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Abstract

In this paper, we derive the asymptotic distributions of the charac-
teristic roots in multivariate linear models when the dimension p and
the sample size n are large. The results are given for the case that the
population characteristic roots have multiplicities greater than unity,
and their orders are O(np) or O(n). Next, similar results are given for
the asymptotic distributions of the canonical correlations when one of
the dimensions and the sample size are large, assuming that the order

of the population canonical correlations is O(,/p) or O(1).
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1. Introduction

The large-sample asymptotic distributions of the characteristic roots in
discriminant analysis and canonical correlation analysis were derived under
normality by Hsu (1941a, b) and Anderson (1951). The results were ex-
tended by considering nonnormal cases and by obtaining their asymptotic
expansions, and the results for various such cases were presented by many
authors; see, for example, Sugiura (1976), Fujikoshi (1977), Muirehead (1978,
1982), Glynn and Muirhead (1978), and Muirhead and Watermaux (1980).

However, it is known that these large-sample approximations become less
accurate as the number of the response variables, that is, the dimensionality,
becomes larger. To overcome this, the distributions of the characteristic roots
have been studied in high-dimensional situations, where the dimension and
the sample size are both large. More precisely, for discriminant analysis with
q+ 1 groups, based on n samples of p variables, the asymptotic distributions
of the characteristic roots were obtained by Fujikoshi et al. (2008), under a
high-dimensional asymptotic framework in which p/n — ¢ € [0,1) and ¢ is
fixed. For canonical correlation analysis of p variables and ¢(< p) variables,
Fujikoshi and Sakurai (2009) obtained the asymptotic distributions of the
canonical correlations when p/n — ¢y € [0, 1) and ¢ is fixed.

For these high-dimensional approximations, it was assumed that the pop-
ulation characteristic roots are simple. In this paper, we extend the results
to cases in which the population characteristic roots have arbitrary multi-
plicities. The characteristic roots in discriminant analysis can be treated as
a special case of those of a multivariate linear model. We also consider high-
dimensional distributions in which the order of the characteristic roots of the
noncentrality matrix in the multivariate linear model is O(pn) or O(n). For
the case of canonical correlations, the populations canonical correlations are
assumed to be O(p) or O(1).

Our results show that the consistency found in the sample roots in the
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large-sample case does not hold in the high-dimensional case. We discuss

with some applications.

2. Characteristic Roots in the Multivariate
Linear Model

We consider a multivariate linear model of p response variables y,. .., y,
on a subset of k explanatory variables x1,...,x. Suppose that there are n
observations y,...,y, and &;,...,x, on each of y = (y1,...,y,) and & =
(x1,...,x), respectively, and let Y = (y1,...,y,) and X = (x1,...,x,)
be the n x p and n x k observation matrices of y and @, respectively. The

multivariate normal linear model is written as
Y ~ N, ,y(X0,X®1,), (2.1)

where © is a k x p unknown matrix of coefficients, ¥ is a p x p unknown
covariance matrix, and I,, is the identity matrix of order n. The notation
Nyxp(+, ) means the matrix normal distribution such that the mean of Y is
XO and the covariance matrix of vec(Y) is X ® I,,, where vec (Y) is the
np X 1 vector formed by stacking the columns of Y under each other. We
assume that n — k > p and rank(X) = k.

Let C be a given ¢ x k matrix of rank(C) = ¢(< k). When testing or
estimating the rank of C®, it is important to study the distribution of the

nonzero characteristic roots of 5.7,
ly > > /L, >0, m=min(p,q), (2.2)
where
S.=Y'(I,-Px)Y, S,=(COY{CXX)'C'}"'CO (2.3)

and © = (X'X)~tX'Y. Here, without loss of generality, we may assume
that ¢ > --- > ¢,, > 0, since the probability that the ¢;’s are equal is 0. It
is well known (see, e.g., Anderson, 2003) that S, and S, are independently
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distributed as a Wishart distribution W,(n—k, X) and a noncentral Wishart
distribution W, (g, 3; »2Q3Y2) | respectively, where

Q=x""2ce){cxXX)c}lcex2 (2.4)

In a multivariate regression model, we are often interested in the case C = 1.

