = G0), Xice, (i =9 (Y —e) = Op, and -, (Y, — 90) (yi = G1) = Oy,

where O, is a p X p zero matrix. By a similar calculation, using (A.3), we derive

Ws’ = Z(yz - gs/)(yi - gs’)/ - (yr - gs/)(yr - gs’)

1€Cs
_ _ / 2
_ Yr — Ys _ Yr —Ys N _ _
ZZ{yi—str — }{yi—yﬁ - _1} —(n _1) (Yr — Ys)(Yr — 9s)'
icC, S S S
= W, — bb/,

11



since b = {n,/(ns—1)}"/*(y,—9s), Yice, ¥i—Ys)(Yr—Ys) = Op, and 3o (Yr —Ys)(Yi—Ys)' = O,
From (A.1), these results imply

W (G (k) = W(G(k)) + aa’ — bb'.

This directly shows that CC(W (G'(k))) < CC(W (G(k))), which is based on (i), coincides with the
renewal condition (2.1).

Letting E = W (G(k)) ' (a,b){(1,0)(1,0) + (0,1)(0, —1)}(a, b)’, since 0 < det(W (G(k))) for
any G(k), and k is assumed, the following equation holds:

det(W(G'(k))) = det(W (G(k))) det(I, + E). (A.4)

Let \; be the ith eigenvalue of E, then det(I, + E) = [[?_,(1 + A;). From Liitkepuhl (1996, p. 65),
the nonzero eigenvalues in Ay,..., A\, are equal to v, and vy, which are the eigenvalues of a 2 x 2
matrix F = {(1,0)'(1,0) + (0,1)'(0, —=1)}(a,b)W;'(a,b). Thus, det(I, + E) = 1+ v + vy + v115.
Since v; and v, are eigenvalues of F', from the Cayley-Hamilton theorem, v; and v, are the solutions

to the following quadratic equation:
v? —tr(F)v + det(F) = 0.

Thus, from the relationship between the solution and the coefficients of the above equation, we obtain

the following equations:

v+ 1y =tr(F) = (a — b)W(G(k)  (a+b),
vy = det(F) = —a'W(G(k)) " (ab' — ba YW (G(k))'b.

Hence, we obtain
det(I, + E)=1+ (a — bYW (G(k)) (a+b) —aW(G(k)) (ab — ba YW (G(k))'b.  (A.5)

We directly obtain that the renewal condition (2.2) coincides with CC(W (G'(k))) < CC(W (G(k)))
based on (ii) (this was previously shown by Yanagihara and Yoshimoto, 2005).

Using these results, we can prove CC(W (G'(k))) < CC(W (G(k))) based on the cluster criterion
(iii) is equivalent to the renewal condition (2.3). When we use the cluster criterion (iii), since it
is organized as a summation of det(W;)/?, satisfying CC(W (G'(k))) < CC(W (G(k))) coincides
with satisfying det(W, )P + det(W,)'/? < det(W,)/? 4 det(W;)/?. This condition is equivalent to
1 < exp{det(W,)"/P—det(W,)/P+det(W,)/P—det( Wy )'/?} = exp{(det(W,)—det(W,)+det(W;)—
det(Wy))/p}. Thus, we consider the condition that 0 < det(W;) — det(Wy ) + det(W;) — det(Wy).

From Schott (2005, Problem 7.14), the following equation holds:

det(P + Q) = {1+ tr(P~'Q)} det(P),

12



for any nonsingular matrix P and some appropriate dimensional matrix @ with rank(Q) = 1. Since
Wy = W, + aa', Wy = Wy + bb/, rank(aa’) = 1, rank(bb’) = 1, and we assume W; is always a

nonsingular matrix, we obtain

det(Wy) = (1 + a'W, ' a) det(W,). (A.6)
det(W;) = (1 + bW 'b) det(Wy). (A7)

Hence, we obtain
det(W,) — det(Wy) + det(W,;) — det(Wy) = bW bdet(W,) — a' W, 'a det(W,).

From Schott (2005, Corollary 1.7.2), the following equation holds for any nonsingular matrix R:
R l'cdR!
1-cdR'c’
for some vector ¢ that is of suitable dimension, and such that R — ec’ is a nonsingular matrix. We
note that det(R —cc’) # 0 is equivalent to 1 — ¢’ Re # 0 (see, e.g., Siotani, Hayakawa, and Fujikoshi,
1985, A.1.3).

Here, since Wy = W, — bb’ is assumed to be a nonsingular matrix, we obtain 1 — &W_ b’ #£ 0
(see, e.g., Siotani, Hayakawa, and Fujikoshi, 1985, A.1.3). Thus, from (A.8) and det(W,) # 0, we

have

(R—cc)'=R'+ (A.8)

W lbbW !
wWl=w "+ 1S—b’—W;jb‘
Hence, we obtain ¥W,'b = VW 1b/(1 — W b) and 1 + ¥W'b = (1 — YW 1b)! (> 0).
Using this and (A.7), we see that the renewal condition 0 < bW 'bdet(Wy) — a'W, 'a det(W,) is
equivalent to
bYW b
1-bW;1b
From (A.7) and 1+b'W}'b = (1—b/'W1b)~!, we can prove the renewal condition (2.3) is equivalent
to CC(W(G'(k))) < CC(W(G(k))), based on the cluster criterion (iii).
Next, we prove that the renewal condition (2.4) is equivalent to CC(W (G'(k))) < CC(W (G(k)))

when we use the cluster criterion (iv). Recall that C? is derived by deleting r from Cy, and Cj

a' W, ladet(W,) < det(Wy).

is derived by adding r to C;. Hence, since the differences between G(k) and G'(k) are in the
sth and tth clusters, we obtain CC(W (G(k))) = det(Ws)™ det(Wy)"z and CC(W (G'(k))) =

.....

that z > 0, since det(W;) > 0 for any and G(k). Thus, the condition for CC(W(G'(k))) <
CC(W (G(k))) based on (iv) coincides with det(W )™ ~! det(Wy )"+ < det(W,)"s det(W;)". Since
det(W;) > 0 for any i and G(k), from (A.6) and (A.7), this inequality is equivalent to

(1+a'W, " a)" ™ det(W;) < (1 + W, 'b)" det(Wy).

13



Hence, since 1 + W, 'b = (1 — YW 'b)~! and using (A.7), we can prove that (2.4) is coincides
with CC(W (G'(k))) < CC(W (G(k))), based on the cluster criterion (iv).

Next, we prove that the renewal condition (2.5) coincides with CC(W (G'(k))) < CC(W (G(k)))
when we use the cluster criterion (v). Based on (v), since G(k) and G'(k) differ in the sth and tth

clusters, we can express this as
n{log(det(W (G'(k)))) — log(det(W (G(k))))}
< 2{(ns — 1) log(ns — 1) + (ny + 1) log(n; + 1) — (nslog(ns) + nylog(ny))}
The right-hand side in the above inequation is nlog{det(I, + E)}, from (A.4). On the other hand,

the left-hand side is equal to 2log{(ns — 1)™ ' (n; + 1) 'n " n;™}. Thus, the above inequality

coincides with

_ 1>ns—1(nt + 1)nt+1 }2/"

n Tt
nssnt

det(I, + E) < {(”s

Hence, we obtain that the renewal condition (2.5) is equivalent to CC(W (G'(k))) < CC(W (G(k))),
based on (v) from (A.5).

