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Abstract

In this article, we propose a test for making an inference about the block-
diagonal covariance structure of a covariance matrix in non-normal high-
dimensional data. We prove that the limiting null distribution of the pro-
posed test is normal under mild conditions when its dimension is substantially
larger than its sample size. We further study the local power of the proposed
test. Finally, we study the finite sample performance of the proposed test
via Monte Carlo simulations. We demonstrate the relevance and benefits of
the proposed approach for a number of alternative covariance structures.

AMS 2000 subject classification: Primary 62H15; secondary 62F05.
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1. Introduction

In recent years, a number of statistical methods for high-dimensional
data such as DNA microarray gene expressions, where the number of fea-
ture variables, p, exceeds the sample size, N, have been discussed by many
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aouthors. For analysing high-dimensional data, the p x p covariance ma-
trix ¥ is an important measure for dependence among the components of a
high-dimensional random vector @, and thus plays a major role in many sta-
tistical procedures. Accordingly, the statistical inference of ¥ is an important
problem. Incidentally, a number of procedures for testing a high-dimensional
covariance matrix, which include testing identity, sphericity and diagonal
structure, have been proposed by Schott (2005), Srivastava (2005), Akita,
Jin and Wakaki (2010), Srivastava and Reid (2012), and so on. All these
tests assume either normality or moderate dimensionality such that p/n — ¢
for a finite constant ¢ or both assumptions. There has also been substantial
research on the inference of hte covariance matrix under non-normal high-
dimensional distributions: see, for example, Chen, Zhang and Zhong (2010),
Srivastava, Kollo and Rosen (2011), Zhong and Chen (2011), Li and Chen
(2012), Qiu and Chen (2012), Yata and Aoshima (2013), Srivastava, Yanag-
ihara and Kubokawa (2014) and Himeno and Yamada (2014).

In this paper, we provide tests for covariance matrices without the nor-
mality assumption while allowing the dimension p to be much larger than
the sample size N. Let @1, @s,...,zy (N > 4) be independent and identi-
cally distributed (i.i.d.) p-dimensional random vectors with E[z;] = p and
Var[z;] = ¥. Now, we partition &;, p, and ¥ into ¢ components:

1
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where m§9> and 9 are pg X 1 vectors and X, is a py X p, matrix, g,h =
1,...,q. Note that p = Zgzl pg- Our interest is to test structure for covari-
ance:

HO:Z:Ed VS. HASZ#Ed, (11)

where ¥; = diag(X11, Xag, . . ., Lgq)-

When p > N, to verify the block-diagonal sturucture is very important; if
Hj holds, then the total number of unknown parameters to be estimated for
¥ reduces to > _{_, pi(p;+1)/2 instead of p(p+1)/2. Further, it is interesting
to note that the block-diagonal covariance structure attracts much attention
across the fields of convex optimization and machine learning, with the main
forcus being the Gaussian graph structure learning procedures.



For testing hypothesis (1.1), Hyodo et al. (2015) proposed a test statistic
based on the normalized Frobenious matrix norm under normal assumption.
They used an estimator of tr¥? proposed by Bai and Saranadasa (1996) and
Srivastava (2005). Under normality assumption, this estimator has unbaised-
ness, but this estimator is not generally unbiased. Thus, in this paper, we
propose a new test statistic based on an unbiased estimator proposed by Hi-
meno and Yamada (2014) and Srivastava, Yanagihara and Kubokawa (2014)
that does not need the normality assumption.

Hypothesis (1.1) includes some important hypotheses. For p, = 1, that
is, for a test of the covariance being diagonal (Hy : ¥ = diag(oy, - ,0,)),
Schott (2005) and Srivastava (2005) proposed an approximate test for a high-
dimensional diagonal matrix under the multivariate normal assumption. Be-
sides, Chen, Zhang and Zhong (2010) proposed approximate test without
the normality assumption. Further, for ¢ = 2, that is, for a test of the inde-
pendence of two sub-vectors (Hy : ¥ = diag(Xi1, X22)), Srivastava and Reid
(2012) proposed a test procedure under the multivariate normal assumption,
while Yata and Aoshima (2015) proposed a test procedure without the nor-
mality assumption. Our testing procedure extends the results derived by
Chen, Zhang and Zhong (2010) and Yata and Aoshima (2015).

The rest of the paper is organized as follows. Section 2 presents test pro-
cedure after establishing the asymptotic normality of the test statistics, and
derives asymptotic powers in Section 3. Further, in Section 4, the attained
significance levels and powers of the suggested test are empirically analyzed.
Finally, Section 5 concludes this paper. Some technical details are relegated
to the Appendix.

2. Test procedure

2.1. Assumptions

In this section, we mention the several assumptions to made construct
a test for (1.1). Suppose @i, xs,...,xy are i.i.d. p-dimensional random
vectors such that

x;=Tz,+p fori=1... N, (2.1)
where I' = (TV, T®) ... T@) is a p x m constant matrix so that I'T" = %,
and z1, 2o, ..., zy are i.i.d. m-dimensional random vectors such that E[z;] =

0 and Var[z;] = I,,, an m x m identity matrix. Note that :1359) =Tz, 4+ pl.
Further, we use the following assumptions as necessary.



(A1) Let z; = (21, ..., 2zim)’, with each z;; having a uniformly bounded 4th
moment, and there existing finite constants xs, x4 such that E[zf]] = K3,

E[zfj] = K4 + 3 and for any positive integers r and «; such that «o; <

4, Yo <8, B[z 2] = Bl |E[22] - El2jy], whenever
J1,J2, - - -, Jr are distinct indices.

(A1’) Let z; = (%1, - - -, Zim)’, With each z;; having a uniformly bounded 8th
moment, and there existing finite constants x3, x4 such that E[zf]] = K3,
E[z};] = k443 and for any positive integers 7 and oy such that -, oy <
8, B[z 25 - -+ 2i7] = B[z |E[2552] - - - E[27} ], whenever ji, ja, ..., j, are
distinct indices.

(A2) We assume one of the following asymptotic frameworks:

i) N — o0, q is fixed and at least one of py,...,p, goes to infinity.
q
ii) N — 00, ¢ — oo and pq,...,p, are fixed.
q

g
(A3) Let 7= Z trX2 tr¥},. Then under (A2),

g,h=1

g#h
2
q
7 min ¢ tr¥? Z(trZ];fg)1/4(tr22h)1/4 =o(1).
a
(A4) Under (A2),
! 2
Y (S St (S Sg) = o(1), 7' Ntr (82— £3)7 = o(1),
g,h,9' A =1
g#g' #h' #h#g
q
7'_1 Z tI‘(E;g)tI‘(Eg/h/Eh/g/) = 0(1)
g,9",h/=1
g#9'#h'#g
(A5) Under (A2),
1 q
N S > (S St (Syn Sy) = o(1).
g,h,g' W' =1
979’ ;h#h



We state some remarks on the conditions. In assumption (A1), the require-
ment of the common third and fourth moments of z;;, is not essential and
is purely for the sake of simpler notation. Our theory allows different third
and fourth moments as long as they are uniformly bounded, which is assured
by z;; having a uniformly bounded fourth moment. We sometimes assume
(A1’) instead of (A1) to investigate the power properties of the test.

Assumption (A2)-(i) means that number of blocks is small but the num-
ber of dimensions is large. Conversely, assumption (A2)-(ii) means that the
number of blocks is small, but the matrix is large-dimensional.

We discuss some specific examples of assumptions (A3) and (A4). As-
sumption (A3) is used to derive the asymptotic null distribution, and as-
sumption (A4) is used to derive the asymptotic non-null distribution. Let
us consider the case ¢ = 2. If ¢ = 2, Hy means the hgfg)othesis that testing
the correlation coefficient matrix between sc ) and x;”. For this hypothe-
sis, Yata and Aoshima (2015) proposed a test statlstlc using the extended
cross-data-matrix methodology and showed the asymptotic normality of this
statistic under assumptions (A1),

(C1) ming_ - {%} —0asp— o0
2\ %2,) )

(C2) limsup,, . {—Ng(trE”E”P} < 00,

] 2
tr3g tryis,

where m’ = min{V, p}. Note that if (C1) holds,

min {tr?, 2(trSf;) 2 (tras,) 2} - 2(trad )2 (trys,) /2

= —0
T T
as p — 0o. We also note that if (C1) and (C2) hold,
Ntr (22 = 59)° _ AN Mnax (B11) Mnae (Z22) 1815 oy o

T - try? tryi,

as p — 0o. Here, A\ax(A) denotes the largest eigenvalue of matrix A. From
these results, (A3) and (A4) quite similar to but somewhat weaker than
conditions (C1) and (C2) formulated by Yata and Aoshima (2015). Thus,
we can compare our statistics with those proposed by Yata and Aoshima
(2015) under assumptions (A1), (C1), and (C2).

