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Abstract

We consider selecting of the linear and the quadratic discriminant functions in two normal populations. We do
not know which of two discriminant functions lowers the expected probability of misclassification. When difference
of the covariance matrices is large, it is known that the expected probability of misclassification of the quadratic
discriminant functions is smaller than that of linear discriminant function. Therefore, we should consider only the
selection when the difference between covariance matrices is small. In this paper we suggest a selection method
using asymptotic expansion for the linear and the quadratic discriminant functions when the difference between
the covariance matrices is small.

1 Introduction

We consider classifying an individual coming from one of two populations II; and II;. We assume that II; is
p-variate normal population with mean vector p; and the covariance matrix ¥;(j = 1,2), that is,

Iy« Np(pa, 31), 1z Np(p2, 32).
When population parameters are known, the optimal Bayes discriminant function is given as follows (see Anderson,

2003).
In the case that the covariance matrices are equal, that is, 31 = 35 = X, the optimal Bayes discriminant function is

L(X; p, p2, B) = (p2 — p1) B7H{X — (p1 + p2)/2},

where a’ is the transpose of a. In the case that the covariance matrices are unequal, that is, X; # X5, the optimal
Bayes discriminant function is

QX 1, 2,21, 82) = (X — p1) BTHX — 1) — (X — p2) 31 (X — p2) + log [ 25134,

where |A| is the determinant of A. L(X) and Q(X) are called the linear and the quadratic discriminant functions,
respectively.

However, the population parameters are unknown in practice. Therefore, it is necessary for us to estimate the
population parameters. A sample of size N; coming from II;, Xj1,..., Xy, is available to estimate these parameters.
Let X; and S; be the sample mean and the sample covariance matrix of II;, respectively, and let S be the pooled
sample covariance matrix, that is,

_ 1 < 1 o o
Xj =30 2 Xm Si= o D (X = X)X — Xy’ (1.1)
J g=1 7 k=1

S = k151 + k2So,

where n = ny + ng and k; = n;/n with n; = N; —1 (j = 1,2). Replacing the unknown parameters with these
estimators, we obtain L(X) = L(X; X1, X5, 8) and Q(X) = Q(X; X1, X5, 51, Ss), respectively. L(X) and Q(X)
are called the sample linear and the sample quadratic discriminant functions, respectively. An observation X is
classified, for example into II; for negative value of these functions.

If the covariance matrices are unequal, Q(X ) is better than I:(X ) for large samples, since Q(X ) is a consistent
estimator of the optimal Bayes discriminant function while L(X) is not consistent. But even if the covariance matrices
are unequal, Q(X) is not always better than L(X) for small samples. When the difference between the covariance
matrices is large, Q(X) is better than L(X) (see Marks and Dunn, 1974; Wahl and Kronmal, 1977). These previous
works are simulation study. Wakaki (1990) investigated performance of the two discriminant functions for moderately
large samples using asymptotic expansions of the distributions of two discriminant functions under covariance matrices
are proportional, that is, X5 = ¢X; (c: constant).

We investigate performance of the discriminant functions using asymptotic expansions of the distributions of two
discriminant functions under the difference between the covariance matrices is small, that is

1
¥ -3, = %A (A: constant matrix). (1.2)



We suggest a selection method for the discriminant functions using these asymptotic expansions.

The remainder of the present paper is organized as follows. In Section 2, we give asymptotic expansions for two
discriminant functions when difference between two covariance matrices is small. In Section 3, we will suggest a
selection method for the linear and the quadratic discriminant functions by using these asymptotic expansions. In
Section 4, we will perform numerical study for investigating the performance of our selection method. In Section 5,
we present a discussion and our conclusions.

2 Asymptotic expansion of the linear and the quadratic discriminant
functions

We consider the following asymptotic framework:
Ny =00, Ny —00, — = O(l), — = O(l)

We can assume the following condition without loss of generality,

M1+ o = 0, k131 + ko3 = Ip. (21)

2.1 Asymptotic expansion for the linear discriminant function

Wakaki (1990) proposed Theorem 2.1 which derived an asymptotic expansion of the sample linear discriminant
function in a general case where covariance matrices are unequal.

Theorem 2.1. Let X be an observation vector coming from IL;(j = 1,2) and let
— (@'%;d) VLX) + pld),

where d = w1 — po. Then for large N1 and Na,

P(Ly <a)=®(z) + Y NP (d'Sd)"*a}, Ho 1 (2)¢(x) + O, (2.2)

i=1 s=1

where ®(.) and ¢(.) are the distribution function and the density function of N(0,1), H(.)’s are the Hermite polyno-
mials, and Oy, stands for the terms of the m-th order with respect to Nfl and N{l. The coefficient a}; s are given

by

S

1

ajy = —5(—1)i+1t1‘(21) +EH{pB7d + (%) i Eid},
. 1
iy = o {tr(E0) + (y — pa) iy — pa)}

1
fikf{tr(EjEi)d'Eid+ 2tr(X)d'E;5d + d'E,2;5,d + 2d'S,;27d + — (d’E d)?},

alis = (5 — i)' Si8;d + 2k} p Xdd' % 35d,
1 1
aj, = —id’zjzizjd—ikf{d’zidd’zjzizjdqt(d’zizjd)Q}.

We can easily obtain the following corollary under the assumption (1.2).

Corollary 2.1. Suppose that the condition of Theorem2.1 and (1.2) hold. Let
L= (d'd)""?{L(X) + p)d}.

