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1 INTRODUCTION

Recently, in real data analysis, we consider the data with correlation for many fields, for example medical sci-
ence, economics and many other fields. Especially, the data what is measured repeatedly over times from same
subjects, named longitudinal data, is widely used in those fields. In general, the data from same subject have
correlation, on the other hand, the data from different subjects are independent.. Liang and Zeger (1986) intro-
duce an extension of generalized linear model (Nelder and Wedderburn, 1972), named generalized estimating
equation (GEE). GEE method is one of the methods to analyze the data with correlation. Defining features
of the GEE method are that we can use working correlation matrix one can choose freely. We can get good
estimation of parameters if working correlation matrix is correct or not. It is important that we don’t need a
full specification of a joint distribution. In those reason, GEE method is widely used in many fields.

”"Model selection” is also important problem, so we apply model selection to the GEE. In general, in
model selection, we measure the goodness of fit by risk function, and choose the model with smallest risk
function. Then, by using the asymptotically unbiased estimator of risk function, we consider the model
selection criterion. For example, expected Kullback-Leibler information (Kullback and Leibler, 1951), and
most famous Akaike’s information criterion (AIC) (Akaike, 1973, 1974) are used. The AIC is calculated by
AIC = —2 x (maximumloglikelihood) + 2 x (thenumberofparameters). Furthermore, the GIC what is expansion
of the AIC proposed by Nishii (1984) and Rao (1988) is also applied for many fields.

However, we can’t use the model selection criterion based likelihood as AIC or GIC because of we don’t
specify joint distribution. Some model selection criteria like AIC and GIC in the GEE method have been already
proposed. For example, Pan (2001) proposed the QIC based on the quasi-likelihood (defined by Wedderburn,
1974). Furthermore, the GC, proposed by Cantoni et al. (2005) is the generally extension of Mallow’s C),
(Mallows, 1973). The CIC proposed by Hin and Wang (2009) and Gosho et al. (2011) is criterion what
select the correlation structure. Unfortunately, the above criteria are derived without consider the correlation
structure so we regard to these criteria don’t reflect the correlation.

From this background, in Inatsu and Imori (2013) proposed a new model selection criterion PMSEG (the
prediction mean squared error in the GEE) using the risk function based on the prediction mean squared error
(PMSE) normalized by the covariance matrix. Inatsu and Imori (2013) proposed this criterion when both
correlation and scale parameters are known, but correlation and scale parameters are generally unknown so we
consider this criterion when both correlation and scale parameters are unknown.

In this paper, the main topic is to propose the model selection criterion considered correlation structure when
both correlation and scale parameters are unknown. In order to propose the new model selection criterion, we
evaluate the asymptotic bias of the estimator of risk function and consider the influence of estimation correlation
parameter and scale parameter. We focus on the ”variable selection” which selecting the optimum combination
of variables.

The present paper organized as follows: In section 2, we introduce the GEE framework and propose the
estimation method for parameters. After that, we perform the stochastic expansion of the GEE estimator. In
section 3, we define the estimation of risk function, and evaluate the asymptotic bias by calculate the bias, and
propose the new model selection criterion. In section 4, we perform numerical study. In section 5, we conclude
our discussion. In appendix, we provide the calculation process for the bias.



2 STOCHASTIC EXPANSION OF THE GEE ESTIMATOR

2.1 GEE estimator

Let y;; be a scalar response variable, and ¢ ;; be a l-dimensional nonstochastic vector consists of possible

explanatory variables from the ith subject at the jth occasion, where i = 1,...,n and j = 1,...,m. Assume
that the response variables from defferent subjects are independent and response variables from same subject
are correlated. For each ¢ = 1,...,n, let response variable vector from ith subject be y; = (y;1, . .- ,yim), and
explanatory variable matrix from ith subject be X;; = (xf1,.. .,a:fﬂ;m)l, X = (@, .. .,a:im)' beam x p

submatrix of the matrix X, ;. Liang and Zeger (1986) used the generalized linear model (GLM) to the model
of the marginal density of y;;,

fyij, x5, 8, ¢) = exp {vi;0i; — a(0i5)}/ o + b(yij, )] (2.1)

where, a(-),b(-) are known functions, 6;; is an unknown location parameter and ¢ is a scale parameter. In the
GLM framework, the location parameter 6;; = u(n;;) = 0,;(3), where u(-) is known function, and 7;; = a:;-jﬁ,
where 3 is p-dementional unkown parameter. In the present paper, we assume that scale parameter ¢ is
unkown parameter, and we also assume that © is the natural parameter space (see, Xie and Yang, 2003) of the
exponential family of distributions presented in (2.1), and the interior of © is denoted as ©°. © is convex and
in O, all derivatives of a(-) and all moments of 145 exist. Under these conditions, mean and variance of y;; are
given by

1i;(B) = Elyi;] = a(0:), 0%(8) = Covly;] = (0:)6 = v(ui; (B)).