We now consider specific types of the alternative covariance structure under
p1 = p2 = -+ = pg. The following covariance structure is called the “blocked
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compound symmetric (BCS)” structure:
Y=I,® (3.~ R)+1,1,®R,

where X, is a p; X p; positive definite symmetric matrix, and R is a p; X py
symmetric matrix. Here, 1, denotes a g-dimensional vector with all elements
being one. If ¢ = p, ¥, = o0, and R = o.p, where —1/(p — 1) < p < 1,
¥ =0.{(1—p)I,+ pl,1,}. This covariance structure is called the intraclass
correlation structure. Note that

T = Q(q_]')(trzz)Zv
2
q
S s st | = g 1)t
=

Ntr (22— x2)* = N{g(q — D)tr(RE.)? + 2q(qg — 1)(g — 2)tr(R*%,)
+q(q — 1)(¢* — 3¢ + 3)trR*}.

Using the results for the correlation matrix in Yata and Aoshima (2015), we
get

tr(RE,)? < (Amax(Ss)) 2t R,
trR3Y, < \/tr(RE,)2VrRY < (Apax(3,))*trR?,
trR? < (Amax(Z4))*trR%,

Suppose that

1‘4
(A3’) ﬁ%Oasp%oo,

(A4’) limsup,, {N(Qt(rtzrg?g} < 00.

If (A2)-(i), (A3’), and (A4’) are assumed, (A3) and (A4) holds. Further, if
we assume (A2)-(ii) and

(A3) and (A4) hold. Here, a < b means that a = O(b) and b = O(a), and r;;

denotes each element of the correlation matrix R.



2.2. Test statistic

We note that Hy is valid if and only if 3, = O for g # h, and the latter
implies that tr(2 — X;)? = 0. A test for the hypothesis Hy vs. Ha can be
based on the unbiased estimator of tr(X — $4)? = tr¥? — tr32 and the same
can be used to develop the test statistic. We assume (2.1), and let

1N 1 &

-1

i=1 i=1
then, the unbiased estimator of tr¥? is
N—1
N —
N(N —2)(N — 3){<
This estimator has been proposed in Himeno and Yamada (2014) and Srivas-

tava, Yanagihara and Kubokawa (2014). From these results, it is straight-
forward to propose the unbiased estimator of tr¥2 as

try? = 1)(N = 2)trS? + (tr5)2 — NQ}.

) = N(N N Z{ — 282 + (115,)? — NQ,},
where
z@9 — 1 img) S — ;i(m(g) m(Q))( (9) 5(9))/
i=1 7 N-d i=1
and

Qs = _12{ — 30 (2 — 2

From these facts, we construct the test statistic as follows:
T = try2 — 133
which is an unbiased estimator of tr(X — ¥4)? under (2.1). The following
theorem shows that statistic 7" is the rate-consistent estimator of tr(X —34)2.
Theorem 2.1. Under assumptions (A1), (A3), and (A5),
T
e & L.
tI‘(E — Ed)2
Here, “ 27 denotes convergence in probability.

(Proof) The assertion follows immediately from Lemma A.3.

7

T = fBu = ——> (@ —Z) (@ -7, Q= ——> ((&;—2)(x; — F))";



2.3. Asymptotic normality of the test statistic
We first introduce the asymptotic variance of T

4 d 8 2
ol = m Z tr(EgnEng ) tr(Xgn Xy ) + Ntr (22 - 2121)
g:h,g',h'=1
979" h#Eh

4/14

—i—Wtr CINMOED I NICRIMOED NN
where ® denotes the Hadamard product, that is, (A ® B);; = (A)i; - (B)yj-
(See Lemma A.3 for details.)
Remark 2.1. Under Hy : X = ¥4,
4 q
2 _ 2 L 2
UHO = m Z trEggtrEhh.

g,h=1

g#h
Note that for any symmetric matrix A, tr(4 ® A) < trA?. Hence,

tr ({T'(Z = Z)T} 0 {T(T = YT} < tr (22 - 52)°.
Thus, under assumptions (Al) - (A4),

0_2

— — L
O-H()

The following theorems establish the asymptotic normality of 7.
Theorem 2.2. Under assumptions (A1) - (A4),

_ _ 2
T — tr(S — 54) 4 N(0.1),

O H,

d o
where — denotes the convergence in distribution.

(Proof) See Appendix A.2.

To test Hy, it is necessary to estimate O’%O. Using the unbiased estimator

2
of trXy

N-1
N(N —2)(N —3)

N2
tngg =

{(N = 1)(N = 2)trS? + (tr5y)* — NQ,},



: 2
we estimate og, by

4 0 _— —
~2 2
O'HO = m E trﬁggtrEhh.
g,h=1
g#h

The following theorem shows that 67, is the ratio-consistent estimator of

2
T,

Theorem 2.3. Under Hy and assumptions (A1) and (A2),

(Proof) See Appendix A.3.

Applying Theorems 2.2 and 2.3, under H,

T 4 N(0,1).

O'HO

Hence, we propose a test based on the test statistic T" and reject Hy if T >
01y %a, Where z, is the upper critical value of the standard normal distribution
at significance level a.

3. Asymptotic power

In this section, we discuss the asymptotic power of our statistic 7. We
define the power of the test under H, : 3 # ¥, as

Powerygny = Pr (T > b\'HOZa’Z 7£ Ed> .

First, we compare the asymptotic power of our statistic and the asymptotic
power of Yata and Aoshima’s statistic.
From Theorems 2.2 and 2.3, we obtain the following corollary.

Corollary 3.1. We assume q =2, (C1), and (C2). Then,

_ _ 2
TS5 gy

O'HO




Remark 3.1. Let
5— tr(X12321)
V2NN D}ers3 rs3,

From Corollary 3.1, under q =2, (A1), (A2), (C1), and (C2),

1-@(204—(50) Zf (5-)(50<OO,

Power —
vHN {1 if §— oo

From the above results and Theorem 4.1 in Yata and Aoshima (2015), the
power of statistic T when q = 2 is equivalent to that of Yata and Aoshima’s
statistic asymptotically.

Second, we derive the asymptotic power of our test under a specific type
of alternative covariance structure, the BSC structure. Let

Valg = )N(N — DtrR?

2trY2 '
Using Theorem 2.2, under (A1), (A2)-(i), (A3’), and (A4’); or (A1), (A2)-(ii),
and r;; < 1/,/nq,

5=

_ _ 2
T aa V"R 4 g 1),

O H,

From the above results, we obtain the asymptotic power of our statistic as
follows:
{1_q>(za_so) if §— b < o0,
Powery gy — \
1 if 6§ — .

Finally, we derive the asymptotic distribution of 7" when we cannot as-
sume (A4). Moreover, we consider the asymptotic power of our test under
H, -3 # 3, To derive the asymptotic distribution of T', we assume assump-
tion (A1’) instead of assumption (A1). In assumption (A1’), the requirement
of common third and fourth moments of z;; is not essential and is purely for
the sake of simpler notation. Our theory allows different third and fourth
moments as long as they are uniformly bounded, which is assured by z;; hav-
ing a uniformly bounded eighth moment. The following theorem establishes
the asymptotic normality of T

10



Theorem 3.1. Under assumptions (A1), (A2), and (AS3),

_ _ 2
L= 20" 4 prq ),

o

(Proof) See Appendix A.4.

We define
tr(Z - Ed)2

V= 5

o
which may be viewed as a signal-to-noise ratio for the testing problem. This
is because tr(X — 34)? is the square of the Frobenius norm of the difference
between ¥ and ;. The following corollary expresses the asymptotic power
of the test more clearly.

Corollary 3.2. Under assumptions (A1°),(A2), and (A3),

1—®(Hoz, — 1) if v— 1< oo,

POWGI‘YHN — )
1 if v— .

Thus, if the difference between ¥ and 34 is not too small in that tr(X — ,)?
is of the same order as o or of a larger order, the test will be powerful.
Conversely, if the difference between 3 and ¥, is so small that tr(2 — X4)? is
of a smaller order than o, the test will not be powerful and cannot distinguish
Hy from H 4.

4. Simulation studies

We now investigate the effectiveness of the proposed test statistic by
numerical studies.

We first provide the numerical evaluation by simulating the attained sig-
nificant level (ASL), or size of the test. ASL is defined by

ASL(a) = 10> Ttza)

r

where Tj is the value of the test statistic T" calculated from N independent
observations under the null hypothesis Hy, r is the number of replications,
and z, is the upper 100« percentiles of the standard normal distribution. In

11



our simulation studies, we set N = 10, 50,100 and r = 10000. We evaluate
ASL under the diagonal structure:

1 1
) 1 2 P 2
Y=d S+ ——b e 2054 ——
lag<{05 p+1} ’ ’{05 p+1} )

for p = 100, 200, 400, 1000, and under the block diagonal structure:
Y=0L0Y(=%,) (¢=2,5).

Here,

1 0.311-2"" 0.3

= pogyp—p| 03T 1 0
0.3ld-11"%  gla—2]"/3 1

1

where B = diag({0.5+ 1/(d+1)}2,--- ,{0.5+d/(d + 1)}2). Through sim-
ulations, for j = 1,..., N, z; = (z;;) in assumption (Al) emerges for the
following cases:

( )z ~Np(0,1),

( )z = (i — 1)/V2 for uy; ~ X7,
(Case3) z; ~ SN(1),

( ) zij = uw/\/g for w;; ~ ts,

( ) zij = uzj/\/g for u;; ~ ts.