Then for large N1 and Na,

20) Dy D} Hy (x)

P(L; < 0) = 0la) + 0(2) |- 572 fr

2fD o 'D1Hy(x) —
4

Z _12 )" 2ajisHor () | + Og)s, (2.3)

i=1



where Dy, = d'Akd, o(1) = 0(2) + 1 = 2. The coefficient a;is’s are given by
ajir = *(*1)”1%} + ki {p)d + puydy,

1 1
ajiz = 5 {p+ (j — i)' (1 — i)} = 5K{3(p + 1) Do + Df/2},
ajiz = (pj — pi)'d + 2k7 pd Dy,

1
Qji4 = —§D0 — k‘lQDg

2.2 Asymptotic expansion for the quadratic discriminant function

We derive an asymptotic expansion of the sample quadratic discriminant function under the assumption (1.2). The
following lemmas are very important.

Lemma 2.1. If W is a random matriz distributed as Wishart distribution Wp(n,X), where n is o positive integer
and 'Y is any p-variate random vector which is independent of W with P(Y = 0) = 0 then

p
YWY +log W[~ V, ", YET'Y +1og B[+ Y logVioiv1, Vacit1 ~ Xa i1
i=1

where X2, is the chi-square distribution with m degrees of freedom. Moreover, Y'S7Y and V,_;11(i = 1,...,p) are
mutually independent.

Lemma 2.2 (characteristic function of noncentral chi-square distribution). Let Z be a random variable distributed as
normal distribution with mean p and variance 1. Then

T 1 it
Elexp(itZ2)] = i /_OO exp {—2(2' — )+ mﬂ} dz = (1 - 2it)" Y2 exp {1‘”2ﬁ} .
The proofs of the above two lemmas can be seen in Muirhead (1982) and Fujikoshi et al. (2010).
Lemma 2.3. Let X be p-variate normal random vector with mean vector 0 and covariance matriz I,, and let
g(t1,t2) = g(t1,ta;m1,m2, T1,T2) = Elexp{t1(X — m)T1(X —n1) +t2(X —n2)T2(X —n2)}],
L(tl, tz) = L(tl, to; M1, M2, Iy, I‘g) = tr[(Ip -2t — 2t2]:‘2)711—‘1}
+ {m = 26T (m — m2) Y (I, — 21Ty — 2t5T2) ' Ty (I, — 2611 — 2t5T9) " {my — 22T (1 — m2) -
Then

_ 1
glt1,t2) = [T, — 2,71 — 26515/ exp {2771711 + ta(m — m2)' T2 (N1 — n2)

1
+ 5{171 — 2605 (m — m2) Y (I, — 2171 — 2t5T5) "' {m1 — 22T (m — ?72)}} )

dg(ty,t
% = g(t1,t2)L(t1,t2),
1
OL(t,t .
% = L(ty, ta;m1,m2, 01, Ta) = 2tr[{(I, — 26:T1 — 26,T5) T }?]

+ 4{?71 — 2t2I‘2(171 — 772)}/(1;0 — 2t1F1 — 2t21—\2)71{1—\1([p — 2t11—‘1 — 2152]__‘2)71}2{?’[1 — 2t2I‘2(171 — 7’]2)},
g(t17t237717772vrl,r2) = 9(t27t1§"727"7171‘27r1)>
9g(t1,t2)

) :g(t17t2)L(t27t1;n27n17]-‘271—‘1)'
o

The proof is given in Appendix. Using these lemmas, We obtain an asymptotic expansion of Q(X ) under the
assumption (1.2) as in the following theorem.

Theorem 2.2. Let X be an observation vector coming from T1;(j = 1,2), and let Q; = (d'd)~/?{Q(X)/2 + wid}.
Then for large Ny and Na,

3 2 6
P(Qj <) = ®(a) + ¢(e)n Y bjuHama(w) + ) ny Yy (dd) ™"/ 2bjiHoo (2) + Oy,
s=1

=0 s=1



where ng = n. The coefficient bj,’s and bj;s’s are given by

(=1)7"'k;D1/2, bjo=—(1+k;)D1/2, bjs=(-1)"'D;/2,

(—1)/"HTo /4 + kD2/2}, bjop = —To/4 — (K +2k;)D2/2 — k2;) D7 /8,

(=17 {(1 4 2k;)D2/2 + k;(1 + k;) D3 /4}, bjosa = D2/2 — (1 + 4k; + k7)D}/8,
(1)

(-1)

7 1+ k) D7 /4, bjos = —D7/8,

1)/ (p* 4+ 3p) /4 + (p+ 1) (1; — ps)'d/2,

bjiz = —(p* +3p)/4 — (4p+5)((1t; — ) (15 — pa))? /4 — (0 + 2) (1y — i) (115 — i) /2,
bjiz = —(p+ 1)p;dDo + (p+4)(1j — ps)'dDo/2 + (p + 2) (s — pi)'d/2,

bjia = (p +1)Do/2 = 3((kj — pi) (15 — p3))?/2,

bjis = (1 — ps)'d D,

= ((mj — pa)' (1j — i) /4,

where Ty, = tr(Ak),

Proof.

