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Abstract

In this paper, we derive asymptotic non-null distributions of three test statistics, i.e., the
likelihood ratio criterion, the Lawley-Hotelling criterion and the Bartlett-Nanda-Pillai crite-
rion, for redundancy in high-dimensional canonical correlation analysis. Since our setting is
that the dimension of one of two observation vectors may be large but does not exceed the
sample size, we use the high-dimensional asymptotic framework such that the sample size
and the dimension divided by the sample size tend to co and some positive constant being in-
cluded in [0, 1), respectively, for evaluating asymptotic distributions. Additionally, we derive
asymptotic null distributions of the three test statistics under the high-dimensional asymp-
totic framework by using the same transformation as when we derive asymptotic non-null
distribution. We verified that new approximations based on derived asymptotic distribu-
tions are more accurate than those based on asymptotic distributions evaluated from the
classical asymptotic framework, i.e., only the sample size tends to oco.

1 Introduction

Canonical correlation analysis (CCA) is a statistical method employed to investigate the
relationships between a pair of ¢- and p-dimensional random vectors, x = (z1,...,2,)" and
y = (y1,-..,Yp)". Introductions to CCA are provided in many textbooks for applied statistical
analysis (see, e.g., Srivastava, 2002, chap. 14.7; Timm, 2002, chap. 8.7), and it has widespread
applications in many fields (e.g., Chung et al., 2017; Prera et al., 2014; Sakar et al., 2016;
Singh et al., 2014; Zheng et al., 2014). In an actual data analysis, it is important to clarify
whether or not some variables are irrelevant for analysis. In CCA, one of methods to solve the
problem is hypothesis testing for redundancy. Since a distribution of a test statistic plays an
important rule in hypothesis testing, it has been studied by many authors. It is known that the
null distribution of the likelihood ratio (LR) criterion for redundancy is distributed according to

the Wilks’ Lambda distribution (e.g., Fujikoshi, 1982). Since the Wilks’ Lambda distribution is
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user-unfriendly, it is important to derive an asymptotic approximation of the distribution of the
LR criterion. Fujikoshi (1982) derived an asymptotic expansion of the null distribution of the
LR criterion under the large-sample (LS) asymptotic framework such that only the sample size
approaches co. However, an approximation based on the asymptotic expansion worsen as the
dimension of either of observation vectors increases. To avoid the deterioration of approximation
accuracy, Sakurai (2009) and Wakaki and Fujikoshi (2012) used the asymptotic expansion of
the null distribution of the LR criterion under the asymptotic framework such that the sample
size and the dimension of either of observation vectors tend to co. On the other hand, as for
a non-null distribution of the LR criterion, under the LS asymptotic framework, Suzukawa and
Sato (1996) obtained an asymptotic distribution of the LR criterion under a local alternative
hypothesis. These results have been derived from the fact that the LR criterion is distributed
according to the Wilks’ Lambda distribution under the null hypothesis. However, the asymp-
totic distribution of the LR criterion has not been derived under the fixed alternative hypothesis
because the criterion is not distributed according to the Wilks’ Lambda distribution under the
hypothesis. In CCA, the Lawley-Hotelling (LH) criterion and the Bartlett-Nanda-Pillai (BNP)
criterion are commonly used in the test for redundancy just like the LR criterion. However,
since the two test statistics are not distributed according to the Wilks’ Lambda distribution
even under the null hypothesis, the asymptotic null distributions have not been derived under
except the LS asymptotic framework.

Let g2 be the number of elements of & assumed to be irrelevant variables and q; = ¢ — ¢2. In
this paper, since our setting is that the dimension of one of two observation vectors may be large
but does not exceed the sample size, we use the following high-dimensional (HD) asymptotic

framework for evaluating asymptotic distributions:

+
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n

—c€10,1), go : fixed.
It should be emphasized that the LS asymptotic framework is included in the HD asymptotic
framework as a special case. An aim of this paper is deriving asymptotic distributions of the
three test statistics under a fixed alternative hypothesis by using the HD asymptotic framework.
To derive the asymptotic distributions, we transform the test statistics by using the result in
Yanagihara et al. (2017) because the test statistics are not distributed according to the Wilks’
Lambda distribution under the fixed alternative hypothesis. In Yanagihara et al. (2017), the
asymptotic null distribution of the LR criterion by using the HD asymptotic framework, but the
asymptotic non-null distribution have not been derived. Additionally, we derive the asymptotic
null distributions of the three test statistics under the HD asymptotic framework because those
of the LH criterion and the BNP criterion have not been derived.

This paper is organized as follows: In section 2, we introduce three test statistics for redun-
dancy in CCA. In section 3, we present our key lemmas and main results. In Section 4, we verify
the accuracies of approximations under the HD asymptotic framework by conducting numerical

experiments. Technical details are provided in the Appendix.



2 Test for redundancy hypothesis

In this section, we introduce three test statistics for redundancy in CCA. Let z = (z’,y’)’ be
a (¢ + p)-dimensional random vector distributed according to (g + p)-variate normal distribution
with

S, X
Elz] = u = /’ AV , Covlz] = 2 = TT Ty 7
(2] = 1 = (1, 1) ov[z] (EW zyy>

where p, and p, are ¢g- and p-dimension mean vectors of  and y, ¥,, and X, are ¢ x ¢ and
p X p covariance matrices of « and y, and X, is the ¢ x p covariance matrix of  and y.
We partition @ as © = (2}, 25)’, 1 : ¢1 X 1, 2 : g2 X 1 and express p,, 3, and X,

corresponding to the division of & as follows:

Y X Yy
Mz = (/J’/ 7[1‘/ )I ) Vg = ) Yoy = .
v S T Y

We are interested in whether or not the elements of x5 are irrelevant variables in CCA. Fujikoshi

(1985) defined that x5 is irrelevant if the following null hypothesis is true:

Hy : t2(2,,) 20y 2y, Bye) = tr(2' 21, 2, T1). (1)
In addition, we note that the fixed alternative hypothesis is as follows:

Hy o tr(3,,) 20,3, Bye) # (21 81,3, By1).- (2)

The left-hand side and the right-hand side of the equation (1) or (2) are the sum of squares of
the canonical correlation coefficients between x and y, and the sum of squares of the canonical
correlation coefficients between x; and y, respectively. Let Oy, , be a g2 X p matrix of zeros. In

particular, we note that (1) is equivalent to

HO . Egy.l == Oq2’p, (3)
where X p.c = 2ap — EaCEc‘cl b
Let z1,...,2, be n independent random vectors from z, and let Z be the sample mean of
Z1,...,%, given by Z = n!>°" 2, and S be the usual unbiased estimator of ¥ given by
S=(n-1)"1Y" (2 — 2)(z; — 2)/, divided in the same way as we divided X, as follows:
S S S
Sue Suy 11 12 1y
S = =|S21 Sa2 Sy
Sye Sy

Syl Sy2 Syy

Suppose that 21, ..., 2, ~ Nytp(tt, ). Then, the three test statistics, i.e., the LR, LH and BNP

criteria are expressed as follows:

[Syy1l
1 =LR
T = * |Syy-zl (@ )
ST b {(Syy-l - SnyL’)Sy_ylz (G=LH)

tr {(Syy1 — Syy=)S,, 1} (G=BNP)

where Sab.c = Sab - Sacsczlscb'



3 Main results

In this section, we derive asymptotic non-null distributions of the three test statistics within
the HD asymptotic framework. First of all, we present key lemmas which are required for deriving
our main results. Under the HD asymptotic framework, it is a serious problem that increasing
the dimension of Sy,.1 and Sy,., with an increase in the dimension p. However, we can avoid

the problem by using the following lemma.

