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Abstract

This paper presents reference priors for non-regular model whose support depends on an unknown
parameter. A multi-parameter family which includes both regular and non-regular structures is con-
sidered. The resulting priors are obtained by asymptotically maximizing the expected a-divergence
between the prior and the corresponding posterior distribution. Some examples of reference priors
for typical multi-parameter non-regular distributions such as the location-scale family of distribu-
tions and the truncated Weibull distribution are also given.
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1. Introduction

In Bayesian inference, when there is no prior information, we often begin inference by using
objective priors such as non-informative or default priors. Then we are often faced with a problem
of the selection of objective prior in a given context. One of the most widely used objective priors
is the Jeffreys prior proposed by Jeffrevs (I961). The Jeffreys prior is proportional to the positive
square root of the Fisher information function in one-dimensional case. On the other hand, the
reference prior was proposed by Bernardd (I979) and was extended by Berger and Bernardd (1989)
in the presence of nuisance parameters. The reference prior is defined by maximizing the Kullback-
Leibler (KL) divergence between the prior and the posterior under some regularity conditions.
This prior maximizes the expected posterior information to the prior, i.e., the prior is the ‘least
informative’ prior in some aspects. In the context of the reference priors, Ghosh ef all (2011)
derives the priors which asymptotically maximize a more general divergence measure (called the
a-divergence) between the prior and the corresponding posterior under some regularity conditions.
We note that the a-divergence smoothly connected the KL divergence (o« — 0), the reverse KL
divergence (o — 1), the squared Bhattacharyya-Hellinger divergence (o = 1/2) and the chi-square
divergence (« = —1) (see e.g. Amari (T982) and Cressie_and Read (I984)). Recently, [Lin_ef
all (2014) extends the result of Ghosh ef_all (201T) to a multi-parameter model with or without
nuisance parameters for regular parametric family. Beside the prior selection problem, statistical
inference and prediction based on the a-divergence have been also developed in recent years (see
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e.g. (Corcuera’and Ginmmol&, [999; (Ghosh ef all, PZ008; Ghosh and Mergel, 2009; Maruyama et all,
19).

However, Ghosh et all (2011) and Linef all (2014) deal with the regular parametric models and
these results are not applied for non-regular cases whose supports of the density depend on unknown
parameter. For example, the uniform and shifted exponential distributions have the parameter
dependent supports and such non-regular distributions are also important in applications. For
examples, the auction and search models in structural econometric models have a jump in the density
and the jump is very informative about the parameters (e.g. Chernozhukov and Hong (2004)). In
such non-regular cases, for example, the asymptotic normality of the posterior distribution does not
hold (Ghosal'and Samanta (T995)). Ghosal'and Samanfa (I997) shows the prior which maximizes
the KL divergence for a non-regular one-parameter family of distributions. In non-regular case, the
prior which is different from the Jeffreys prior is derived. For a multi-parameter case, Ghosal (1997)
gives the reference prior based on the KL divergence for multi-parameter non-regular model from
the perspective of information theory. As related results, Ghosal (1999) also derives probability
matching priors and Hashimotd (2019) derives moment matching priors for the same non-regular
model as that of Ghosal (T997).

In this paper, we consider a certain multi-parameter family of distributions P = {f(-;6,¢) | 0 €
O, € ®} which includes both regular and non-regular structures. In other words, this model is
regular with respect to ¢ for fixed 0, and is non-regular with respect to 8 for fixed . In this paper,
we call 8 and ¢, respectively. For example, the shifted exponential distribution with the density
function f(z;6,p) = ¢ le=@=0/% (z > 0, ¢ > 0) belongs to this family of distributions. For such
model, the reference priors based on the expected a-divergence for o« < 1 are derived by using the
higher order asymptotic expansion for the posterior distribution. The results in this paper are a
kind of generalizations of the result in Ghosal (T997) which is used the expected KL divergence. The
resulting reference priors are different forms from Ghosal (1997) except for a = 0. However, in the
location-scale family (see Example M), if 6 is the parameter of interest, the reference prior for (6, ¢)
is the same as Ghosal (1997)’s one which is the right invariant Haar measure when —1 < oo < 0
and 0 < a < 1. In other words, in this case, our prior has loss-robustness for —1 < a < 1. On the
other hand, if ¢ is the parameter of interest, the resulting prior for (6, ) is not same as that of
(Ghosal (T997), that is, our prior does not have loss-robustness for —1 < a < 1 in such case. This is
very interesting phenomenon. Furthermore, for @« = —1, that is, the chi-square divergence, we also
derive a new reference prior when ¢ is the parameter of interest.

This paper organizes as follows: in Section B, we introduce the higher order asymptotic repre-
sentations for posterior density in non-regular case and the definition of the maximum a-divergence
prior in the presence of a nuisance parameter. In Section B, we derive the marginal reference priors
for the non-regular parameter 6 in the presence of the regular nuisance parameter ¢ for —1 < a < 1.
It is also shown that there is generally no reference prior for a < —1. In a similar way, we derive
the marginal reference prior for the regular parameter ¢ in the presence of the non-regular nui-
sance parameter § for —1 < a < 1. It is also shown that there is generally no reference prior for
a < —1. Further, we give the explicit form of the marginal reference prior for ¢ in the case of
a = —1. Overall reference priors for (6, ) are calculated by using Berger and Bernardd (I98Y)’s
algorithm (for details, see Subsection 7). As examples, we show the reference priors in the case of



the (non-regular) location-scale family of distributions and the truncated Weibull distribution with
known shape parameter.

2. Assumptions and formulations

2.1. Setting

In this paper, we consider the same family of non-regular distributions as that of (Ghosal (T997)
and Ghosal (1999). Let X;,..., X, be independent and identically distributed (i.i.d.) observations
from a density f(x;0,¢) (0 € © C R, € & C R) with respect to the Lebesgue measure, where ©
and ® are parameter spaces of 6 and ¢, respectively. For simplicity, we consider a scalar 6 and ¢,
respectively. When ¢ is vector-value, we may also consider in the same manner. We assume that for
alld € ©® and ¢ € @, f(x;0, p) is strictly positive and forth times differentiable in 6 and ¢ on a closed
interval S(0) := [a1(0), a2(0)] depending only on unknown parameter 6 and is zero outside S(6).
Namely, 6 is a non-regular parameter and ¢ is a regular parameter. For example, the two-parameter
shifted exponential distribution which has a truncation parameter 6 and a scale parameter ¢ belongs
to this family. Note that for a given 6, the family of distributions P = {f(:;0,¢) | 0 € ©,p € ®} is
regular with respect to ¢. It is permitted that one of the endpoints is free from 6 and may be plus
or minus infinity. We assume that the endpoints a;(0) and as(f) of the support are continuously
differentiable functions of 6. Let (6, ) be the joint prior density of (6, ¢), and w(#) and 7(¢) be
marginal prior densities of 6 and ¢, respectively. We assume that the prior density (6, ¢) is three
times continuously differentiable in a neighborhood of (6, ). Further, we assume the conditions
which ensure the validity of the second order asymptotic expansion of the posterior distribution
such as Ghosal (1T999).