Since Xj1,..., XN, are normal random vectors with mean vector p; and covariance matrix 3; and are mutually
independent, X ; is distributed as p-variate normal distribution with mean vector p; and covariance matrix N, j_IEj,
and n;S; is distributed as Wishart distribution W, (n;, %;). Suppose that Vj is the chi-square random variable with

degrees of freedom n; — k + 1. From Lemma 2.1 and 2.2,

E {exp {’2’5 (X - X;)'S;H(X — X;) +log ISj)H X, SJ}

" i ) ,
E [exp {; (nj‘/j_pl(X—Xj)lzj_l(X—Xj) +log|n; '] +Zlongk> HXJ/M,k = 17,_.74

k=1

itn, itn, itn; \ "/
Q;(1-—2 11— — 1 's 1
o {QVjp ! ( vajp>} ( vajp) o 2 Og‘n J‘ +; e
n; —k+1 V}'k
o= -1
Yk =N T <nj By ’

then v, = O,(1) follows from the central limit theorem. The following result is given by using above formulae.
. ) . ) —p/2
exp {ztn]Q <1_ itn, )} (1_ itn, )
2Vip N;Vip N;Vip

it -1 gt 2 2 it)?
1+{p+Qj<p +—,/vjp+u§p>}+95( )
2 ’I”Lj TLJ' nj TL]‘ ’I”Lj 4’!7,j

where Qj = (,Ll,] — X)/Ej_l(p] — X)

2 2 (N2
exp{ <Zlogvgk>} ;tk 1<%QZ;>+(Z? (;yﬂkj) +O,,(nj_3/2). (2.5)

From (2.4), (2.5), E[v;jx] =0, E[vfk] =1 and Lemma 2.1,

Let

— it/2

+0,(n; ), (2.4)

E [exp {’; (X - X;)'8; (X — X;) +log |Sj|)}’ X}

= exp(it€);) [1 + nlj {Z; (—p(p;l) +(p+ 1)Qj> + (it)” (p+ Q?)H +0,(n; ). (2.6)

Suppose that X belongs to II;, and let

%‘(ﬂ — E[eitQ(X)/Q].



From Lemma 2.3 and (2.6),

(it)?
1

05 (0) = g(it /2, —it/2) [ Sy 55 /2 [1 L o+ 1>L1) SN, Lu»}

L {_“ (_p(p‘ Do+ L) + 1 12 +L22)>H + 032, (k=1,2),

N2 2 2 4
where
1 Og(ty,t 0 1 Og(ty,t
Lk: .g( 1, 2) , ka: v .g( 1, 2) , (k:1,2)
gt t2) Otk g, v)=(itj2,—it2) e g(ti,t2) Otk (4, vp)=(itj2,—it/2)
From (1.2) and (2.1), we have
kJQ kl
=1 —A Y,=1I,— —A. 2.7
1 P + \/77, ) 2 P \/H ( )
For j = 1, the parameters of g and L are given as follows.
m=0, no=37""(uy— ), Th=1, T,=3%"5;'5" (2.8)
From (2.7) and (2.8), we obtain the following expansion.
, , oy it, 1 (ko1 —it) (ko +it) (1 — it)
g(it/2, —it/2)| 2135 H*/? = exp [—2(1 —it)Dg + 7 { 5 D, — 5 D,
1 . 2 _ . 2 1 _ . 1 _ . 2 . 2 _ . 2
1 {(zt)4 th2 _k3( . zt)D2 N (1 —at)*{(t) +2(k‘2 k1)2t+k2}D2H  Oypa.

Ly =p+(it)>Do + Oy 9, Ly =p+ (1 —it)>Dy + Oy s,
Li1 = 2p+4(it)’Do + Oy 9, Los =2p+4(1 —it)>Dg + Oy j».

Hence, we obtain the following expansion of ;.

V1(t) = exp {—““;“)DO} [1 + % {;(—klit + (1 + kp)(it)* — (it)3} Dy

+ % {(“)24_”112 + % {—kTit + (kT + 2k1)(it)* — (1 + 2k1)(it)® + (it)*} Dy

. 2
n é{’%m (1+ k) (it)? W} D%}

2

+ nil {7’; <;D2 —;— 3p +(p+ 1)(it)2Do> + % {p +(p+ (it)2D0)2 +2p+ 4(it)2D()}}

1 it (p?+3 it)?
+n{—; (p ; p+(p+1)(1—it)2Do>+(Z4) {p+(p+(1—it)2D0)2+2p+4(1—it)QDo}}+03/2.
2

The expansion of ¢ is given by replacing the parameters (it, k1, ko, n1,n2) of ¥ with (—it, ks, k1, n2,n1). Inverting
¥;(j = 1,2) formally, we obtain the desired result. O

3 The criterion for selecting between the linear and quadratic discrim-
inant functions

3.1 Derivation of the criterion

In this section, we consider the expected misclassification probabilities Pr, and Py of ﬁ(X ) and Q(X ), respectively.
We assume that a priori probabilities are 1/2. Then P, and Py are given by

Pp = % {1 . (Ll < ;(d’d)1/2> + P (L2 < —;(d’d)w) }
1
2

Py = % {1 -p (Ql < (d’d)l/Q) L P (Q2 < —;(d’d)1/2> }

respectively.



Theorem 3.1. We obtain the limiting misclassification probabilities of Pr, and Pg which are equal. Moreover, the
term of 1/2-th order with respect to Nfl and N{l of Po — Pp is vanished. Let

(A d) = lim n(PQ PL)

n— oo

Then D(A,d) is given by following formula.