Further, we set a = 0.05 and
(¢, d) = (2,50), (2,100), (2,200), (2,500), (5,20), (5,40), (5,80), (5,200).

Tables 1-3 give the results for ASL. Overall, it may be noted that even
if power is low for N = 10, when the values of p and N become large,
approximation accuracy becomes good. The procedures proposed by Srivasta
(2005) and Srivasta and Reid (2012) need the assumption of normality. Thus,
these procedures are not helpful for Cases 2-5. However, we note that the
accuracy of approximation for our procedure is almost the same for Cases
1-5. Further, because Yata and Aoshima (2015) provide a procedure under

12



HDLSS framework, for this simulation setting, we observe that our procedure
is better than that of Yata and Aoshima (2015).
Further, we compute empirical power (EP) under certain alternative co-
variance structure. EP is defined as
T > 0p,2a|2 # 2
EP(O&) _ ﬁ( 1 OHy% | 7é d)7

r

where 77 is the value of test statistic T calculated from N independent ob-
servations under the alternative hypothesis H;. When Hj : ¥ is a diagonal
covariance, we set the alternative hypothesis as follows:

, 2
p

fore,7=1,2,...,p, and

1 1
1 2 2
(i) Hy : ¥ = diag ({0.5+—} ,{0.5+%} ) +0.03 x (1,1, — 1,).

p+1 p
When Hy : ¥ =%, (¢ =2,5), we set the following alternative hypothesis:
(i) Hi : ¥=1,® (X" —0.03 x 141}) + (1,1;) ® (0.03 x 141),
and
(i) H : X=(I(]i —j| <1))®(0.03 x 1,1}) + I, ® (X" — (0.03 x 141})) .

Tables 4-9 give the results for EP. As a whole, it may be noted when the
values of p and N become large, power becomes high. However, for case
(ii) and ¢ = 2, power becomes low when p = 1000. Besides, for ¢ = 2, we
observe that the power of our procedure is almost the same as that of Yata
and Aoshima (2015) and Srivasta and Reid (2012) for Case 1 and 3. Further,
we note that the power for ¢ = 2 is higher than that for ¢ = 5 in the case
(i), and the power for ¢ = 5 is higher than that for ¢ = 2 in case (ii). When
Hy : ¥ is a diagonal covariance, we observe that the power of our procedure
is almost the same as that of Srivasta (2005) for Case 1 and 3. The proposed
test are slightly more powerful than Srivasta (2005) in Case 2,4 and 5.

13



5. Concluding remarks

In this paper, we discuss the test for a block-diagonal covariance struc-
ture of the covariance matrix in non-normal and high-dimensional settings.
This hypothesis includes some important hypotheses, for example, when each
block size is one, that is, in a test for the covariance being diagonal, and
when there are two blocks, that is, in a test for the independence of two sub-
vectors. Further, the validity of commonly used high-dimensional statistical
procedures including diagonal (or block diagonal) linear classifiers requires
the assumption of diagonal (or block diagonal) covariance matrices.

A test for the block-diagonal covariance structure of the covariance matrix
usually used the likelihood ratio test. Akita, Jin and Wakaki (2010) derived
the Edgeworth expansion of a likelihood ratio test statistic when both sample
size and dimension are large, and simulate the goodness of fit of its approx-
imation. However, the likelihood ratio cannot use p > n. Motivated by an
unbiased estimator of the Frobenius norm of ¥ — ¥;, Hyodo et al. (2015)
proposed an approximate test under a multivariate normal population. The
difference between our study and theirs lies in the population distribution.
Under the non-normal population, we proposed an approximate test based
on the asymptotic normality of the unbiased estimator of ¥ — ¥, that does
not need the normality assumption, and also studied its asymptotic power.
The type-I error and power of our test have been investigated under some
non-normal settings by simulation. Through the simulation results, we have
confirmed that the approximate test is not bad in most cases except for in
the case of N = 10.

However, some multivariate non-normal distributions will not satisfy as-
sumption (A1) (or (A1%)). For instance, elliptical distributions except for the
multivariate normal model seldom satisfy assumption (Al) (or (Al’)). For
these reasons, it is interesting to investigate the robustness of our test under
elliptical distributions. This is an important topic for future research that is
of both theoretical and practical interest.
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A. Appendix

A.1. Preliminary results

Lemma A.1. Let A, B, C and D are m x m symmetric matrices and FE,
F are m x m matrices. Under assumption (A1), we have:

(i) E[z|Ez12\Fz] = kstr(E© F) + trEtrF + tr(EF) + tr(EF'),
(ii) E[z2]Azy2,Bzy2 | Fzy) = ritr (A® B)E'),

(i) E[2}Az,2)B2zy2,C2y2, Dzy) = kitr (A® B)(C ® D))
+ 2r4tr ((AB) © (CD))
+ 2k4t1 ((AC) ® (BD))
+ 2k4t1r ((AD) ® (BC))
+ tr(AB)tr(CD) + tr(AC)tr(BD)
+ tr(AD)tr(BC) + tr(ABCD)
4 tr(ABDC) + tr(ACBD)
+tr(ACDB) + tr(ADBC)
+ tr(ADCB),

m 4 m

i#]

(Proof) See supplemental material.

Lemma A.2. Let TWTE) = AW = (az(.?)) and y 7, AW =TT = A = (a;).
It holds that

(i) tr (zq: AW o A<h>)

g#h

2
q
< min (Z(trEgg)1/4(trE%h)l/4> , 2tra? B

g7#h

17



q

() Y tr(AWAL AN A0

g,h,g/,h’zl

g7#h,g' #h'
q 2

< min (Z(tfxég)l/‘l(trﬁlﬁh)l/‘*) oty S
g#h

q
() > tr((A(m A<h>)®< A) A(h’)))

g,h,g',h':l

g#9' h#h/
q 2
g#h

q

(iv) Z tr <(A(9) o A(g’)>A(h’)A(h))

g,h,g’,h/:l

g#h,g'#h’
q 2

< min (Z(trxég)l/‘l(trﬁlih)l“) 4ty
g#h

(v) Yt (A AE) @ (AR A)))

g17h1,927h2
937#h3,947ha

((A(QQ)A(%)) 0 (A(hz)A(h4)))

q 2
< min <Z<tr239>”4<trzih>l/4) 18t b
g#h
q
(vi) Z tr( A1) Al92) Al93) Al9a)y

g1 ;éhl 7927&}7/2
937h3,947ha

x tr( AP Ah2) A(hs) g(Ra)y

g 2
< min (Z(trEég)l/‘l(trE%h)l/‘l) , 18try*
g7#h

18



2

q

(vii) tr (Z AT (2 — Ed)FA(h)>
g#h

q

2
< min { 4tr2?, (Z(trzgg)l/‘*(trzih)l/‘*) tr(2(Z — 2q))?,
g#h
q

(viii) Y [diag(I(% — Sg)I))’ {( A@ 40 g ( A A(h’)>}
g,h,g',h' =1
g#9g' \h#h'

[diag(I'(X — X4)T)]

2
< min { 2tr¥?, (Z(trEég)l/‘l(trE%h)l/‘l) tr(B(X — X4))>.
g#h

Here, [diag(A)] = (a11, a2, , Gmm) for m x m matriz A = (a;;).
(Proof) See supplemental material.
Lemma A.3. Under assumptions (A1)-(A3),

E[T] = tr(2 — g)?, Var[T] = o (1 + o(1)) .
(Proof) Let

1 L
- - (@) 5 o A 5
U, = NN 1) Z ZziAgz]ziA zj,

g.h=11,j=1
g#h i#j

1 g
_ (@) 5 1 A(R)
Uy = NV 1N =9 Z Z 2 A 2,;2i A 2y,

g,h=1 i3jk=1
g#h iFjFkF

1 (.
Us — "A9) 5 ot AR) 5
5 7 N(N_1)(N —2)(N —3) 2. ) #AVzzAYz

g,h=1 i k,l=1
g#th iZjEkAl
JEIFiEE
Then T can be expressed as T = U; —2Uy 4+ Us. 1t is straightforward to show
that E[T] = E[U;] = tr(¥ — 3,4)2. By using Lemma A.1, Var[U;] is calculate
as

6
Var[th] = > v,
=1

19



where

4 . " A (h
1A - § ( tr(AWAM)tr(A9) AR))
1 NN =1) e
979’ h#R
4 q
= — (2 gn2pg ) ST ( 2 2 g
NV 1) hghl_l T(EgnEng )t (Bgn Xy ),
g’ 7g7 -

g#9' h#R

2
q
yo % tr <Z 40 A(h))

g#h

8 2
= U (Z2-%2)7,

q q
v - %tr ((Z A A(h)) o (Z A©) A(h)))

g7#h g#h
4:‘4}4

= FuCE-S)r oS -3h),

2
2 q
n 2K} @) = A
= —— 1 4 AY o A
Vi N(N-1) r<z © ) ’

g7#h
8%4 E ’ /
A " ( A9 4(R) ( Al9) g(h >>>
5 N(N . 1) Z r ( ) © ’
g,hyg’,hlzl
979’ ;h#h
4 1 , ,