In order to have a limit of the posterior distributions, Ghosh ef all (T994) show that it is necessary
that the set S(0) is either increasing or decreasing in 6, that is, S(6) satisfies either S(8) C S(6+¢)
for e > 0 or S(A) C S(0 + ¢) for € < 0, respectively. For this reason, we may assume S(0) is
decreasing without loss of generality. Indeed, the case where S() increases with # may be reduced
to the case where S(6) decreases by the reparametrization 6 — (—6). As an example of family with
non-monotone support, one directed family of distribution is discussed by Akahira and Takeichi
(987). For such family of distributions, the reference priors are discussed by Berger et all (2009) and
Wang and Sun (20172). However, we do not deal with such distributions in this paper. When S(6) is
decreasing, the set {al( ) < X; <ag(0),i=1,2,...,n} can be expressed as {0p(X1,..., X,) > 0}
where 9n = mln{al (X( )), az_l(X(n))}, X(l) = minlgisn Xi and X(n) = mMaXi<i<n Xi. If ay does
not depend on 6, then we interpret the above 6, as ay (X (n)) While it is interpreted as al_l(X (1)) if
az does not depend on . We note that 6,, — 6 = O,(n~') (n — c0). Hereafter, we omit “n — co”
for simplicity. Let ¢, be a solution of the the modified likelihood equation

Z logf (X300, &n) = 0.

Smith (T985) showed the consistency for the special case when 6 is a location parameter, but the
argument can easily be generalized. Hence, we may assume that (6,,, ) is consistent estimator of



(0, ). We put
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and we note that o — ¢(f, p) and b*> — A\2(6, ) almost surely, where
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When S(6) is monotone decreasing, we can show that ¢(6,¢) > 0. Hereafter, we may assume that
c(0,¢) > 0. Let u := no(f — 0,) and v := /nb(p — ) be normalized random variables of 6
and ¢, respectively. From Appendix in Ghosal (T999) the joint posterior density of (u,v) given
X = (Xy,...,X,) has the asymptotic expansion up to the order O(n~=3/2)
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for r,s =0,1,2,..., and note that a,s — A,s(0, ) almost surely, where
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for r,s = 0,1,2,.... Note that ¢ = ajp and b> = —2ag2. From () we can find that the ran-
dom variables u and v are the first order asymptotic independent and their first order asymptotic
marginal posterior distributions are the exponential and the normal distributions, respectively (see
also Ghosal'and Samanta (T995)). From (0) we can obtain the second order asymptotic marginal
posterior densities m(u|X) and 7(v|X). The second order asymptotic marginal posterior density of



u is given by
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2.2. Reference prior as a maximizer of the expected divergence

As we mentioned in Section [, the reference prior was firstly proposed by Bernardd (1979).
The reference prior is defined by maximizing the expected KL divergence between the prior and
the corresponding posterior under some regularity conditions. Clarke and Barron (1994) showed a
rigorous proof of the derivation of reference priors from the perspective of information theory (see
also Ghosal_and Samanfa (1997)). Now, we define the reference prior in the sense of Berger and
Bernardd (T989) under a more general divergence measure.

For simplicity, we consider the two-parameter model f(x;#), where 6 = (61,602) € ©1 x O, C R2.
We assume that 6; is a parameter of interest and 62 is a nuisance parameter. Let 7(6) = (01, 62) =
7(02]01)7(01) be a joint prior density of § = (01,602). Then the reference prior with a general
divergence is defined by the following (see also Lin_ef all (2014)).

Definition 1. When the conditional prior w(62|01) is chosen as a reasonable prior on a compact
subset of ©2, the marginal reference prior for 61 with a general divergence is define by

w(01) —argmaX/D (01), m(01]z)) m(z)dx (4)

(61

where D(m(-), m(-|x)) is a divergence measure between the prior w(61) and the corresponding posterior
w(01]x), and m(x) is the marginal density of X = (Xi,...,X,) with respect to the joint prior
7T(9) = 7['(91,92).

The reference prior for (6, ¢) is given by the following algorithm by Berger and Bernardd (T989).

1. Choose the reference prior for 0y given 0; as 7*(62|6;).



2. Choose a sequence O3 1 C O22 C --- of compact subsets of O3 such that Uj°,04; = O.
1
3. Set Kl 91 (f@ ™ 92’91)(192) and pl(02’91) = Kl(«91)7r*(92]91)1l{92 S @271}.

4. The marginal reference prior for 6, at stage [ is calculated by using (8):

7 (01) —argmgﬁ/D (01), m(01]x)) my(x)dz,

where ml f@1><®2l (IL’|91, 92)7‘((91)])[(92|91)d91d92 and
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2,1

5. Let 0,1 be a fixed point in ©;. The reference prior for (6,6;) with a nuisance 6 is obtained

by
Ky (6h)m] (61)
Ki(0o,1)7) (00,1)

7T*(91,92) 11 <

provided the limit exists.