D(A,d) = ¢(Dy/?/2) ZD—*/QHS (DY )2)cs,

s=1

where the coefficient cs’s are given by

¢ = —T3/2 = (K} + k3) D2 + {k(p+ 1) Do — (p + 1) D3} /k1 + {k3(p + 1) Do — (p + 1) D} /k2,
=To/24 (k¥ + k3 +2)Dy/2 + (k2 + k2)D3?/8
+{(* +p)/2+ (4p+5)D/4+ (p+ 1)D§ — ki(3(p + 1) Do + D§/2)} /K1
+{(* +p)/2+ (4p+5)Dg /4 + (p+ 1)D§ — k3(3(p + 1)Do + D§/2)} /k2,
c3 = 2Dy — (1 + k3 +k3)D?/4+{-D2 — (p+1)Dg + 2k1 D3} /1 + {—D2 — (p + 1) Do + 2k D3} [ k2,
¢y =Dy +3D3/4+ {(p+1)Dg +3D3/2 — 2k?D3} /k1 + {(p + 1) Doy + 3D} /2 — 2k3 D3} [ ks,
¢s = —3D3 /4~ D /ki — Dj /k2,
= D}/4 + D} /2ky + D3 /2k,.

Proof. The result is easily obtained from Theorem 2.1 and 2.2. O

We obtain a criterion for selecting between the linear and the quadratic discriminant functions as D(A, d). Then
if D(A,d) is negative, we can consider that Q(X) is better than L(X). Otherwise, we can consider that L(X) is
better than Q(X ). However, A and d are unknown parameters which should be estimated. We may consider to use
simple estimators,

d=S"1%X, - X,), A=+nS VS, —8,)S /2 (3.1)

But it is insufficient for a criterion for selecting between the linear and the quadratic discriminant functions only by
replacing the unknown parameters with these estimators. Because, A is not consistent, D(A d) does not converge in
probability to D(A,d) for large samples. Moreover, E[D(A, d)] do not converge to D(A,d). Therefore, we correct

the bias in the next section.
3.2 Correcting the bias

We have the criterion for selecting between the linear and the quadratic discriminant functions in Theorem 3.1.
But this include the unknown parameters A, d. When replacing these parameters with the estimators (3.1), D(A, d)
have the asymptotic bias for D(A,d). So we will correct the bias of the criterion. The criterion can be given as a
linear combination of the following terms.

tr(A2)(d'd)"?, (d'd)/?d A%d, (d'd)"/?(d Ad)?, (d'd)V? (leZ). (3.2)

Theorem 3.2. We obtain the criterion D* which correct the bias as the following formula. Define

6
D*(A,d) = ¢(Dy?/2) > Dy **H, 1 (Dy/?/2)c,

s=1



. - .
where the coefficient c&’s are given by

¢t = —{T2/2 — (P* +p)/k1 — (p” +p)/k2} — (kT + k3){D2 — (p+ 1)Do/k1 — (p + 1)Do/k2}
+{ki(p+1)Dg — (p+ 1)DE}/k1 + {ki(p + 1) Do — (p + 1) D3} / ko,

&5 ={T2/2 = (0 +p)/k1r — (0* +p)/k2}/2 + (k] + k3 +2){D2 — (p+ 1)Do/k1 — (p+ 1) Do /k2}/2

+ (kf + k3){D} — 2D§ /k1 — 2D§ /k>}/8
+{(* +p)/2+ (4p+5)Dj /4 + (p+ 1)Dj — ki(3(p+ 1) Do + D3 /2)} /1
+{(* +p)/2+ (4p+5)Dj/4 + (p+ 1)D§ — k3(3(p + 1) Do + D§/2)} / k2,
cs=—2{Dy — (p+1)Do/k1 — (p+1)Do/ko} — (1 + k3 + k3){D3? — 2D /ky — 2D3 [ky} /4
+{=D§ — (p+ 1)Do + 2k D3} k1 +{—D§ — (p+ 1) Do + 2k2 D } /s,
¢t ={Dy — (p+1)Do/ki — (p+1)Do/ko} + 3{D? — 2D32 /k; — 2D%/ks} /4
+{(p+ 1)Dy +3D5/2 — 2k7 D3} k1 + {(p + 1) Do + 3D§ /2 — 2k3 D3 } / k2,
¢ = =3{D{ — 2D /k1 — 2D /k2}/4 — D /k1 — D§ [ks,
ci ={D? —2D2/ky — 2D} /ky} /4 + D3 /2k1 + DZ /2ks.
Then
E[D*(A,d)] = D(A,d) + O(n~1/?).

Proof.
From the central limit theorem, we can obtain the following,

Zj = \/Nj(Xj — pj) = 0,(1), W;=m;(S; —%;) =0,(1), (j=12).

Then the following statistics are expanded as

tr(A)(d'd)"? = tr {V/nS~L(S) — So)} {(Xy — Xo)'S~H(X, — X))}

—t{(A+k 2W1 — kW (d )/ + Oy (1),
(X1 — X5)'S™HV/n(S1 — 82)}S™ H{V/n(S1 — S2)}S~
= (d’d)l/Qd{A+k;1/2W1 B k;l/QWQ} d+0,(n~1?),
{(X) — X5)'SH{V/n(S) — 82)}8 (X — X))
2

= (@a)2 {d(A+ kP -k P W)d ) 0,71,

(d'd)/2d Ard = {(X; — Xo)' S~ (X1 — X))/

(d'd)/>(d Ad)® = {(X) — X,)' S~ (X, — X,)}/?
(dd)? = {(X) - X2)'S M (X) — X2)}* =d'd+ 0, (n1/?).