Consider the characteristic roots used in discriminant analysis with (¢+1)
p-variate normal populations and common covariance matrix . Let p,; be
the mean vector of the ith population. Suppose that a sample of size n; is
available from the ith population, and let y,;; be the jth observation from
the 7th population. Let us denote the between-group and within-group sum

of squares and product matrices by

a+1 -
Sy = Zm(ﬂi -9)( @i —9), Su= Z(”i - 1)S;,
=1 i=1

respectively, where y; and S; are the mean vector and sample covariance
matrix of the ith population, and y is the total mean vector defined by
(1/n) 9 nyg;, where n = S°% n;. In general, S, and S, are independently
distributed as a Wishart distribution W,(n — ¢ — 1, ¥) and a noncentral
Wishart distribution W, (¢, X; »i2Qnt %), respectively, where

q+1 q+1

Q==Y n( - W)~ ST = ()Y e (25)

The characteristic roots of S,S_' are used for testing and estimating the
number of non-zero characteristic roots of €2, which is the dimensionality
in discriminant analysis. For further details, see, for example, Fujikoshi,
Ulyanov, and Shimizu (2010). These characteristic roots can be regarded as
a special case of the multivariate linear model; this is easily seen by taking
k =q+ 1 and choosing Y, C, X and O as follows:

Y = (y117 s >y1n17 cee 7yq+l,1> cee 7yq+1,nq+1)/7 C - (Iq7 _]-q) )

1, 0 ... 0 ™
o 1, --- 0 !
X = . . ’ . . ; e = HQ ;
0 o .- 1nq+1 “:1+1



where 1,, is an n x 1 vector whose elements are all one. Then, S; = S; and

S.=S,.

3. Derivation Method

When we consider the distribution of the characteristic roots of S;,S_ !

in (2.3), we may assume that S, are S;, are independently distributed as
S.~W,(n—kL), S,~W,(gI,;D,), (3.1)

where ]~)w = diag(wi,...,w,), and wy > -+ > w, > 0 are the characteristic

roots of Q. In this paper, we assume that

n—k>p>q. (3.2)
Then, the first ¢ characteristic roots ¢; > --- > {, are positive, and the
remaining p — ¢ roots are zero. Similarly, wgy1 = -+ = w, = 0, since

rank(€2) < g. We can express Sy, as
S, =12ZZ', Z; pxyq, (3.3)

where the columns of Z are independently distributed as N,(-,I,), E(Z) =
(DY/? O, and D, = diag(wy,...,w,). Consider a transform from (Sy,S.)
to (B, W) given by

B=2z W=B"*z's'z)"'B> (3.4)
Then, it is known (Fujikoshi et al., 2007; Wakaki et al., 2014) that

RO: The nonzero characteristic roots of $,S.' are the same as those of
BW™!, or equivalently of S;'/%S,S-%/2 and

W~ W, m,1,), B~ W,(p]I,;D,), (3.5)
where W and B are independent, and m =n —k — p+q.
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Note that the characteristic roots ¢; > --- > {, are defined in terms
of the ¢ x ¢ matrices W and B with a reduced size. When ¢ is fixed and
m tends to infinity, Fro RO we can use the perturbation method, which was
developed for large-sample asymptotic theory. In general, consider a sequence
{S, | m=1,2,---} of ¢ x q positive definite random matrices. Suppose that
we are interested in the asymptotic distribution of the characteristic roots
by >--->1,;>00fS,, Assume that there exists a ¢ x ¢ diagonal matrix A

such that the random matrix

V,, = Vin(S,, — A) (3.6)

converges in distribution to that of a random matrix V. Here, let \; >
-+ A\p > 0 be the distinct diagonal elements of A and let ¢, be the multiplicity
of Ay, a=1,... h,ie.,

M, O -~ O
o XI, --- O
A=| L : (3.7)
@) o - NI,
Our problem is to obtain the limiting distribution of
li=vml; —\), i€Jo, a=1,..h, (3.8)

where J, is the set of integers ¢1 +---+qa_1+1, -+ , g1+ -+ qo With g = 0.
Let V be partitioned as

Vii Vg - Vy,
Vo1 Vo -+ Vg,

V= : L , Vi i X gj.
Vi Vpe oo Vpy

Then, it is known that

R1: The limiting distribution of ¢;,i € J,, is given by the distribution of

the characteristic roots of Voo, a=1,..., h.



Methods similar to R1 were used in Hsu (1941a, b), Anderson (1963), Eton
and Tayler (1991), and other studies.

On the other hand, there is a case in which A\, = 0 and the distribution of
V., degenerates, depending on the condition assumed for the noncentrality
matrix. Such cases were first considered by Hsu (1941a) and Anderson (1951).
In order to treat a more general case, consider a case such that S,, is expanded
as

S

M4 %Q@) n Q® + 0, (m™2). (3.9)

1 1
A4 —— -
* \/mQ my/m
Put Q = QY +(1/y/m)QP+(1/m)Q®, and let A, Q and Q' be partitioned

as
(%) (%)
(5.2 0 (2 8) e-(5 )
o M, Qpy Qpe Quy Qpy
where Q29 and Qg)z] are qn X g matrices. The asymptotic distribution of
l; = ym(l; — X\o),i € Ju,oo = 1,...,h — 1 can be obtained by the method