)W*(92|91),

We note that the bigger the divergence between prior and posterior is, the less information in
a prior is. In this paper, we consider the a-divergence which includes the KL divergence (Amari,
1982; Cressie_ and Read, 1984). The a-divergence between the prior and the posterior is defined by

1-— fﬂ' 91 1= a(91|:1})d(91

D*( (), 7(1X)) = oo 5)

for « € R\ {0,1} and 6; € ©; C R. Then the expected a-divergence between the prior and the
posterior is defined by the following functional

— bl T (0| m(x)dx
B PR PR e UG

where m(zx) is the marginal density of X = (Xy,...,X,,) with respect to the joint prior = (f) =
7(61,02) (see Ghosh ef all (201T), Lin_ef all (2014)). Note that the a-divergence smoothly connects
the KL divergence (v — 0), the reverse KL divergence (v — 1), the squared Bhattacharyya-
Hellinger divergence (o = 1/2), and the chi-square divergence (o« = —1). Let L,(61) be the
likelihood function of the parameter 6. From the relation 7(0|x)m(z) = L,(01)w(01) we can
express as

1 — [[ 7T (01)7=%(01]|2) Ly (61)dzdb;
a(l —a)
1 — [ 7t (61)Eq, [ (61| X)]d6
a(l —a) ’ @

R%(m) =

where Ey, denotes the conditional expectation of X given 6;. In Section B and B=3, we derive the
reference priors which maximize (@) for the multi-parameter non-regular family of distributions P.
Hereafter, we assume « < 1 for some technical reasons described later.



3. Reference priors via a-divergence

We consider the two-parameter model f(z;0, ) which includes both regular parameter ¢ and
non-regular parameter 6 defined in the previous section.

3.1. Reference priors for the non-regular parameter in the presence of the reqular nuisance parameter

In this subsection, we assume that 6 is the parameter of interest and ¢ is the nuisance parameter.
We derive the marginal reference prior for 6 under the a-divergence in the sense of Berger and
Bernardd (I98Y). First of all, we note that the joint prior density 7 (0, ¢) is rewritten by 7(6, ¢) =
7(pl@)m(0). In the first step, we assign the conditional Jeffreys prior 7(p|f) o \/A2(6, %) on a
compact subset of ® to the parameter ¢ given § (Ghosh ef all (2011)). Then we may maximize the
following functional with respect to 7

1— [ 7t (0)Ep[nr (0| X)]dO
a(l — ) ’

R%(m) = (8)
where Eg denotes the conditional expectation of X = (Xy,...,X,,) given 0. In order to derive the
prior which maximizes the expected a-divergence, we may calculate the expectation Eg[n =% (6| X)].
Since the exact calculation of this expectation is not easy, we consider the asymptotic approximation
of Eg[r~*(0]X)] by using the first order asymptotic representation of the marginal posterior density
of 6 in (). Here, we use the computation method called the shrinkage argument which is a Bayesian
approach for frequentist computations (see Ghosh (1994), Datta and Mukerje€ (2004)). Then we
have the following lemma.

Lemma 1. For o < 1, the second order asymptotic approximation of Eg[n~*(0|X)] is given by

(6, ) a? (0/00)n(8,
Eq [W_a(9|X)] =n"° / (1:'0)()( [1 + 1{ I—o ( /ﬂ-(g’ SE?) 2 6(91, ®)

n 20> An(8,9)  (8/9¢)m(8,¢)
1—ac(B,p)N2(0,0) w0, )

+5(0, 90)} + O(H_Q)] m(pl@)dp,  (9)

where S(0,¢) is some continuous function which does not depend on the prior density 7(0), and
7(p|0) x \/A2(0, ) is the conditional Jeffreys prior for ¢ given 6 on a compact subset of ®.

The proof of Lemma [ is given in Section B. We note that the equation (8) does not hold for
a > 1 as is evident from the right-hand-side expression in (). For o < 1, we have the following
theorem.

Theorem 1. The marginal reference priors for 0 in the presence of the nuisance parameter ¢ are
given by

</ c (0, gp)ﬂ((p\G)d(p) o (-l<a<0,0<a<l),

o exp( / 1ogc<0,so>w<soe>dso> (a=0),

while the marginal reference priors for 8 generally do not exist for a < —1.



The proof of Theorem [ is given in Section M.

Remark 1. When o = 0 in Theorem [, we may interpret « — 0 as a = 0 because the expectation
(9) is not defined for o = 0. In this case, the a-divergence corresponds to the KL divergence. Note
that the marginal reference prior (M) for a@ = 0 is the same as the marginal reference prior based
on the expected KL divergence in (Ghosal (T997). As a related result, Ghosal (T999) derive the
probability matching prior with 8 as the parameter of interest is given by

7(6) ( [, w)ﬂ(<ﬁl9)d¢>_1 . (11)

We note that the prior (I) is slightly different from the maximum KL divergence prior (Id) for
a=0.

3.2. Reference priors for the reqular parameter in the presence of the non-regular nuisance parameter

Next, we consider the case where the regular parameter ¢ is assumed to be more interest than
the non-regular parameter 6, that is, we assume that ¢ is the parameter of interest and  is the
nuisance parameter. In a similar way to Subsection B, we derive marginal reference priors for ¢
based on the maximization of the expected a-divergence. The joint prior density can be written
by 7(6, ) = m(0|p)m(p). Since the conditional prior density 7(6|¢) is a function of 6 for fixed ¢,
we use the conditional prior density m(f|¢) o ¢(6,¢) on a compact subset of © (see Ghosal and
Samantal (1997)). Note that this prior is known as a non-informative prior for non-regular case.
If S() is monotone increasing, then we may put m(0|p) o |c(0, )| because ¢(0, ) < 0 in such
case. Having fixed this conditional prior, marginal reference priors for ¢ is given by maximizing the
following expected a-divergence

1 — [ 7T (0)Eyp[n*(¢|X)]de

R*(m) = i ,

(12)

where E,, denotes the conditional expectation of X = (Xi,...,X,) given ¢. In order to derive the
prior which maximizes (), we give the second order asymptotic approximation of E,[1~%(¢|X)]
by using the shrinkage argument in a similar way to Subsection B



Lemma 2. For a < 1, the second order asymptotic approzimation of E [r~%(¢|X)] is given by
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where S(p) is a continuous function, not involving (), Ba(6, ) = ((21)*2A=%(0,9))/VI — a,
1) = [ g S n(ole)ds
1) = [ St el n o100,
0

and HQ(O:Z(@) = (8/8@)1{50‘)@0), and 7(0|@) x ¢(0,¢) is the conditional prior for 6 given ¢ on a
compact subset of ©.

The proof of Lemma B is given in Section B. As we mentioned in Subsection B, we note that
the equation (B) does not hold for @ > 1 as is evident from the right-hand-side expression in (B).
For a < 1 and a # —1, we have the following theorem.