Moreover, W7 is independent of W5 and the following formulae can be seen in Fujikoshi et al. (2010).

E[W;] =0, E[W,BW,|=tr(BX;)X; +3;B%;,

where B is an arbitrary constant matrix. Thus we obtain the following,

B [tr(A)(dd)!/2] = (d'd)/2{tr(A) + (5 +p) /b1 + (07 + D) Ko} + O(n™"72),

E '(d'd)l/m'Akd} = (d'd)"*(d' A%d + (p+ 1)d'd/k: + (p+ 1)d'd/ks} + O(n~/?),

E ( d)/?(d Ad) } (d'd)"?{(d' Ad)? + 2(d'd)?/ky + 2(d'd)?/ks} + O(n~Y/?),

E

( )1/2] _( )l/2+0( —1/2)

Using these formulae, replacing tr(A?)(d'd)"/?, (d'd)'/?d'A%d, (d'd)'/*(d’'Ad)? with
(d'd)'?{tr(A?) — (0 + p)/k1 — (P +p) /k2},
(d'd)'*{d' A’d — (p+ 1)d'd/ky — (p+ 1)d'd/ks},
(d'd)"*{(d' Ad)* — 2(d'd)* /k1 — 2(d'd)? /k2},

respectively, we obtain the desired result.

(X, — X3)



4 Numerical study

In this section, We perform numerical study for investigating the performance of D* and other selection method.
We assume that

d:(\/ﬁa"'v\/ﬁ)l/pa 21 :Ipa 22zlp+0dlag(]‘avp)/pa

in numerical studies. The expected misclassification probabilities are calculated by the Monte Carlo simulation with
100,000 iterations.

4.1 Comparison of Cross-Validation method and D*

We consider Cross-Validation(CV) as one of an estimation method of the expected misclassification probability. Let
Xi1,...,X;n, be a training samples from II;(i = 1,2), and let d(X, p1, p2, X1, 32) be arbitrary discriminant function
which involves unknown parameters, then the expected misclassification probability Py is given as

Py (X Xl,Xg,Sl,SQ - {P X,Xl,XQ,Sl,SQ) >O|X EH1)+P(d(X,X1,X2,Sl,SQ) SO’X EHQ)},

where estimators of these parameters are given by (1.1). Suppose that X j(_k), Sj(_k) are the sample mean and the

sample covariance matrix by using training samples which are deleted X, (k =1,...,N;, j =1,2), that is,
N; 1 N
XM= Z O e > (X X)X - X))
i=1,i J i=1,i%k

Then we obtain the CV estimation of P, as the following:

5(C L yac (©
PV = LIV @l + PV (112)}

2
1
PV (2)1) = le X(d( X1, X9 X5, 8078 85) > 0),
=1
1 &
PV = 5 30 x(d(Xo, X0, X7, 81,857) < 0),
k=1

where x(A) is defined as follows. If A is true, then y(A) = 1. Otherwise, x(A) = 0. By using CV estimation, we
obtain a criterion D¢y for selecting between the linear and the quadratic discriminant functions, that is,

5(C 5(C
Doy = BSY) — PV
Hence if Doy is negative, we can consider that Q(X) is better than L(X). Otherwise, we can consider that L(X) is
better than Q(X). The asymptotic bias of CV estimation is 0, that is,

E[PSV] = Py (n — o).

However, CV estimation takes heavy costs of calculating. Hence it is hard to use it in practice.

Table 1 gives the expected misclassification probabilities for different p, C', N1 and N». Here the columns L and
Q are the expected misclassification probabilities by using only L(X) and Q(X), respectively. The columns D* and
D¢y are the expected misclassification probability by selecting between the linear and the quadratic discriminant
functions with using D* and D¢y, respectively, and using the selected discriminant function. The numerical values
on the double line and the line are the minimum and value without significance difference from the minimum in each
row, respectively.

From Table 1, we can see that the performance of D* is better than D¢y when C' is small, but the performance
of D* is worse then D¢y when C is large.

4.2 Method of using hypothesis test and D*

We performed the numerical study for investigating the performance of D* and D¢y in the previous section.
From the result of numerical study, performance of D* is worse than D¢y when the difference between two covariance
matrices is large. Because the setting of numerical study does not match the framework of asymptotic expansion.