In the GLM framework, the expectation of y;; modeled by link function as g(uij) = n;; = x;jﬁ. Then link
function g(¢) = (@ o w)~*(¢) and linear predictor n;; = :c;jﬁ.If u(s) = s, we say that g(t) = @~ 1(t) is natural
link function. We call that the model with x;; or x;; as full model or candidate model, respectively. The true
density function of y;; can be written as (2.1), i.e. true model is one of candidate models.

GEE proposed by Liang and Zeger (1986) is as follows:

() = >_Di(B)V; (B)(yi — 1i(B)) = 0. (2.2)

where ;(8) = (11(8), -, tim(B))', Di(B) = Ops/0B = Ai(B)A«(B) X, Ai(B) = diag(o}(B), ..., 07,(8)),
A;(B) = diag(90;1 /01, - - ., 00im /ONim) and V;(B, o) = A}/2(,8)R(a)A;/2(B)¢. R(a) is working correlation
matrix one can chose freely. Denote X;(3) = Ag/ 2([7')R0Az1 / ?(8)¢, where Ry is true correlation matrix. Assume
that for ¢ = 1,...,n, true correlation matrix is common Ry. Working correlation R(a) include nuisance

parameter c. Nuisance parameter space is as follows:

A={a=(a,...,a,) € R°|R(a) is positive definite}

We can use different working correlation depending on the situation. For example:
1Jindependence: (R);x =0, (j # k).

2]exchangeable: (R);, = a, (j # k).

3lautoregressive: (R);r = (R)r; = o/ 7%, (j > k).

4]1-dependence: (R);r = (R)r; = o, (j =k + 1).

5lunstructured: (R);r = (R)k; = aj, (j > k).

[
[
[
[
[

Denote V;(3, ) = A;/2(,6)R(a)A;/2(ﬁ)¢(,3). If R(a) = Ry, Vi(Bo, ) = X(Bo) = A;/Q(BO)ROA%Q(IBO)% =

Cov|y;]. Note that By is true parameter of 3. Dimension of & depends on choose of working correlation. In many
case, correlation parameter a is unknown. Although « is nuisance parameter, we must estimate « so as to esti-
mate 3. In practice, we estimate a by real data. When both correlation and scale parameter are unknown, we



estimate & by 3 and é. Denote d(ﬁ,q@) = (&1(,8,42)), . ,(345(,8,&))/, and assume that & (B, ¢o) —=5 a € A°,
where A° is interior of A. In present paper, we estimate scale parameter ¢ is as follows:

o1 - (g — gg)?
gzs:72222@ - ftij)

nma4 j=1 d(eij)

and assume that ngS LN oo-
In this paper, we assume that a and ¢ are unknown, so we consider the following equation:

su(8) = >_ DB} (B)(yi — 1i(B)) = 0. (2:3)

where T'(8) = V;(8, &(8, (]3)) The solution of equation (2.2) denoted 3 is the estimator of By. We call B the
GEE estimator.

2.2 Estimation method

The true parameters o, 3¢ and ¢y are unknown so we estimate parameters by following iterative method:

Algorithm (Estimation method for parameters)

Step 1 Set the initial value of o denoted &<%>

Step 2 Solving the GEE substituted &<¥>, and the solution of GEE is denoted 8<F> = g(a<F>).
Step 3 Estimate ¢<Ft1> by y; — p;(8<%>).

Step 4 Estimate a@<Ft1> = &(8<F>, $<F+1>). We propose the estimation of &<F+1> later.

Step 5 Iterate processes 2 to 4 until converge the value of parameters.

When one use the moment estimator for e, the fact that the condition C9 to C13 are fulfilled (Inatsu, 2013).
In addition, the estimator & differ depending on the working correlation structure, and we give examples.