Theorem 2. The marginal reference priors for ¢ in the presence of the nuisance parameter 6 are



given by

</ A‘a(e,cp)w(0|<p)d9> o (-l<a<0, 0<a<l),

e exp</ logw,sa)w(emde) (a=0),

while the marginal reference priors for ¢ generally does not exist for a < —1.
The proof of Theorem B is omitted since it is similar to that of Theorem 0 in Subsection BT

Remark 2. Note that the marginal reference prior ([4) for a = 0 is the same as the marginal
reference prior under the expected KL divergence in (Ghosal (T997). As a related result, (Ghosal
(999) derive the probability matching prior with ¢ as the parameter of interest, given by

o) ([ A-lw,so)w(eso)de)_l. (15)

Next, we consider the case a = —1. In this case, the a-divergence corresponds to the chi-square
divergence. We note that the reference priors which maximizes the expected chi-square divergence
are also discussed by Clarke_and Sun (I997), Ghosh ef all (2001) and Liu_ef all (2014) for regular
parametric family.

Putting o = —1 in (I3), we have

Eq [r(¢]X)]

n| m(e)
7T<,0(90) 2 (-1) W@@(gp) 1 (—1) (1) n72
+(7r(s0)) H; o) m(p) ( S (p) - M (90)> +S(¢)}+O( )].

Further, we put

Ma() :=Hy (), (16)
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By using (I@), we can rewrite

E,, [n (0] X)] =n'/?

/B—I(Hv @) (0]¢)do

2
+ l{mp(‘/)) Mi(p) + <7Tg0(90)> Mz () + 77:/3(90) Ms(p) + S((p)} + O(n_z)] '

n| m(p) m(p)
(17)

Then we have the following theorem concerning with the marginal reference prior for ¢ under the
expected chi-square divergence.

Theorem 3. For a = —1, the marginal reference prior for ¢ in the presence of nuisance parameter
0 is given by

(0/00)M3(p) — Mi(p)
mlp) oc exp (/ 20Ma(e) + V(%)) d“”)’ (18)

where the integral in (IR) is the indefinite integral, and Mi(p), Ma(p) and Ms3(yp) are functions of
@ defined by (IB).

The proof of Theorem B is given in Section B. From Theorem B we can find that it appears a
new prior distribution which is different from (Id). From theorems M and B, the results of the case
« = —1 change depending on whether we are interested in 6 or . This interesting phenomenon has
beed also pointed out by Ghosh efall (20011) and Lin_efall (2014) in a regular parametric family.

3.83. Some examples

In this subsection, we show some examples concerned with the reference priors given in theorems
0, 2 and B. To compute reference priors, we use Berger and Bernardd (T989)’s algorithm which is
mentioned in Subsection 2. We also discussed the differences of reference priors between -
divergence and KL divergence.

Example 1 (Location-scale family). Let fy be a strictly positive density on [0,00) and consider
the family f(z;0,¢) = o~ fo{(z — 0)/p} (x > 6), where 6 is a location parameter and ¢ is a
scale parameter. We note that the support of the density depends on 6. Further, we assume that
the right-hand limit of fy(x) at x = 0 exists. For example, the shifted exponential distribution
with the density function f(z;6,¢) = ¢ le=@=9/% (z > 6, ¢ > 0) belongs to this (non-regular)
location-scale family. In this case, we have

0(97 90) = fO(O"’_)/QOv >‘2(97 90) = 01/9027

where c; is the constant number defined by ¢; = [{1+ 2 f{(t)/ fo(t)}? fo(t)dt. If 6 is the parameter
of interest and ¢ is the nuisance parameter, we adapt the conditional reference prior 7(plf) =

A2(0,¢) < ¢! on the sequence ®; C 5 C - -+ of compact set of ® such that U°,®; = ®. Then
the marginal reference prior (I0) for —1 < a < 0 and 0 < « < 1 is the improper uniform distribution
7(0) x 1, and by using Berger and Bernardd (I98Y)’s algorithm in Section B, the resulting reference
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prior is given by 7(f, ) o< o' for -1 < @ < 0 and 0 < a < 1. For a = 0, by using the second

L which is the same as

equation of (IM), the reference prior for (0, ¢) is also given by 7(0,¢) x ¢~
the result of Ghosal (1997). In this case, for —1 < « < 1, the reference prior is given by m(6, )
which is the right invariant Haar measure, and it is known that the right Haar measure has a very
attractive properties (see Chang and Eaves (T990)).

In a similar way to the above, if ¢ is the parameter of interest and 6 is the nuisance parameter,
we may consider the conditional reference prior 7(6|¢) = ¢(6, ¢) on the sequence ©1 C O3 C --- of
compact set of © such that Uj°,©; = ©. Then the marginal reference prior (I4) is given by 7(y)

(1-2a)/« for

o=/ for —1 < a<0and 0 < a < 1, and the resulting reference prior is (6, ) o ¢
—l<a<0and 0 <a< 1. For a =0, by using the second equation of (), the reference prior for
(0, ) is given by m(6,¢) o ¢~ which is the same as the result of Ghosal (I997), but is different
from the case for —1 < a < 0 and 0 < a < 1. For a = —1, we have the marginal reference prior

2 and resulting reference prior for (6, ¢) is given by 7 (6, ) oc ¢ 3. This

(IR) is given by m(p) x ¢~
prior is neither the right invariant Haar measure nor left invariant Haar measure.

In both cases, resulting reference priors are improper. So, we now check the posterior propriety.
Since, it is not easy to show the posterior propriety for general location-scale family, in particular,
we consider the shifted exponential distribution which belongs to the location-scale family. Let
X1,...,X, be a sequence of random variables from the density f(x;6,p) = go_le_(x_a)/‘p (x >0,
¢ >0). and x = (z1,...,x,) be the observation from this model. To show the posterior propriety,
it is enough to show that the normalized constant in the posterior density is finite under the priors
7(0,0) x o1, w6, 0) oxx U729/ for —1 < a < 0and 0 < a < 1, and 7(0,¢) x 3. The
normalized constant in the posterior density is defined by

o0 () n
m(z) = / / H le—(l/so) Lis @070, p)dode,
0 —oo ;1 ¥

where x(1) := max)<j<1 ;. Under the prior 7 (6, ¢) o« ™, we have m(z) = T'(n—1)/{n(>_7; (zi —
z1)))" '} < oo for n > 2, where I'(k) is the gamma function defined by I'(k) = [~ z*"te *dx.
Further, under the prior 7(6,¢) o o072/ for -1 < a < 0and 0 < a < 1, we have m(z) =
I'(n—(1/a)/{n(> 0 (xi — x(l)))"_(l/o‘))} < oo for n > max(1l/e,2) (-1 < a <0, 0 <a<l).
Finally, under the prior 7(6, ) o« ¢, we have m(z) = I'(n+1)/{n(} 1 (z; — z(1)))" ™} < oo for
n > 2. Hence, resulting improper reference priors for (6, ¢) lead to proper posteriors.