Lemma 3.1 Suppose that V is a go X p matriz and W is a p X p non-singular matriz. Then,

W+ V'V| 1y
= |I, + VWV, (4)
W !
tr(V'VW ™) = tr (VW V), (5)
tr{W(W +V'V) '} =p - to{VW V' (I, + VW V)71 (6)

The proof of the lemma is omitted because it is easy to obtain from elementary linear algebra.
By applying this lemma to our problem, we can evaluate the asymptotic behaviors of the three
test statistics from two random matrices of which dimensions do not increase with an increase
in the dimension p. Yanagihara et al. (2017) derived the asymptotic null distribution of the LR
criterion under the HD asymptotic framework by using the following lemma (as for the proof,

see Yanagihara et al. 2017).

Lemma 3.2 Let £, A, and By be mutually independent random matrices, which are defined by
E~ N(nfl)xp(on—l,pv Ip @ In—l)7 A~ N(nfl)x(qfql)(on—l,q—ql 5 Iq—q1 & In—l)a

and
B ~ N(nfl)xq(on—l,m Y2 ® In—1)7

where € and B are independent, and let By denote the (n — 1) X ¢1 matriz defined by B =
(B17B2). Then,

(n—1)Syy.p = Sy 2E (I,_, — P)ESL,

(n—1)Syy1 = Si (AT + E)(I_1 — P)(AT + €))7
where P = B(B'B)~'B', P = By(B{B))"'B} and T = £,,[’%} 5,1,

It is easy to see from (3) that I' = O,, 4, under Hy. Therefore, I is called non-centrality parameter
matrix, and it is known that rank(I') # 0 under H;. However, since it is clearly that I" # O, 4,
under H;, we can not apply the equations in Lemma 3.1 to the three test statistics. Therefore,
we have to give another expressions of S,,.; and S, in order to apply the equations in Lemma
3.1 to the three test statistics. The following lemma is what the result in Lemma 3.2 is extended

to (the proof is given in Appendix A):
Lemma 3.3 Let Uy, Uy and T be mutually independent random matrices, which are defined by

U, ~ N(nqul)Xp(On—q—l,p,Ip ® In—q—1>v U; ~ quxp(oqzm’Ip ® qu)a



andT = {tij};?fj:l 18 a g2 X qo lower triangular matriz of which elements are mutually independent
random variables, which are defined by % ~ x*(n — q1 — i) and t;; ~ N(0,1) (i > 7). Also, let
JAK be a singular value decomposition of I' defined in Lemma 3.2, where J is a p-th orthogonal

matriz, K is a ga-th orthogonal matriz. Then,

(n—1)Syy. = S AUIUSZ, (7)
(n—1)Syy1 = Sy 2 {UIUL + J(T'A' + Uy) (T'A' + Uy)J'} Sy (8)

By using Lemma 3.1 and Lemma 3.3, we can derive the following another expressions of T (the

proof is given in Appendix B).

Lemma 3.4 Suppose that p > q2. Let D = T'A’ + Us,, where T, A and U, are defined in
Lemma 3.3, and U is a g2 X q2 random matriz distributed according to Wy,(n —p—q1 —1,1,,),
where D and U are mutually independent. Then,
log|I,, + U"'DD/| (G =LR)
Te =1 tr(U'DD’) (G=1LH) . (9)
tr{DD'(DD’' +U)"'} (G =BNP)
Next, we evaluate the asymptotic behaviors of T by using Lemma 3.4. The result is the

following theorem (the proof is given in Appendix C):

Theorem 3.1 Suppose that p > qo. When Hy is true, the asymptotic non-null distributions of
Tg asn— 00, (p+q1)/n — c€[0,1) is given by

d
V7é (Ta —ne) = N(0,1),
where ng and 7(2; are standardizing constants given by

—qQ1

g2 log ni v +log |I, + TT’| (G=LR)
n—aq ’ Paq2
— —tr(I'T) + ——— G=LH
G n—p—q ( ) n—p—q ( )
bq2 p / n—1
—_ 1-— I'T (I I'T = BNP
nQ1+< n%)tr{ (p+ ) } (G )
o 2
25L%
SERD G Ut ek Vi (G =LH)
28Ln .
(n = a1) (G = BNP)

2(n —p—q1)épnp
Here, & are constants given by
ur = (n—q1)(2n — p = 2q1)tr {TT'(I, + TT) "'} +p(n — qu)tr {(I, + TT') 7"}
—p(n—q)p— ),
o = (n—q1)(2n —p —2q1)tr {(TT")%} + 2(n — 1)*tr (CTY) + p(n — q1)ge,
&one = (n—q1)(2n —p — 2q)tr {(TT")*(I, + TT')"*} + 2(n — q1)?tr {TT'(I, + TT')*}
+p(n = q)tr {(I, +TT) ™"} = p(n — q1)(p — ¢2)-



We can also derive asymptotic non-null distributions of the three test statistics under the LS
asymptotic framework. Although the non-null distributions can be derived by a different way
from the method for proving Theorem 3.1, the result corresponds with the one in Theorem 3.1

when p/n — 0 and ¢;/n — 0. Therefore, the proof is omitted.

Corollary 3.1 When H; is true, the asymptotic non-null distributions of Tg as n — o0 is given

by
d
V& (Ta — 0a) = N(0,1),
where O and 1/(2; are standardizing constants given by

log |1, + T'T'| (G =LR)
0 =< tr(I'T) (G=LH) |,
p—tr{(I, +TT')"'} (G =BNP)

4tr {I‘I‘/(Ipn+ TT/) 1} (G =LR)
6= {(TT)2} + 4tr (TTV) (G = LH)
- (G = BNP)

4tr {(TTV)2(I, + IT'T") =4} + 4tr {TT"(I, + I'T") 4}
Asymptotic null distributions of the three test statistics under the HD asymptotic framework

can be obtained as the following theorem in the same way as the proof of Theorem 3.1 (the proof

is given in Appendix D).
Theorem 3.2 When Hy is true, the asymptotic null distributions of Tg asn — oo, (p+q1)/n —
c €[0,1) is given by

1

——(Xpgs — : fixed
\/%T(TG - 17(;70) i> \/m(quz pg2) (p ) |
N(0,1) (p = 0)

where ng,0 and 7(2; o are standardizing constants given by

—q1

g2 log —° (G =LR)
pqgl—l?—fh
ngo=94 ——— (G=LH)
’ n—p—dqi
P2 (G = BNP)
n—q
(n_P—(h)(n_%) (G:LR)
(n=p ="
2 n—p—q
_) T pma) G=LH
160 2(n — a1)pgy ( )
(n—q) (G = BNP)

2(n —p — q1)pgz

It is easy to see that (2pgs)~1/? (Xiq2 —pQQ) 4 N(0,1) as p — oo. Hence, we suggest that
(2pq2)_1/ 2 (X%qg,a — pqg) is used as the threshold value for the null distributions of T with
significance level «, where X;zng,a is the upper 100ac % point of the y2-distribution with pgo

degrees of freedom. By using this approximation, we can test regardless of the size of p.



4 Numerical Studies

In this section, we compare the accuracies of approximations based on derived asymptotic
distributions under the HD asymptotic framework with those based on asymptotic distributions
under the LS asymptotic framework. The accuracies are evaluated from normal or chi-square
approximation. First, we compared approximations under Hy. Let ag: and ag2 be upper
probabilities when asymptotic distributions under the HD and the LS asymptotic frameworks

are used respectively, which are defined by

ag,1 = P | nlg >

n
7/2(X127<Z2,a —pg2) + e |, age =P (nTG > Xz%qz,a) ‘
2pq27'(;,0

We compared ag,; with ag s when o = 0.05. Tables 1-5 show the ag,; and ag2 which were
evaluated by Monte Carlo simulations with 10,000 iterations. Note that ¢; = p/n and ¢y =
g1/n in Tables. From Tables 1 and 2, the approximations under the LS asymptotic framework
performed a little well but lose to those under the HD asymptotic framework even when at
least one of p and ¢ is small. From Tables 3-5, the approximations under the HD asymptotic

framework performed well than those under the LS asymptotic framework.