R1. For the derivation of asymptotic distribution of ¢;,7 € Jj,, we can use

the following result:

R2: The larst g, characteristic roots ¢;, ¢ € Jj, are given by those of

1 1 1
L, = A1, + ﬁQ[QQ] - EQ[QI]GQ[U] + m {Q[m]@Q[n]@Q[m]
1 1 1

—§Q[21]@2Q[12}Q[22] - §Q[22]Q[21]@2Q[12]} + Op(ﬁ), (3.10)

where
0,1, - o)
e = ,HiTZ(/\i—)\h)_l,iZl,...,h—l.
O - Opinl,

Expansion formulas similar to (3.10) were used in Lawley (1956,1959), Fu-
jikoshi (1977b), etc.



4. High-Dimensional Asymptotic Distributions
in Multivariate Linear Models

4.1. High-Dimensional Asymptotic Framework

We are concerned with the distribution of the characteristic roots of
S,S.', where S;, and S, are given in (2.3), which is the same as those of
BW ' (see Rl in Section 3), where B and W are given in (3.4). Large-sample
asymptotic distributions were studied by Hsu (1941a), Anderson (1951), and
others, under the assumptions that (i) p, ¢, and k are fixed; (ii) n tends to
infinity; and (iii) the order of D, is O(n). For high-dimensional approxima-
tions, we assume that n, p, and k tend to infinity, but the ratio p/n tends
to ¢g € (0,1), and k/n tends to zero. The ¢ X ¢ noncentrality matrix D,
depends on n and p, and it is assumed to be D, = O(n) and D,, = O(np).

Our high-dimensional assumptions are summarized as follows.

Al: qis fixed, k is fixed or tends to infinity, p and n tend to infinity,
c=p/n—c€l0,1), k/n— 0.

A2: w;=0(n), i=1,...,q.

A3: w;=0(pn), i=1,...,q.

Specifically, we consider two cases: (1) Al & A2, (2) Al & A3. Note that
under Al, m =n — k — p tends to oo.

In general, the asymptotic distribution of the characteristic roots ¢; >

- > {, depends on the multiplicity of the population characteristic roots

wy > -+ > wy. Under A2, it is assumed that the population characteristic

roots have arbitrary multiplicities as follows:

Wy =" =Wy = N,
Wal = ° = Wy gy = NA2,

(4.1)
Wo—q+1 = **+ = Wq = NAp,



where the \;’s are O(1) and A\ > Ay > -+ > A, > 0. Here, 22:1 Ga = q.
Note that we assume that the multiplicities of the w;’s do not depend on n

and p. The assumption (4.1) can be expressed in matrix notation as

B (A O
D, =nA= ( 0 M, ) , (4.2)

where A; = Diag (Allql, oA Iqh_l). Here, Diag means a bock diagonal

) Mqh—1

matrix.

Similarly, under A3, we assume that

W =+ =Wy = npdy,
Wo+1 = "0 = Watqp = np52>

(4.3)
Wo—qy+1 =+ = Wq = NP0y,

where the 0;’s are constants and d; > dy > - -+ > d, > 0. In matrix notation,

we have

A, O
D, = npA =np ( 01 5,1 ) , (4.4)
qdh

where A; = Diag (511,11, ) Iqh_l).

* Y qh-1

4.2. Case in which D, =nA = O(n)

In this section, we assume that D, = nA = O(n) with A\, as in (4.2).
Let

1 1
U= %(B —pl, —nA), V= ﬁ(w —ml,). (4.5)

Then, noting that B and W are Wishart distributions, we have that for a

given ¢ X ¢ symmetric matrix K,

E {etr(KV)} = etr(K?) {1 + O(m™/?)}, (4.6)
E {etr(KU)} = etr {K*(I, +2(n/p)A)} {1+ O(p~/*)}. (4.7)



Results (4.6) and (4.7) show that the limiting distributions of U and V are
normal. The random matrices B and W are expressed in terms of U and V'

as

1 | | 1
B=I, 4+ -A+—U, —W=I,+ ——V.
p p b m

VP Vi

The characteristic roots of BW ™! are the same as those of

~1/2 ~1/2
w-2gw-12 = P (iw) (13) (iw>
m \m P m
1

=D+ =X+ Oyfm ™),

where

DH - Diag(ﬂllqw s 7:“'7“]:%)7
1
X= —3 (VD,+D,V) + /p/mU,

and p, = p/m + (n/m)A\,, @ = 1,...,r. Here, O, denotes the order in
probability notation. Let X be partitioned as

Xll X12 e xl'r
X21 x22 e X27"