Exchangeable :& = 1 Z Z Tz]ﬁk/d)
=1 j>k
n m-—1
Autoregressive :& = Z Z zﬁi,j-s-l/(l;-
m - 1> =1 jg=1
n
(O = Zwﬂ,jﬂ/sﬁ-

=1

1 — dependence :& =

Unstructured :éj, = - Z it/ @-

i=1

2.3 STOCHASTIC EXPANSION OF GEE ESTIMATOR

In this section, in order to propose the new variable selection criterion, we perform the stochastic expansion
of B. For simplicity, we omit (8) from functions of B, for example p;;(B)=p;;. In addition, In order to
distinguish the function of 3 substituted 8y and 3, we write them for example wij (Bo) = tijo and p;; (B) = fj,
respectively. Furthermore, in order to evaluate the asymptotic properties of GEE estimator, we assume that
following conditions (Xie and Yang, 2003):

Cl. X is compact set. For all sequence {x;;}, it established that u(a:;j,B) €0° x;; € X.

C2. By is in interior of adrmssuble set B, and B is an open set of RP,

ie. By e B, B={Blu"(, ;B) €0,z € X}.



C3. For any 3 € B, it is established w;j,ﬂ € g(M), and M is image of a(©°).
C4. u(nyj) is four times continuously differentiable and w(n;;) > 0 in g(M°®).
C5. H, o and M, o are both positive definite when n is large, and H,, and M,, are defined as follows:

H,=> D;V,'D; M, =) DV, 'S,V,'D;.
i=1 i=1
C6. liminf,, o0 Amin(Hp,0/n) > 0, where Ayin(A) is minimum eigenvalue of A.
C7. In a neighborhood of B, say Ny, there exists that consistent ¢y > 0 and ng, for all p-dimensional vector
A, where |A| = 1, when n > ny, it is established follows:

P (—,\’ gg’n > nco> -y (—A’rnA > nco) —1,(B€Ny).
C8. GEE has unique solution when n is large.
C1, C2 and C3 are necessary to consider GLM framework. C4 and C5 are necessary to calculate the asymptotic
bias of estimator of risk. In addition, C1, C6, C7 and C8 (modified Xie and Yang, 2003) are necessary to have
the strong consistency and asymptotic normality, uniqueness of GEE estimator.
Furthermore, we assume following conditions by additions.
C9. There exists a compact neighborhood of ayg, say Uy, , and vec{R~!(a)} is three times continuously
differentiable in Ug,,.
C10. There exists a compact neighborhood of By, say Ug,, and &((3) is three times continuously differentiable
in Uﬂo'
C11. For all B € Ug,, it is established &) (B), &? (), a® (B) = O,(1), where

o6
= g (2)
08 %

(8) = 5 © 6V(B).aN(B) = 5 0 4D (B),

Cl2. /n(é&y — ag) = Opy(1). And there exists that bounded s x p nonstochastic matrix H such that
(& (Bo) = H) = Op(n~1/2).

aV(B)

C13.

E Z(% - m,o)lzgéDz‘,ohi,o =0(n™),
Li=1

E Z(yz - Ni,O)lEZ(}Di,Oji,O =0(n™),
Li=1

B> (yi— uiyo)/diag(A}yiyobf,o)RO1A;§/2Di’0hi,0] =0(nY),
Li=1
[ n

E Z(yi — Mip) Az‘_,é/2R0_1diag(A;,i,Obf,O)Di,Ohi,O =0(n™"),
Li=1

E Z('yl — ui’o)/diag(A?i’Obf,o)Ra1A;3/2Di,oji,o = O(n_l)a
Li=1

E Z(y1 — [l,ivo)/Ai_,ol/ZRO_1diag(A?,i70bf70)Di70j1'70 = O(Tlil).
=1

We write about ki, J1,0, A%, 0. by,0 later.
C9, C10, C11, C12 and C13 are necessary that in order to ignore the influence of estimating nuisance
parameter . Furthermore, by condition C5, it is established H,, o = O(n).