Table 1: ¢ =7, =3
n p QrLRrR,1 @LR,2 @LH,1 QLH,2 GBNP,1 QBNP,2
100 10 0.08 0.17 0.10 0.29 0.05 0.08
200 10 0.07 0.10 0.08 0.14 0.05 0.07
300 10 0.06 0.07 0.07 0.09 0.04 0.05
500 10 0.06 0.06 0.07 0.07 0.05 0.05
100 20 0.09 0.37 0.12 0.66 0.05 0.09
200 20 0.07 0.16 0.09 0.28 0.05 0.07
300 20 0.07 0.12 0.08 0.18 0.05 0.06
500 20 0.07 0.08 0.07 0.11 0.05 0.06
100 30 0.10 0.67 0.15 0.94 0.05 0.10
200 30 0.07 0.24 0.08 0.49 0.05 0.07
300 30 0.07 0.15 0.08 0.29 0.05 0.06
500 30 0.06 0.10 0.06 0.16 0.05 0.06
100 50 0.14 0.99 0.23 1.00 0.06 0.10
200 50 0.08 0.56 0.10 0.91 0.05 0.07
300 50 0.07 0.31 0.08 0.64 0.05 0.06
500 50 0.06 0.16 0.07 0.33 0.05 0.06




Table 2: p=T7,q5 =3

n q1 QrRr,1 QLR,2 QLH,1 QLH,2 QBNP,1 QBNP,2
100 10 0.09 0.16 0.10 0.24 0.05 0.10
200 10 0.07 0.09 0.08 0.12 0.05 0.07
300 10 0.07 0.07 0.07 0.09 0.05 0.06
500 10 0.07 0.07 0.07 0.07 0.05 0.06
100 20 0.09 0.30 0.11 0.39 0.05 0.21
200 20 0.07 0.13 0.08 0.16 0.05 0.10
300 20 0.07 0.10 0.08 0.12 0.05 0.08
500 20 0.07 0.08 0.07 0.08 0.05 0.07
100 30 0.09 0.48 0.11 0.57 0.05 0.37
200 30 0.07 0.18 0.08 0.22 0.05 0.14
300 30 0.07 0.12 0.07 0.14 0.05 0.10
500 30 0.06 0.08 0.07 0.09 0.05 0.08
100 50 0.10 0.86 0.14 0.91 0.05 0.81
200 50 0.07 0.33 0.09 0.37 0.05 0.28
300 50 0.07 0.19 0.08 0.22 0.06 0.17
500 50 0.07 0.11 0.07 0.12 0.05 0.10
Table 3: ¢1 = 7,92 =3

C1 n p QLR,1 CQLR,2 @LH,1 QLH2 Q&BNP,1 &BNP,2

0.1 100 10 0.08 0.17 0.10 0.28 0.05 0.08

200 20 0.07 0.16 0.09 0.28 0.05 0.07

300 30 0.06 0.15 0.07 0.29 0.05 0.06

500 50 0.06 0.17 0.07 0.33 0.05 0.06

0.3 100 30 0.10 0.67 0.15 0.94 0.05 0.10

200 60 0.08 0.74 0.11 0.98 0.05 0.06

300 90 0.07 0.81 0.09 0.99 0.05 0.05

500 150 0.07 0.91 0.08 1.00 0.05 0.05

0.5 100 50 0.12 0.99 0.22 1.00 0.05 0.09

200 100 0.09 1.00 0.14 1.00 0.05 0.04

300 150 0.09 1.00 0.12 1.00 0.05 0.04

500 250 0.08 1.00 0.10 1.00 0.05 0.03

0.8 100 80 0.30 1.00 0.58 1.00 0.06 0.01

200 160 0.16 1.00 0.32 1.00 0.06 0.00

300 240 0.13 1.00 0.24 1.00 0.06 0.00

500 400 0.11 1.00 0.17 1.00 0.06 0.00




Table 4: p=T7,q5 =3
C2 n q1 QrLR,1 QLR,2 QLH,1 QLH,2 QBNP,1 QBNP,2
0.1 100 10 0.08 0.17 0.10 0.23 0.05 0.10
200 20 0.07 0.13 0.08 0.16 0.05 0.10
300 30 0.07 0.12 0.07 0.14 0.05 0.10
500 50 0.06 0.11 0.07 0.12 0.05 0.10
0.3 100 30 0.08 0.48 0.11 0.57 0.05 0.38
200 60 0.07 0.41 0.08 0.45 0.05 0.35
300 90 0.07 0.39 0.08 0.42 0.05 0.36
500 150 0.06 0.38 0.07 0.39 0.05 0.36
0.5 100 50 0.10 0.86 0.15 0.90 0.05 0.80
200 100 0.08 0.80 0.10 0.83 0.05 0.77
300 150 0.07 0.79 0.08 0.81 0.05 0.77
500 250 0.06 0.77 0.07 0.79 0.04 0.76
0.8 100 80 0.22 1.00 0.39 1.00 0.05 1.00
200 160 0.12 1.00 0.18 1.00 0.05 1.00
300 240 0.10 1.00 0.13 1.00 0.05 1.00
500 400 0.08 1.00 0.10 1.00 0.05 1.00

Table 5: qgo =3
C1,C2 n P, q1 Qrr,1 QLR,2 QLH,1 @LH,2 &BNP,1 QBNP,2
0.1 100 10 0.08 0.21 0.11 0.33 0.05 0.11
200 20 0.07 0.28 0.09 0.43 0.05 0.15
300 30 0.07 0.34 0.08 0.51 0.05 0.18
500 50 0.06 0.46 0.07 0.66 0.05 0.24
0.2 100 20 0.10 0.74 0.14 0.92 0.05 0.38
200 40 0.08 0.91 0.11 0.99 0.05 0.60
300 60 0.07 0.97 0.09 1.00 0.05 0.74
500 100 0.06 1.00 0.08 1.00 0.05 0.91
0.3 100 30 0.13 1.00 0.22 1.00 0.05 0.89
200 60 0.10 1.00 0.15 1.00 0.05 0.99

300 90 0.08 1.00 0.12 1.00 0.05 1.00
500 150 0.08 1.00 0.10 1.00 0.05 1.00
0.4 100 40 0.20 1.00 0.40 1.00 0.06 1.00
200 80 0.13 1.00 0.24 1.00 0.05 1.00
300 120 0.12 1.00 0.20 1.00 0.05 1.00
500 200 0.10 1.00 0.16 1.00 0.06 1.00

Next, we compared approximations under H;. It should be kept in mind that sometimes some
elements of I" defined in Lemma 3.2 become infinite and other times those are finite as at least
one of p and ¢ tends to co. Therefore, we treat the following two non-centrality matrices.

- Structure 1 (at least of elements of T tend to o)

(A17Oq2,pfqz)/ (Q2 <p)
(A1,0p,4,—p) (P <o)

= , Ay = diag(y/pg,0,...,0).