V(l) _ tr( AW AW) A ARy

g,h,g',h'=1

g#h.g'#h

From Lemma A.2 \/4(1), 1/5(1) and \/6(1) are negligible under (A1)-(A3). Hence,

Varllh] _ LY
2

2

o(1) (A.1)

o o

under (A1)-(A3). From (A.1) and 322, V") = 62, we have

Var[Ul]

2

— 1. (A.2)

g
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By using Lemma A.1, Var[U,] is calculate as

5
Var[l] = Z Vi(Q),
i=1
where
(2) 2 .
V. - tr(A(g)A(h))tr(A(gl)A(h’))
! N(N —1)(N —2) g,h,gz/,;le
g9 hEN
9 q
== tr(X 2 tr(X i 2
N(N —1)(N - 2) gﬁ,wz,;,l i Zng (g i),
979’ h#h
2 ! i
v _ tr A9 A(h)
2 N(N —1) <g§h
2 2
= ——tr(%? -2
N(N —1) r 2)
2%4 g ’ ’
V@ tr ( A@ A®Y o ( Ale) Al ))) ,
3 N(N —1)(N —2) g,h,gz/,;le ( )
g9 hEN
4K 1 ’
v 3 tr (( AD & A6) AR A(h)) ,
4 N(N —1)(N —2) g,h,ng,;w
g#h.g'#h'
2 d , ,
v _ tr( AW AW) 4R ARy,
> N(N —1)(N —2) g,h,g%le
g#h,g'#b'

From Lemma A.2, under (A1)-(A3),

VE))(Q) V;L(Q) ‘/5(2)
—0_2 — O, _0_2 — 07 0_2 — Oa (A3>
and
V(Q) V(Q)
= =0, 25 =0 (A.4)
Vl( ) ‘/2( )



as N — oco. From (A.3) and (A.4), under (A1)-(A3),

Var[Us] N Z?:l ‘/;5(2)
- 2

2

— 0. (A.5)

o o

By using Lemma A.1, Var[Us;] is calculate as

16
NZ(N — 1)5(N — 2)%(N — 32
q N
x> S B[ A0) 22 A 22 A0 2, 2 ARz

g1,h1,92,h2=1 1i,j,k,l=1
g17h1,92£he i£j#kF
Vialbalalt

8
N2(N — 1)2(N — 2)2(N — 3)2

Var[Us] =

_l_

q N
X Z Z E[2/ AW 2,2 A 2,20 A92) 2, 2} A2 2]

g1,h1,92,h2=1 i,j,k,l=1
g1#h1,92#hs i#£j#k#

Atk
8 1 : :
= 2r( A9 AW) A(R) AR
N(N-D(N-2)(N—3) 2 ( x )
gzhvglvh/zl
g7#h.g'#h'

+tr(A(9)A(9/))tr(A(h)A(h'))> .
From above result, under assumptions (A1)-(A3),

Var[Us]

2

— 0. (A.6)

o
Combining (A.2), (A.5) and (A.6), Var[T] = o*{1 +o(1)}. O
Lemma A.4. Under assumptions (A1)-(A4), it holds that

1 N m

T — tr(Z — Ed)z = m Z Z ﬁlﬁéﬂczﬁz Ziky Riko i1 %l + Op(aHo)a
i#j kika,b1#£bs

where

q
_ 2 : (9) (h)
6k1f1k2f2 - ak‘lf1ak252'
g#h

22



And under assumptions (A1)-(A3), it holds that

N m

1
T—tr(S—3%g)? = ———— Z Z Brevt1kas Ziky Ziks %1 2t
NN -1) i£j kiFka b7l

S (TS - ST — (2 - 5} 4 (0)

j=1
(Proof) From (A.5) and (A.6), U and U; are negligible under (A1)-(A3). So,
we only consider Uy in T — tr(3 — 34)%. Let

N m

1
Un = N(N——IE E Blert1 ks Ziky Zikio 201 %05

i#j k1,kal1,02=1
k1#ka b1 #L2

2 N m
U, = NZ Brere(2;
=1 k(=1
N m
Uiy = NZ > BrkazitnZi,
=1 k01 ,05=1
517'552
Uy = ZZ/BMM 1)(2 1),
1753 k=1
Uis = Z Z ﬁklekgzzzklzzkz( —1).
z;éj k1,k2,0=1
k1#k2

Then these random variables are uncorrelated, namely, Cov(Uy,, Uyy,) = 0
for t1 # t5, and U; can be expressed as

5
Uy = tr(S = a)* + > U

t=1

At first we show first statement in Lemma A.4. For the proof of first
statement, we need to show that

Var[Zf:2 U]

2
O'HO

—0
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under (A1)-(A4). The variance of Uy, is caluclated as

2

2 m

Var[Uy] = ————=E ik Zika 201 %
r[Un1] NN —1) (kl#kﬂlﬂzﬁklzlkzegz ky % kgmzm)

- NNVoD) D (Bhitkats + BrtikotsBratikats)

4 I N
- tr( AW At A9 AR
g,h,g’ ,h'=1
979’ h#h'
2
+ Z tr(AY AW AL A )+2tr<ZA © A" )
g:h,g' W' = g#h
g#g’,hséh’

_4 Z ( AN @ <A<g'>A(h'>>>
g,h,g’ ,h'=
9#9’;h¢h’

Thus under (A1)-(A4),

Var[Uy,]
Vl(l) 1 (A.7)
We also note that under (Al)-(A4),
1)
Var([gl] S, A (A8)
Vi THo

From (A.7) and (A.8), under (Al)-(A4),

Var[>)_, Uy] _ Var[Uy] — Var[Uy] y v

2 2

— 0.
O, Vl(l) OH,

This proves the first statement of the lemma.
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Next we show first statement in Lemma A.4. For the proof of first state-

ment, we need to show that

Var[y2,, Ui

o2

— 0

under (A1)-(A3). Note that

N
Uiz + Uiz = %Z {ZI"(Z = Sg)lz; —tr (Z* - %3) }.

J=1

By using Lemma A.1, the variance of U + Uiz is caluclated as

4 N

Var[U12 + Ulg] = —Var Z[Z;{F/(Z — Zd)F}Zj — tr (22 — 23)]

N2

4/€4

j=1

8

= {2 = ST} o {I'(S - Sl + S (52 - 22)%.

Thus under (A1)-(A3),
Var[}3_, U] _ Var[Uy] + Var[U, + Uy

2 = — 1.
We also note that under (A1)-(A3),
Va;LUl] 1
From (A.9) and (A.10), under (A1)-(A3),
Var[y2)_, Uy] _ Var[Uy] — Var[y3), U] 0.

2 2

o o

This proves the second statement of the lemma. [J

A.2. Proof of Theorem 2.2.

From Lemma A.4, Under assumptions (A1)-(A4), the leading order term
in Var[T] is contributed by Uy;. Hence, we only need to show the asymptotic

normality of Uy;. Let

Jj—1 m

2
NN -1) ST BrutiketsZin Zika Zits Zjts-

i=1 ky#k b1 #Ls

25



Then Uy = ZJ 1€ Define Fy = {0,Q}, F; = o{z1,22,...,%;} for
j = 1,..., N be the o-algebra generated by the sequence of random vec-
tors 21, 2s,...,%;. Then it is straightforward to show that E[e;] = 0 and
Elej|F;—1] = 0. So ¢; is a martingale difference sequence. To apply martin-
gale central limit theorem, we need to show that

N 2 N 4
Zj:l E[jjl}—j—l] 21 and Zj:l Elgj]

4
JHO UHO

We first show the first part of (A.11). Note that

— 0. (A.11)

7j—1
[ |]:J 1} E E Vi1 kokakaRi1 k1 Ri1ko Rioks Rigky

i1,02=1 k1#ka,k3#ka

where

Virkoksks = E Byt ks Brstykals + Brlykols Brslokaly -
li#lo

To show the first part of (A.11) we decompose Zjvzl E[e3|F;_1] into sum of
ten parts

N 9
ZO’? = Var[Un] + Z Rt,
j=1 t=1

where
] N j—1 m
R = NQ(N 2 Z Z 7k1k2k’1k2 zk:l - 1)(Zz2k2 - 1)7
j=2 1=1 k1#kg
] N j—-1 m
Ry = NQ(N 2 Z Z 7k1k2/€1k2 zk:l - 1)7
j=2 =1 k1#ko
] N j—-1 m
Ry = NQ(N 2 Z Z 7’61]62161’62 zkzg - 1)7
j=2 =1 k15#kg
] N j—1
Ry = m Z Z ’Yklkzklks(zz?kl — 1)2iky Ziks

7=2 i=1 ki#ka#ksks
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3 N j—1 m
Rs = N?(N—1)2Z Z Thakakiaka Zika Zika
§=2 i=1 ky#ko#ks#k1
3 N j—1 m
P R 5 S ST g
j=2 i=1 ki#koFks#k:
3 N j—1 m
e 5 S SRR
j=2 i=1 ki#koFks#k:
4 N j—1 m
Bs = o 1)22 D kbbb T ik ik ik
J=2 i=1 ki#ka#ks#ks
koF#ka#k1#k3
3 N j-1 m
Ry = m Z Z Vkikokaks Zivky “irka “izks Zizka -

1=2 11 <i2 k1#ka,ksF£ks

Then we need to show E[R?] = o(oy;,) for t = 1,.

