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Abstract

A scale mixture variable is defined by X = SZ or X = S~'Z7 |
where the scale factor S is a positive random variable, and X and S are
independent. When Z is normal or chi-square distribution, asymptotic
expansions of X and their error bounds have been extensively studied.
Some of the results are found in Fujikoshi et al. (2010). In this paper
we give some basic results on asymptotic expansions and their error
bounds when Z is F-distribution. This paper is based on Fujikoshi
and Shimizu (2009).
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1. Introduction

In this paper we consider a scale mixture of F-distribution which is
defined by
Xogn =574, (1.1)

where Z,,/q is a random variable with an F-distribution with (¢,n) degrees
of freedom, .S, is a positive random variable, and .S,, and Z,,, are independent.
Here § = £1 is a constant used to distinguish two types of scale mixtures:
Xon =522y and X, = S; ' Z, . When Z,,, is distributed to the standard
normal N(0,1) or a chi-square distribution xi with ¢ degrees of freedom,
asymptotic expansions of X, and their error bounds have been extensively
studied. For the results, see, e.g., Fujikoshi et al. (2010).

A scale mixture of F-distribution appears, for example, in profile analysis
(see, Fujikoshi et al. (2010), Srivastava (2012)). In fact, consider profile
analysis of k p-variate normal populations based on N samples. Then, it is
known that a simultaneous confidence interval for differences in the levels of
k profiles is based on a statistic 7" whose distribution is expressed as

T = <1+ Xg*) X (1.2)
Xn+1 Xa/n
where ¢ =k —1land n = N —k —p+ 1. Here x,x2, x;_; and x,, are

independent. Then, we can express T as a sale mixture of F-distribution in

two ways with

2 2
§=1, S,=1+ X;"l, Zgn = f—q (1.3)
Xn+1 Xn/n
and ) )
§=-1, 8, = 2Xn—+127 Ly = ;Cq , (1.4)
Xn+1 + Xp—l Xn/n

If we use (1.3) with § =1, S,, > 1, and if we us (1.4) with 6 = —1, S5, < 1.
In this paper we gives asymptotic expansions of X, in (1.1) and their

error bounds. The results are applied to the distribution of 7" in (1.2).
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2. Preliminaries

With § = 41, consider a scale mixture defined by X = S°Z. Let G
be the distribution function of Z. Depending on whether Z is symmetric
or not, there are two types of asymptotic approximations and their error
bounds. Here, since we are interesting in scale mixtures of F' distribution,
we summarize the main results on the case when Z is not symmetric.

Suppose that Z has a cumulative distribution function (cdf) G(x). Then,
the cdf of the scale mixture X = S%Z is given by

F(r) = P(X <) = P(Z <2587 =Eg{G(xS7°)}. (2.1)

Assuming that the scale factor S is close to 1 in some sense, we consider
approximating the cdf F(z). Our interest also lies in evaluating possible
errors of approximations. We assume without further notice that G(x) is
k+1 times continuously differentiable on its support D = {x € R : g(z) > 0}
and that the scale factor S and its reciprocal S~! have moments of required
order.

Let g(x) be the probability density function (pdf) of Z. For any y > 0,
the conditional distribution of X = S°Z given S = y has a cdf that is ex-
pressible as G(zy~°), and mathematical induction shows that its derivatives

with respect to y can be put in the form

MG (zy~0)

P yles(ey)g(ey™0), j=1,2,... (2.2)

where the ¢;; are real functions obtained by

i G2y
¢ (2)g(x) = %y“ (2.3)

We can use
Ganla) = Gla) + Y. Jes,(2)g(o)y — 1) 2.4
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as an approximation to G(zy~?), which would in turn induce an approxima-

tion to F'(x) by means of

Goi(0)=E{Gs(z, 5)}=C(x +Z Heai(@)g@E{(S =11} (25)

For x € D and y > 0, write

Nsp(z,y) = Glzy™) — Gsp(x,y) (2.6)
and N
—| 6’k<x’z)|, for y # 1,
ly — 1|
Jsp(w,y) = (2.7)

1
Slesk(@)] g(@), fory =1,

By applying Taylor’s theorem to G(zy~°) as a function of y and using (2.4),

the remainder term Ajy(x,y) can be put in the form

Asx(,y) = presx(u)g(u)ys “(y — 1, 28)

—d/p

where u = zy,"'", and yp is a positive number lying between 1 and y.