Based on the above conditions, to perform the stochastic expansion of ,é, we focus on the fact that s,, = 0,,.
By applying the Taylor expansion around 8 = 3 to this equation, the GEE is expanded as follows:

D, . 1 , o 0s, .
0, =sp 0+ % B:ﬁo(ﬂ*ﬂo) + 5{(,3*%) ® I} <8ﬁ ® asﬁ/) ‘B:B*(ﬁ*ﬁo)

=550 — Dno(Ip, + D1+ Dayo)(B — Bo) + %{(B -B0) ® L)L, (B*)(B — Bo).

where B lies between By and B, and I, is p-dimension identity matrix, and L1 (8*), Dyo, D10, D2, are
follows:

0 08y, "o,
15 <6ﬁ ® 33) ’ﬁ:ﬁ*7 0 Z i,0ti,0i,0

i=1

n , 9
Dio=-D,\) D, 7,®I‘-71‘ ) I, ® (yi — pio)}
1,0 n,0 Zzzl ,0 (8,8 i lg—g, { P (y M 70)}

n

0
Dy =D} — Dfl‘ I, @ {T; ) (yi — pio)}
=P332 (5 2 7Y, ) e (Pid 0~ o)

Note that for a matrix W = (w;; ), the derivative of W by 8 = (51, . .. ,Bp)l and by By are defined as follows:
op b OBy )~ OBk OBk

By Lindberg central limit theorem, L1 (8*) = O,(n), B8—B0, D10, D2.o0 = Op(n~1/2). And R~ () is expanded
as follows:

R™'(&0) = R () + R (a){R(cx) — R(&)} R (xg) + Op(n™ ).
By Taylor theorem, since &g — ag = Op(nfl/?)7

. 0 . _
Rles) ~ Rico)| < |50 o Ble)| __lao a0l =0,07)

i.e. R(ap) — R(&g) = O,(n~1/2). Hence, it follows that

n
!’
—1
Dnyo = E D,;,I';yDiyo
=1

=Y "D, A (Bo) R (60)A; ' (Bo) Do
=1
=H, o+ Op(n'/?),

By this conclusion and the fact s,,0 = @n,0 + Op(1), B is expanded as follows:

B—Bo= H{}Qn,o +O0p(n") = b1+ Op(n~).

Also, since
0 0
— @R (& )—E{,@R‘ld }=O n~t?),

<6ﬂ (&) B=6o op @) B=Bo »l )

and above these conclusions, the GEE is expanded as follows:
$n0 =Hpno(I, + G0+ Gag+ Gso+h10)(8 — Bo)
]_ ~ !’ A~
- 5{(,3 —Bo) @I,H{S1,0+ (Li1(Bo) —S1,0)}(B — Bo) (2.4)

~st6-a s n}{ e (ge S}, (6-mme@-sm)



where 8** lies between By and 3. Denote S10 = E[L1(Bo)]- Note that S1 o = O,(n), L1(Bo) —S1,0 = Op(n'/?).
The last term of (2.4) is Op(n’l/Q). We define Cy;, Ca;, Csi, G1,0, G2,0, G3,0, h1 and j; o as follows:

Cii =D, A" *R (), Coi = D, A7 Y% C3i = RV (o) A; V2,

e ) “1/2
Gio=-H, Zcu,o </ ® A, ) {I, ® (yi — pio)},
pt B ‘6:30

3 n a
Gyo = *Hnﬁ(l) Z (aﬂ, ® Ca; E—Bo) [y ® {Csi0(yi — io)}l, (2.5)
i—1

=Po

I 0 1. _
Gao=—H,; ;C%’OE [% 2R (&) } L, @ {A; " (yi — pio)}],

hio=—H,§>" Ciio{R(co) — R(6)}C}; b1 0,
i=1
Jio= Hn_(l) Zcu.,o{R(ao) — R(60)}C3i.0(Yi0 — Miy0)-
i—1
Note that Gi,0, Ga,0, G3,0 = Op(n_l/Q)7 hi0,310 = Op(n~1). By (2.5), B is expanded as follows:
B = Bo = b1+ bag+O0p(n/?). (2.6)
where by o = H;,(lj(b;,o®Ip)51,0b1,0/2—G170b1,0 —Ga,0b1,0—G30b1,0+h10+71,0 and by g = Op(n=1/2),by o =

Op(n™h).

3 MAIN RESULT

In this section, we propose new variable selection criterion. We measured the goodness of fit of the model by
the risk function based on the PMSE normalized by the covariance matrix. The risk function is as follows:

] .

where z; = (zi1,. .., zim)/ is m-dimensional random vector that is independent of y; and has same distribution
of y;. If ﬁ = B9, Riskp has the minimum value of zero, i.e. , PMSE has the minimum value of mn. We consider
the model which has minimum PMSE is optimum model, and select this model. Since the PMSE is typically
unknown, we must estimate it.