,9 since Var[Uyy]/o%;, —

1. By applying Cauchy-Schwarz inequality, we obtam

m

32(/{4 + 2)
N2(N

/i4

E[R]]
k1 ks

- 1)
2)2
1)3 Z %lkzklkz

k1 ks

3

IN

64(ks +2)?
VAN 1T 2

N%(N —1) et

m

256(/14 + 2
N2(N —1)3

IA

k1#ko

256(%4 + 2)2
N2(N — 1)3

m
62
k1l1kolo

k1,k2,01,62=1

IN

256 (4 + 2)2 I
N3(N —1)2

gthg/’h/:l
979’ h#h'
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3 E ’Yk]_kzklkz + 7k1k2k1k27k2k‘1k2k1>

m m 2
2
E :Bklélkgﬁg + E ﬁ’ﬂ&b@ﬁkl@zkﬂl
£1#£L

L1#Lo

2
(z 6)
L7l

>2

Z tr(EghEhg)tr(Zg/h/Zh/g/)



Simiraly, we obtain

512(ky + 2 I
E[Rg] < W_l)z Z tl"(Ethhg)tr(Eg/h/Eh/g/) ,
g,h,g’ ,h'=1
979" \h#h
2
512(ky + 2 d
E[R%] < W_l)z Z tr(Zthhg)tI‘(Zg/h/Zh/g/) ,
g,h,g’ ,h'=1
979’ \h#h
256 (k4 + 2k3 + 2) I
B[R] < NN 17 3 t(SonZhg)tr(Sgn Snry)
g,h,g' ,h'=1
979’ h#h
2
2560 I
E[R}] < R E R ST (S St (S Sy) |
g,h,g’ ,h'=1
g#g' \h#h
256 (k4 + 2k3 + 2) I
E[Rg] < N3(N _ 1>2 Z tr(Ethhg)tr(Eg/h/Eh/gx)
g,h,g’ ,h'=1
979’ h#h
2
2560 d
E[R3] < m Z tr(Egn g )tr(ZgnZng) |
g,h,g’ ,h'=1
979’ \h#h
2
784 g
E[Rg] m Z tr(zthhg)tr(zg/h/Zh/g/)
g,h,g’ ,h'=1
979’ \h#h

From these results and Vl(l)2 < o, under (A1)-(A3),

B[R]

B[R]

<
ol

vl(l)2

=ONYH (t=1,...,8).
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Also, we evaluate E[RZ]. The expectation of R is evaluated as following:

2N -2 &
E[RS] - 3N2(N — 1)3 Z (721k2k3k4 Tt Vkikokska Ve kokaks
k1 ko, k3 #ks
+7k1k2k3k47k2k51k3k4 + 7k1k2k3k47k2/€1k4k3)
128(N —2) <&,
< - 7
= 3NZ(N — 1)3 kth%M_lelekgm
2
128(N — 2 e m
- W Z (Z 6k1£1k2626k361k4é2 + /Bk1é1szzﬁk3€2k‘4€1>
ki1,ka,k3,ka=1 \L1#Ll2
2
256(N — 2 " n
S 3N2((N — 133 Z (Z /8k1€1k2£2/8k3£1k4€2>
ki,ka,k3,ka=1 \L1#£Ll2
2
256(N — 2) ’” ( m
LB zﬁumm)
2 _ 3 1€1R2€2/FR3€2KR4€1
3N (N 1) k1,k2,k3,ka=1 \L1#Llo
2
512(N — 2 n m
S SNQ((N _ 1;3 Z ( Z ﬁk1£1k242ﬁk3€1k422>
k1,k2,k3,ka=1 \l1,£2=1
2
512(N — 2 n m
+3N2((N — 1;3 Z ( Z 5k151k2f25k3f2k4€1)
k1,k2,k3,ka=1 l1,05=1
2
1024(N — 2 n m
3 N2((N _ 1)1 > (Z 5k1€k2£ﬁk34k4£>
k1,k2,k3,ks=1 \I=1
1024(N — 2) d
= - " tr(A(gl)A(g2)A(gs)A(g4))tr(A(hl)A(hQ)A(hg)A(m))
SNHN —1)° 9175’;9275}12
937#h3,947ha
1024(N — 2)
BN2(N — 1)3
q
x>t ((AWAW) @ (AGD AT (A6 A0 @ (A A)))

g17h1,927#h2
937#h3,947ha
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From Lemma A.2, under (Al)-(A3),
B[R]
ol

From (A.12), (A.13) and 0*/07, — 1 under (Al)-(A4), we obtain E[R}] =
o(0y;,). This proves first part of (A.11).

= o(1). (A.13)

Next we show the second part of (A.11). There exists constants ¢; and
¢y such that

. . m m 2
E[éﬂ < 615\][4&\1[)91;42)]3 Z (Z 6k1£1k2£22j£1zj£2>

2

k1,ko=1 \l17#L2
2
(i =1 —2) :
— N4(N — 1)4 Z tr(zgh2h9>tr(zg/h/2h/g/)
gvhvglvh/zl
979’ ;h#h

From the above results,

YL Bl _ S Bl
ol = ‘/1(1)2

=O(N7h). (A.14)

From (A.14) and 0* /0%, — 1 under (A1)-(A4), we obtain

Z E[z—:?] = o(oy, )
This proves second part of (A.11) and completes the proof of Theorem 2.1.

O

A.3. Proof of Theorem 2.3.
Under assumptions (A1) and (A2), it holds that

tr¥2, = tr32 (1+ Oy (N~1/?)).
Hence

a\-%{o = O-%I()(]‘ + OP(N_1/2)>
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and it hold

~2
O'Ho _ 1_|_O (N—1/2)
2 P :
UHO

From the above results, it completes the proof of Theorem 2.2. [

A.4. Proof of Theorem 3.1.

From Lemma A.4, under assumptions (A1’)-(A3), the leading order term
in Var[T] is contributed by Uy; + Uis 4+ Ups. Hence, we only need to show the
asymptotic normality of Uy + Ujs + Uiz, Let

Uy = gt {0 - STz (2 - 5

Then Zjvzl Y = Uy + Uya + Uss, and it is straightforward to show that
Ely;] = 0 and E[;|F;_1] = 0. So v, is a martingale difference sequence. To
apply martingale central limit theorem, we need to show that

N 2 N 4
C Elvr|Fa_ A I
2 [Tffl 1) 51 and 2= BlYj) . s = 0. (A.15)
o o

We first show the first part of (A.15). To show the first part of (A.15) we

decompose Zjvzl E[y?|F;_1] into sum of ten parts

10
E[wf\]:j_l] = Var[Uy] + 1/2(1) + V3(1) I Z R,
t=1

where R; (t =1,2,...,9) is defined in (A.1), and

7j—1 m
R 8
10 = —E E Vk1koksks Riky Ziko -
N2(N_1) 1R2R3R3 ~1R1 ~1R2
i=1 ky,ko k=1
k1#ks

Then we need to show E[R?] = o(c*) for t = 1,...,10 since under (A1’)-(A3),

Val"[Un] + ‘/2(1) + ‘/'3(1)

= — L
From (A.12) and (A.13), under (A1’)-(A3),
EL]}%] =o(l) (t=1,2,...,9). (A.16)



Also, we evaluate E[R?;]. The expectation of R, is evaluated as following:

2 2
32 m m m m
E[R%O] - m Z (Z 7k1k2k3k3> + (Z ’7k1k2k3k’3> (Z 7k2k1k3k3>
k1#ko ks=1 k=1 ks=1
2
64 - -
< v Z Z Vi1 koksk >
2 _ 1R2K3K3
N (N 1> k1#k2 (k3=1
2
= m Z ( Z By t1kots Brstiksts — Z @clekgéﬁkg,ékge)
k1#ka \l1,02,ks=1 Lks=1
2
256 “ -
S m Z ( Z 6k1€1k2@2ﬁk3@1k3€2>
k1,ka=1 \/{1,02,k3=1
2
256 “ -
+m > (Z ﬁklzwﬁkgﬁkgz)
k1,ko=1 \lks=1
256 I ’
= — AYT(S — 2 I AN
N2(N — 1) r (Z ( d)
g#h
n 256
N2(N — 1)
q
x Y [diag(T(Z = So)T)) (AW AM) © (ADAD) diag(I(Z — £)T).
g,h,g' \h'=1
979’ sh#h'