Example 2 (Truncated Weibull distribution). Consider the truncated Weibull distribution with
the truncation parameter 6, the scale parameter ¢ > 0 and the shape parameter £ > 0 with the
density function f(z;0,¢) = kpFzFtexp{—¢*(zF — %)} (z > 6). We assume that the shape
parameter k > 0 is known and 6 > 0 in this example, and consider reference priors for (6,¢). In
this case, we have

c(0,) = k""" X209, 0) = K2 /7.

We now derive reference priors for (6, ) by using the same operation as that of Example 0. If
0 is the parameter of interest and ¢ is the nuisance parameter, then the reference prior (Id) for
—l<a<0and0 < a < 1is given by (6, ¢) < 8¥1p~!. For a = 0, the reference prior (IM) is also
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given by (6, ¢) o 0¥~ 1o~ which is the same prior as that of Ghosal (1997) under KL divergence.

On the other hand, If ¢ is the parameter of interest and 6 is the nuisance parameter, then the
reference prior (I@) is given by m(p) ox 1= (F/A+k=1 for 1 < o < 0 and 0 < o < 1. For a = 0,
the reference prior (Id) is given by 7(6, ) oc §*"1o~1 which is the same prior as that of Ghosal
(r997) under KL divergence. For v = —1, the calculation of the prior (I8) may be messy. Hence,
we omit it here.

Check for the posterior propriety is also omitted here, but we may be able to obtain the sufficient
condition for the finiteness of the normalized constant in the posterior density.

Remark 3. Ghosal (1997) and Ghosal (T999) discussed the important special case where the
factorizations

c(0,%) = c1(f)ca(p), VA0, 0) = Mi(0)Aa() (19)

hold. If such factorizations hold, they argued that under KL divergence, the Berger and Bernardo
(I989)’s algorithm yields the reference prior ¢;(6)A2(¢) which does not depend on the order of
importance and the choice of compact sets. However, it does not always hold under a-divergence
as we seen in Examples [ and B even though the factorizations (Id) hold. Further, Ghosal (1997)
argued that the invariant property of reference priors under KL divergence for non-regular when the
factorizations (I9) hold, while reference priors under a-divergence do not generally hold invariant
property except for a = 0.

4. Proofs
We give proofs of lemmas and theorems in Section B.

Proof of Lemma @. We show (H) by using the shrinkage argument which consists following three
steps (see Datta and Mukerjed (2004)). We put u = no (0 — 6,,) in (2). Then we have

7 (0]X) =|nalen @0

[t H{Rutno0 -0+ 0+ a0 - 0.2 -+ 0 )] o

for 0 < én, where

N N N 2

5 o, 2(7o1/%oo)arr +3a12 | 6aiiaps 5 az | 2ai

=+ 2 gt = at e
Too0 ob ob o o?b

Step 1. We consider a proper prior density p(f), such that the support of p(#) is compact in the
parameter space and p(f) vanishes outside of the support while remaining positive in the interior.
Next, we compute the expectation E™[r~%(u|X)|X], where E[-|X] denotes the expectation with
respect to the posterior density 7(-|X) under the prior 7(6,¢) = p(0)w(¢|f). First, we compute the
following product

701 X)7 (0| X) =(n|o|)tet-Ino(0=0n)

13



1+ 711{ —aRi(no(0—6,)+1) + él(na(e —0,) +1) + k(@)} + O(n_Q)]

for 0 < 6,,, where k(6) is a continuous parametric function, not involving () and

2 o . 2(To1/Too)a11 + 3a12 . 6ajiags . orrs
_ , _ o,
To00 * ob? * obt Trs 89T8cp37r( ns $n)

(r,s=0,1,...).

Then the expectation of 77%(0|X) with respect to 7(-|X) is given by

On

ET[r™%(0]1X)|X] = /_ 70| X)7(0]X)de
= (ni|o;|);a |:1 + n(l — a) {Q2R1 — aﬁl + a(2 — Q)R2 —+ C} + O(n—Q):|
=G(X) (say)

where C is a constant number. Note that in order to compute above integration, we put no (6 —
én) = —t and regard the integration as the expectation of the exponential distribution with mean
parameter (1 — ).

Step 2. For 6 in the interior point of the support of p(#), we calculate the following expectation

:/G(x)fn(x;e)dx:/G {/fo@, o) (0]6) dgo}dm—/)\o m(p|0)d

where \o(0, ¢) = [ G(z) [T f(z4; 6, ¢)dz. Since
b =X2(0,0)4+0(1), o=cl0,0)+0(1), ars=Ars0,0)+0(1), (r,s=0,1,...),

by using Taylor’s expansion, we have

nlo|)™ 1
Mo(8, @) = ( 1‘0;)04 1+ (= {a2R1 —aRy + So(60 } +O( _2)

where Sy(0, ) is a continuous parametric function, not involving () and

o 2(mi0/m00)A11 + 3A12 6411403

R p—
! TooC + C)\2 + C/\4 ’

_ T 2(710/T00) A 3A 6A11A

Ry — ZT10 n (710/700) 211 + 35A12 n 114 03

TooC cA cA
with
0 9 9 92
0320(0790) =E %logf(Xl,H,go) ) AT = A (97@):E 78780210gf(X1’9780) )
8r+s
s = =Trs(0, ) = aarawsﬂ-(gvgp) (r,s=0,1,2,...),

14



_ _ ots
Trs :=Trs(0, ) = 89”39057T(97 v) (r,s=0,1,2,...),

1 E 87‘3
(r+s)! | 0070p®

Aps :=Ar5(0,0) = log f(X1; 0, ¢) (r,s=0,1,2,...).