We define Ry, £(81,32) and L"(3) as follows:

Riskp = PMSE — mn = E,

E. lZ(Zi - ﬂi)/z;,(}(zi — f1i)

i=1

Ro(8) =~ S0 AT Ay — i)y — i) A2,
=1

L(B1,8:) = _Z(yi — i(B1)) AP (Ba) Ry M (B2) AP (Ba) (wi — 1a(B1)) b (Ba),

L(B) = Z(yi - Ni)lzi_,(}(yi — Hi).

=1

Then, we estimate the PMSE by L(B,Bf) where ,C:}f is the GEE estimator from full model namely we obtain
Bf as the solution to the following equation:

n

spa(Br) =Y Di(Br)V, (Br,ap)(yi — 1i(Br)) = 0y,

i=1



where D;(Br) = Ai(Br)A(Br) Xy, Vi(By,ap) = A;/2(,6f) Ri(ay)A 1/2(,8f) and R;(ay) is positive definite
working correlation one can choose freely. Also R;(cacy) is the same for all candidate models. For simplicity, we

denote L£(Bo,B2) = L(B2) and L™(By) = o
We need to evaluate the asymptotic bias of £(8,8f) from PMSE in order to propose the new variable

selection criterion because E(B, Bf) is not the asymptotic unbiased estimator of PMSE. The bias we estimate
the PMSE by L(ﬁ,,éf) is given as
Bias =PMSE — E, [£(3, ;)]
={Riskp — B, [L"(8)]} + {E,[£"(8)] - E,[L"]}
+{Ey [ — By [L(81)]} + {Ey[L£7(B)] — By [£(B, By)]}
=Bias] + Bias2 + Bias3 4 Bias4.
We evaluate Biasl, Bias2, Bias3 and Bias4 separately.
At first, Bias3 is as follows

> (i — i) {350 — AP B Ry (Br) AT (B (B) Yy — ui,o>]

i=1

Bias3 =E,

n

S (yi — i) ATP(Br) RN (B AT (Br)d(Br) (yi — pi0)

i=1

=mn — E,

This term is not depending on the candidate model so we can ignore calculation of Bias3 for variable selection.
Second, Biasl is expanded as follows:

n

Z 370 (zi — i)

n
{ lz — Wi + Wi — ) Ei_,é(zi — Wi + Mo — )

Biasl =E, l - Z(yz - ﬂi)/EZ(}(yi - ﬂz)]

=0

=E. | > (2 — pi0) Tig (20 — pio) | + By | D (mi0 — i) Tig (pio — f)
i=1 =1
n n
— By | Y (Wi — 1050 (Wi — pio) | — 2By | D (i — pio) Tig (pio — ﬂiui)]
=1 =1
Ey l Mz 0— (Hi,O - ﬂi)
i=1

n

*2Ey lz — K, 0 (H Hi, 0)

i=1

(3.1)

For expanding Biasl, we must expand fi; — ;0. Since fi; is the function of B, by applying the Taylor expansion
around B = By, [1; is expanded as follows:

i =tz + | (B P+ (B w1} (550 55 )|, 8- a0
1, ) 0 o . .
+ LB By ®Im}{ o5 @ (552 o5 ) ||y (B - B0V 0 5= B0)

—pio+ Dio(B— Bo) + 3 {(8 ~ B) © LD (B~ Bo) + O, (n 1),

(1) 9
pY -2 oD, .
H0 (35 ) ‘ﬁ:Bo



where B*** lies between 3y and B Substitute (2.6) for expansion of fi;, we can expand fi; as follows:

i — pio = Di70b170 + {Dl 0b2 o+ = (bl 0® I )Dl(,lo)bl,o} + Op(n*B/z). (32)
By (3.1) and (3.2), we get the under conclusion
1. - 1
§B1351 =E, Z(yz — 1i0) B0 (i — pip)
i=1

(yi - Hi,o)lzi,éDi,obi,O] (3.3)

- (1)
E — pio) D;obap + 5 (b1o @ Im)D; gbio

+E, [opwl/?)].