- Structure 2 (all elements of T' are bounded)

A —) <
T = ( 270(12717 (I2) (Q2 _pi . Ay = diag

(A2,0p,4,-p) (P <qe




It is clearly that the non-zero element of T tends to oo in Structure 1, and all elements of I' are
bounded in Structure 2 as at least one of p and ¢ tends to co.
Let ag,3 and ag 4 be upper probabilities when asymptotic distributions under the HD and

the LS asymptotic frameworks are used respectively, which are defined by

1 1
a3 = P (TG > 72204 —|—’I7g> , QG4 = P (TG > 72Za + 9(}) ,

VTE VvE

where 2, is the upper 100a % point of the standard normal distribution. We compared ag 3 with
oG4 when a = 0.05. Tables 6-15 show the ag 3 and ag4 which were evaluated by Monte Carlo
simulations with 10,000 iterations. Note that ¢; = p/n and ¢y = ¢1/n in Tables. From Tables 6
and 7, the approximations under the LS asymptotic framework performed a little well but lose
to those under the HD asymptotic framework even when at least one of p and ¢; is small. The
reason is that the HD asymptotic framework includes in the LS asymptotic framework. From
Tables 8-15, the approximations under the HD asymptotic framework performed well, but the

approximations under the LS asymptotic framework are poor.

Table 6: Structure 1 : g1 =7, g2 = 3
n p QrR,3 QLR4 QLH3 QLH4 QBNP,3 QBNP/4
100 10 0.06 0.55 0.10 0.26 0.03 1.00
200 10 0.05 0.32 0.08 0.16 0.03 1.00
300 10 0.05 0.25 0.07 0.14 0.03 1.00
500 10 0.05 0.17 0.07 0.11 0.03 1.00
100 20 0.07 0.96 0.11 0.49 0.05 1.00
200 20 0.06 0.74 0.08 0.28 0.04 1.00
300 20 0.06 0.58 0.08 0.22 0.03 1.00
500 20 0.05 0.42 0.07 0.16 0.04 1.00
100 30 0.08 1.00 0.12 0.74 0.04 1.00
200 30 0.06 0.96 0.09 0.44 0.04 1.00
300 30 0.05 0.86 0.08 0.32 0.04 1.00

500 30 0.05 0.67 0.07 0.22 0.04 1.00
100 50 0.11 1.00 0.15 0.98 0.04 1.00
200 50 0.06 1.00 0.09 0.75 0.04 1.00
300 50 0.06 1.00 0.08 0.58 0.04 1.00
500 50 0.05 0.97 0.07 0.39 0.04 1.00
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Table 7: Structure 1 : p=7, g2 =3

q1

QLR,3

QLR,4

QLH,3

QrH,4 (QBNP,3

QBNP .4

100
200
300
500

10
10
10
10

0.06
0.05
0.05
0.05

0.37
0.21
0.17
0.13

0.11
0.08
0.07
0.07

0.21
0.14
0.12
0.09

0.03
0.03
0.03
0.03

1.00
1.00
1.00
1.00

100
200
300
500

20
20
20
20

0.06
0.05
0.05
0.05

0.43
0.23
0.18
0.13

0.11
0.08
0.08
0.07

0.25
0.15
0.13
0.10

0.03
0.03
0.03
0.03

1.00
1.00
1.00
1.00

100
200
300
500

30
30
30

0.06
0.05
0.05
0.05

0.50
0.25
0.19
0.14

0.11
0.08
0.08
0.07

0.28
0.16
0.13
0.10

0.03
0.03
0.03
0.03

1.00
1.00
1.00
1.00

100
200
300
500

0.07
0.05
0.05
0.05

0.69
0.31
0.22
0.15

0.13
0.09
0.08
0.07

0.40
0.19
0.15
0.11

0.03
0.03
0.03
0.03

1.00
1.00
1.00
1.00

Table 8: Structure 1: ¢ = 7,q2 = 3

C1

n

p

QLR,3

QLR,4

QLH,3 (LHA4

(BNP,3

(BNP,4

0.1

100
200
300
500

10
20
30
50

0.06
0.06
0.05
0.05

0.54
0.74
0.86
0.96

0.10
0.09
0.07
0.07

0.25
0.28
0.31
0.40

0.04
0.04
0.04
0.04

1.00
1.00
1.00
1.00

0.3

100
200
300
500

30
60
90
150

0.08
0.07
0.06
0.06

1.00
1.00
1.00
1.00

0.12
0.09
0.09
0.08

0.73
0.88
0.95
0.99

0.04
0.05
0.05
0.05

1.00
1.00
1.00
1.00

0.5

100
200
300
500

50
100
150
250

0.11
0.09
0.08
0.07

1.00
1.00
1.00
1.00

0.16
0.11
0.09
0.08

0.99
1.00
1.00
1.00

0.05
0.05
0.05
0.05

1.00
1.00
1.00
1.00

0.8

100
200
300
500

80
160
240
400

0.28
0.15
0.12
0.10

1.00
1.00
1.00
1.00

0.33
0.19
0.15
0.12

1.00
1.00
1.00
1.00

0.05
0.06
0.05
0.05

1.00
1.00
1.00
1.00
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Table 9: Structure 1: p=7,q2 =3

C2 n q1 QLR,3 CQLR4 QLH,3 QLH4 CQBNP,3 QBNP4
0.1 100 10 0.06 0.36 0.11 0.21 0.03 1.00
200 20 0.05 0.23 0.08 0.15 0.03 1.00
300 30 0.05 0.19 0.08 0.12 0.03 1.00
500 50 0.05 0.15 0.07 0.11 0.03 1.00
0.3 100 30 0.06 0.50 0.11 0.29 0.03 1.00
200 60 0.05 0.34 0.09 0.21 0.03 1.00
300 90 0.06 0.28 0.08 0.18 0.03 1.00
500 150 0.05 0.22 0.08 0.16 0.03 1.00
0.5 100 50 0.07 0.69 0.13 0.40 0.04 1.00
200 100 0.06 0.48 0.10 0.29 0.03 1.00
300 150 0.05 0.40 0.09 0.25 0.03 1.00
500 250 0.05 0.33 0.08 0.22 0.03 1.00
0.8 100 80 0.16 0.98 0.26 0.76 0.04 1.00
200 160 0.07 0.85 0.15 0.57 0.04 1.00
300 240 0.06 0.76 0.12 0.50 0.03 1.00
500 400 0.06 0.64 0.10 0.42 0.03 1.00
Table 10: Structure 1 : g2 = 3
C1, C2 n P, 41 QLR,3 CQLR4 QLH,3 QLH4 QBNP,3 QBNP4
0.1 100 10 0.06 0.56 0.10 0.26 0.04 1.00
200 20 0.05 0.78 0.08 0.31 0.04 1.00
300 30 0.05 0.90 0.08 0.35 0.04 1.00
500 50 0.06 0.98 0.07 0.45 0.04 1.00
0.2 100 20 0.07 0.98 0.12 0.57 0.04 1.00
200 40 0.06 1.00 0.10 0.72 0.05 1.00
300 60 0.06 1.00 0.09 0.82 0.04 1.00
500 100 0.06 1.00 0.08 0.93 0.05 1.00
0.3 100 30 0.10 1.00 0.15 0.89 0.04 1.00
200 60 0.08 1.00 0.12 0.97 0.05 1.00
300 90 0.07 1.00 0.09 0.99 0.05 1.00
500 150 0.07 1.00 0.09 1.00 0.05 1.00
0.4 100 40 0.19 1.00 0.24 1.00 0.06 1.00
200 80 0.13 1.00 0.15 1.00 0.05 1.00
300 120 0.11 1.00 0.14 1.00 0.05 1.00
500 200 0.09 1.00 0.11 1.00 0.05 1.00
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Table 11: Structure 2 : g1 =7, g2 =3