Step 3. The final step of this argument involves integrating A(f) with respect to p(6) and then
making p(f) degenerate at §. We have

/ AO)5(6)d0
- [[ AT L Lo 50,00} + O] il

We note that the following identities hold

Mo _ (9/00)(p(0)m(pl0)) _ (0/00)p(9)  (9/00)m(l0)

700 (H)ir(sOIG)  p(d) m(plf)

Tor _ (9/09)(p(0)7(pl0)) _ (0/9p)7(pl0)
Too p(0)m(¢l0) m(pl0)

So, we have

1 T10 B
// a0, ) 7o P10V dep(0)d6

_ / / CHO‘EH,QD) <<a/af0>)( ) . (8/6930 2 9<;0|9>> o0
://cl—&-a%g’(p) (<P|9)d9080 d0+// ‘?ﬁz s0!9 dop(6)d6,
/ / cmélff’ f()e, 2 %m?f(w\@)dwp(@)de
/L

Hence, we have

// Tta 97<p)7_r m(pl0)dep(6)dd — — ;(/CHQ](L& (l6)d >+/ 5/3Z 90!9 do.

1
(
A T A 0, 0/0 9

Bu using the shrinkage argument, the second order asymptotic approximation of Eg[m~%(0|X)] is

given by

(8, 0)-0 o? (8/00)n (0,
Eg [77%(6]X)] Zn_a/(lip)a [1 + :L{ 1= a( /W(Zyé) 2 0(91, ©)
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L 208 Au.0) (0/90)(6,0)
l1-« C(@, @)A2(97 90) 77(97 4,0)

+5(6, w)} + O(H‘Z)] m(l0)de,

where S(0, ¢) is a continuous function not involving . This completes the proof. O]

Proof of Theorem 0. From Lemma [, the first order asymptotic approximation of (8) is given by

R(r) ~ 04(11—05) {1 _ 1”:6; / (ff(?)) h w(@)d@} , (21)

where £(0) = {[c (0, 0)m(p|0)dp}1/*. We consider the following five cases separately: (i)
0<a<l, (i) -1<a<0,({i)a=0,(1v) a < -1 and (v) a = —1.

(i) First, we consider the case 0 < o < 1. Since a(1 — a) > 0, it suffuses to minimize the following

/ <7§((Z))> 0)d0 = /g <7§((Z))> m(6)do,

where g(t) =t~ (¢t > 0). Noting that ¢(t) is a convex function of ¢ for 0 < o < 1, by Jensen’s
inequality, we have

/g (S(Z))) m(0)do > g ( %w(@)dﬁ) = {/g(e)da}a.

The equality holds if and only if 7(0) o £(6) which is the marginal reference prior with maximum
a-divergence for 0 < a < 1.

(ii) Next, we consider the case —1 < o < 0. Since a(1—a) < 0, it suffuses to maximize the following

/ <7§EZ))>  0)d0 = /g <7§((Z))> (6)do.

Noting that g(¢) =t=“ (¢t > 0) is a concave function of ¢ for —1 < a < 0, by Jensen’s inequality, we

/g (S(Z))) m(0)df < g ( %w(&)d@) = {/g(e)de}_a.

The equality holds if and only if () o £(6) which is the marginal reference prior with maximum

have

a-divergence for —1 < a < 0.

(iii) For o = 0, we need to interpret (B) as its limiting value (when it exists). In this case, the a-
divergence corresponds to the KL divergence. By using the L’Hopital’s rule, it suffices to maximize
the following

RO(r) = logn — 1+ / / log <c;t9(,9g§)> (|0 7(8)dipd.

16



Putting log ((8) = [(logc(8, ¢))m(|0)dep, we may maximize the following

/ log <fr((?)> (6)do. (22)

From the property of the KL divergence, (22) is maximized by 7(6) o< ((#). Note that as o — 0 in
(), we can get ().

(iv) Consider the case a < —1. Putting a = — (8 > 1), we can rewrite (1)

a1 n® g0\’
f (W)Nﬁ(ﬁJrl){ﬁJrl/(ﬂ(@)) ”w)de_l}

for g > 1. Hence it suffices to maximize the following

/ (fr((g))yw(e)de.

By using the Lyapounov inequality (e.g. DasGupta (2008)), we have for g > 1

/ <§T((Z))>ﬁ7r(9)d9 > { / 5(9)d9}5 = { / §<9>d6}_a- (23)

The equality holds if and only if 7(0) o £(#). However, this prior is the minimizer rather than the

maximizer of (22) from (Z3). We can show that there is no maximizing prior in this case. It suffuses
to show that

sup / 4(0)r1 =P (0)do = 4. (24)

In order to prove (P4), we consider a compact set A C R. Then there exists ¢ > 0 such that £(6) > ¢
for all # € A. For any M > 0, we can make a prior 7(0) = {M/(u(Anr)c)}/ =5 (6 € Apr), where
Apr C A satisfying fAM m(0)dd < 1 and p(-) is the Lebesgue measure on R. If # is not in Ay, we
can assign some suitable value to 7(6) to make 7(6) a probability density. Then, we have

[ O Oua0) > [ SO ouan > [ et = m

u M(Ar)e

Hence, for any M > 0, we can find 7(6) such that [&°(0)n'=?(0)u(df) > M. Therefore, it holds
sup,. [ €8(0)m'=P(0)d0 = +oc.

(v) Finally we consider the case o« = —1. For a = —1, the first order term in (B) is a constant
because of 7**1(¢) = 1. We need to consider the second order term. From Lemma [ we have

Eg [7(0|X)] :n/

2 n) 2 (0, c(0,p)

(6. ¢) [1 Ll { o? (9/00)m(8. ) 1
)

P
All(ea 90) (a/a(p)ﬂ-(ea ¥

2
to c(0,0)N2(0,0)  w(0,p)

) +5(0, 90)} + O(nz)] m(p|0)dep.
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For o = —1, the expected a-divergence is expressed by

. JEglm(01X)]do — 1

R™!
2

Hence, we consider the maximization problem:

w7 s e ) 0ot

iy [ 0/00)7(6)
w(e)/ m(6) 0.