C N1 N L Q D Dcvy
0.0 25 25 0.320325 0.334350 0.324745 0.324765
0.1 25 25 0.322985 0.336480 0.32751  0.32835
0.5 25 25 0.333875 0.342335 0.33764  0.33803
1.0 25 25 0.344855 0.335850 0.34176  0.341045
5.0 25 25 0.374740 0.241970 0.27009  0.24881
9.0 25 25 0.383625 0.190830 0.207125 0.19246
0.0 50 50 0.313940 0.320265 0.31576  0.31678
0.1 50 50 0.318275 0.323405 0.32003  0.32047
0.5 50 50 0.326185 0.326880 0.327385 0.326675
1.0 50 50 0.335995 0.321925 0.32833  0.32798
5.0 50 50 0.364975 0.232475 0.245315 0.23346
9.0 50 50 0.377285 0.180920 0.185035 0.18094
0.0 25 25 0.342425 0.385365 0.34248  0.3532
0.1 25 25 0.344355 0.384790 0.34437  0.354565
0.5 25 25 0.353150 0.381590 0.35336  0.36343
1.0 25 25 0.361285 0.358925 0.361265 0.361665
5.0 25 25 0.384420 0.199435 0.36015  0.20249
9.0 25 25 0.391675 0.131620 0.34082  0.13179
0.0 50 50 0.325875 0.354550 0.325875 0.3321
0.1 50 50 0.329885 0.357905 0.329875 0.336875
0.5 50 50 0.335370 0.348430 0.335455 0.33994
1.0 50 50 0.348325 0.327540 0.348055 0.336055
5.0 50 50 0.374350 0.167090 0.31971  0.167125
9.0 50 50 0.380630 0.104740 0.284115 0.10474
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Table 1: Comparison of D* and D¢y

Hence it is insufficient for selecting of these discriminant functions only by using D*. Therefore, we suggest using the
hypothesis test in addition to D*.
For testing Hy : 31 = X5 against H; : 31 # X5, the modified likelihood ratio test statistics is given as follows.

T =—2plogA,
where
22 +3p—1 [ n
p =
|S1["[ S22
AN=—_—"= |
|S|™

Moreover, we are given following result when the null hypothesis Hy is true.
P(T <) =P(x; <z)+ 0

where f = p(p+1)/2. The proof of the above lemma can be seen in Muirhead (1982). We consider that the difference
between two covariance matrices is large when P(X?e > T) < «, where « is significance level and Xfc is chi-square
random variable with degree of freedom f. Hence, we obtain a criterion for selecting between the linear and the
quadratic discriminant functions as follows. Let

Dy = P(x}; > T),

then if Dy is lower than «, then we consider that the difference between two covariance matrices is large. Thus we
select the quadratic discriminant function. On the other hand, if Dy is not lower than «, then we consider that the
difference between two covariance matrices is small. Hence we consider selecting between the linear and the quadratic
discriminant functions by using D*. So we suggest the following selection method Dj;.

STEP 1. We decide significance level a.



STEP 2. If Dy < «, We select the quadratic discriminant function. Otherwise, we go next step.
STEP 3. We select between the linear and quadratic discriminant functions by D*.

We perform numerical study for comparison of performances of D*, D¢y, Dy and D73 in the following. Here we
obtain the selection method Dy as follows. If Dy is lower than «, then we select the quadratic discriminant function.
Otherwise, we select the linear discriminant function. Table 2 gives the expected misclassification probabilities for
different p, C, N1 and N3. The column Dy and D7; are the expected misclassification probability for selecting between
the linear and quadratic discriminant functions by using Dy and Dj;, respectively, and using the selected discriminant
function. Here the number in the parentheses is the significance level.

C N N, L Q D Dcv Dy(0.01) Dy(0.05) Dy(0.1) Dy (0.01) Dy (0.05) D, (0.1)
0.0 25 25 0.3205 0.3328 0.3245 0.3251 0.3210 0.3221  0.3236  0.3246  0.3250  0.3258
0.1 25 25 0.3229 0.3364 0.3271 0.3276 0.3235  0.3250  0.3265 0.3273  0.3280  0.3287
0.5 25 25 0.3316 0.3383 0.3348 0.3348 0.3326  0.3341  0.3351  0.3351  0.3357  0.3362
1.0 25 25 0.3428 0.3359 0.3408 0.3404 0.3432  0.3422  0.3408  0.3407  0.3401  0.3394
50 25 25 0.3747 0.2433 0.2717 0.2501 0.2455  0.2436  0.2435  0.2443  0.2435  0.2434
0.0 50 50 0.3146 0.3198 0.3161 0.3165 0.3149  0.3155 0.3162 0.3163  0.3165 0.3168
0.1 50 50 0.3169 0.3229 0.3194 0.3196 0.3172  0.3180  0.3189  0.3195  0.3197  0.3201
0.5 50 50 0.3279 0.3271 0.3281 0.3273 0.3283  0.3282  0.3282  0.3281  0.3280  0.3279
1.0 50 50 0.3351 0.3235 0.3296 0.3281 0.3311  0.3277  0.3266  0.3275  0.3260  0.3256
50 50 50 0.3653 0.2334 0.2460 0.2342 0.2334  0.2334  0.2334 0.2334 02334  0.2334
0.0 100 100 0.3105 0.3136 0.3113 0.3118 0.3106  0.3112  0.3116 0.3114  0.3117  0.3120
0.1 100 100 0.3162 0.3190 0.3172 0.3173 0.3164  0.3169 0.3173  0.3172  0.3174  0.3177
0.5 100 100 0.3241 0.3210 0.3225 0.3225 0.3233  0.3227  0.3219  0.3222  0.3221  0.3215
1.0 100 100 0.3321 0.3155 0.3217 0.3204 0.3185  0.3164 0.3159  0.3170  0.3159  0.3158
5.0 100 100 0.3622 0.2283 0.2318 0.2283 0.2283  0.2283  0.2283  0.2283  0.2283  0.2283
0.0 25 25 0.3431 0.3848 0.3431 0.3533 0.3440  0.3467 0.3494 0.3440  0.3467  0.3495
0.1 25 25 0.3452 0.3854 0.3453 0.3556 0.3460  0.3485  0.3508  0.3461  0.3485  0.3508
0.5 25 25 0.3536 0.3807 0.3537 0.3627 0.3542  0.3566  0.3590  0.3542  0.3567  0.3590
1.0 25 25 0.3619 0.3604 0.3619 0.3626 0.3626  0.3636  0.3634  0.3627  0.3636  0.3634
50 25 25 0.3858 0.1999 0.3617 0.2028 0.2010  0.2001  0.1999  0.2009  0.2001  0.1999
0.0 50 50 0.3255 0.3542 0.3256 0.3326 0.3262  0.3280  0.3304 0.3262  0.3281  0.3304
0.1 50 50 0.3282 0.3577 0.3282 0.3353 0.3287  0.3304  0.3327  0.3287  0.3304  0.3327
0.5 50 50 0.3381 0.3507 0.3381 0.3436 0.3392  0.3415  0.3430  0.3392  0.3415  0.3430
1.0 50 50 0.3457 0.3283 0.3453 0.3354 0.3411  0.3358  0.3337  0.3409  0.3358  0.3337
50 50 50 0.3737 0.1685 0.3191 0.1686 0.1685  0.1685  0.1685 0.1685  0.1685  0.1685
0.0 100 100 0.3177 0.3338 0.3177 0.3215 0.3181  0.3192 0.3208 0.3181  0.3192  0.3208
0.1 100 100 0.3219 0.3379 0.3219 0.3257 0.3224  0.3236  0.3250  0.3224  0.3236  0.3250
0.5 100 100 0.3274 0.3303 0.3275 0.3291 0.3288  0.3298  0.3301  0.3289  0.3298  0.3301
1.0 100 100 0.3357 0.3072 0.3330 0.3134 0.3112  0.3086  0.3080  0.3112  0.3086  0.3080
5.0 100 100 0.3645 0.1530 0.2792 0.1530 0.1530  0.1530  0.1530  0.1530  0.1530  0.1530