n p QrR,3 QLR4 QLH,3 QLH4 QBNP,3 QBNP4
100 10 0.07 0.72 0.11 0.51 0.04 0.94
200 10 0.06 0.46 0.08 0.31 0.03 0.78
300 10 0.05 0.35 0.07 0.23 0.04 0.64
500 10 0.06 0.24 0.07 0.18 0.04 0.48
100 20 0.07 1.00 0.12 0.95 0.04 1.00
200 20 0.06 0.91 0.08 0.69 0.04 1.00
300 20 0.06 0.79 0.08 0.54 0.04 0.98
500 20 0.05 0.59 0.06 0.37 0.04 0.91
100 30 0.08 1.00 0.12 1.00 0.05 1.00
200 30 0.06 1.00 0.09 0.94 0.05 1.00
300 30 0.06 0.98 0.07 0.82 0.04 1.00
500 30 0.05 0.88 0.07 0.61 0.04 1.00
100 50 0.12 1.00 0.20 1.00 0.05 1.00
200 50 0.07 1.00 0.10 1.00 0.05 1.00
300 50 0.06 1.00 0.08 1.00 0.05 1.00
500 50 0.06 1.00 0.07 0.94 0.04 1.00
Table 12: Structure 2: p =7, go = 3
n q1 QLR,3 QLR,4 @QLH3 QLH4 OBNP,3 (BNP/4
100 10 0.06 0.50 0.10 0.37 0.03 0.78
200 10 0.05 0.29 0.07 0.22 0.03 0.53
300 10 0.06 0.22 0.08 0.17 0.03 0.41
500 10 0.05 0.17 0.07 0.14 0.04 0.30
100 20 0.07 0.58 0.11 0.43 0.03 0.84
200 20 0.06 0.33 0.08 0.25 0.03 0.56
300 20 0.06 0.24 0.08 0.19 0.03 0.44
500 20 0.05 0.17 0.07 0.14 0.03 0.30
100 30 0.07 0.66 0.11 0.49 0.03 0.88
200 30 0.06 0.37 0.09 0.27 0.04 0.61
300 30 0.05 0.26 0.07 0.20 0.03 0.45
500 30 0.05 0.18 0.07 0.15 0.04 0.32
100 50 0.08 0.82 0.13 0.67 0.04 0.95
200 50 0.06 0.41 0.09 0.31 0.03 0.67
300 50 0.05 0.28 0.07 0.21 0.03 0.50
500 50 0.05 0.19 0.06 0.15 0.04 0.33
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Table 13: Structure 2 : ¢y =7, =3

(&1 n p QLR,3 CQLR4 QLH,3 QLH4 CQBNP,3 QBNP4
0.1 100 10 0.06 0.72 0.10 0.51 0.04 0.94
200 20 0.06 0.92 0.08 0.69 0.04 1.00
300 30 0.06 0.98 0.08 0.82 0.04 1.00
500 50 0.05 1.00 0.07 0.94 0.04 1.00
0.3 100 30 0.08 1.00 0.13 1.00 0.04 1.00
200 60 0.07 1.00 0.10 1.00 0.05 1.00
300 90 0.07 1.00 0.09 1.00 0.05 1.00
500 150 0.06 1.00 0.08 1.00 0.05 1.00
0.5 100 50 0.12 1.00 0.19 1.00 0.05 1.00
200 100 0.09 1.00 0.13 1.00 0.05 1.00
300 150 0.08 1.00 0.11 1.00 0.05 1.00
500 250 0.07 1.00 0.10 1.00 0.06 1.00
0.8 100 80 0.30 1.00 0.53 1.00 0.07 1.00
200 160 0.16 1.00 0.29 1.00 0.06 1.00
300 240 0.13 1.00 0.21 1.00 0.06 1.00
500 400 0.10 1.00 0.16 1.00 0.06 1.00
Table 14: Structure 2 : p=7,q> = 3
C2 n q1 QLR,3 OQLR4 @QLH,3 GLH4 QBNP,3 OBNP4
0.1 100 10 0.07 0.51 0.11 0.37 0.03 0.79
200 20 0.06 0.33 0.08 0.24 0.03 0.57
300 30 0.05 0.25 0.07 0.19 0.03 0.45
500 50 0.05 0.20 0.07 0.16 0.04 0.33
0.3 100 30 0.07 0.66 0.11 0.50 0.03 0.88
200 60 0.06 0.45 0.09 0.34 0.03 0.70
300 90 0.05 0.36 0.08 0.28 0.03 0.59
500 150 0.05 0.27 0.07 0.21 0.03 0.45
0.5 100 50 0.07 0.82 0.13 0.67 0.03 0.95
200 100 0.06 0.62 0.10 0.48 0.03 0.84
300 150 0.06 0.51 0.09 0.39 0.03 0.75
500 250 0.06 0.41 0.08 0.32 0.03 0.62
0.8 100 80 0.18 1.00 0.34 0.99 0.04 1.00
200 160 0.09 0.94 0.16 0.86 0.04 0.99
300 240 0.07 0.87 0.12 0.75 0.04 0.97
500 400 0.06 0.76 0.09 0.62 0.03 0.91
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Table 15: Structure 2 : g2 = 3

C1,C2 n P, q1 QLR,3 CQLR4 QLH,3 QLH4 QBNP,3 QBNP4
0.1 100 10 0.07 0.75 0.10 0.54 0.04 0.95
200 20 0.06 0.94 0.09 0.75 0.04 1.00
300 30 0.06 0.99 0.08 0.88 0.04 1.00
500 50 0.05 1.00 0.07 0.98 0.04 1.00
0.2 100 20 0.08 1.00 0.13 0.98 0.05 1.00
200 40 0.07 1.00 0.10 1.00 0.05 1.00
300 60 0.07 1.00 0.09 1.00 0.05 1.00
500 100 0.06 1.00 0.08 1.00 0.05 1.00
0.3 100 30 0.11 1.00 0.18 1.00 0.05 1.00
200 60 0.08 1.00 0.13 1.00 0.04 1.00
300 90 0.08 1.00 0.11 1.00 0.05 1.00
500 150 0.07 1.00 0.09 1.00 0.05 1.00
0.4 100 40 0.19 1.00 0.34 1.00 0.06 1.00
200 80 0.13 1.00 0.22 1.00 0.06 1.00
300 120 0.11 1.00 0.18 1.00 0.05 1.00
500 200 0.09 1.00 0.14 1.00 0.05 1.00

Appendix
A Proof of Lemma 3.3

At first, we show the (7) and (8). Considering the conditional distribution of By given B in
Lemma 3.2, Bs is given by B; and A defined in Lemma 3.2, as follows:

By = B3!S, + ASYA.
This implies that
A= (By - BiX'S12)5,17.

Notice that PB; = By, PBy = By and (I,,_1 — P)A = O,,_1 4,, where P = B(B'B)~!B’ and
B = (B, B3). Hence, we have
(P-PY)A=(I,1—-P)A—(I,.,—P)A=(I,_1— P)A, (A1)

where Py = B;(B{B;)"'Bj. From (A.1), by using I' and € defined in Lemma 3.2, we can

calculate as follows:
(AT + &) (L1 — P)(AT' + £) = (AT + 5)’{(In_1 —P)+(P- Pl)}(AI" +E)
= (AT + &) (I,-1 — P)(AL" + &)
+ (AT + &) (P — P)(ATY + E)
—E'(I,.1 — P)E + (AT’ + £)'(P — P)(AT' + €).
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Since P — P, is an idempotent matrix, the following equation is derived:
(AT + E) (P — P)(AT’ + &) = (AT + ) (P — P,)*(ATY + &)
= {(P - PyAr + (P P)E} (P~ PP AT + (P~ P)E)
= {(P~ P)(T. 1~ PYAT + (P - Pl)S}/
X {(P — P)(I,_1 - P)AT' + (P — Pl)E}
= {0, - PyAT ¢ 5}'(13 - P){(T. - P)AT + £},

Let Q:Q) and QQ’ be spectral decompositions of P — Py and I,,_; — P, respectively, where
Q1 is an (n — 1) x go matrix satisfying Q1Q1 = I;,, and Q is an (n — 1) X (n — ¢ — 1) matrix
satisfying Q'Q = I,,_4—1. Then, (AT + €)' (I,,_1 — P1)(AT" + &) is expressed as follows:

(AF/ + 5)/(1—”,1 — Pl)(AF/ + 5)
— £'QQ'E + {Q’I(In,1 — P)AT + QQS}'{Q’I(In,l — P)AT + Q’le}.