However, we can not find such 7(6) in general. For example, putting w(0) = sin6(0 < 0 < 7/2), we
have [ 7/(0)/7(0)d0 = [T/*(tan 0) ~1df = o

O
Proof of Lemma B. From (B) the asymptotic marginal posterior density of v is given by
(0] X) =% |14 —= (Sy0 + 520%)
(v = e —(S1v v
e e (25)

+ ;{5’3(1)2 —1) + Sy(v* = 3) + S5 (v — 15)} +0 (n—3/2) ] ,

where
A To1 2an A a3 4 02 2(%01/fo0)a1 + 3a1z  4a¥,
Sl — ; 52 = Ta 53 = 5= - 3
Ao0b  ob b3 27002 ob? o2bh?
g, = To1G03 2011003 S = ai(%g,'
oot ob* b

Putting v = /nb(¢ — ¢) in (23), we have

(] X)
A
1+ \/1% {Sl\/ﬁb(gp — ) + San/nb*(p — ¢)3}

1 G 2 A~
- { S = 97 = 1)+ S4n (0 — 9)' = 3) + S5 — 9)° ~15)} + O (n7%2) ] .
We now put

Ay = S1v/nb(p — @) + San/nb? (o — ¢)?,
By, = S3(nb? (¢ — )2 — 1) + Sa(n®b*(p — ¢)* — 3) + S5(nb5(p — ¢)5 — 15).
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Step one. We consider a proper prior density p(¢) such that the support of () is compact in the
parameter space and p(p) vanishes outside of the support while remaining positive in the interior.
Let 7(-|X) be the posterior density under the prior 7(6, ) = p(¢)m(0|¢). First we compute the
product

TPl X)T (Pl X)

-{1+j%+i"+0(n—3/2)}_a{1+ An —l—Bn—l—O(n_3/2>}

—(a) =m0 exp {1 - a (e - 97}

{ioo B2 () v o (o)
—(a) om0 exp {11 - a(e - 97}
2

. 1 A L R i afa+1) o —3/2
{1—1—\/77( aAn+An)+n< aB, + B, @AnAn—i-An)—i—O(n ) 7

where A,, and B,, are the same forms as A,, and B,, under the prior 7, respectively. The expectation
of 77%(¢|X) under the density 7(-|X) is

E™ [17%(|X)]
— [ e {1 b= (adn+ An) + (aBn B, —ad A, + MO ”A,%) e (n_3/2>}

1 .

(o) e { L1 - @)l - 9y
o (on\o/? 1 N .

—/_OO (711)2) l—i—%{—a(SM—i—Sﬂ )+ (Sit + Sat )}

+ 1{ — a(S5(t2 — 1) + Sy(t* — 3) + S5(t5 — 15)) + (Ss(£2 — 1) + Sy(t* — 3) + S5(5 — 15))

o

AV S
+ (O‘;—)(Sﬂf + S9t3)% — a(Syt + Sot) (Sit + 52153)} L0 (n_3/2) ]

1= aexp{—(l_a)tg}dt

2w 2
2r \¥? 1 1 a ,  3a2-a), a sz 3a2-a)s
— (2T 1+ -4 —
<nb2> 1—a +n{ O[(l—ozsgjL (1—a)? 54)+<1—a53+ (1—a)? S4>

ala+1) | VN 6 44
T <1—a51+(1—a)25152>
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o (s it ) <) 06| e )

where §Z (t=1,...,5) are the same forms as S; (¢ =1,...,5) under the prior 7, and Ky = K(é, Q)
is a random variable not involving the prior 7.

Step 2. For ¢ in the interior point of the support of p(¢), we calculate the following expectation

o) = [ Q@) ful(z;p)dz = | Q(z) f(2i;0,0)m(0le)d0 p dz = [ Ao(0, p)m(0lp)dx
@ / @ / {/ZH1 p)m(8le } / o(0, 0)m(0lp
where \o(0, @) = [ Q(z) [T, f(zi;0,)dz. Note that

> = N0, 0) +0(1), o =c(0,¢)+o0(1),
where K7 = K1(6, ) and

K1 = K1 + o(1),

ars = Aps(0, ) +0(1) (r,s=0,1,...)

By using Taylor’s expansion, we have

(6, ) :\/11—704 (n/\f(g’@))m 1+ :L{ - (1 S 33(%;)05)54)

a -  3a(2-a) ala+1) 1, 6
+ <1—0453+(1—a)2 S4) + 5 h +7a)25152

-« (1-

1 = 3 _ 3 _ L
— <1 — aSlSl + WSlSQ + (1—0[)25152> +K2(9,g0)} + O (n )]7

where K»(0, ¢) is a continuous function not involving 7 and

o1 2A11 A03
g = oL fAn g 20
Fomod xR
g, — _T02 2(mo1/mo0) A11 + 3412 n 4A% _ mo1doz 2411 Ao3
3 2o N2 c)\2 SV

00 )\4 C)\4 ’

and S; (i = 1,...,4) are the same forms as S; (i = 1,...,4) under the prior density 7(¢,0)
p(p)7(0p)-

Step 3. The final step of this argument involves integrating A(p) with respect to p(p) and then
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making p(yp) degenerate at ¢. We consider the integral

/A(w)ﬁ(w)dw =n~/? //B 1+ i{ —a <a53 + M&)

-« (1—a)?

a 3a(2 — a) 5 ala+1 1 6
(e ) 5 (et ) o)
S (1 i S151 + A=) _304)25152 + A—ap _30[)25152) + Kg(e,go)}
+0 (n7?) ] m(0le)p(v)dbde,
where B, (0, ) = W\%ew) From @ = 7(0, ¢) = p(¢)m(0|¢) we note that
T _ (0/90){p(o)n0l)} _ (9/00)p(p) | (0/0¢)m(0]p)
oo ple)m(be) pe) m(0le) (27)
oz _ (8%/0¢°)b(p) 4 9(0/00)p(¢)(9/0¢) (6] ) (02 /9p*)m (0] )
oo p(p) plp)m(0]e) m(0le)

Similarly, since 7 = 7w(6,¢) = w(p)7(0|¢), we have the same formulae as (24) for mg;/moo and
mo2/Too, respectively. Because we are only interested in the terms depending () and its derivatives,
we divide terms in (E6) which involve 7 and its derivatives into two parts. For example,

/ B (6, )54 (0] )0
= [ B0, (”_‘”A% - M”AO?’) 7(0]p)d0

7T00)\4 C)\4

;2;1403((9):4?28&)(9’ cP)7r(9|<ﬁ)d9 + (terms not involving p(p))

[ (0/0¢)p(p) Aos(0, ) Bal(0, p)

-5 (g TP

+/(0/090) m(0]p) Aoz (0, 0)Ba(8, )

m(0]p) (8, »)

_ / (0/09)p() Ao (8, 0)Ba(8, ©)
() A (0, »)

Here, we are not interested in the terms not involving p(p). Later, in our final asymptotic expansion,
we put all of these terms into one term K3(p). We can rewrite (28) as

/ A@)p(sp)dep =n=/? /

a? (7 7T s
i 1{ _ < oo () H{a)(cp) I () Héa)(so) 7;0((()0)) éa)(¢)>

7(0|¢)d6 + (terms not involving p(¢))

m(0|¢)d6 + (terms not involving p(y)).