We define the positive constants ;s and S5 by

a_10 = max {1 — G(0), G(O)},
1

Qs ) = ] Sup|05k )9(17”7 (2.9)
Bsie = sup  Jsp(z,y).
zeD,y<1

It follows from (2.8) that we have the inequalities o) < 55 and

-1 _ 1 k

where y V y~! = max{y,y~'}. From (2.8) we obtain the following upper

bound for the approximation error:

’F(x) — G(g’k(l’)| < asE{(SVvS!— 1)k},
<ask [E{IS 1"} + E{|S7' = 1]*}]. (2.11)
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If S > 1, we obtain

|F(2) = Gsp(2)| < aspE{|S — 1]} . (2.12)
Further, it holds that

|F(2) — Gsi(x)| < BsxE{|S — 1"} (2.13)

Note that for use of (2.11), it is required that both of E{(S — 1)*} and
E{(S™' — 1)*} exist. For use of (2.12) and (2.13), it is required that E{(S —
1)*} only exists .

3. Main Results

In this section we consider a scale mixture of F-distribution given by
(1.1). Let F,(z;n) and f,(z;n) be the cdf and the pdf of Z,,,. Then, since
Z,n/q is an F-distribution with (¢,n) degrees of freedom, with 6 = £1, the
density is given by

1 /oy a/2-1 o\ —(atn)/2
falwim) = Bolam)—(5)7 (1+5)

n

where

I'((g+n)/2)
[(q/2)T(n/2)
This means that Z,,/q follows an F-distribution F'(g,n) with (¢,n) degrees

BO(Q7 n)

of freedom. For an example of a sale mixture of F-distribution, see Section 2.
Using (2.5), we have an approximation to the cdf G,(z; n) of the distribution
of X, , for large n. To this end, write Y = S,, and consider

-6

Fq(xy—cs;n) = /Owy fq(x; n)dz,

which is the conditional cdf given the condition Y = y. Note that the cdf of

Xy n is expressed as
Gy(w;n) = P(X,n < ) = B{F,(xS,%n)}. (3.1)
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The function F,(zy~%;n) is formally approximated by

k-1

1 |
Gatsg(yim) = Fy(ain) =8 spcasa(zim)(y = 1 fo(ein),

=1
where ¢;;,(z;n)’s are defined by

O Fy(xy~*;n)

5y (3.2)

csjq(Tm) fo(zim) = —

y=1
Here, note that the definition of ¢s,(x;n) is different from the one of ¢;;(x)

(see (2.3)) in their signs. The approximation Gsq(z;y,n) induces an ap-

proximation to Fy,(z;n) by means of

G hsg(;n) = Fylw;n —52 =a(x) folw; 2)B{(S = 1)’} (3.3)

Naturally, the functions ¢s ; ,(2; n)’s and the approximating function Gy ., (x; n)
depend on the choice of § = 1 and 6 = —1. We use the notation a¥) for a

nonzero a and an integer ¢ to mean

a=a-(a—1)----(a—€—-1), if £>0, and a® =1.

Assume first that 6 = 1. Then, the defining equation (3.2) of ¢ ;,(z;n) is

equivalent to

x\ (atn)/2 9i—1 -
) . _ d n/2—1 d
C1jq(T;n) = x<1 + n) ayj_1y (y + n)

=S () TTEE ) e
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which gives, for example,

cia4(zsn) =2,

c1o4(x;n) = 2(xi— ) [(n —2)x —n(q+2)],

C1aq(xm) = m [(n—2)(n —4)2* — 2(n — 2)n(q + 4)z
+n?(q+2)(g +4))]. (3.5)

Crag(win) = m [(n—2)(n — 4)(n - 6)®

—3n(n —2)(n —4)(6 + q)a*
+3(=2+n)n*(g+4)(q + 6)z —n’(q+2)(¢ +4)(¢ + 6))].