Let JAK' be a singular decomposition of T', where J is a p-th orthogonal matrix and K is a
@o-th orthogonal matrix. Then, the another expression of (AT 4+ €)' (I,,—1 — P1)(ATY + €) is

given as
(AT + &) (I,_1 — P)(ATY + €)
= £QQE+ {QuI 1~ POAKAT + QE} Qi1 1 — P)AKAT + Qi)
= £QQE+T{QI(I .~ PVAKA + Q€T } (@11~ P)AKA' + Qi€ )"
(A.2)
Here, without loss of generality, we can replace AK with A. Then, (A.2) is expressed as follows:
(AT + &) (I,-1 — P1)(ATY + &)
— £QQ'E + J{Q'l(In_1 — P)AA’ + QQEJ}’{Q;(In_l — P)AA’ + Q’1£J}J’.

It is easy to see that A'(I,—1 — P1)A is distributed according to Wy, (n — ¢1 — 1,1,,) because
A and P; are mutually independent. Hence, we apply the Bartlett decomposition (see, e.g.,
Fujikoshi et al., 2010, chap. 2.3) to A’(I,,_1 — P;)A as follows:

A'(I,_, — P)A =TT, (A.3)

where T' = {tij}?fj:l is a g2 X g2 lower triangular matrix of which elements are mutually inde-
pendent random variables, which are defined by t% ~ x?(n — ¢q; — i) and t;; ~ N(0,1) (i > j),
and T, £ and B; are mutually independent since A, €, and B; are mutually independent. Let
HLG' be a singular value decomposition of T', where L is a diagonal matrix of which diagonal
elements are the singular values of T', and H and G are ¢o-th orthogonal matrices. The following

singular value decomposition of Q(I,—1 — P;)A is also used:

Q,(I,_, — P\)A=CLH' = RT',
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where C' is a go-th orthogonal matrix and R = CG’ because of

{Qi(I,1 — P)AY Q\(I,-1 — P)A=A'(P-P)A
— AL, 1 - P)A— AL, - P)A
— AL, 1 - P)A.

By using those equations, the following equation can be derived:

!
H QL1 - P)AA + Q€T } {Q1(11 - P)AN + Qi |’
= J(T'A' + RQ,EJ)(T'A' + RQ,£7)J".

Hence, by replacing U; and U, with Q'€ and R'Q}EJ, respectively, (7) and (8) can be derived.

Next, we show that R'Q1EJ, Q'€ and T are mutually independent. Let Q2Q% be the spectral
decomposition of I,,_1—P;, where Q3 is an (n—1) x (n—¢; —1) matrix satisfying Q5Q2 = I,_q, 1.
Then, we can see that T is a function of Q5A from (A.3). It is easy to see that Q4A is
distributed according to Nin—q, —1)x s (On—g1—1,q2> Lgo @ In_q, —1) because Q2 and A are mutually
independent. In the same way as Q5 A, it is easy to see that R'Q}EJ is distributed according to
Ny, xp(Ogs p, Iy@1,) because T, £, and B are mutually independent. We can also see that Q'E
is distributed according to Nn_g—1)xp(On—g—1,p, Ip ® I_4—1) because Q and £ are mutually
independent. Since R'Q1EJ and B are independent and it is obtained that Q' Q1 = Op—g—1,4,
from the fact that (I,,—1 — P)(P—P;) = O,,_1 n—1, the following expectations can be calculated:

E VeC(R/Q/ng)VeC(ng)/} =F {E {VGC(R/Qlng)VeC(ng)/|B}}
= B[(J' & R'Q})vec(€)vec(€) (I, ® Q)]

= Oq2p7(n—q—1)p7

E[VeC(R/QlngWeC(Q/zA)/} = Ogop.(n—q1-1)g2

E[VeC(Q’g)VeC(Q'zA)'} = O(—g-1)p,(n—q1-1)gs-

Thus, from the property of the multivariate normal distribution, R'Q{EJ, Q'E and T are
mutually independent. O

B Proof of Lemma 3.4

From Lemma 3.3, it is clear that U{Uy ~ Wy(n —q — 1,1,), and Uy, U, and T are mutually
independent. Let U = (DD’)Y/?{D(U|U,)"'D’'}~'(DD’)'/2. Then, by using the properties of
Wishart distribution, we can see that U ~ Wy, (n—p—q1—1,1,,) and U and D are independent.

Thus, from the equations (4), (5) and (6) in Lemma 3.1, we can derive the following expressions
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of Tgi
UIU, + J(T'A’ + U, (T'A' + Uy)J'|

Tir =1
LR og |U]/_U1‘
o DU+ (DA 4 U (T2 + Uy)
U0 |

=log|I, + (UU,) " HT'A" + Uy) (T'A" + Uy)|
= log |Iq2 + (T’A, + UQ)(U{Ul)il(T/A/ + UQ)/|
=log|I,, + U 'DD'|,

Tig = tr [{U{Ul + (T’A/ + UQ)/(T,A/ + UQ) — U{Ul}(U{Ul)il}
=t {D(UU,)"'D'}
= tr(U~'DD’),

Tone = p — tr [UJUH{ULU; + (T'A + Us) (T' A+ Uz)} !
=p—tr{U|U,(UU, + D'D)™'}
= tr [D(U{U,)"'D'{I,, + D(U{U,)"'D'} ]
=tr{DD'(DD' +U)"'}.

Hence, the result in Lemma 3.4 can be derived. O

C Proof of Theorem 3.1

From the assumption p > ¢a, we present A = (A, Oy, p—q,)’, where A = diag(A1,...,Ag,)
(M1 > A2 > ... > Ay, > 0) of which the diagonal elements of A are the singular values of T'.

C.1 Case of the LR criterion

At first, we prove the case of the LR criterion. From the equation (9) in Lemma 3.4, Ty g can

be expressed as follows:
Tir = log|I,, + U"'DD'|,

where U and D = T'A’ + U, are random matrices defined in Lemma 3.4 and Lemma 3.3. Let
U, = (Uz1,Uss), where Uy is a ¢a X go random matrix, and Uss is a g2 X (p — ¢2) random
matrix. Then, DD’ is calculated

DD’ = (TIA/ + Uy, UQQ)(TIA/ + Uy, Ugg)/ =FF + U22U2/2, (Cl)

where F' = T'A + Uy, and T, Uy, Uss, and U are mutually independent. Here, it should be
emphasized that we do not assume the specific Landau asymptotic order to the diagonal elements

of A. However, by using ®* = I, + A2, we can see that A®~! = O(1) because of

q2 2
A |? = tr(A?®72) = >

L < gg < 0.
1_1_)\12_(]2
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From these expression, we can derive the following matrix form so that we can expand matrices

under the HD asymptotic framework:

Tig =log|I,, + U"'DD/|
=log|I,, + U 'FF + U 'UxnUj,|
= log 1), + U™ 'UnUsy| +log |1, + (U + UxoUs,) ' FF'|
=log I, + U 'UxnUsl,| +log |® 72 + @ LF'(U + UpUl,) ' F®!| +log |®%|. (C.2)