U Ol Ot UL O O O O O OO O O OT TN DN NN NN DNDNDDNDNDNDDND NN N

Table 2: Comparison of D*, Doy, Dy and Dy,

From Table 2, we can see that D% is better then D* and D¢y, and performance of D7, is the same as performance
of Dy in the cases that C is large. In most cases that the difference between two covariance matrices is small, the
performances of all selection method are about same. In the case of C = 1, Dj; better than Dy. Moreover, the
performances Dy and D7; depend on signification level «, but in the cases of a = 0.01, 0.05,0.1, the performances are
very close.

5 Conclusion

As the first, We suggest the method D* for selecting of the linear and the quadratic discriminant functions by
using the asymptotic expansion when the difference between two covariance matrices is small. In the case that the
difference between two covariance matrices is small, D* is better then D¢oy. However, D* is worse then Doy when
the difference between two covariance matrices is large. So secondly, we suggest selection method Dj; of using the
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hypothesis test in addition to D*. We see performance of Dj; in the numerical studies. The performance of Dj; is
better then performance other selection method, or equally. However from numerical studies, the performance of Dj; is
worse than Doy when p is large. Because the asymptotic expansions usually do not give good approximation formulae
for large p. It may be possible to improve our selection method with using asymptotic expansions in high-dimensional
and large samples framework, that is, both IV, and p become large, which is left for future work.

Appendix
A.1 Proof of lemma 2.1
Proof. Since W ~ Wp(n,X),
YWY ~ Y'S1V2WoIn"Y2Y | log|W| ~ log || + log |Wo|

where Wy ~ W,(n, I,). Let W, be partition as

o Wi Wis
Wo = < War Wa >’

where W71 : 1 x 1, and let

(1 Wy
M_( o W),

Then we can obtain the following, (see e.g. Fujikoshi. et al. (2010))

-1
— Wll W12
wl=—w, =
0 0 <W21 W22>
0 0 1 _ _
SO NG Y-
W: O
[Wo| = |MW,M'| = ’ 101'2 Was ‘ = Wi1.2|Waa|,

where Wi1.2 = W11 — W1aWaaWa;. Moreover, since Wy ~ Wy(n, I,), Whi.2 is distributed as Wi (n —p+1,1), that is
the chi-square distribution with degree of freedom n —p+1, and Way ~ W,,_1(n, I,_1), Wi1.2 is independent of Wa,.
Let H = (H,, H;) be the orthogonal matrix such that Hy = £~'/2Y, then

Y/2—1/2W0712—1/2Y ~ Y/2_1/2HW071H/E_1/2Y
=W LY'S Y.
Therefore, we obtain the desired result. O

A.2 Proof of lemma 2.2
Proof.