If 6 = —1, then, the defining equation (3.2) of c_y j,(x;n) is equivalent to
equation (3.4), which leads to

x\ (a+n)/2 9=t n/2—1 x\ —(g+n)/2
c_1jq(z3n) = :z:(l + E) Wy / (y + ﬁ) -
L= 1\ fq—2\0-D —(q+n)\D /. nyi
=72 IR EE) 0 ) e
which gives, for example,
c-114(T30) = 7,
c12a(in) = 5o sla =D+ ) = (g + ),
Caalwin) = g (0= 2@ = D+ n)’ =2 (g = (g + et +n)
+(q+n)(q+n+2)?], (3.7)
Craalwin) = g 0= 2= g = 6w +n)
—3(¢ —2)(¢ — 4)(q + n)z(z +n)”
+3(q —2)(q+n)(q+n+2)z*(x +n)
—(g+n)(g+n+2)(g+n+4)2*].
Setting
Qs g(N) = Cék q(xsn) fo(z;n)), (3.8)
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from (2.10) we obtain the following upper bound for the approximation error:

‘Gq(w3 n) — G&k;q(f’n; n)| < aé,k;q(”)E{<Sn \4 Sn_l - 1)k}’
< aspq(n) [E{1S, — 1"} + E{|S, ' = 1|*}]. (3.9)

If S,, > 1, we obtain

‘Gq(x; n) — G57k;q(x;n)| < Bspsg(M)E{[S, — 1|k} . (3.10)
Further, it holds that

‘Gq(x; n) — Gsp.q(2; n)| < s pg(n)E {]Sn - 1|k} , (3.11)

under the assumption that S, has k-momnet. The positive constant (s j.,(n)
is defined by

ﬁ&k;q(n) = sup J(S,k;n(xu Y; n)’ (312)
0<z,0<y<1
where
Ags .. :
’ 5,k,q<x7yk7 n)|7 for y 7& 17
ly — 1
Js g, y3m) = (3.13)
1
glczs,k;q(rr;ml folzin), fory=1,
and

DNspq(z,y;n) = Fq(xy*‘;; n) — Gspq(z,y;n) (3.14)

For an approximation to the cdf of 7" in (1.2), it is suggested to use the
sale mixture expressed as in (1.3), and to use (3.10). Then, we need moments
of

X2

X
where r = p—1 and m = n+1. It is well krnown that for m —r+1—-27 >0

Upn = Sp— 1 =

r(r+2)---(r+2(j-1))

E(Uﬂ’m): (m_r_1)<m_7«+1)...(m—7“+1—2j>.

(3.15)
For numerical values of a;.4(n)’s, see Tables 1 and 2.
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Table 1: Numerical values of asr4(n) (6 =1)
n 10 20 50 100 200 300
0.2067 0.2180 0.2254 0.2280 0.2293 0.2301
0.3154 0.3487 0.3731 0.3822 0.3870 0.3899
0.3942 0.4540 0.5019 0.5207 0.5308 0.5371

)
)
)
arap(n) 01175 01245 0.1291 0.1308 0.1316 0.1321
)
)

0.1980 0.2224 0.2407 0.2476 0.2512 0.2534
0.2674 0.3170 0.3630 0.4121 0.4401 0.4582

Table 2: Numerical values of asr(n) (0 = —1)

n 10 20 50 100 200 300
a_122(n) 0.2278 0.2468 0.2604 0.2654 0.2680  0.2696
a_124(n) 03371 0.3881 0.4291 0.4452 0.4539 0.4593
a_126(n) 0.4102 0.4952 0.5703 0.6018 0.6190 0.6300

0.2317 0.2907 0.3471 0.3721 0.3862 0.3953

)
)
)
a_142(n) 0.1446 0.1648 0.1814 0.1880 0.1916 0.1939
)
) 0.2950 0.3987 0.5114 0.5657 0.5976  0.6185
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