Since vi; = (n —q1 — i)~ V2{t3 — (n—q1 — i)} % N(0,2) (n— p— @1 — 00), we have
N 1 1/2
tii =vVn—q —1t (1+7.Un‘)
! Vn—q —i

:ﬂ{l—i— Uii+0p(n_1)}'

1
2yn—aq
Thus, the following equation is derived:

1
T =Vn—ql,+;Vi+VatOp(n'), (C.3)

where Vi = diag(vi1, ..., Vgyq,) and Vo = T —diag(t11, . . ., tgyq,)- By using (C.3) and the defini-
tion of F, F®~! can be expanded as

FO 1 =T'A® '+ U, ®!
1
=Vn—qgA® !+ 5Aquv1 + VIA® L 1 U» @ L +0,(nY2). (C.4)
Suppose that

1 ~ 1
. {U-(n-p-q -1}, Vi=
n—p—ch—l{ ( P—aq )qz} 4 \/ﬂ

By using V3 and Vj, we can expand (U + UsyUb,) ™! as

Vs = {U2z — (p— @2)1y, }-

- 1 Y r-—— —
(U + UnUy) " = (o - LBV - BV h o, | ()
— 41

n—q n—q
From (C.4), (C.5), @2+ ® ' F/(U + UypUs,) ' F®~! can be expanded as
- 1
&2+ & F (U +UxpUjp) 'FO ' =1, + ﬁ{W — APV + Vi — AR T VLA
-G

+Vn— AR VIAR T + /i — AT U, @
+ V= ® TULA® ™ — /n—p— G AD T VEAS !
— VP = @A®TVAR T} 4+ 0,(n 7).

By using the above equation, we can expand log |[® 2 + & ' F/(U + UyyUb,) ' F®~'| as

- 1 Ee—
log |82 + &L F' (U + UnUly) ' F& ' = tr(A282V;) — Y P T (A2p2yy)
n—aq n—q
VP T B prg -ty R (AU
n—aq v —q1
+0,(n71h). (C.6)
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Also, by using Vi, U~! can be expanded as

~ 1 1 _
U 1:ni—p—ql{qu_7n—p—Q1V3+OP(n 1)}, (C.7)

Therefore, we can expand I, + Tj_lUggUéQ as

~ n — 1
qu + U_IUQQUéZ = n Iq2 + (_ P VS + VD — Q2V4>
n—p—q n—-p—q n—=—p—q

+O,(n71h).

By using the above equation, log |I,, + ﬁ_1U22U£2| can be expanded as

. n—q p
log|I,, + U U = a0 10 _ tr(Va
g|q 22 22| q2 gn—p_QI (n_ql)m ( 3)
+ “nﬂ‘qq%r(vu +0p(n71). (C8)
— 41

From (C.2), (C.6), and (C.8), Tir can be expanded as

n—q 2 1 2% 2
Tin = galog —— T 4 log | 82| + ———tr(A2B 2V,
LR q2 gn—p—Ch g| | m ( 1)
VR TP T AL A2V — P tr(Vz) — @tr(zﬁ@”m
n—q (n—q)vn—p—a n-a

o 2 . -1
tr(V tr(A®2U. O : C.9
* n—q x 4)+m x 21) +Opln) ()

Then, we can derive the following equation from (C.9):

n—
Vn—aq <TLR —glog —— L —logl'l>2>
n—p—4q

— tr(A*2V;) — e (| /[ L L A2 4 D 1, )V:
x( 1) r{( n—aq Vi—qayn—p—q q2) 3}

p _A2H—2 -2 —-1/2
n_qltr{(1q2 A2D )V4}—|—2tr(A<I> Ust) + O,p(n~1/2). (C.10)

+

It is easy to see that

28K —2
HA® V) 4, y(g,2),
(AD 1)

o{ (\/ LA 4 e L ) Ve ) 4 N

0 )
\/tr[{ (1*%)2A4+2% (17%) A2+(%)2qu}¢)74} ( (1—6)(1—c2))

w{ (1, - A2\ Vi } U(0) (c1 = 0)
\/E' (@) ° N(O, = ) (1 #0)

tr(A‘I’iQUgl)
T (A2D )

~ N(0,1),
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and
log |®%| = log [T, + TT’|, tr(®~?) = tr {(I, + TT") "'} — (p — q2),

where U(+) is the degenerate distribution, and ¢; and ¢ are the limit of p/n and ¢; /n, respectively.
Hence, we can derive the non-null asymptotic distribution of the LR criterion by normalizing

the asymptotic variance. O

C.2 Case of the LH criterion

Next, we prove the case of the LH criterion. From the equation (9) in Lemma 3.4, Ty can be

expressed as follows:
Tin = tr(U'DD").
By using (C.1), we can derive the following equation:
Tin = tr(F'UYF) + tr(U 1 Ux»Usy). (C.11)

It is easy to see that (1+ A1) "'A = O(1) because of

q2 2
)\,
14+ X)) A2 = ( l)g < 0.
0+ aP =3 (5 ) <

From (C.3), (1 + A1)~ F can be expanded as

1
A4+XN)'F=vn—q(l+ )'A+ 5(1 + M)AV V(1 4+ M)A
+ (14 X)) U2 + O, (n~12). (C.12)

From (C.7) and (C.12), we can expand (1 + X)) 'F'U ' F(1+ \) ! as

1
m{(n — @)1+ A1) TPAP+ V= (14 M) TPAV,

+vr =g (1+ M) AV (1 + ) A
—|— vVn — q1(1 + )\1)_1A‘/2/(1 + )\1)_1A

- \/%(1 FA)TIAVE(L+ A A

+ v =qi(1+ )T AL+ M) U
VR a4+ )0, (L4 M)A 0,7 (C3)

1+M)FU TR+ M) =

From (C.13), (1 + A\;)~2tr(F'U~'F) can be expanded as follows:

1+ M) 2 (FUF) = —— D (1 +A)2A2  + YT 601+ M) 242V}
n—p—q n—p—q
n—aq —242
- tr{(1 4+ A A“V;
gt A

2./n —
o T; qql tr{(1+ \1) 2AUq1 } + O, (n~1). (C.14)
— V41
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By using Vi and Vi, U~ 'UsU}, and (1 + A1)~ 2tr(U ~'Us,U},) can be expanded as

. 1 — _
O ' UnUly = — V= aVi+ - o)L, - || 22y, - L2y}
n—p—q n—p—q n—-p—aq
+Op(pn_2)7
and
(U = L (1) 2y — P .
(1+2) (U™ UnlUy,) = — (1+ M) g n—p— ql)g/ztr{(l + A1) V5
4 @tr{(l + )\1)_2‘/4}
n—p—q
- ﬂtr{(l + A1) 2VaVi} + Op(pn ). (C.15)
(n—p—q1)3/2

From (C.11), (C.14) and (C.15), we can derive the following equation:

2N =pP—q n—aq 2 Pbq2

14 2{T Sl TN _}
( 1) e T (A7) pR——
— (14 M) A%V}

n—aq —242 p -2
—t —(14+ A A 14+ A I
r{( np—g T +\/n—p—qn/n—ql( th) ‘”>V3}
(LA /- fql tr(V4) + 2tr{(1 + A1) " *AUy } + O, (n~Y/2). (C.16)
It is easy to see that
2
TAVL) 4y, 9),
(AY)

tr{ ( Y nﬁ;zlth A? + n—P—‘Zl Vn—aq Iq2) Vé} i) N (0 2 )

N T U

and
tr(A?) = tr(TTY), tr(A*) = tr {(rr’)*}.

From the above equations, we can derive the result of the case of the LH criterion by normal-

izing the asymptotic variance. U
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C.3 Case of the BNP criterion

Finally, we prove the case of the BNP criterion. From the equation (9) in Lemma 3.4, Tsnp

can be expressed as follows:
Tenp = tr{DD'(DD’' +U)"'}.