From above result and Lemma A.2,

2
512 , <
E[R?] < NV ) n 4try?, (Z(trzég)l/“(trzﬁh)l/‘*) tr(x? — %2)2,
g7#h
From above result, under (A1%)-(A3),
E[R?,]
0410 = o(1). (A.17)

Combining (A.16) and (A.17), we prove the first part of (A.15).
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Next we show the second part of (A.15). By applying Hélder’s inequality,

E[v!] < 8E[£}] + %E (FT(E - Tolz; - (32 -5))"] . (A18)

Note that for any symmetric matrix A,
E[(2| Az — trA)Y] < const. x {trA?*}?.
Hence, there exists a constant c3 such that

E[{2/I(S - S)Tz; — tr(2? — 2)V] < ¢y (tr (22— 23)2>2 . (A.19)

From (A.18) and (A.19), Zjvzl E[¢j] = o(c"). This proves second part of
(A.15) and completes the proof of Theorem 2.3. J
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Table 1: Attained significant level in the case of diagonal matrix.
our procedure
D N | Casel Case2 Case3 Cased Caseb
10 | 0.081 0.078 0.087  0.088 0.088
100 50 | 0.063 0.061 0.056 0.058 0.051
100 | 0.062 0.052 0.053 0.053 0.056
10 | 0.080 0.081 0.069 0.096 0.077
200 50 | 0.055 0.057  0.044  0.058 0.052
100 | 0.047  0.054  0.057  0.061 0.054
10 | 0.075 0.071 0.083 0.082 0.081
400 50 | 0.053 0.058 0.048 0.056 0.062
100 | 0.049 0.056 0.047  0.057  0.047
10 | 0.076 0.076 0.079 0.087  0.079
1000 50 | 0.056 0.051 0.053 0.053 0.058
100 | 0.054  0.054  0.055 0.055 0.056
Srivastava (2005)
10 | 0.064 0.094  0.053 0.086 0.076
100 50 | 0.0564  0.109 0.047  0.061 0.061
100 | 0.042 0.098 0.053 0.152 0.065
10 | 0.057  0.107  0.046 0.124 0.096
200 50 | 0.054  0.111 0.038 0.153 0.062
100 | 0.044  0.103 0.056 0.183 0.060
10 | 0.067  0.101 0.059 0.115 0.086
400 50 | 0.044  0.095 0.044  0.169 0.064
100 | 0.048 0.096 0.043 0.206 0.061
10 | 0.073 0.102 0.057  0.145 0.091
1000 50 | 0.051 0.112 0.048 0.178 0.065
100 | 0.049 0.103 0.046 0.216 0.063




Table 2: Attained significant level in the case of ¢ = 2.

our procedure

P N | Casel Case2 Case3d3 Cased Caseb

10 | 0.078 0.078 0.074  0.079 0.078
100 50 | 0.056 0.061 0.058 0.062 0.061
100 | 0.057  0.059 0.057  0.056 0.058

10 | 0.079 0.077  0.073 0.078 0.073
200 50 | 0.059 0.056 0.059 0.055 0.059
100 | 0.061 0.057  0.059 0.057  0.060

10 | 0.082 0.076 0.081 0.077  0.072
400 50 | 0.058 0.056 0.055 0.058 0.055
100 | 0.055 0.054 0.052 0.054 0.052

10 | 0.078 0.076 0.073 0.077  0.076
1000 50 | 0.052 0.051 0.0564  0.057  0.057
100 | 0.055 0.054 0.056 0.054 0.053

Yata and Aoshima (2015)

10 0.113 0.113 0.105 0.110 0.111
100 50 0.060 0.064 0.066 0.067 0.066
100 | 0.058 0.060 0.058 0,059 0.061

10 0.110 0.108 0.107 0.109 0.103
200 50 0.066 0.062 0.065 0.060 0.063
100 | 0.063 0.060 0.063 0.059 0.063

10 | 0.114  0.109 0.116 0.111 0.107
400 50 | 0.064  0.061 0.060 0.063 0.061
100 | 0.058 0.057  0.056 0.058 0.055

10 | 0.111 0.110 0.105 0.107  0.111
1000 50 | 0.058 0.058 0.062 0.062 0.060
100 | 0.058 0.057  0.059 0.057  0.054

Srivastava and Reid (2012)

10 0.047 0.081 0.047 0.094 0.059
100 50 0.052 0.084 0.053 0.109 0.062
100 | 0.055 0.074 0.055 0.103 0.061

10 0.052 0.084 0.044 0.098 0.053
200 50 0.053 0.081 0.056 0.122 0.060
100 | 0.058 0.075 0.056 0.118 0.062

10 | 0.046 0.085 0.047  0.118 0.054
400 50 | 0.052 0.080 0.052 0.140 0.060
100 | 0.054 0.072 0.051 0.143 0.056

10 | 0.048 0.089 0.043 0.126 0.053
1000 50 | 0.048 0.077  0.050 0.163 0.058
100 | 0.053 0.073 0.054 0.172 0.053




Table 3: Attained significant level in the case of ¢ = 5.
D N | Casel Case2 Case3 Cased Caseb
10 | 0.084 0.078 0.084  0.083  0.082

100 50 | 0.064  0.061 0.067  0.057  0.056
100 | 0.056  0.058  0.061 0.063  0.057

10 | 0.077  0.084 0.088  0.078  0.081

200 50 | 0.058 0.059  0.0567  0.055  0.058
100 | 0.054  0.056  0.058  0.054  0.057

10 | 0.081 0.085  0.083  0.081 0.083
400 50 | 0.056  0.060 0.054  0.060  0.057
100 | 0.058  0.052  0.064  0.051 0.053

10 | 0.079  0.078 0.082  0.084  0.086

1000 50 | 0.054  0.057  0.057  0.057  0.054
100 | 0.054  0.054  0.051 0.055  0.052

Table 4: Empirical power in the case of diagonal matrix for (i).
our procedure
D N | Casel Case2 Case3 Case4d Caseb
10 | 0.165 0.165  0.167  0.173  0.158
100 50 | 0.615  0.611 0.606  0.625  0.607
100 | 0.942 0.941 0.943 0.940 0.941
10 0.261 0.257 0.259 0.263 0.268
200 50 | 0.905 0.904 0.903  0.907  0.904
100 | 0.999 0999  0.999 0.999  0.999
10 0.419 0.416 0.422 0.432 0.417
400 50 | 0.994 0994 0994 0994  0.995
100 | 1.000 1.000 1.000 1.000 1.000
10 0.487 0.476 0.491 0.495 0.489
1000 50 0.999 0.998 0.999 0.999 0.998
100 | 1.000 1.000 1.000 1.000 1.000
Srivastava (2005)

10 0.134 0.154 0.132 0.151 0.124
100 50 | 0.610 0.499  0.601 0.535  0.573
100 | 0.940 0.859  0.942  0.793  0.932
10 0.227 0.201 0.225 0.194 0.203
200 50 | 0.906  0.772  0.903  0.753  0.875
100 | 0.999  0.991 0.999  0.958  0.998
10 | 0.398 0.275  0.397  0.258  0.333
400 50 | 0.994 0956  0.994 0.871 0.991
100 | 1.000  0.999 1.000  0.993 1.000
10 0.476 0.379 0.475 0.356 0.413
1000 50 | 0.999 0977 0999 0913  0.996
100 | 1.000 1.000 1.000 1.000 1.000




Table 5: Empirical power in the case of diagonal matrix for (ii).
our procedure
D N | Casel Case2 Case3 Cased Caseb
10 0.104 0.105 0.102 0.111 0.106
100 50 | 0.212  0.213 0.209 0.216  0.205
100 | 0.455 0.461 0.449 0.461 0.457
10 0.107 0.112 0.107 0.113 0.111
200 50 0.220 0.222 0.207 0.222 0.212
100 | 0.478  0.483  0.483  0.491 0.482
10 0.100 0.109 0.109 0.107 0.106
400 50 0.215 0.217 0.215 0.226 0.215
100 | 0.507  0.508  0.518  0.508  0.507
10 0.105 0.113 0.112 0.109 0.110
1000 50 0.218 0.221 0.219 0.232 0.221
100 | 0.531 0.528  0.536  0.530  0.527
Srivastava (2005)

10 | 0.073 0.112 0.074  0.126  0.089
100 50 | 0.198  0.235 0.202  0.222  0.203
100 | 0.454  0.423  0.448 0373  0.440
10 | 0.075 0.122 0.075  0.135  0.085
200 50 | 0.208 0.249  0.205 0.253  0.209
100 | 0.477  0.447  0.482 0378  0.462
10 0.073 0.121 0.074 0.145 0.091
400 50 0.204 0.243 0.212 0.274 0.212
100 | 0.501 0.469  0.511 0.387  0.479
10 0.072 0.128 0.076 0.151 0.095
1000 50 0.207 0.245 0.214 0.287 0.221
100 | 0.525  0.496  0.532  0.432  0.491




Table 6: Empirical power in the case of ¢ = 2 for (i).