= . . | Xgaxg (4.8)
Xrl Xr2 e er

Below, we will show that X converges in distribution to a random matrix
X = (XZJ) Therefore, by R1 in Section 2, we have that the limiting dis-
tribution of v/m(¢; — pia),j € Ja, is the same as the distribution of the
characteristic roots of X,a. Therefore, we consider the limiting joint distri-
bution of {Xi1,...,Xps}, based on the characteristic function method. Let
T = (t;;) be a ¢ X ¢ symmetric matrix having (1 + 6;;)t;;/2 as its (¢, 7)th
element. Here, ¢;; is the Kronecker delta, i.e., §;; = 0(¢ # j) and 6;; = 1. Let
T be partitioned into submatrices as T = (T,3), where T,z is a ¢, X gz sub-

matrix. The joint characteristic function of {Xjq,..., X} can be expressed
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as follows:

C(Ty,...,T,) =E |etr (zz Taaxm>
L a=1

=E |etr {Z i Taa <_/'LC¥VO‘0‘ + v p/muaa> }]
L a=1
= E :etr {—iD,LTV + iy p/mDTU}] ’

where
Dy = Diag(T1y, ..., Thy), Dyr = Diag(pi Ty, ..., pn Tha)-

Using (4.6) and (4.7), we have

C(Ty,...,T,) = {H etr (%z’zaiTio) } {1+0(n ')}, (4.9)

where
o 2{u§+ P +2£Aa}
m m

2
—2{Z (L) et (Beas (2) 0] @)
m \m m \m m
Result (5.27) implies that X1, ..., X,, are asymptotically independent, and
0, X ,a converges to a g, X ¢, symmetric Gaussian Wigner matrix F in which

the elements are independent, and its diagonal and off-diagonal elements are
distributed as N(0,1) and N(0,1/2), respectively. Let

vm

zi=—0; — o), 1€ Jy, a=1,...,h, (4.11)
Oa
and
z=(21,...,2,),
Za — (Zq1+...+qa_1+1, c. 7Zq1+~-~+qa)/7 o = 1, ey h, (412)
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where go = 0. The limiting distribution of z, is the distribution of the
characteristic roots of the ¢, X ¢, symmetric Gaussian Wigner matrix F,,,

whose density is given by

WQa(qul)/éL 1 9
a\“a) = T on 71\ -3 i P — Z5). 4.13
otz = iy o0 (5 0%) T Gims). @)

1€Ja 1<J;1,j€Ja

Summarizing the above results, we have the following theorem.

Theorem 4.1. Let S, and S, be the random matrices in (2.3), and let {; >
-+ > L, be the nonzero characteristic roots of S,S.! undern —k >p>q.
Suppose that the characteristic roots of the noncentrality matriz € in (2.4)
have arbitrary multiplicities as in (4.1), but the multiplicities do not depend
on n and p. Further, assume A1l and A2 except for the case that co = 0 and
A = 0. Then, the standardized roots zy, ..., z, defined by (4.11) and (4.12)
are asymptotically independent, and the limiting density of z, is given by
(4.13).

The result when all the nonzero roots wy, . ..,w, are simple was derived
by Fujikoshi, Himeno, and Wakaki (2008). Recently Bai, Choi, and Fujikoshi
(2015) attempted to extend the result to the nonnormal case when Q = O,
while Johnstone (2008) studied the distribution of the largest root ¢; when
p/n— ¢y € (0,1) and g/n — ¢; € (0,1).

The characteristic roots dy > -+ > d, > 0 of §;,(Se +Sp) ™" are also used
instead of those of S,S.". The correspondence between those characteristic

roots is as follows: p
i

di= — =1
16
Noting that {¢/(1 +¢)}' = (1 + £)72, we consider the standardized charac-
teristic roots of d; defined by

NLD

[0}

g

Y = (1+ua)2(di— Ha ), 1€ Jo, a=1... h, (4.14)

1+ pa
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and set

y= ),
Yo = (yq1+~~~+qa_1+1v e ’yq1+“‘+lIo¢),7 o = 1, ey h. (415)

Then, from Theorem 4.1, we have the following asymptotic result.

Corollary 4.1. Under the same assumptions as in Theorem 4.1, the nor-
malized roots Yy, ..., yy defined by (4.14) and (4.15) are asymptotically inde-
pendent, and the limiting density of Y, is given by fo(ya) in (4.13).

4.3. Case in which D, = npA = O(np)

In this section, we assume that D, = npA = O(np) with the ¢;’s as in

(4.3). Let
U= \/Ln_p(B—pIq—npA), V= \/%(W—mlq). (4.16)

Here, note that the usual standardization U = y/nU as in (4.5) diverges and
has no limiting distribution, but U has the limiting distribution. In fact, the

characteristic function of U can be expressed as
Cy(T) =E {etr (z’Tl]) }

= etr {— p/nT (I, + nA)} "

21

NG

i 2i \
x etr ¢ npA——=T (I — —T>
{ \/np T /np
= etr(2i°AT?) + O(n~1/?).