Finally, we prove that CC(W (G'(k))) < CC(W(G(k))), based on the cluster criterion (vi), is
equivalent to (2.6). Considering the difference between G(k) and G’(k), this inequation is equivalent

to

(ns — 1) log(det(Wy)) + (ny + 1) log(det(Wy)) — 2{(ns — 1) log(ns — 1) + (ns + 1) log(n: + 1)}
< nglog(det(Ws)) + ng log(det(W;)) — 2{n, log(ns) + n;log(n;)}.

Using (A.7), we obtain det(Wy) = (1 — bW 1b) det(W), since 1 + bW, 'b = (1 — bW 'b)~ L.

Furthermore, using (A.6), the above inequation is equivalent to

(ns — 1) log(1 — W, 'b) — log(det(W5)) + (n; + 1) log(1 + a'W, 'a) + log(det(W,))
1 1
<2 {ns log (1 — n_) —log(ns — 1) + ny log (1 + n_) + log(n: + 1)} .
t

s

Then, since det(W,)~! = det(W 1), this inequation can be rewritten, as follows:
log {(1 ='W 'b)" (1 +a' W, a)" ! det(W, W)}
1\™ 1\"™ n+177
<tog|(1-) (1) 2
N o ng— 1
Hence, we obtain that the renewal condition (2.6) coincides with CC(W (G'(k))) < CC(W (G(k))),

based on (vi).
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Table 3; PEs based on each criterion (k* = 2)
AIC(G(K)|a)
the values of o

(n1,n2) p 0o 01 05 1 15 2 | BIC CAIC AIC®
(30, 30) 0.25 | 12.32 12.18 449 3.54 3.54 4.12 | 12.23 12.17 12.28
0.5 || 15.12 15.02 5.22 3.62 3.62 35.95| 15.08 15.01 15.10
0.95 | 26.33 25.63 3.06 2.71 2.71 3.13 || 26.02 25.61 26.22
0.25 | 11.37 11.16 3.24 3.24 3.24 3.24 || 11.26 11.15 11.33
0.5 || 13.30 13.19 &5.69 3.11 3.11 3.11 || 13.27 13.18 13.29
0.95 | 23.85 2338 4.42 2.13 2.13 2.13 | 23.57 2335 23.78
0.25 6.46 642 448 3.91 3.91 4.21 6.33 6.01 6.41
0.5 6.63 658 4.12 3.65 3.65 3.65 6.40 5.61  6.57
0.95 | 10.64 10.40 2.17 2.15 215 2.18 | 10.11 8.99 10.37
0.25 6.45 6.42 4.53 3.81 3.81 3.81 6.33 5.93  6.42
0.5 706 704 3874 3.65 3.65 3.65 6.90 6.40 7.03
0.95 7.18  6.87 2.01 2.01 2.01 2.01 6.03 4.59  6.82
(30, 50) 0.25 | 10.09 993 4.14 3.21 3.21 3.21 || 10.03 9.98 10.07
0.5 || 14.12 14.13 3.97 3.19 3.19 4.00 | 14.14 14.14 14.13
0.95 | 19.23 18.88 5.34 2.63 2.63 2.99| 19.11 19.01 19.23
0.25 851 842 391 3.19 3.19 3.19 8.48 8.45  8.51
0.5 || 1047 1041 3.13 3.13 3.13 3.13 | 1046 10.43 10.47
0.95 | 14.53 14.12 248 2.09 2.09 2.09 || 14.36 14.21 14.49
0.25 6.18 6.17 433 3.92 3.92 4.19 6.13 6.02 6.18
0.5 5.95 588 4.03 3.73 3.73 3.73 5.75 5.25  5.92
0.95 7.22 711 218 2.01 2.01 2.01 6.87 6.00 7.19
0.25 5.60 557 394 3.81 3.81 3.81 5.53 540  5.59
0.5 6.06 6.00 381 3.66 3.66 3.66 5.93 5.73  6.04
0.95 6.12 598 1.98 1.98 1.98 1.98 5.79 5.17  6.07
(50, 30) 0.25 9.71 961 434 3.58 3.58 4.09| 9.68 9.64 9.70
0.5 | 11.97 11.84 4.15 3.37 3.37 5.91| 1193 11.88 11.96
0.95 || 1838 18.17v 2.31 2.31 2.31 2.99| 1830 18.23 18.35
0.25 | 13.06 12.95 3.9 3.27 3.27 3.27 || 13.02 1298 13.05
0.5 | 10.52 1043 35.44 3.08 3.08 3.08 || 10.49 10.45 10.52
0.95 | 14.07 13.84 2.57 2.05 2.05 2.05 | 14.00 13.89 14.07
0.25 5.55 550 398 3.80 3.80 3.80 5.41 5.23  5.53
05| 607 605 899 3.73 3.73 3.73 | 6.01 5.89  6.06
0.95 8.06 7.8 290 2.30 2.30 2.30 7.51 6.44  7.98
0.25 6.32 630 396 3.88 3.88 3.88 6.26 6.15 6.31
0.5 6.17 6.12 398 3.65 3.65 3.65 6.04 5.75 6.15
0.95 6.72 656 2.18 1.98 1.98 1.98 6.35 5.65  6.66
(50, 50) 0.25 9.15 899 56456 3.45 3.45 3.45 9.09 9.06 9.14
0.5 ] 11.69 11.64 451 3.39 3.39 5.97| 11.69 11.68 11.69
0.95 | 16.04 15.68 3.72 2.05 2.05 2.05 | 1599 15.86 16.04
0.25 838 8.32 3.18 3.18 3.18 3.18 8.37 8.35 8.38
0.5 993 990 384 3.06 3.06 3.06 9.93 9.93 993
0.95 | 13.90 15.65 2.04 2.04 2.04 2.04 | 13.85 13.79 13.90
0.25 6.22 619 4.64 3.88 3.88 3.88 6.17 6.06 6.21
0.5 591 588 4.07 3.82 3.82 3.82 5.85 5.76  5.90
0.95 771 748 2.60 1.99 1.99 1.99 7.22 6.38  7.68
0.25 5.56 554 380 3.79 3.79 3.79 5.52 5.45  5.55
0.5 5.92 592 3.59 3.59 3.59 3.59 5.90 5.84  5.92
0.95 691 6.73 1.97 1.97 1.97 1.97 6.55 6.08  6.90
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Table 4; PEs based on each criterion (k* = 4; 1/4)

AIC(G(K)|a)

~

the values of «

(n1,n2,m3,n4) p 0 p 0 0.1 0.5 1 1.5 2 BIC CAIC AICC
(30,30,30,30) 2 0.5 0.251 7.01 7.00 3.79 3.85 4.63 4.63 || 7.01 7.01 7.01
051 774 772 3.62 3.41 3.41 4.64 || 7.75 7.75 7.74

0.95 || 6.84 6.57 3.50 3.43 3.56 4.60 || 6.71 6.67 6.82

1 0251 598 596 358 3.54 3.64 3.76 | 5.99 5.99 5.98

0.5 | 5.75 574 348 3.48 3.55 3.73 | 5.76 5.76 5.76

0.95 || 5.58 5.51 3.11 58.22 3.24 3.32 | 5.55 5.54 5.58

5 05 025|489 488 3.94 596 4.25 4.73 | 4.87 4.84 4.89

0.5 | 4.86 4.84 4.07 4.09 4.58 4.58 || 4.83 4.80 4.86

0.95 || 3.46 3.40 299 2.85 2.97 3.81 | 3.39 336  3.45

1 0251 448 445 3.88 3.90 4.01 4.12 | 4.44 4.37 4.48

0.5 426 4.24 3.68 3.68 3.80 3.86 || 4.22 4.16 4.26

095 || 2.719 273 2.02 2.02 2.02 205 ]| 2.71 2.62 2.79

(30,30,30,50) 2 0.5 0.25| 768 7.64 3.78 3.78 4.55 4.55 | 7.68 7.68 7.68
0.5 || 8.27 825 4.235 3.90 454 4.54 || 8.28 8.28 8.27