our procedure

D N | Casel Case2 Case3d Cased Caseb

10 0.090 0.098 0.096 0.098 0.094
100 50 0.154 0.151 0.149 0.155 0.152
100 | 0.274 0.277 0.284 0.281 0.284

10 0.108 0.108 0.104 0.106 0.108
200 50 0.264 0.263 0.265 0.271 0.262
100 | 0.551 0.549 0.550 0.569 0.547

10 0.131 0.138 0.135 0.140 0.137
400 50 0.543 0.554 0.556 0.564 0.551
100 | 0.926 0.929 0.925 0.927 0.928

10 0.162 0.160 0.164 0.164 0.153
1000 50 0.732 0.743 0.740 0.736 0.739
100 | 0.989 0.991 0.989 0.988 0.991

Yata and Aoshima (2015)

10 | 0.130 0.130 0.128 0.133 0.132
100 50 | 0.161 0.159 0.156 0.163 0.162
100 | 0.278 0.280 0.283 0.285 0.287

10 0.143 0.141 0.138 0.143 0.143
200 50 0.274 0.272 0.271 0.277 0.272
100 | 0.554 0.552 0.554 0.570 0.549

10 0.173 0.175 0.176 0.180 0.175
400 50 0.547 0.558 0.559 0.568 0.557
100 | 0.926 0.928 0.924 0.926 0.929

10 0.200 0.201 0.211 0.207 0.195
1000 50 0.733 0.743 0.737 0.736 0.740
100 | 0.988 0.990 0.989 0.989 0.990

Srivastava and Reid (2012)

10 | 0.061 0.111 0.063 0.099 0.071
100 50 | 0.147  0.179 0.143 0.168 0.150
100 | 0.270 0.284 0.278 0.259 0.276

10 0.074 0.111 0.069 0.116 0.078
200 50 0.260 0.270 0.254 0.244 0.243
100 | 0.548 0.511 0.551 0.434 0.532

10 0.090 0.129 0.090 0.145 0.102
400 50 0.538 0.487 0.548 0.391 0.517
100 | 0.925 0.874 0.924 0.721 0.914

10 0.116 0.150 0.120 0.187 0.116
1000 50 0.730 0.670 0.739 0.552 0.717
100 | 0.989 0.976 0.990 0.884 0.990




Table 7: Empirical power in the case of ¢ = 2 for (ii).

our procedure

D N | Casel Case2 Case3d Cased Caseb

10 0.106 0.109 0.104 0.107 0.118
100 50 0.271 0.272 0.266 0.284 0.280
100 | 0.539 0.529 0.531 0.545 0.525

10 0.135 0.137 0.136 0.136 0.139
200 50 0.529 0.536 0.526 0.541 0.528
100 | 0.889 0.895 0.891 0.892 0.876

10 0.196 0.202 0.196 0.204 0.174
400 50 0.854 0.845 0.852 0.847 0.846
100 | 0.998 0.998 0.997 0.997 0.999

10 0.129 0.127 0.132 0.132 0.126
1000 50 0.474 0.462 0.465 0.477 0.433
100 | 0.827 0.821 0.825 0.812 0.818

Yata and Aoshima (2015)

10 0.141 0.139 0.140 0.142 0.136
100 50 0.277 0.280 0.276 0.287 0.292
100 | 0.545 0.532 0.534 0.548 0.531

10 | 0.173 0.175 0.171 0.177  0.172
200 50 | 0.533 0.543 0.528 0.543 0.531
100 | 0.890 0.894 0.891 0.892 0.873

10 0.236 0.242 0.234 0.246 0.224
400 50 0.852 0.844 0.852 0.846 0.850
100 | 0.997 0.998 0.997 0.997 1.000

10 0.171 0.163 0.165 0.172 0.183
1000 50 0.478 0.468 0.472 0.477 0.437
100 | 0.827 0.821 0.825 0.811 0.819

Srivastava and Reid (2012)

10 | 0.075 0.122 0.075 0.109 0.090
100 50 | 0.263 0.277  0.263 0.251 0.272
100 | 0.537  0.500 0.527  0.451 0.515

10 | 0.096 0.137  0.098 0.130 0.104
200 50 | 0.525 0.475 0.523 0.403 0.481
100 | 0.889 0.827  0.892 0.746 0.866

10 | 0.154  0.167  0.154  0.189 0.141
400 50 | 0.853 0.757  0.854  0.672 0.828
100 | 0.998 0.991 0.997  0.958 0.999

10 0.091 0.128 0.090 0.185 0.110
1000 50 0.466 0.462 0.458 0.499 0.444
100 | 0.826 0.796 0.824 0.800 0.823




Table 8: Empirical power in the case of ¢ = 5 for (i).

P N | Casel Case?2 Case3 Cased4d Caseb

10 0.088 0.090 0.089 0.091 0.088
100 50 0.102 0.104 0.095 0.096 0.097
100 | 0.155 0.155 0.153 0.156 0.161

10 0.096 0.095 0.095 0.098 0.092
200 50 0.144 0.144 0.145 0.154 0.142
100 | 0.279 0.283 0.277 0.283 0.289

10 0.109 0.112 0.111 0.117 0.112
400 50 0.268 0.271 0.271 0.271 0.253
100 | 0.599 0.603 0.588 0.600 0.594

10 | 0.160 0.159 0.162 0.169 0.159
1000 50 | 0.708 0.711 0.699 0.713 0.705
100 | 0.992 0.992 0.994 0.990 0.991

Table 9: Empirical power in the case of ¢ = 5 for (ii).

D N | Casel Case2 Case3 Cased Caseb

10 0.127 0.124 0.118 0.124 0.132
100 50 0.357 0.364 0.361 0.362 0.371
100 | 0.687 0.687 0.683 0.699 0.678

10 0.168 0.169 0.169 0.176 0.166
200 50 0.643 0.637 0.643 0.641 0.637
100 | 0.947 0.944 0.940 0.947 0.942

10 0.267 0.259 0.261 0.276 0.260
400 50 0.914 0.916 0.916 0.919 0.922
100 | 1.000 0.999 0.999 0.999 0.999

10 0.495 0.499 0.501 0.508 0.501
1000 50 0.999 0.999 0.998 0.999 0.999
100 | 1.000 1.000 1.000 1.000 1.000
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Abstract

The supplement provides full proof of Lemma A.1 and 2, which are omitted in
the original paper.

1 Proof of Lemma A.1

First, we show (i).
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Third, we show (iii).
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Combining (1.1)-(1.4), we obtain (iv).



2 Proof of Lemma A.2

First, we show (i). By applying Cauchy-Schwarz inequality
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From (2.1) and (2.2), we obtain

g#h g#h
Second, we show (ii). By applying Cauchy-Schwarz inequality
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Third, we show (iii). By applying Cauchy-Schwarz inequality
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g,h=1

2
q
(Z(trzgg)1/4(trzih)1/4> , 2try?

g#h



Fourth, we show (iv). By applying Cauchy-Schwarz inequality

q q

o ((A@ ® A(g'))A<h’>A<h>> < > (tr(A(g) © A(gl’)z) v <tr A2 A(h)2> 12
g,h,g",h' =1 g,h,g' ,h'=1
g#h’g/7éh/ g;ﬁh,g/;éh/

q

Z (tr(A(g)2 @A(g’)2>>

g7hzgl7hl:1
g7#h.g'#h'

< ((trAW)“)l/?(trA<h>“)1/2>1/ i
q
3 <(trA(9)4)1/2(trA(9')4)1/2) V2

g}hﬂg"h’:l
g#h.g'#h'

AY} 4 1
X ((trA<h> )2 (g AM )1/2)

- (i(trz;z>”4<trzih>”4) - 2.7

g#h

1/2

IA

VAN

/2

On the other hand, we note that

q

q
DR ((A@ ® A(g/))A(h')A(h)> = | ((AeA)4%) — 23 0 (A9 © 4)AAV)

g,h,g’ ,h'=1 g=1
g#h.g' #h'
q
Z tr ((A(g) o A(h))A(h)A(g))
g,h=1
< 4yt (2.8)



since

ltr (A® A)4%)| < (r(Ao A2 (ra)V? < s,

zq: zm: az(]g-)aijajka;(fi)

g=1i,5,k=1

q

D tr ((AY @ A)AAY)

g=1

IN

g=114,j5=1 jlkl

m 1/4 m q 1/4 q 1/2
(Zazz) (D 5%2) (ztrAW)
ij=1 ij=1 g=1 g=1
)

(trh) Y (tr(250)2) V4 (tr55,) /2
trx?,

E : E : (9)
az] CL ajk akz

gh 114,5,k=1

- Z Z a” aw Zayk akz

g,h=11,j=1

1/2 m 1/2
(Z ZGE?)QGE;ZF) (Z Z Z%k akz >

m
g,h=11,j=1 g,h=114,5=1 k=1
< tr(Bg)? < trt

IN

IN TN

IN

From (2.7) and (2.8), we obtain

q q

2
Z tr ((A(g) @A(g/))A(h/)A(h)> < min (Z(tr239)1/4(tr2%h)1/4>  4tryd
g,h,g",h' =1 g7#h

g#h.g'#h

Fifth, we show (v). Note that

tr ({(A0) 469) © (A®) AV} {(A© 46) @ (AR A0 })