T

I, -

The above result implies that the limiting distribution of U is normal if ), is
positive. In order to see the limiting distribution of U in the case &, = 0, let

U be partitioned as

Y l]11 l]12 Y
(U[21] U[22} [22]5 dn X 4n
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Similar notation is used for the matrices partitioned from T. Then, if d;, = 0,
Cy(T) = etr(2i2A1T[2m) +0(n~1?).

The result implies that the limiting distribution of 0[11] is normal, and the
terms of 0[12}, 0[21}, and 0[22] are Op(n~%2). In order to see the O,(n~1/2)
term in 0[22], consider the characteristic function of \/ﬁfjm}, which is asymp-

totically approximated as

C\/ﬁﬂ[m] (T[QQ]) =E [etr(i\/ﬁT[gz}Om})]

, 2i P/
= etr(—z\/ﬁT[QQ]) IQT — %T[QQ]
= etr(z’Qwa) {1 + O(p_1/2)} )
Therefore, the limiting distribution of \/50[22] is normal.
In general, using
1 1 -~ 1 1 1
—B=A+—U+ -1 d —W=I,+—V
np +,/np —l—nq,an m q+\/ﬁ ’
we have
~1/2 —1/2
o () () (2w
np m D m
AT QWP L _® 4 0,m?) (4.17)
vm m my/m P ’ '
where
1 1
QY =—--VA--AV,
2 2
3 3 1 m
@ — ZV2A + SAV + VAV + —1
Q 8 + 8 * 4 + n v
5 5 3 3
Q¥ = ——V3A - Z AV - “VZAV - —VAV?
16 16 16 16

m\/ﬁo_ m oy

+
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First we consider the case A\, > 0. By a similar argument as in the case

D, = O(n), we can see that for a = 1,. .., h, the limiting distribution of
\/E(ﬁ@—aa), i,
np

is the same as that of the characteristic roots of the limiting distribution of
Q) = (—6,)V4q. Let

Jm (1
2 = m(—ﬁi—ya), i€, a=1,...,h, (4.18)
Toa \P
and 5
Vo = 25, Ta:<—”>5a, a=1,... h (4.19)
m m

Then, the limiting distribution of z;,¢ € J, is the same as the limiting dis-
tribution of the characteristic roots of (1/v/2)Vaqs, i€, a ¢o X ¢, Symmetric
Gaussian Wigner matrix.

Next we consider the case A\, = 0. It is easy to see that the limiting
distribution of z;,i € J,,aa=1,..., h—1 are the same as in the case A\, > 0.
So, we consider asymptotic distribution of ¢;,2 € J,. By using R2 in Section
2, it can be seen that the distribution of {m/(np)}¢;,i € Jj is asymptotically

expressed as the characteristic roots of

1m 1 my/m -~ m
Ly = ——T,, + Ups) — ——
mn my/m | /np N

This implies that the distribution of \/m(¢; —p/m),i € Jy, is asymptotically

Vi | +0,(m™)  (4:20)

expressed as the characteristic roots of

p - vaLy
\/—\/%\/EUW] - va]

whose characteristic function is expanded as

1,2 _
etr {—12—p <1 + %) T[sz]} (1+0(m™ %)) .

2 m

Now, we define

Th
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where

9 n 1/2
=2 F= {—p (1+—>} . (4.22)
m

m m
For these z;,i € J,,a = 1,...,h — 1 and z; € Jp, using the same vector

notation as in (4.12), we have the following theorem and corollary.

Theorem 4.2. Let S, and S, be the random matrices in (2.3). Let ¢, > ... >
£, be the nonzero characteristic roots of S,S. " undern—k > p > q. We make
the same assumption as in Theorem 4.1, except that we assume A3 instead
of A2. When 6, > 0,the standardized roots z1,. ..,z defined by (5.29) and
(4.21) are asymptotically independent, and the limiting density of z, is given
by (4.13). When o0, = 0, the limiting distribution of zq,...,z,_1 is the same
as in the case § > 0. The limiting distribution of Z;,1 € Jy, defined by (4.21)
is given by the one with the density fo(Z) in (4.13). Further, zi,..., 251

and Zj are asymptotically independent.

Corollary 4.2. Suppose the same assumption as in Theorem 4.2 with o, = 0.

Let
. vm
i =~
Th

(1+ ) (di -1 i’lﬁ}) /Y (4.23)

Then, the limiting density fuction of §;, € Jy, is given by fr, in (4.13).