095 | 7.80 7.81 3.50 3.43 4.37 4.37 || 7.82 7.82 7.81

1 0251 524 522 3.50 3854 3.60 3.93| 5.24 5.24 5.24

0.5 598 595 3.48 549 3.55 3.66 || 5.98 5.98 5.98

0.95 | 4.84 479 3819 3.17 3.33 3.45 || 4.83 4.82 4.84

5 0.5 0.25] 4.54 451 3.93 394 401 4.69 | 4.51 4.48 4.54

05| 464 4.62 3.96 3.97 4.33 4.57 || 4.62 4.59 4.64

0.95 || 3.55 347 294 2.89 2.9/ 3.74 || 3.46 3.40 3.54

1 0251 448 446 3.86 3.86 3.95 4.06 || 4.46 4.42 4.48

05| 413 4.10 3.65 3.65 3.65 3.76 || 4.10 4.04 4.13

0.95 || 2.70 2.65 2.03 2.03 2.03 2.07| 2.64 2.58 2.70

(30,30,50,30) 2 0.5 0.25| 723 716 3.98 3.64 454 4.60 || 7.22 7.21 7.23
0.5 7.60 757 390 3.71 4.60 4.60 || 7.60 7.60 7.60

095 7.59 746 3.33 3.21 3.21 4.57 | 7.54 7.52 7.59

1 0251 539 538 3.48 3.58 3.57 3.79 | 5.40 540  5.39

0.5 | 4.82 4.79 3.33 3.46 3.51 3.69 || 4.82 4.82 4.82

0.95 | 3.85 3.81 3.08 3.22 3.41 3.53 ]| 3.84 3.84 3.85

5 05 0251442 439 3.89 3.92 403 4.71 | 4.39 4.34 4.42

0.5 4.73 469 4.14 4.11 435 4.59 || 4.69 4.65 4.73

095 3.44 341 3.06 2.83 2.95 3.03 || 3.40 3.38 3.44

1 0251437 435 3.85 887 4.01 4.11 | 4.34 4.30 4.37

0.5 430 4.28 3.66 35.67 3.78 3.91 || 4.27 4.23 4.30

0.95 | 2.66 261 202 2.02 202 208/ 2.60 2.54 2.66

(30,30,50,50) 2 0.5 0.25| 710 7.08 4.09 3.82 4.51 4.51 || 7.10 7.10 7.10
0.5 7.07 702 3882 3.75 451 4.51 || 7.06 7.06 7.07

0.95 || 8.08 8.07 379 3.70 4.49 4.49 || 8.10 8.11 8.08

1 025 550 547 8.60 3.60 3.68 4.03 | 5.50 5.50 5.50

0.5 5,81 5.80 3.65 3.54 3.58 3.88 || 5.82 5.82 5.81

0.95 || 3.72 3.64 3.02 3.09 3.39 3.90 || 3.70 3.69 3.72

5 0.5 0.25] 4.61 4.60 4.01 4.06 4.38 4.69 || 4.60 4.59 4.61

0.5 4.54 453 3.69 3.71 3.76 4.55 || 4.53 4.52 4.54

095 3.98 391 338 3.18 325 3.87| 3.91 3.88 3.97

1 0251 440 4.39 3.86 388 4.01 4.06 | 4.39 4.37 4.40

05| 429 4.28 3.64 3.65 3.75 3.84 | 4.28 4.26 4.29

0.95 || 2.68 2.62 2.00 2.00 2.00 2.04 | 2.62 2.57 2.68

18



Table 5; PEs based on each criterion (k* = 4; 2/4)

AIC(G(K)|a)

~

the values of «

(n1,n2,n3,m4) p 0 P 0 0.1 0.5 1 1.5 2 BIC CAIC AIC°
(30,50,30,30) 2 0.5 0.25]| 6.62 6.57 3.50 3.50 4.66 4.66 || 6.61 6.61 6.62
051 748 745 3.62 3.62 4.64 4.64 | 7.48 7.48 7.48

095 || 6.85 6.64 2.75 2.7T5 2.75 4.62 | 6.78 6.76 6.84

1 0251 5.76 573 3852 3.50 3.52 3.80 ]| 5.76 5.76 5.76

0.5 5.22 5.19 3.34 342 345 3.54 | 5.22 5.22 5.22

095 || 4.32 4.20 2.96 3.02 3.21 3.35]| 4.28 4.26 4.31

5 0.5 0.251 4.55 454 3.99 4.02 410 4.72 | 4.53 4.52 4.55

0.5 4.58 455 3.75 38.83 3.83 4.57 | 4.55 4.52 4.58

0.95 || 4.02 397 3.72 2.99 299 299 3.97 3.96 4.01

1 0251 439 437 3.86 3.89 4.03 4.03 ]| 4.36 4.32 4.39

0.5 4.23 4.21 3.66 3.70 3.88 3.88 || 4.20 4.17 4.23

095 || 2.81 2.74 2.03 2.03 203 2.09 | 2.74 2.66 2.81

(30,50,30,50) 2 0.5 0.25] 6.84 6.81 3.89 3.83 4.49 4.58 || 6.84 6.83 6.84
05| 735 7.35 3.57 3.58 4.58 4.58 | 7.36 7.36  7.35

095 || 7.39 7.28 3.69 3.21 3.21 440 | 7.35 7.33 7.39

1 025|530 526 3.51 352 3.62 3.98]| 5.29 529  5.30

0.5 533 531 3.61 3.48 3.54 3.95 | 5.34 5.33 5.33

0.95 || 4.06 3.92 3.01 3032 322 3.361| 4.00 3.99 4.06

5 0.5 0.251] 4.60 4.59 3.92 3.94 4.08 4.69 | 4.59 4.57 4.60

051 4.81 4.78 3.83 38.86 4.07 4.56 || 4.78 4.77 4.81

0.95 | 3.37 3.33 3.02 2.80 2.8/ 2.97 ] 3.33 3.32 3.37

1 0251 433 432 3.83 385 4.00 4.00 || 4.32 4.30 4.33

0.5 4.13 4.11 3.62 3.62 3.81 3.81 | 4.11 4.09 4.13

0.95 | 2.73 2.68 2.02 2.02 2.02 2.08 | 2.68 2.65 2.72

(30,50,50,30) 2 0.5 0.25 6.77 6.74 4.38 3.60 4.64 4.64 || 6.77 6.77 6.77
0.5 693 688 373 3.69 4.13 4.64 | 6.92 6.92 6.93

0.95 | 7.62 755 373 3.41 348 4.19 | 7.60 7.59 7.62

1 025|537 534 356 3.53 3.60 3.92 | 5.37 5.37  5.37

0.5 5.15 5.13 3.34 38.52 3.57 3.94| 5.15 5.15 5.15

0.95 || 416 4.11 2.98 2.89 3.21 3.35| 4.15 4.14 4.16

5 05 025 | 463 4.62 3.96 599 4.16 4.71 | 4.62 4.61 4.63

051 446 4.42 3.82 3.87 4.31 4.57 | 4.43 4.41 4.45

0.95 || 3.63 3.55 2.98 2.83 2.985 2.99 | 3.55 3.53 3.63

1 0251 437 435 3.84 389 4.02 4.02 | 4.36 4.34 4.37

0.5 420 4.18 3.66 35.72 3.90 3.90 | 4.19 4.16 4.20

095 | 2.65 258 201 2.01 201 2.01]/| 2.58 2.52 2.65

(30,50,50,50) 2 0.5 0.25] 7.02 7.01 3.95 3.72 4.49 4.57 | 7.03 7.03 7.02
0.5 696 6.92 3.64 3.64 4.45 4.57 || 6.96 6.96 6.96