/ Ba(0, )7 (0]:7)0
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o2(2—a) (T o
- 3(1(_20)2) ( w(@)Hi )(s0)>

()
s (P )+ D ) - B ) )
+ 33(3;3 (ﬁ;(;i)ff%)
i f;; 7 <<) )
"1 a (7;“”((5)) 1; ;9)0);[( (o) + 7;%0((5)) O () + sz(a)(cp)

Cmo(9) @), Pe(®) o)
7r(g0) H3 ((P) ]5(90) H3 (@))

3 To(©) L(a)
<1a>2<w<¢> Hi “")>

e () ng} ; O(n‘Q)]ﬁ(w)d%
where
H{®(g) = / 2’165((%72)”(9“0)%
0 B
(o) = [ OO g
1Y () = [ AR O ol

and K3(¢) is a continuous function, not involving 7 () and p(¢). Also, with the choice of p(¢) which

values on the boundary of parameter space is zero, one can prove that for any twice differentiable

function of ¢, say H(p),

/ H (@)gpﬁ(w)dw = - / mggp)ﬁ(w)dso
2 2
/ H (w)aawﬁ(w)dw Sy ;fp (f)ﬁ(w)dso

by using the integration by parts. Now suppose that the support of p(¢) contains the true ¢ as an

interior point. Then arrowing p(y) weakly converge to the degenerate density of true ¢, we obtain

the second order asymptotic approximation of E,[7n~%(¢|X)]. By using the equations in (E8), we
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i (0 e - )
- (2 o)
Oz(lajal)) ((7:5’(2;))2 %) + 7:;0((5))1{5@)(90) - if((j))Hé“)(@))
e ()
e ( 272D o) e 1 (2208 g
- ?((«;0)) Hy (¢) - mHéa)(so))

__ 3o To(#) 1r(e) =2
s () +5(90)} el >],

where S(g) is a continuous function, not involving 7(¢) and Héfg(go) = (8/890)H2(a)(<p). This
completes the proof.

O
In the proof of Lemma B, we note that
To() 25(0) 1(a), - /%(@) (@), -
H. dp=2 | —~~H. d
[ 507 ey e =2 [ SR Gpa(oiae
o [0 ([(Te(©) () _
= 2/% ( () Hy () | p(p)de
0 Ww((p) (a) >
— —2— H ,
dp ( n(p) 12 (@)
and
0 (7o(9) 1) ) Top($) 17(0) To () 17(@) (M@)Q (a)
— | —=H = ———H + H. — H ,
8@ ( 7_[.(%0) 2 (90) W(QD) 2 (90) W(SD) 2,p (()0) TI'(QO) 2 (90)
where H{®)(7) = (9/0¢) HY ().
Proof of Theorem @. Putting a = —1, the first order term in (II2) is a constant because of 71 (p) =
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1. We need to consider the second order term in ([3). From (IA) we have

[ B0l

1 T () Top () T, () 2 2
+”{ 2+ S+ (355) M?’(SO)*S(“D)}*O( )]’

where B_1(0,¢), M1(p), Ma(p) and M3(p) are defined by Lemma B and equation (I@).
It suffuces to maximize the following with respect to m(-)

R~ g { [ Bldatelxae - 1]

E, [r(p|X)] =n'/?

or equivalently

/ / 2 "
/ {Ml(w) T o) (T an) T ) } . (29)

where 7'(p) = mo(p) = (0/0p)m(p) and 7"(p) = mep(p) = (0%/9%)m(p) Putting y(p) =
7' (p)/7(p), the integral in (29) is rewritten as

I):= [ {Ma(ee) + Malo)y?(0) + M)/ () + 52} dp
= [ Moo + (a() + Ml () + Mol ()} dp

/ Flou(0) o/ (9))dp  (say).

A candidate of local extremum is found by solving the Euler-Lagrange equation

OF d OF
dy ay'
(see e.g. Glaquinta (983)) or equivalently

Mi(p) +2(Ma(p) + Ms(0))y(p) — @Mg(w) = 0.

By solving this equation, we have the following

m'(p) _ (0/9¢p)Ms(p) — Mi(y)
m(p) 2(Ma(p) + M3())

Hence y* is a candidate which may be a local extremum. We need to consider the second variation

y(p) = =y (). (30)

of a functional J. In fact, we have

d2
ot +en = [ [Fulente) + o000/ (0) + 20/ (o) - Pl
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+ 2Fy (0, y(@) + enle),y' (@) +en' (@) - n(e)n' ()

+ Fyy (0, y(9) +en(e), ' (9) +en' () - (0 (9))? | dg
for any 7(¢) and small number . As ¢ — 0, the second variation 62.J(y;n) is given by
i) = [ {208(0) + Malo)i(0)} do < 0 (31)

for any 7(¢p) because of Ma(p) + M3(p) < 0. Since it holds 62J(y;n) < 0 for any 7, the marginal
reference prior under the expected chi-square divergence is given by

(0/0p)M3(p) — Mi(p)
”M“m(/%mw+mw>w) (32)

where the integral in (B2) is the indefinite integral. Therefore, we have the desired result.

5. Concluding remarks

Reference priors which maximize the expected a-divergence for multi-parameter non-regular
model in the presence of nuisance parameter were given. By using the second order asymptotic
approximation for the marginal posterior density of the parameter of interest, we considered the
maximization of the expected a-divergence for @ < 1 with respect to the prior density function.
Some examples were also given, and we discuss the differences between the a-divergence (—1 < a < 0
and 0 < a < 1) and KL divergence (o = 0).

Further, considering the reference priors for multi-parameter non-regular model in other settings
is also interesting problem. For example, Kuboki (T99R) discussed the reference priors for Bayesian
prediction for regular parametric family of distributions. Although we consider the i.i.d. setting in
this paper, Smith (I994) presents the non-regular regression which is the regression model under
the error distribution with positive support such as Weibull and exponential distributions. For
such non-regular regression model, it is important to derive objective prior for regression coefficient
vector. Ghosal ([997) and our results should be extended to such non i.i.d. setting.
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