5. High-Dimensional Asymptotic Distributions
of Canonical Correlations

5.1. Preliminaries

In this section, we consider asymptotic distributions of the canonical
correlations between the two vectors @, which is p x 1, and y, which is ¢ x 1.
Let S be the sample covariance matrix of (', y’) based on a sample of

size N =n + 1 from a (p + ¢)-dimensional normal distribution N, ;,(p, X).
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Without loss of generality, we may assume that ¢ < p. Corresponding to a

partition («',y’), we partition p, ¥, and S as

1231 Y XY Sii Si
_ . X = , S= ) 5.1
H ( Mo ) ( DILSEDITY ) ( So1 Sa (5.1)
Let pp > -+ > p, > 0and 7y > --- > ry > 0 be the population and the
sample canonical correlations between  and y. Then, p? > -+ > pg > ()
and r¥ > -+ > 72 > 0 are the characteristic roots of 32 %{]'%1,3;) and

S2,S.1'S12S55 , respectively. We shall obtain the distribution of the canonical

correlations by deriving the transformed canonical correlations
di=mri/A\/1—712 i=1,...,q, (5.2)
whose population transformed canonical correlations are expressed as
vi=pi/\J1=p;, i=1...q (5.3)
We use the following notation for diagonal matrices:
D, = diag(ds,...,d;), D, =diag(y,...,7,)-

Hsu (1941b) derived the asymptotic distributions of the canonical correla-

tions under a large sample framework;
BO: p and q are fixed, n — oo.

However, the results do not work well as the dimension ¢ or p becomes large,

and so some high-dimensional approximations were considered under

Bl:g¢;fixed, p—00, n—00, m=n—p— o0,

c=p/n—c€l0,1).
For the population roots, the following two cases are considered:

B2: ’yl:O(l),Zzlvu(L
B3: v%=0(/0p),i=1,...,q

17



Under the assumption that all the population roots are simple, in addition
to Bl and B2, Fujikoshi and Sakurai (2009) obtained the following result:

V(2 = i2) < N(0,02), (5.4)
Vilre — ) % N0, 70%0,7) (5.5)

where

fo = {pf +c(L = p2)}'%, o5 = 2(1 = ¢)(1 - p2)* {20} + c(1 — 207)}-
In particular, letting ¢ = 0 in (5.4) and (5.5), we have the large sample

results:
Va(r? —p2) % N0, 4p2(1 - p2)?), (
Vilra —pa) % N(0,(1 - p2)?). (
(

Here, we note that the high-dimensional asymptotic results (5.4) and (5.5

(@) N
~N

.6)
)
5)
depend on p through ¢ = p/n, but the large-sample results (5.6) and (5.7)
do not depend on p and thus are the same for all p. In this paper, we extend
the high-dimensional results to the case in which the population roots have
multiplicity greater than unity. Further, we consider the case in which the
population roots satisfy B3.

Let A = nS, which is distributed as a Wishart distribution W,,(n,3),

and partition A as
A Ap
A =
( As Ay > ’

corresponding to a partition of S. Then, d? > -+ > dg are the characteristic

roots of A21A1_11A12A2_211, where Agg.q = Agy — A21A1_11A12. When we consider

the distribution of the characteristic roots d? > -+ > dg or dy > -+ > dg,
without loss of generality, we may assume (see Fujikoshi and Sakurai, 2010)
that

(i) Agz.q ~ Wy(m, Ly);
(i) At A Ay ~ W, (p,1,;D,GD,), when the first ¢ x ¢ matrix G of Ay,
is given; here, G ~ W (n,1,);
(iii) A21A1_11A12 and Ags.qare independent;
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where m =n — p.

5.2. The Case D, = O(1)

Under B2, we assume that the population characteristic roots v;’s have

arbitrary multiplicities as follows:

M= = = AL
Ya+1 = " = VYqr+ge = )‘27
(5.8)
Vo—gnt1 =" =Yg =An =0,
where \;’s are fixed constants and A\; > Ay > --- > )\;, > 0. In a matrix
notation,
. (A O
D,=A= ( 0 MIL, > , (5.9)
where Ay = Diag (Milg, .-, A, 1 Ig L)
Let
H=yn(n'G-1,), (5.10)

whose limiting distribution is normal, since for any symmetric matrix K,
E {etr(KH)} = etr(K*) {1 + O(n’lﬂ)} : (5.11)
The conditional noncentrality matrix of A21A1_11A12 is expressed as

Q=D,GD, = nA* + V/nAHA = O,(n).