0.95 | 7.65 7.64 5.40 3.26 3.69 4.24 | 7.66 7.67 7.65

1 025 5.15 5.15 3.47 3.54 3.65 3.95 | 5.16 5.16 9.15

0.5 5.30 5.27 3.42 349 3.66 3.80 || 5.30 5.30 5.30

0.95 || 426 4.19 2.98 2.98 3.26 3.33 | 4.25 4.24 4.26

5 0.5 0251 455 4.53 3.93 3.95 4.08 4.70 || 4.54 4.53 4.55

0.5 4.50 447 3.86 3.87 4.20 4.56 || 4.47 4.46 4.50

095 | 3.36 333 3.15 3.06 3.16 3.16| 3.34 3.33 3.36

1 0251 426 424 3.81 384 3.98 4.00| 4.25 4.23 4.26

051 422 4.21 3.65 3.66 3.84 3.87| 4.21 4.20 4.22

095 || 2.73 2.70 2.2/ 2.23 240 2.56 | 2.71 2.69 2.73
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Table 6; PEs based on each criterion (k* = 4; 3/4)

AIC(G(K)|a)

~

the values of «

(n1,n2,m3,n4) p 0 p 0 0.1 0.5 1 1.5 2 BIC CAIC AICC
(50,30,30,30) 2 0.5 0.25 6.60 6.57 8.85 3.47 4.64 4.64 || 6.60 6.60 6.60
0.5 728 725 389 3.70 3.70 4.63 || 7.28 7.27 7.28

095 | 7.85 7.72 3.25 3.06 3.30 4.59 | 7.87 7.84 7.86

1 0251 5.23 5.22 3.48 349 3.56 3.64 | 5.24 5.24 5.24

0.5 535 5.29 346 3.43 3.51 3.60 || 5.34 5.34 5.35

0.95 || 4.55 4.45 345 3.22 3.23 3.50 | 4.51 4.49 4.55

5 0.5 0.25] 4.65 4.63 4.00 4.05 4.19 4.71 || 4.63 4.61 4.65

0.5 | 4.56 4.54 3.76 3.76 .01 4.55 || 4.54 4.52 4.56

0.95 || 3.562 3.47 2.77 2.76 2.85 3.31 || 3.46 3.39  3.52

1 0251 442 439 3.83 383 395 3.96 | 4.39 4.36 4.41

05| 424 422 3.65 35.65 3.67 3.81 | 4.22 4.19 4.24

0.95 | 2.69 263 2.00 2.00 200 2.02]| 2.63 2.57 2.69

(50,30,30,50) 2 0.5 0.25| 7.06 7.05 3.70 3.73 4.58 4.58 || 7.06 7.06 7.06
0.5 6.84 6.83 3.37 337 456 4.56 | 6.85 6.84 6.84

095 | 7.73 7.63 3.93 3.69 452 4.52 | 7.70 7.70 7.73

1 0251 5.65 5.63 3859 3.52 3.61 3.71| 5.66 5.66  5.65

0.5 5.85 5.81 3.6 3.49 3.57 3.66 || 5.86 5.85 5.85

0951 3.66 3.59 2.92 3.07 328 3.43]| 3.63 3.63 3.66

5 05 0251 4.67 4.65 3.98 3.99 402 4.69 | 4.65 4.63 4.67

05| 444 4.42 3.82 3.82 4.55 4.55 | 4.42 4.40 4.44

0.95 | 3.38 3.31 3.02 305 3.15 3.86 || 3.31 3.29 3.37

1 0251 432 431 3.80 381 3.92 3.96 || 4.31 4.29 4.32

05| 414 413 3.62 3562 3.64 3.81 | 4.13 4.11 4.14

0.95 || 2.67 2.63 2.01 2.01 2.01 201 | 2.64 2.60 2.67

(50,30,50,30) 2 0.5 0.25| 750 7.46 3.66 3.66 4.65 4.65 || 7.50 7.50 7.50
0.5 7.00 6.97 3.45 3.46 4.63 4.63 | 7.00 7.00 7.00

0951 6.81 6.70 298 2.86 2.90 4.60 | 6.77 6.76 6.81

1 0251 500 498 3.36 348 3.51 3.64 | 5.00 5.00 5.00

0.5 543 5.38 349 3.46 3.51 3.60 || 5.43 5.42 5.43

0.95 || 4.38 4.26 3.22 3.17 3.19 3.32 || 4.34 4.32 4.38

5 05 0251 448 445 3.96 3.97 437 4.71 | 4.46 4.43 4.48

0.5 4.76 4.73 3.80 3.80 4.33 4.56 || 4.74 4.72 4.76

0.95 || 3.00 297 282 2.77 289 3.42 | 2.97 2.96 3.00

1 0251 439 437 3.82 385 4.00 4.05 | 4.37 4.36 4.39

05| 422 4.21 3.65 35.67 3.75 3.87 1| 4.21 4.20 4.22

0.95 | 2.71 266 2.15 2.17 2.18 2.24 | 2.67 2.62 2.71

(50,30,50,50) 2 0.5 0.25| 6.71 6.70 3.69 3.49 456 4.56 || 6.71 6.71  6.71
05| 763 7.61 4.01 3.94 4.55 4.55 | 7.63 7.63 7.63

0951 6.15 6.06 3.15 318 38.18 4.52 | 6.13 6.12 6.15

1 0251 5.16 5.14 3.47 353 3.59 3.69 | 5.17 5.16 5.16

0.5 546 540 3.52 3.51 3.53 3.67 || 5.45 5.45 5.46

0.95 || 4.18 4.12 2.73 2.84 2.85 3.30 | 4.17 4.17 4.18

5 0.5 0.25] 4.62 459 4.01 4.04 4.41 4.69 || 4.60 4.58 4.61

0.5 454 4.52 3.78 8.80 4.16 4.56 || 4.52 4.51 4.54

0.95 | 3.01 298 2.87 2.88 3.00 3.87 | 2.99 2.98 3.01

1 0251439 438 3.82 384 398 4.04 | 4.38 4.36 4.39

05| 412 4.11 3.63 35.65 3.73 3.89 | 4.11 4.10 4.12

0.95 || 2.59 256 2.01 2.01 202 205 ]| 2.57 2.54 2.59
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Table 7; PEs based on each criterion (k* = 4; 4/4)

AIC(G(K)|a)

~

the values of «

(n1,n2,n3,m4) p 0 P 0 0.1 0.5 1 1.5 2 BIC CAIC AIC°
(50,50,30,30) 2 0.5 0.25] 6.82 6.78 3.54 3.54 4.68 4.68| 6.82 6.82 6.82
051 713 7.09 3.43 3.43 4.67 4.67| 7.13 7.12 7.13