By applying the formula of inverse of the sum of matrices to (DD’ 4+ ﬁ)*l, the above equation

can be expressed as follows:
TBNp = tI‘(DD/Uz;l)
- tr{DD’UglF@l(@*Q + <I>*1F’U51F<I>*1)*1<I>*1F’U;1}
=tr(FF'U; ") + tr(UxpUsUs )
~u{FU;'Fe (@2 + & ' F'U; ' F& ') '@ F'U; ' F
- tr{UggngUgchb—l(cp—Q + <I)_1F’U3_1F<I>‘1)‘1<I>‘1F’U3_1}, (C.17)

where Us = U + Uy U),. By using V3 and Vi, U3_1 can be expanded as

— 1 n—p—q—1 VP — G -
1
- - (g 4P VP =G
Us n—q—l(q2+ n—q-—1 V?’Jrn—q—lvz1
1 n—p—q \/i) 1
= I, — Vs — Vi+ O . C.18
n—ql{ © T T Bt p(n77) (C.18)

From (C.18), we can expand the following equations as

(1 + A 2FFU;Y = tr{(1 + M) A%} + ———tr{(1 + M) A2V} }
— 41

Vi —aqu
VP B A2V — Y (14 A ) 2ARV)
n—q n—aq
2 -2 -1
+ﬂtr{(1+)\1) AU} +Op(n™), (C.19)
tr{(1+ M) 2UnUlUs 1} = —2— (14 A1) 2qs — PP D1 4 0)2V3)
n—q (n_Q1)
p -2 1 VP ) } —2
+ 1+ A t — Vip+0O s
n*(h( ) r{(\/PQQ n—aq ! p(pn )
(C.20)

wef{(1+\) 2P U PR (@72 + & F'U; ' Fo ') '@ F'U; R

1
=tr{(1+ M) 2A%® 2+ ————tr {(1+ M) 2(2A*® 2 - A% )V
Al Ak 8 "nf pq* Dir {1+ A1) 2(2A%@ 2 — AS®4)V3)
— 41
VP, {@+x)22A® 2 - A V)
n—q
2
+————tr {(1+ ) 2Q2A2® 2 - AP HUy» L + 0, (n 1), C.21
n— {( 1) ( YUs1 } ,(n77) ( )
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and

tr{UQQUQQU;F{rl(ir2 v <I>*1F’U51F«I>*1)*1¢.*1F'U3—1}

P 282 p 2852 _ Adg—4
= tr(A°P ———Str (AP - APV
p— r( )+(n—q1)3/2 r{( Vi }
_ @tr {(2A2¢—2 _ A4q,—4)‘/3}
(n—q)
+ igtr [{(n—2p—q)A*® > +pAt®~*) Vi]
(n—q)
2719 -2 3qd—4 -1
+(n_q1)3/2tr{(A<I> — A@ U} + Op(n71). (C.22)

From (C.17), (C.19), (C.20), (C.21) and (C.22), we can derive the following equation:

(1+ Al)‘QM {TBNP - e (1 - - pql) tr(A2<I’_2)}

n—-p—q n—q
= (14 ) 2 (AR 21, — A% Vi)
— — 92— —p—
—(1+/\1)_2\/ﬁtr{<n P Giprg2 PP Bgaga P IqQ)Vs}
n—-p—aq n—aq n—aq n—aq
_(1+/\1)—2\/1>7\/n qltr{( (n—p Q1)A2(I)_2_TLPQ1A4(I)_4_npquqz) VZ;}
n—-p—aq n—aq n—aq n—aq

#2014 0) 2 {AB (T, — A%BH) U} + Oy (n2),

It is easy to see that

tr {A2@2(I,, — A2® V1) 4

— N(0,2),
tr(A4P—8)
\/n—iql. tr { (7";27’";1‘“ A2®2 - %;%A%I)—zx + nfql qu) ‘/3}
TP (A ) 4 28 (1- %) (A2 ) + (5) (@)
d 2
SN0 i)

v (U ANe T e Al T, ) Vi

n—p—q tr(P—8)
U(0) (c1=0)
201
N <0, 1 —Cg) (61:/: 0)

tr {A®2(I,, — A2 2)Uy, }

tr(A2P—8) N, 1),

and

tr(A'® %) = tr {(T'T)*(I, + TT') ™},
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tr 7)) =tr + B
AP8 T (I, +IT)~*

tr(® %) = tr {(I, + IT")*} — (p — qo).

From the above equations, we can derive the result of the case of the BNP criterion by normalizing

the asymptotic variance. d

D Proof of Theorem 3.2
D.1 Case of the LR criterion
From the equation (9) in Lemma 3.4, T1r can be expressed as follows:
Tir = log|I,, + U~'U,U;|. (D.1)
By using V4, UU} can be expressed as follows:

UQUé = U21U2/1 + UggUéQ
=UnUj, + (p— q2)1q, + VD — @2V,

where Uy = (Uay,Usz) and UsUs, = (p — g2) {Iq2 +(p— qg)’1/2V4}. Then, by using (C.7),

U~1U,U} can be expanded as

U~'U,U;}
L p -
“h -4 {(p — qo) 1y, +Ua1Usy — ﬁvz’, + VD — @2Vi+ 0, (p"*n 1/2)} .

(D.2)
Therefore, from (D.1) and (D.2), we can derive the following equation:

2

n—q n—q q5 p
TLR,—q210g>———,/trV},

VP ( n—p—q /P n—p—q (Vs)

b—Qq2

1
+ tM®+ﬁW%wm+%m”ﬂ

It is easy to see that

P~ P—q 1 2 _ _ d
Vv~ P ﬂﬁ@{me>@@ a2)} 4 N(0,22) (p > ),

tr(Ux1 Uy ) ~ XES :

and

Hence, we can derive the result of the case of the LR criterion by normalizing the asymptotic

variance. O
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D.2 Case of the LH criterion
From the equation (9) in Lemma 3.4, 71 can be expressed as follows:
Tin = tr(U,UyU ™).
From (D.2), we can derive the following equation:

o 2
n—p-a (TLH _ p@) _ @ Wtr(vg)
VP n—p-—aq VP n—r—aq

+ b—Qq2

1
tr(Va) + %trwm%) +0y(n~1/?).

Hence, we can derive the result of the case of the LH by normalizing the asymptotic variance.[]

D.3 Case of the BNP criterion
From the equation (9) in Lemma 3.4, Tgxp can be expressed as follows:
Tenp = tr{UUy(UxUS + U) 71},
By using V3 and V,, UyU) + U can be expressed as
UbUs+U = (n—q— DIy, +/n—p—aq —1Vs+vp— 2V + U Uy,
Then, we can expand (U,Uj + U)~! as
AVRR R S P N

n—q

1
Us1Uj; + Op(n! }
n—q n—q n—q o b

Therefore, the following equation can be derived.

U,U,(U,Uy +U) ™

- Y = 1 1
B Z 22 {I@ - VRSP Ay, VP By, Vi+ Un Uy, + Op(Pl/znl/Q)} '
— 41 2

4
n—aq n—aq VP —q2 pP—q

Using the above equation, we can drive the following equation.
2 2
n—aq 2 n—q
(n—a) (TBNP_ Pq >:_ m—aq)ez [ p tr(Va)
VP(n—p—q1) n—q VP —p—q) n—p-—q

P—q n—aq ’ -1/2
+ tr + ——————tr(U21Uy;) + Op(n .
Vo (Vi) T —p—a1) (U21U3;) + Op( )

Hence, we can derive the result of the case of the BNP criterion by normalizing the asymptotic

variance. O
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