Let
1
U= —(AuA;A —pl, — nA® — V/nAHA), (5.12)
VP
1
V = —m(AggAl - mIq) (513)
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Each the limiting distributions of U and V are normal. The results can be

seen that for any symmetric matrix K,

E {etr(KV)} = etr(K?) {1+ O(m~'/?}, (5.14)
E {etr(KU)} = etr {K*(I, + 2(n/p)A) } {1+ O(p~'/*)}, (5.15)

Noting that D, = A, we have

B 1 —1/2
AL A AT A LA = % (Iq 4 —v)

NGD
n vn 1 1\
x (I, + —T? + “—AHA + —u) (I + —v)
( T p VP Tym
1 _
g D# + ﬁx + Op(m 1),
where
D - Dlag(:ullqu s a;ur qT
X—— (VD +D,V)+,/— U—l—@/ DHDW,
and
=p/m+(n/m)X2, a=1,... h (5.16)
The joint characteristic function of {Xy,..., Xp,} can be expressed as fol-
lows:

C(Tll, . ,T = [etr ( Z Taaxaoz>
E [etr {—z’DMTV +iv/p/mDrU + / n/mD,\2THH )

where

Dy = Diag(Ti1, ..., Thy), Dyr = Diag(pi T, .. ., tnThn),
D)\QT = Diag()\%TH, . 7)\}21Thh)-

20



Using (5.11), (5.14) and (5.15), we have

C(Ty,. . {Hetr 03T3a> } (1+0(n~?)), (5.17)

where
02 =2 {ui - % (1 - 2%)@) + %Ai}
— %(mm) (1+22) (mLMHg). (5.18)
Put

Zp =

Vi p

«

— o), 1E€Js, a=1,... h, (5.19)

and z = (21,...,2;,) with z,,a=1,...,h asin (4.12). Then, by arguments

as in multivariate linear model we have the following theorem.

Theorem 5.1. Let S be the sample covariance matriz which is decomposed
as in (5.1). Let d; =r}/(1—r}),i=1,...,q, where 1 >r{ > --->7r2 >0
are the squares of the canonical correlations, i.e., the characteristic roots
of S2187]'S12S55. Suppose that the population canonical correlations have
arbitrary multiplicities as in (5.22), but the multiplicities do not depend on n
and p. Further, assume B1 and B2 except for the case that co = 0 and A\, = 0.
Then, the standardized roots z, ...,z defined by (5.19) are asymptotically
independent, and the limiting density of z, is given by (4.13).

Corollary 5.1. Under the same assumptions as in Theorem 5.1, consider
the normalized variables of the squares of the canonical correlations and the

canonical correlations themselves defined by
=mnt (17 = &), i€Jy, a=1,..h, (5.20)
Ji = vVm2&)ny (ri— &), i€ Ja, a=1,....h  (5.21)
where
= (p/n+A)AL+X) 2,
o = V2(m/m)(1+ 227 {(p/m)(1 = N2) +2X2}77.

21



Then y = (y1,...,y,) and gy = (U1, ..., Y,)" have the same limiting distribu-

tion as the one of z.

Here, note that

y 1/2 o
o= < S Na=——— a=1,...,h
: (1+ua> N TERTE

5.3. The Case D, = O(/p)

Under B3, we assume that the population transformed canonical correlations

v;’s have arbitrary multiplicities as follows:

Y= =Yg = /PO,
Va4l =+ = Vai+qe = VP02,

' (5.22)
Yo-an+1 = " =Yg = /Pon 2 0,

where ¢;’s are fixed constants and §; > 05 > --- > ;, > 0. Under (5.22), D,

is expressed as
A 0)
D, = \/pA = \/]5( o o ) 7 (5.23)

where A; = Diag (511,11, .0 Ithl). In this case, let

* 9 Yqh-1
1
\/ PN

and V = \/—%(Agg.l —ml,) which is the same one as in (5.13). Then, we have

U= (Ap A A L — pI, — npA? — /npAHA), (5.24)

1 1 1 1 -
— Ay A AL, =A%+ —AHA + -1, + —
p 21A11 Ao + Jn + - T \/n_pU’

5

—1/2
iAZQ.1 : Y, + R VRN Y + 0, (m™3/?).
m “2ym 8m 16m+/m P
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Therefore

m o _1/2 _ —1/2 I @ 1 2@
_npAzz{ A21A111A12A22-{ =A%+ _\/EQ + EQ
|G i
—_— O 5.25
r——QY10,m?,  (6)

where

Q" = QW(A?) + /m/nAHA,
Q” = Q®(A?) - %\/m/n (VAHA + AHAV),

QY = Q?(a?) + g m/n (VZAHA + AHAV?) |

Here QV(A?),i = 1,2,3 are the ones obtained from Q¥ i =1,2,3 in (4.17)
by substituting A% to A. In general, we have

m . _ _ _ ~ (1
\/ﬁ (n_pA221-{2A21A111A12A221-{2 - Ag) = Q( )