095 || 7.29 7.13 3.60 2.99 2.99 463 | 7.24 7.23 7.28

1 0251 495 492 3.41 3.45 3.46 3.46 | 4.95 4.95 4.95

0.5 || 547 542 3.39 340 3.44 3.59 || 5.46 5.46 5.47

095 3.95 384 2.81 290 3.09 3.19 | 3.92 3.91 3.94

5 0.5 0.25 4.56 4.55 3.90 3.94 417 4.72 | 4.55 4.53 4.56

0.5 452 4.49 3.9/ 3.94 4.04 4.55 | 4.49 4.47 4.52

0.95 || 3.51 347 3.04 2.79 35.02 3.05]| 3.47 3.44 3.51

1 0251435 434 3.82 385 399 3.99 || 4.34 4.32 4.35

051 434 432 3.66 3.67 3.72 3.86 | 4.32 4.30 4.34

0.95 || 2.78 2.75 2.49 2.47 262 2.81 | 2.76 2.74 2.78

(50,50,30,50) 2 0.5 0.25]| 6.66 6.67 3.83 3.8/ 4.63 4.63 | 6.67 6.67 6.66
051 725 7.21 3.85 3.55 3.63 4.62 | 7.26 7.26 7.25

0.95 || 813 7.99 3.36 2.96 2.98 4.58 || 8.11 8.09 8.13

1 025|572 5.68 3.47 3.50 357 3.62| 5.72 572  5.72

0.5 || 5.67 5.64 346 3.43 35.45 3.61 || 5.67 5.67 5.67

0.95 || 4.16 4.08 3.23 3.12 3.17 3.33 | 4.14 4.13 4.16

5 05 0251 451 450 3.85 3.87 393 4.70 || 4.51 4.50 4.51

05| 444 4.42 3.71 3.73 3.75 4.55 | 4.42 4.41 4.44

0.95 || 3.48 3.44 3.14 2.94 35.09 3.33 | 3.45 3.43 3.48

1 0251 428 426 3.81 382 390 3.99 | 4.27 4.25 4.28

0.5 4.21 4.20 3.63 3.63 3.64 3.79 | 4.20 4.19 4.21

0.95 || 2.71 2.67 2.00 2.00 2.00 2.00| 2.68 2.65 2.71

(50,50,50,30) 2 0.5 0.25 7.08 7.03 375 3.64 4.70 4.70 || 7.07 7.07 7.08
0.5 6.42 6.37 3.52 3.52 4.68 4.68 | 6.41 6.41 6.42

095 796 796 3.30 3.13 3.15 4.66 | 7.98 7.98 7.96

1 0251 5.53 550 853 3.49 3.62 3.74 | 5.53 5.53 5.53

0.5 || 5.67 5.65 3.33 3.41 3.44 3.62 || 5.67 5.67 5.67

0.95 || 4.04 396 3.08 314 3.16 3.29 | 4.01 4.00 4.04

5 0.5 0251 453 4.52 3.91 3.92 405 4.71 | 4.53 4.52 4.53

0.5 4.61 459 3.93 4.02 4.02 4.58 || 4.59 4.58 4.61

095 | 3.44 339 3.06 2.92 3.16 3.16 | 3.39 3.38 3.44

1 0251430 429 3.81 3832 395 4.00 || 4.30 4.29 4.30

051 419 4.17 3.63 3.66 3.84 3.84 ]| 4.18 4.16 4.19

0.95 || 2.69 2.65 2.00 2.00 2.00 2.00]| 2.66 2.63 2.69

(50,50,50,50) 2 0.5 0.25] 6.52 6.51 3.48 3.48 4.63 4.63 | 6.52 6.53  6.52
05| 723 7.24 877 3.50 4.63 4.63 | 7.24 7.24 7.23

095 | 6.84 6.69 8.51 3.20 3.20 4.59 || 6.82 6.81 6.84

1 0251 520 5.19 3.50 3.57 3.67 4.00 || 5.20 5.21 5.20

0.5 545 541 8.58 3.47 3.56 3.72 | 5.44 5.44 5.45

0.95 || 4.13 4.05 3.03 3.07 3.22 3.32]| 4.11 4.10 4.13

5 0.5 0.25 ] 4.48 448 3.91 3.94 417 4.72 | 4.48 4.48 4.48

051 446 4.44 3.79 3882 3.83 4.58 || 4.45 4.43 4.46

0.95 | 3.55 3.54 3.34 3.08 3.2/ 3.89 | 3.54 3.53 3.55

1 0251 439 438 3.84 385 3.96 4.02 ]| 4.38 4.38 4.39

0.5 4.11 4.09 3.60 35.61 3.67 3.81 | 4.10 4.09 4.11

0.95 || 2.57 2.53 1.99 1.99 2.00 2.03| 2.55 2.52  2.57
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Table 8; Probability (%) of selecting correct number of clusters with each criterion (k* =

2)

~

AIC(G(K)|a)

the values of «

(n1,m2) p p 0 0.1 0.5 1 1.5 2 BIC CAIC AIC®
(30,30) 2 0.25 || 0.00 0.00 &%1.57 100.0 100.0 0.00 || 0.00 0.00  0.00
0.5 0.00 0.00 0.48 100.0 100.0  0.00 | 0.00  0.00 0.00

0.95 || 0.00 0.00 53.15 100.0 100.0 0.00 || 0.00 0.00  0.00

0.25 || 0.00 0.00 100.0 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 0.00 0.00 60.22 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 || 0.00 0.00 17.79 100.0 100.0 100.0 || 0.00 0.00  0.00

) 0.25 || 0.00 0.00 46.98 100.0 100.0 0.00 || 0.00 0.00  0.00

0.5 0.00 0.00 1I16.52 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 | 0.00 0.00 91.16 91.16 91.16 91.16 | 0.00 0.00  0.00

0.25 || 0.00 0.00 5.92 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 0.00 0.00 8792 100.0 100.0 100.0 | 0.00 0.00 0.00

0.95 || 0.00 0.00 100.0 100.0 100.0 100.0 || 0.00 0.00  0.00

(30,50) 2 0.25 || 0.00 0.00 20.19 100.0 100.0 100.0 | 0.00 0.00  0.00
0.5 0.00 0.00 17.16 100.0 100.0 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 0.00 100.0 100.0 0.00 || 0.00 0.00  0.00

0.25 | 0.00 0.00 21.17 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 0.00 0.00 100.0 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 | 0.00 0.00 8&2.46 100.0 100.0 100.0 | 0.00  0.00 0.00

) 0.25 || 0.00 0.00 0.94 100.0 100.0 0.00 || 0.00 0.00  0.00

0.5 || 0.00 0.00 6.75 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 | 0.00 0.00 2727 100.0 100.0 100.0 | 0.00 0.00  0.00

0.25 || 0.00 0.00 41.66 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 || 0.00 0.00 30.43 100.0 100.0 100.0 | 0.00 0.00  0.00

0.95 || 0.00 0.00 100.0 100.0 100.0 100.0 || 0.00 0.00  0.00

(50,30) 2 0.25 || 0.00 0.00 0.00 100.0 100.0 0.00 || 0.00 0.00  0.00
0.5 0.00 0.00 0.00 100.0 100.0 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 100.0 100.0 100.0 0.00 || 0.00 0.00  0.00

0.25 | 0.00 0.00 2324 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 0.00 0.00 32.67 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 | 0.00 0.00 64.39 100.0 100.0 100.0 | 0.00 0.00 0.00

5 0.25 || 0.00 0.00 &%7.02 100.0 100.0 100.0 | 0.00 0.00  0.00

0.5 0.00 0.00 3557 100.0 100.0 100.0 | 0.00 0.00 0.00

0.95 || 0.00 0.00 5.65 100.0 100.0 100.0 || 0.00 0.00  0.00

0.25 || 0.00 0.00 &8.93 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 0.00 0.00 20.85 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 || 0.00 0.00 &%7.77 100.0 100.0 100.0 | 0.00 0.00  0.00