< (b ({( Agl)A(93))®(A( VAP H{ (A A) © (A% A0 })) 2

x (br ({(A#) A00) © (A AT H{ (AW AW) © (A0 402))})) /2

< (tr(A©0* Al )tr(A(hl)QA(h?’)Q))l/Z (br(A 407 pr( A=) A(h4)2)>1/2

< T () (seaet)

t=1



Hence,
q
Z tr ({(A(QI)A(QS)) ® (A(hl)A(hS))}{(A(QQ)A(94)) o (A(hz)A(h4))})

g17h1,92#h2
937#h3,947ha

< (i(trzggy/‘*(uzﬁh)l/‘*) . (2.9)

g7#h
By applying Holder’s inequality,
q

>t ({(AAE) © (AT AT H (AR AW) © (A1) AT })

g17h1,92#h2
937h3,947ha

m
= E <§ oy 0oy 0 Qo0 Qg0 — 2 5 § aklgak2gak3£ak4£

k1,ko,k3,ka=1 (=1 g=1
2
(h) (h)
+ Z Z akléa’kﬂak?,ﬁa’kﬂ
(=1 g,h=1
m m 2 m m q 2
<3 Z Zaklfakgéakgé(lk4£ +12 Z Z E akléak2gak3£ak4f
k1,k2,k3,ka=1 \{=1 k1 ko kg ka=1 \ (=1 g—1
m 2
+3 a!%a\?a\" a\") (2.10)
klf kz@ k3€ k4€ .
k1,k2,k3,ka=1 \{£=1 g,h=1

We also note that

m m 2
Z <Z aklga]mg(lkg)gakd) = tI‘(A2 ® A2)2 S tI‘ES S (tI‘E4)2, (211)

k1,ko,k3,ka=1 \{=1
m m 2 q
Z (Z Z akleakzeakséak4€> — tr ((A2 o AQ) <Z (A(g)A(h)) o (A(Q)A(h)))>
k‘l,kQ,k‘g,k4=1 /=1 g= 1 g,h=1
< (tr(AQ ®A2)2)1/2
. o\ 1/2
« | tr (Z (ADAM) & (A(Q)A(h))>
g,h=1
< retr(IE,)? < (trxh)? (2.12)
m m g 2 q 2
h
Z (Z aklfak’zf l(cs)fal(m)K) tr <Z (A(g)A(h)> © (A(Q)A(h))>
k1,k2,k3,ka=1 \/{=1 g,h=1 g,h=1
q
< Z tr(A0° 462)%) @ (AP)* Ah2)%)
g1,h1,92,h2=1
< r(I%)! < (tr(2X)?)? < (tr5t)’. (2.13)

10



Combining (2.10)-(2.13), we obtain

i tr ({(A(gl)A(g3)) ® (A(hl Ahs) )}{( 94)) (A(M)A(M))}) <18 (tr24)2 (2.14)

g17h1,927#h2
937#h3,947#ha

From (2.9) and (2.14), we obtain

q
ST (A AB) © (AR A (A 4 @ (A0 A}

g17h1,927h2
937#h3,947h4

4
< min (Zq:(trxgg)l/4(tr2ih)l/4> ,18 (tr24)2
g#h
Sixth, we show (vi). Note that
tr(A(gl)A(gz)A(gs)A(94))tr(A(hl)A(hz)A(hs)A(M))
< (tr(A(gl)QA(gz)Q)tr(A(gs)QA(gnQ))1/2 (tr<A(h1)2A(hz)2)tr<A(h3)2A(h4)2)>

< T (sae") " (swacr) "

t=1

1/2

Hence,

q q

4
Z tr(A(gl)A(QQ)A(%)A(gzx))tr(A(hl)A(hz)A(hs)A(th)) < (Z(trzgg)l/‘l(trzih)l/‘l) )

g17h1,927h2 g#h
93#h3,947h4
(2.15)
By applying Holder’s inequality,
q
§ (A(gl Al92) p(g3 A(g4))tr(A(hl)A(h2)A(h3)A(h4))
g17h1,927h2
937#h3,947ha
m
= E E Q101 Qlogby Az ty Akyly — 2 E : E :a’klﬁl akgﬁgaksfl Akyly
k1,k2,k3,ka=1 \{l1,02=1 l1,00=1 g=1
2
(h)
+ E : E : a4, A, kgel%zz
l1,02=1 g,h=1
<3 E § ke £, W0y Okegty Aoy, |+ 12 E E E :aklelamﬂkselawz
kl k:2 k‘3 k:4 1 Zl 3221 kl,kz,k3,k4=1 61 fz 1 g= 1
m g 2
E E (h)
aklzl akgégakg,g]_akqgg : (216)
ki, k2k3k4 1 \f1,2=1 g,h=1

11



We also note that

m m 2
= (trx*)?
Aoy 01 Ako by Akt Aoy ly - ( r ) )

k1,k2,k3,ka=1 \{1,l2=1
m 2 q
= (tr(A%A )))2
aklelak242aksfl Akyts =
k1,k2,k3,ka=1 \{1,2=1 g=1 g,h=1

2

q
> tr(AMtrA@” AR

g,h=1
= trtr(E8g)? < ()

IN

")

k1,k2,k3,ka=1 \l1,l2=1g,h=1 91,92,h1,h2=1

IN

g1,92=1

= (r(Z2)?)” < (tr54)’.
Combining (2.16)-(2.19), we obtain

q

Z tr(A(gl)A(92)A(g3)A(g4))tr(A(hl)A(h2)A(h3)A(h4)) <18 (tr24)2 .

g17#h1,92#h2
93#h3,947ha

From (2.15) and (2.20), we obtain

q
Z tr( AW A92) 4(93) A(90))pr( Ah) A(h2) A(hs) Alha)y

g17h1,92#h2
937#h3,947ha

4
q
< min <Z(tr239)1/4(tr2ih)l/4) , 18 (tr24)2

g#h

12

q 2
( Z tr(A(91)2A(g2)2>>

(2.17)

(2.18)

m 2 q
Z ( Z Z ak1€1ak242 k3£1a§c};)€2> — Z (tr<A(91)A(h1)A(h2)A(92)))2

(2.19)

(2.20)



Seventh, we show (vii). By applying Cauchy-Schwarz inequality

q 2
tr {Z AT (2 — zd)rA<h>}
g#h
q
- Z tr (A" ALY (5 — 5 DA™ AT (S - 3,)T)
g1#h1,92#h2

a 1/2 1/2
< ¥ <tr <A(gl)A(hz>2A(gl>(p(E _ Zd)r)2)> (tr (A(gz)A(hﬂzA(gz)(F’(z _ gd)p)2>>
g17h1,92#h2
4 ) ) 1/4 ) ) 1/4
< 3 (A AP R (s - zd)r)4) (tr(A(g2) At 20(D(8 — zd)r)4>
g17#h1,92#h2
q
< tr(F’(E _ Zd)F)Q Z tr(A(gl)4A(h2)4)1/4tr<A(92)4A(h1)4)1/4
917h1,92#hs
q 2
< tr(TV(2 — 2g)T)? (Z(trzgg)l/“(trzih)l/‘*) (2.21)
g#h
On the other hand, we note that
q 2
tr {Z AW (% — zd)rA<h>} = tr(Al(Z — X)L A)?
g#h

—2tr(AIY(X — £4)LA) (i AT (% — Ed)PA<9>>

g=1

q 2
+tr (Z AT (% — Ed)FA(9>>

g=1

4tryttr(X? — ¥2)2 (2.22)

IN

since

tr(AlV(X — Sg)LA)? = tr(Z*(E — Xg))? < trSHr(X? — £2)2
q

q 2
tr (Z AOT(Z — zd)PA<g>> = Yt (AVAOD (- 5,)T)’

9,

>
Il
—

trA@° AR g (2% - 23)2

1
= tr(E0g)%r (X2 - 32)° < rXtr (22 - x2)°.

]

@
i

13



Combining (2.21)-(2.22), we obtain

2
q
tr {Z AT (2 — zd)rA<h>}

g#h

q

2
< min { 4tr2?, (Z(trZég)l/‘l(trEih)l/‘l) tr(2? — X7)?
g#h

Finally, we show (viii). Note that

q

S [diag{T(E — ST} {(A<9>A<h>) ® (A@’)A(h’))} diag{T(X — %,)T}]
g,h,g’ ,h'=1
979’ \h# R
q

<t -3 Y (AWAM) 6 (AAM),
g#h,g' #h'

From above results and (i), we obtain

q

Y [diag{T(S - ST} {(A<9>A<h>) ® (A(g')A("')>} [diag{T(2 — S)T}]

g,h,g’ W' =1
97 hEN
q 2
< min { 2tr¥?, (Z(tr239)1/4(tr2%h)1/4> tr(%? — ¥2)%
g7#h
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