1~ 1A ,
+—=Q” + Q" + 0,(m).
m m
Let . .
x=qQ" = —SVA? = SA 4 /m/nAHA, (5.26)

which is partitioned as in (4.8). Now, we consider the limiting joint distri-
bution of {Xi1,...,Xun}, The joint characteristic function of {Xjq, ..., Xun}

can be expressed as follows:

C(Ty,...,T,) =E |etr (Z > mew>
L a=1

— F |etr {z Z T (—5§vaa + \/m/néiHaa> H
L a=1

— E [etr {iAQDT(—V + \/p/mH)H ,
where Dt = Diag(T11, ..., Thy). Using (5.11) and (5.14), we have

C(Ty,...,T,) = {H etr (%i2T§Tia> } {1+0(n %)}, (5.27)
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where
Ta =V2(1+m/n)é, a=1,...,h. (5.28)

First we consider the case 6, > 0. By a similar argument as in the case
D, = O(1), we can see that for a = 1,..., h, the limiting distribution of
m
Jm (n_pdg _ 53) i,

is the same as that of the characteristic roots of the limiting distribution of

(?)SO)( = =02V 4o + vVm/ndé2H,,. Let

1
Zi:@(—d?_Va>, ieJaa Oézl,...,h, (529)

Ta \DP

and
Vo = 02, To=+/20(n+m)m 2, a=1,...,h (5.30)
m

Then, the limiting distribution of z;,¢7 € J, is the same as the limiting dis-
tribution of the characteristic roots of a ¢, X g, symmetric Gaussian Wigner
matrix F,.

Next we consider the case A\, = 0. It is easy to see that the limiting
distribution of z;,i € J,,aa=1,..., h—1 are the same as in the case A\, > 0.
So, we consider asymptotic distribution of d?,i € J;,. By using R2 in Section
2, it can be seen that the distribution of {m/(np)}d?,i € J;, is asymptotically

expressed as the characteristic roots of

- 1m 1 my/m - m
L,=——1I Upy — —V O, (m™2). 5.31
h mn qp + m\/m { \/@ [22] \/@ [22}} + p(m ) ( )
Here, note that the expansion formula (5.31) is the same as that in (4.20) up
to the order O, (m~3?2). The difinition of U and V in (5.31) is different from
that in (4.20), but the distributions of V in both cases are the same, and
the limiting distributions of U in both cases are also the same. Therefore,
from the distributional results on L, in (4.20)it follows that the asymptotic
. m

L=~ (& —1), i€, (5.32)
Th

distribution of
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is the same as that in (4.21), where 7, and 7, are the same as those in (4.22).
For these z;,7 € J,,a=1,...,h — 1 and z; € J,, using the same vector

notation as in (4.12), we have the following theorem and corollary.

Theorem 5.2. Let S be the sample covariance matriz which is decomposed
as in (5.1). Let d; =r}/(1—r}),i=1,...,q, where 1 >7r{ > --->712 >0
are the squares of the canonical correlations, i.e., the characteristic roots of
S2.S.1S12S55 . We make the same assumption as in Theorem 5.1, except that
we assume B3 instead of B2. When 6, > 0,the standardized roots z1,. ..,z
defined by (5.29) and (4.21) are asymptotically independent, and the limiting
density of z, is given by (4.13). When &, = 0, the limiting distribution of
Z1,...,2p_1 18 the same as in the case 6 > 0. The limiting distribution of
Zi,i € Jy, defined by (4.21) is given by the one with the density fo(Z) in

(4.13). Further, zi,...,z_1 and Z, are asymptotically independent.

Corollary 5.2. Under the same assumption as in Theorem 5.2 with &, = 0,
let

g =mi, L+ o) {rf —op(L+ )7}, i€ (5.33)
Then, the limiting density fuction of §;, € Jy, is given by fr, in (4.13). Simi-
larly, let

7 = Vm2y/ o7, (14 0,)*? {Ti — V(1 + ﬁh)_l} , 1€ Jp (5.34)

Then, the limiting density fuction of 7;, € Jy, is given by fy in (4.13).

6. Concluding Remarks

In general, it is known that under the large-sample asymptotic frame-
work the characteristic roots in a multivariate linear model are consistent,
and the canonical correlations are also consistent. However, from our high-

dimensional asymptotic results we have shown that the characteristic roots
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and the canonical correlation coefficients are not consistent. It will be pos-

sible to construct high-dimensional consistent estimators of the population

characteristic roots and the population canonical correlations.

The present results have been also used to show that some model selec-

tion criteria for estimating the dimensionality in a multivariate linear model

and canonical correlation analysis are high-dimensional consistent. For the
results, see Fujikoshi and Sakurai (2016) and Fujikoshi (2016). It is expected

that our results are basic in studying high-dimensional properties for multi-

variate inferential methods based on characteristic roots.
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