(50,50) 2 0.25 | 0.00 0.00 29.76 100.0 100.0 100.0 || 0.00 0.00  0.00
0.5 0.00 0.00 5525 100.0 100.0 0.00 || 0.00 0.00  0.00

0.95 {| 0.00 0.00 0.00 100.0 100.0 100.0 || 0.00 0.00  0.00

0.25 || 0.00 0.00 100.0 100.0 100.0 100.0 || 0.00 0.00 0.00

0.5 0.00 0.00 S31.06 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 | 0.00 0.00 100.0 100.0 100.0 100.0 | 0.00 0.00  0.00

5 0.25 || 0.00 0.00 3%0.46 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 | 0.00 0.00 5516 100.0 100.0 100.0 | 0.00 0.00  0.00

0.95 || 0.00 0.00 24.63 100.0 100.0 100.0 | 0.00 0.00  0.00

0.25 | 0.00 0.00 97.27 100.0 100.0 100.0 || 0.00 0.00  0.00

0.5 0.00 0.00 100.0 100.0 100.0 100.0 || 0.00 0.00  0.00

0.95 || 0.00 0.00 100.0 100.0 100.0 100.0 || 0.00 0.00  0.00
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Table 9; Probability (%) of selecting correct number of clusters with each criterion (k* = 4; 1/4)
AIC(G(K)|a)
the values of o
(n1,n2,m3,M4) P p 0 0.1 0.5 1 1.5 2 BIC CAIC AIC®
(30, 30,30,30) 2 0.25 || 0.00 0.00 99.96 0.00 0.00 0.00 | 0.00 0.00  0.00
0.5 | 0.00 0.00 84.47 0.00 0.00 0.00 || 0.00  0.00 0.00
0.95 | 0.00 0.00 61.07 49.12 0.00 0.00 || 0.00 0.00  0.00
0.25 || 0.00 0.00 57.00 1744 8.57 0.00 || 0.00 0.00  0.00
0.5 0.00 0.00 61.31 13.40 7.17 0.00 || 0.00 0.00  0.00
0.95 || 0.00 0.00 63.70 8.38 8.35 4.45 || 0.00 0.00  0.00
5 0.25 || 0.00 0.00 91.24 91.24 0.00 0.00 | 0.00 0.00 0.00
0.5 | 0.00 0.00 84.47 85.73 0.00 0.00 || 0.00 0.00  0.00
0.95 || 0.00 0.00 0.99 25.27 53.80 0.00 || 0.00 0.00  0.00
0.25 || 0.00 0.00 56.69 56.83 57.32 56.69 || 0.00 0.27  0.00
0.5 | 0.00 0.00 60.79 60.79 60.79 60.79 || 0.00 0.83  0.00
0.95 || 0.00 0.00 61.835 61.35 61.35 61.39 || 0.11 5.60  0.00
(30, 30,30,50) 2 0.25 || 0.00 0.00 0.26 0.00 0.00 0.00 | 0.00 0.00  0.00
0.5 | 0.00 0.00 88.59 0.05 0.00 0.00 || 0.00 0.00  0.00
0.95 || 0.00 0.00 88.54 79.27 0.00 0.00 || 0.00 0.00  0.00
0.25 || 0.00 0.00 67.60 10.02 7.75 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 66.12 9.56 4.99 0.00 || 0.00 0.00  0.00
0.95 | 0.00 0.00 359.25 65.80 12.15 6.47 || 0.00 0.00  0.00
5 0.25 || 0.00 0.00 88.18 88.18 88.18 0.00 | 0.00 0.00 0.00
0.5 | 0.00 0.00 43.66 79.67 0.00 0.00 || 0.00 0.00  0.00
0.95 || 0.00 0.00 0.00 8.91 55.07 0.00 || 0.00 0.00  0.00
0.25 || 0.00 0.00 61.33 61.35 61.43 61.33 || 0.00 0.00  0.00
0.5 | 0.00 0.00 78.97 78.97 78.97 78.97 | 0.00 1.13  0.00
0.95 || 0.00 0.22 55.25 55.25 55.28 55.25 || 0.26 3.01  0.00
(30, 30,50,30) 2 0.25 || 0.00 0.00 89.60 0.00 0.00 0.00 | 0.00 0.00  0.00
0.5 0.00 0.00 95.83 0.00 0.00 0.00 | 0.00 0.00 0.00
0.95 || 0.00 0.00 78.61 0.00 0.00 0.00 | 0.00 0.00  0.00
0.25 || 0.00 0.00 69.74 8.08 4.92 0.00 || 0.00 0.00  0.00
0.5 0.00 0.00 68.55 11.06 8.67 0.00 || 0.00 0.00  0.00
0.95 || 0.00 0.00 47.36 70.20 5.36 0.00 || 0.00 0.00  0.00
5 0.25 || 0.00 0.00 64.02 64.02 0.00 0.00 | 0.00 0.00 0.00
0.5 | 0.00 0.00 51.79 0.00 0.00 0.00 || 0.00  0.00 0.00
0.95 || 0.00 0.00 2.60 25.79 29.18 0.00 || 0.00 0.00  0.00
0.25 || 0.00 0.00 48.46 48.65 49.47 48.46 || 0.00 0.07  0.00
0.5 | 0.00 0.00 46.49 46.49 46.49 46.49 | 0.00 0.03  0.00
0.95 | 0.00 0.04 49.15 49.15 49.17 49.43 || 0.05 0.47  0.00
(30, 30,50,50) 2 0.25 || 0.00 0.00 97.42 0.00 0.00 0.00 || 0.00  0.00 0.00
0.5 0.00 0.00 93.58 0.00 0.00 0.00 | 0.00 0.00  0.00
0.95 || 0.00 0.00 68.09 94.28 0.00 0.00 || 0.00 0.00  0.00
0.25 || 0.00 0.00 74.22 17.91 14.60 0.00 || 0.00 0.00  0.00
0.5 0.00 0.00 74.49 11.15 9.17 0.00 || 0.00 0.00  0.00
0.95 || 0.00 0.00 58.54 78.39 7.56 0.00 || 0.00 0.00  0.00
5 0.25 || 0.00 0.00 70.90 70.90 0.00 0.00 | 0.00 0.00  0.00
0.5 | 0.00 0.00 80.64 80.64 80.64 0.00 || 0.00 0.00 0.00
0.95 || 0.00 0.00 0.45 53.73 88.26 0.00 || 0.00 0.00  0.00
0.25 || 0.00 0.00 56.63 56.75 57.48 56.63 || 0.00 0.00  0.00
0.5 0.00 0.00 60.55 60.55 60.55 60.55 || 0.00 0.00 0.00
0.95 || 0.00 0.04 56.74 56.74 56.75 56.80 || 0.03 0.43  0.00
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Table 10; Probability (%) of selecting correct number of clusters with each criterion (k* = 4; 2/4)

AIC(G(k)|«)
the values of «
(n1,n2,n3,m4) p & p 0 0.1 0.5 1 1.5 2 BIC CAIC AIC®

(30, 50, 30, 30) 0.25 || 0.00 0.00 0.03 0.03 0.00 0.00 0.00 0.00  0.00
0.5 0.00 0.00 0.00 0.00 0.00 0.00| 0.00 0.00 o0.00