Elexp{itZ?}] = /_Z exp{itzﬂﬁ exp {—;(2 - u)2} dz

o 1 1
= / exp { itz? — §(z2 —2zp+ ,u2)} dz

= / )i exp { —=((1 — 2it)2* — 2zp + /f)} dz

i

1

o _i_- BT R

_/_oo(%)mexp{ 5 2”)<Z (1—2it)> (1—2it)}dz
{ _aw
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A.3 Proof of Lemma 2.3

Proof.
=E [exp {X (tlI‘l —+ tQFQ) X + 2 (tlnll"l + t2n2:[‘2) X -+ tlnll"lnl —+ t27]2F2172}]

g(t1,t2)
27‘( —p/2 exp { X .’13/2} exp {.T (tll_‘l + tgrg) x+ 2 (tl'rh]-‘l + t2n2F2) €T + tl’l’]ll—‘l'f]l + t2772I‘2772} dx

88

27‘( —p/2 exp |: - {:l?/(Ip — 2t1I‘1 — ZtQFQ)x —4 (tlT]iI‘l + ﬁg’r]é]._‘g) xr — 2t1’l’]11_‘1771 — 2t277§]:‘2772}:| dx

oo} 1 _ !/
27‘( p/2 exp |:2 {w (I — 2t1F1 — 2t2F2) ! (tl].-‘l’lh —|— tgrg?’lg)} (Ip — 2t1I‘1 — 2t2F2)

. {CC —2 (Ip — 2t11—‘1 — 2t2F2)_1 (t1F1n1 =+ tQFQ’I]Q)}
+2(t1 01 + t2Tome) (I, — 26471 — 25T2) " (11 Tmy + toTamy) + 61, Timy + t277/21_‘2772} d

Il
\\\

— 00

|I — 2t1F1 — 2t2I‘2|_1/2 exp [2(t1F1’I’]1 + tzrgng)l (Ip - 2t11—‘1 — 2t2F2)71 (t1]._‘1’l']1 + tgrgng)

+ timTimy + tampTams) .
From the above result, we can easily obtain g(t1,t2;m1,12,'1,T2) = g(t2,t1;m2,m1,T2,T1). By using 26T =
(I, — 2toT5) — (I, — 2t1T1 — 2toT9),

tim Timy + tomhToms + 2(t:Tamy + tolamo) (I, — 26,11 — 26,T2) 1 (0T imy + t2Tame)
1 1

= 577/1(117 — 2ta09)m — inll(Ip — 26111 — 2t5T3)my + tamyTame

1 _

+ 5{{771 — 25T (m1 — m2)} — (I, — 2671 — 26T2)m Y (I, — 26T — 2toT5)

A{m —2toTo(m —m2)} — (Ip — 26:T1 — 2toT9) 1 }

1
= 571/1(110 — 2toT)m1 + tamyTane

1 _
+ 5{171 — 25 (1 — m2)Y (I, — 26171 — 2t5T2) " {1 — 26T2(m1 — m2)} — mi{m — 262T2(m1 — M)}

1
= —577'1171 +ta(m —n2)'Ta(nm —n2)

1 _
+ 5{771 — 2taTo(m — m2) Y (I, — 26171 — 2t2T2) " {my — 2taTo (1 — m2)}.

Let A, B, C and M be arbitrary p X p matrix, then we obtain the following formulae
|I, + hC| = exp{log |I, + hC|} = exp{htr(C) + O(h*)} = 1 + htr(C) + O(h?),
|A+(t+h)B|=|A+tB+hB|=|A+tB||I,+h(A+ B) 'B|
=|A+tB|[1+ htr{(A + B) 'B} + 0(h?)],
tr {M(A+ (t+h)B)™"'} =tr[M(A+tB)"'{I,+ hB(A+tB)'}7']
=tr [M(A+tB) " {I+hB(A+tB) '+ O(h*)}]
= tr [M(A+tB)] — htr [M(A+tB)"'B(A+tB)" '] + O(h?). (A.3.2)

(A.3.1)

From (A.3.1) and (A.3.2),

1
Q\A +tB| = Jim - {|A +(t+h)B|—|A+tB|} = |A+tBJtr {(A+tB) 'B},

—tr{MA—FtB 1}—11m7[tr{MA—|—(t—|—h ) —tr{M(A+tB)"'}]

=—tr[M(A+tB) 'B(A+tB)™'].
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By using the these result,

dg(ty,t B _ 1
Oglir,ta) _ ——|I, — 2t:Ty — 2toT5| /| exp § —=mim1 + t2(m1 — m2)'T2 (1 — m2)
oty oty 2
1
+ 5{771 — 26509 (m — m2)} (I, — 26T — 2t5T9) ™ {my — 265To (1 — 772)}}
1
+ I, — 2Ty — 2t5T5| 72 exp {—2771771 + ta(m — 12)'T2 (m1 — m2)
1
+ 5{771 — 2toTo (1 — m2) Y (I, — 26171 — 2t2T2) " {1 — 2t2To(m — 772)}}
LS+ talmy )T (1)
Ot 2711771 2\ —12) L2 (T — N2
1
+ 5{7’]1 — 2t2]:‘2(’l71 — nQ)}/(Ip — 2t1I‘1 — 2t2I‘2)71{1’]1 — 2t2I‘2(n1 — 772)}}
= g(tl,tg)tl‘[(Ip — 2t1I‘1 — 2t2I‘2)’1I‘1]
+ {m1 — 2t2T2(m — m2) Y (I, — 2171 — 2toT9) ' T (I, — 26471 — 2taT9) ' {1 — 2t2T2(m — m2)},
OL(ty,t _
# = L(tl,tg; 7’]1,7’]2,1—‘1, FQ) = 2tI‘[{(Ip — 2t1I‘1 — 2t21—‘2) 1].—‘1}2]
=+ 4{771 — 2t2F2(’I’]1 — 7]2)}’(_[1, — 2t1I‘1 — 2t2F2)_1{F1 (Ip — 2t1F1 — 2t21-12)—1}2{,r’1 — 2t2F2(771 — ?72)}
dg(tq,t
O9T2) o1y, 12) (03, 12521, T, ).
to
O
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