0.95 || 0.00 0.00 0.02 0.03 0.00 0.00 || 0.00 0.00  0.00

2 025 0.00 0.00 54.06 2.95 1.53 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 48.67 6.52 3.86 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 42456 51.27 13.74 4.83 || 0.00 0.00  0.00

5 1 0251 0.00 0.00 67.82 67.82 0.00 0.00) 0.00 0.00 0.00
0.5 0.00 0.00 67.39 67.39 67.39 0.00) 0.00 0.00  0.00

0.95 || 0.00 0.00 0.00 0.01 0.01 0.00 || 0.00 0.00 0.00

2 0251 0.00 0.00 46.47 46.47 46.47 46.47 || 0.00 0.00  0.00
0.5 0.00 0.00 51.42 51.42 51.42 51.42 | 0.00 0.07  0.00

0.95 | 0.00 0.02 61.87 61.87 61.87 61.87 | 0.02 1.42  0.00
(30,50,30,50) 2 1 0.25| 0.00 0.00 31.17 0.00 0.00 0.00) 0.00 0.00  0.00
0.5 | 0.00 0.00 74.17 0.10 0.00 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 0.00 0.00 0.00 0.00] 0.00 0.00 o0.00

2 025 0.00 0.00 55.81 14.40 7.92 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 56.75 13.33 8.41 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 86.65 56.30 11.62 4.33 || 0.00 0.00  0.00

5 1 0251 0.00 0.00 74.39 74.39 0.00 0.00) 0.00 0.00 0.00
0.5 0.00 0.00 68.15 68.15 0.00 0.00) 0.00 0.00  0.00

0.95 | 0.00 0.00 15.02 66.54 75.85 69.50 | 0.00 0.00  0.00

2 0254 000 0.00 5643 56.43 56.43 56.43 | 0.00 0.00  0.00
0.5 0.00 0.00 61.04 61.04 61.04 61.04 || 0.00 0.00  0.00

0.95 | 0.00 0.01 56.68 56.68 56.68 56.68 | 0.01 0.27  0.00
(30,50,50,30) 2 1 0.25| 0.00 0.00 26.85 0.00 0.00 0.00) 0.00 0.00  0.00
0.5 0.00 0.00 34.89 0.00 0.00 0.00) 0.00 0.00 0.00

0.95 | 0.00 0.00 69.13 35.79 0.00 0.00 || 0.00 0.00  0.00

2 025 | 0.00 0.00 61.17 1317 6.12 0.00 || 0.00 0.00  0.00
0.5 0.00 0.00 60.49 13.54 8.74 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 19.96 59.94 11.77 4.40 || 0.00 0.00  0.00

5 1 0251 0.00 0.00 76.44 76.44 0.00 0.00) 0.00 0.00 0.00
0.5 | 0.00 0.00 6313 T71.58 6.39 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 0.01 0.00 0.00 0.00) 0.00 0.00 0.00

2 025 0.00 0.00 4333 4334 43.36 4333 | 0.00 0.00  0.00
0.5 0.00 0.00 41.18 41.18 41.18 41.18 || 0.00 0.00  0.00

0.95 | 0.00 0.01 74.55 74.55 74.55 74.55 | 0.01 3.16  0.00
(30,50,50,50) 2 1 0.25| 0.00 0.00 84.47 0.01 0.00 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 0.00 0.00 0.00 0.00]| 0.00 0.00 o0.00

0.95 | 0.00 0.00 75.77 36.80 0.00 0.00 || 0.00 0.00  0.00

2 025 0.00 0.00 65.86 14.06 5.01 0.00 || 0.00 0.00  0.00
0.5 0.00 0.00 64.22 18.43 4.83 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 60.95 64.60 8.45 4.03 || 0.00 0.00  0.00

5 1 0251 0.00 0.00 78.49 78.49 0.00 0.00) 0.00 0.00  0.00
0.5 0.00 0.00 81.90 81.90 0.00 0.00 || 0.00 0.00 0.00

0.95 || 0.00 0.00 8.36 72.34 0.00 0.00 || 0.00 0.00  0.00

2 025 000 0.00 5373 5381 54.29 53.73 || 0.00 0.00  0.00
0.5 0.00 0.00 5136 $1.38 52.36 51.36 || 0.00 0.00  0.00

0.95 || 0.00 0.00 0.33 21.35 42.21 42.21 || 0.00 0.00  0.00

\)
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Table 11; Probability (%) of selecting correct number of clusters with each criterion (k* = 4; 3/4)

AIC(G(k)|a)
the values of «
(n1,n2,n3,m4) p 6 p 0 0.1 0.5 1 1.5 2 BIC CAIC AICS

(50, 30, 30, 30) 0.25 || 0.00 0.00 88.13 0.00 0.00 0.00 | 0.00 0.00  0.00
0.5 | 0.00 0.00 56.26 0.00 0.00 0.00 || 0.00 0.00 0.00

0.95 || 0.00 0.00 0.44 19.50 0.00 0.00 || 0.00 0.00  0.00

2 025 | 0.00 0.00 50.31 11.51 5.73 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 49.83 12.43 6.60 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 20.55 17.38 18.00 0.00 || 0.00 0.00  0.00

5 1 0251 0.00 0.00 76.46 76.46 0.00 0.00 | 0.00 0.00 0.00
0.5 0.00 0.00 100.0 100.0 0.00 0.00 | 0.00 0.00  0.00

0.95 || 0.00 0.00 0.18 44.02 42.92 0.00 || 0.00 0.00  0.00

2 0251 0.00 0.00 6527 65.27 65.27 65.27 | 0.00 0.00  0.00
0.5 | 0.00 0.00 65.39 65.39 65.39 65.39 | 0.00 0.02  0.00

0.95 || 0.00 0.00 68.15 68.15 68.15 68.15 || 0.01 1.08  0.00
(50,30,30,50) 2 1 0.25 | 0.00 0.00 7.02 0.00 0.00 0.00 | 0.00 0.00  0.00
0.5 | 0.00 0.00 0.02 0.00 0.00 0.00 || 0.00 0.00 0.00

0.95 | 0.00 0.00 31.11 0.08 0.00 0.00 || 0.00 0.00  0.00

2 025 0.00 0.00 55.09 16.52 7.99 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 53.33 13.99 7.93 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 353.28 58.03 10.39 6.48 || 0.00 0.00  0.00

5 1 025 0.00 0.00 93.35 93.35 93.35 0.00 | 0.00 0.00 0.00
0.5 0.00 0.00 97.28 97.28 0.00 0.00 | 0.00 0.00  0.00

0.95 || 0.00 0.00 0.04 61.95 59.06 0.00 || 0.00 0.00  0.00

2 0251 0.00 0.00 66.985 66.95 67.01 66.95 | 0.00 0.00  0.00
0.5 | 0.00 0.00 66.39 66.39 66.39 66.39 || 0.00 0.01  0.00

0.95 | 0.00 0.01 72.63 72.63 72.63 72.63 || 0.01 0.31  0.00
(50,30,50,30) 2 1 0.25 | 0.00 0.00 0.02 0.00 0.00 0.00 | 0.00 0.00  0.00
0.5 0.00 0.00 1.62 0.00 0.00 0.00 | 0.00 0.00 0.00

0.95 || 0.00 0.00 62.06 22.53 0.00 0.00 || 0.00 0.00  0.00

2 0.25 | 0.00 0.00 87.92 11.63 9.34 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 58.21 10.54 6.57 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 56.47 58.83 12.05 7.23 || 0.00 0.00  0.00

5 1 0251 0.00 0.00 96.78 96.78 0.00 0.00 | 0.00 0.00 0.00
0.5 0.00 0.00 99.65 99.65 0.00 0.00 || 0.00 0.00 0.00

0.95 || 0.00 0.00 0.01 16.65 38.48 0.00 || 0.00 0.00  0.00

2 025 0.00 0.00 5231 52.37 52.65 52.31 || 0.00 0.00  0.00
0.5 ] 0.00 0.00 56.93 56.95 56.93 56.95 | 0.00 0.00  0.00

0.95 || 0.00 0.00 3.86 43.46 43.47 66.79 || 0.00 0.00  0.00
(50,30,50,50) 2 1 0.251 0.00 0.00 73.97 0.00 0.00 0.00 || 0.00 0.00 0.00
0.5 | 0.00 0.00 99.16 0.00 0.00 0.00 | 0.00 0.00  0.00

0.95 || 0.00 0.00 72.58 0.00 0.00 0.00 | 0.00 0.00  0.00

2 025 0.00 0.00 63.71 1252 7.19 0.00 || 0.00 0.00  0.00
0.5 | 0.00 0.00 75.24 6.21 5.66 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.01 67.88 68.12 69.10 7.82 || 0.00 0.00  0.00

5 1 0251 0.00 0.00 76.21 76.21 0.00 0.00 | 0.00 0.00  0.00
0.5 | 0.00 0.00 90.67 93.40 0.36 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 0.17  65.45 98.27 0.00 || 0.00 0.00  0.00

2 025 0.00 0.00 5516 85.24 55.73 55.16 | 0.00 0.00  0.00
0.5 | 0.00 0.00 53.64 53.75 54.32 53.64 || 0.00 0.00  0.00

0.95 || 0.17 0.38 55.07 55.07 55.07 55.07 || 0.27 0.57 017

\]
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Table 12; Probability (%) of selecting correct number of clusters with each criterion (k* = 4; 4/4)

AIC(G(k)|e)
the values of «

(n1,n2,m3,M4) P p 0 0.1 0.5 1 1.5 2 BIC CAIC AIC®

(50, 50,30,30) 2 0.25 | 0.00 0.00 0.00 0.00 0.00 0.00| 0.00 0.00 o0.00

0.5 0.00 0.00 0.00 0.00 0.00 0.00| 0.00 0.00 o0.00

0.95 | 0.00 0.00 0.01 0.00 0.00 0.00) 0.00 0.00 0.00

0.25 || 0.00 0.00 43.52 0.49 0.24 0.00 || 0.00 0.00  0.00

0.5 0.00 0.00 43.60 15.04 10.35 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 3846 43.29 9.04 3.56 || 0.00 0.00  0.00

) 0.25 | 0.00 0.00 77.02 77.02 0.00 0.00) 0.00 0.00 0.00

0.5 0.00 0.00 51.55 95.61 0.00 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 0.30 40.78 0.00 0.00 || 0.00 0.00  0.00

0.25 || 0.00 0.00 55.30 55.30 55.30 55.30 | 0.00 0.00  0.00

0.5 0.00 0.00 56.90 56.90 56.90 56.90 || 0.00 0.00 0.00

0.95 || 0.00 0.00 0.27 10.85 44.87 59.55 || 0.00 0.00  0.00

(50,50, 30,50) 2 0.25 || 0.00 0.00 0.80 0.00 0.00 0.00) 0.00 0.00  0.00

0.5 0.00 0.00 1.11 0.48 0.00 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 26.06 0.96 0.00 0.00 || 0.00 0.00  0.00

0.25 || 0.00 0.00 49.89 9.56 3.86 0.00 || 0.00 0.00  0.00

0.5 0.00 0.00 50.60 14.03 12.58 0.00 || 0.00 0.00  0.00

0.95 | 0.00 0.00 17.78 12.63 12.58 4.87 || 0.00 0.00  0.00

) 0.25 || 0.00 0.00 90.25 90.25 90.25 0.00) 0.00 0.00 0.00

0.5 0.00 0.00 82.98 8298 82.98 0.00 0.00 0.00  0.00

0.95 || 0.00 0.00 0.17 46.62 24.34 0.00 || 0.00 0.00  0.00

0.25 || 0.00 0.00 62.53 62.53 62.53 62.53 || 0.00 0.00  0.00

0.5 0.00 0.00 64.96 64.96 64.96 64.96 || 0.00 0.00  0.00

0.95 | 0.00 0.01 72.92 72.92 7292 72.92 || 0.00 0.04  0.00

(50,50,50,30) 2 0.25 || 0.00 0.00 87.17 0.00 0.00 0.00) 0.00 0.00  0.00

0.5 0.00 0.00 0.05 0.05 0.00 0.00) 0.00 0.00 0.00

0.95 | 0.00 0.00 40.12 2.91 1.15 0.00 || 0.00 0.00  0.00

0.25 | 0.00 0.00 52.14 19.11 8.69 0.00 || 0.00 0.00  0.00

0.5 | 0.00 0.00 53.16 15.10 12.46 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 50.45 9.96 10.53 5.02 || 0.00 0.00  0.00

) 0.25 || 0.00 0.00 83.33 83.33 0.00 0.00) 0.00 0.00 0.00

0.5 | 0.00 0.00 80.86 0.00 0.00 0.00 || 0.00 0.00 0.00

0.95 | 0.00 0.00 0.00 0.00 0.00 0.00]| 0.00 0.00 o0.00

0.25 || 0.00 0.00 52.36 52.36 52.36 52.36 | 0.00 0.00  0.00

0.5 0.00 0.00 53.18 53.18 53.18 53.18 || 0.00 0.00  0.00

0.95 | 0.00 0.00 51.43 51.43 51.43 51.43 || 0.00 0.02  0.00

(50, 50,50,50) 2 0.25 | 0.00 0.00 0.02 0.00 0.00 0.00 || 0.00 0.00 0.00

0.5 | 0.00 0.00 83.76 0.51 0.00 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 59.13 0.00 0.00 0.00) 0.00 0.00  0.00

0.25 || 0.00 0.00 58.41 15.92 7.98 0.00 || 0.00 0.00  0.00

0.5 0.00 0.00 56.66 12.56 6.25 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 59.79 60.57 8.52 4.21 || 0.00 0.00  0.00

) 0.25 || 0.00 0.00 87.99 87.99 0.00 0.00) 0.00 0.00  0.00

0.5 | 0.00 0.00 6867 82.74 82.74 0.00 || 0.00 0.00  0.00

0.95 || 0.00 0.00 0.01 35.82 36.55 0.00 || 0.00 0.00  0.00

0.25 || 0.00 0.00 5582 55.83 56.29 55.82 || 0.00 0.00  0.00

0.5 0.00 0.00 62.45 62.45 62.45 62.45 | 0.00 0.00  0.00

0.95 | 0.00 0.00 60.07 60.07 60.07 60.07 | 0.00 0.01  0.00
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Table 13; The number of times each number of clusters was selected by each criterion

for the ‘iris’ data

AIC(G(k)|o)

a=0]a=01]a=05]a=1]a=15]a=2]| BIC | CAIC | AIC®

1 0 0 0 0 0 0 0 0 0

2 0 0 0| 1648 10000 | 10000 0 0 0

3 (=Ek") 0 0 1042 | 7987 0 0 0 0 0
4 973 1516 3858 365 0 0| 1091 1577 973

5 9027 8484 5100 0 0 0 | 8909 8423 | 9027
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