Since the data from different two subjects are independent,
El(yi — tio) (yj — 1j,0)] =0, (i # 7). The first term of (3.3) is calculated as follows

E, Z(yz - #i,o)/zi,éDi,Obi,O]
Li=1
=Ey ZZ(Z‘/ Hi, 0) DNy oDz o, ng OVJ 0 ( Yj — Kj0)
i=1 j=1

=Ey | Y (i — pio) Tig DioH, (D, oVig' (yi — pio)

I
@m
r E{F 1
—N—
NE

(yi — pio) ZigDioH, %JDZ oVio' (s ”i’())}

i=1
=E, |tr {Hrf(l) Z D;’OVi,_Ol(yi — pio)(yi — Mi,o)/EZ(}Di,OH
L i=1
n

=tr {Hn_,(l) > D Vi'E [(yi — 1i0)(Yi — i) } Ei_,olDzyO}

i—1
—tr {Hnj) > D;’OVLOIDLO}

i=1
=tr {Ip,}
) (3.4)

Also, for all i, j, k(not i = j = k), since E {(yZ — Mio) @ (y; — uj’o)/(yk — Hk,0>:| = 0,,,, the second term of

(3.3) is calculated as follows:

E, zn:(yi - Ni,o)lzifo { i,0b20 + = (b1 01 )Dfobl o}]
i=1

=k, zn:(yz - Ni,())/E;(} {Dz ob2io0+ 5 (blz o®I )D,(}o)bu,o}}
im1

=E, zn:(yz - /Li,o)/zf,ol {Di,O(bQi,O —hio—Jio)+ %(b;m ® Im)Dg,lo)bu,o}]
i=1

+E, Zn:(’yz - N@o)lzgé{Di,o(hLo +j1,0)}1 .
i=1




where by; 0 = H,ZéD;,oV;_ol (Yi — Hi0), baip = H;é(b/u’o ®@1I,)81,0b1i,0/2 — G14,0b1i,0 — G2i,0b15.0 — G3i0b14,0 +
hio+ j1,0 and

Giio=— Cuo <8ﬁ ®A_1/2’B 5 ) {I @ (yi — pio)}s
Gop = —H_1 (3(23 ®Cm . 0) (I, @ {C3i,0(yi — 1io)}],
Gao = ~H, b | g o R @) |10, (AT - o)

Under the condition C13,

D, o(b2io — h1,0— J1,0) + (blli’o ® Im)Dg}())bli,o/Q = 0p(n~?),

Z(yz — 11i0) g {Dso(h1o + d10)}

i=1

EZ/ :O(n71)7

so the second term of (3.3) is calculated as follows:

E, lZ(yZ — ,LLi’o)/EZ 0 {Dl ob2o + = (b1 0 ® I, )D( )bl 0} = O(n_l), (3.5)

i=1

Under the regularity condition, the limit of expectation is equal to the expectation of limit. Furthermore, in
many cases, a moment of statistic can be expanded as power series in n~! (Hall, 1992). Therefore, by substitute
(3.4) and (3.5) for (3.3), we obtain

Biasl =2p+O(n™1).
Similarly, we obtain
Bias2 + Biasd = O(n™'), (3.6)

The derivation of (3.6) is shown in Appendix.
From the above, the bias is expanded as follows:

Bias = 2p + Bias3 + O(n™!).
Note that Bias3 is not depend on the candidate model so we propose the new variable selection criterion as
PMSEG = L£(3, ;) + 2p.

We call this criterion PMSEG (the prediction mean squared error in the GEE).

4 NUMERICAL STUDY

In this section, we perform the numerical study and discuss results. In this paper we perform numerical study
in situation which very restrictive.

Let the number of models be 8, and m = 3. The number of subjects n = 50,100,150,200. We perform
Monte Carlo simulation with 10000 iterations.

First, explanatory matrix X ; is 8 x 3 matrix, let Xy, = (xs1,.. .,ﬂ?ﬁig)/ and x5;1 = (1,1, l)l,mfﬂg =
(0,1,2) ,&743 = (0,1,1)". Furthermore, ;i = (1,1,1), @5 = (0,1,2), @6 = (0,1,1)" if male, and
Tpig = (0,0,0)/7 X5 = (0,0,0)/7 Tfi6 = (0,0,0)/ if female, and x ;7 and x ;3 have uniform distribution on
the interval [-1, 1].

Let

Ry

0
o /1111 11
\{é 750* <2767 37 47 1276a070> )
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and rink function is inverse link.
We prepare exchangeable(Ex.), Autoregressive(AR) and Independence(Ind.) correlation structure as work-

’

ing correlation. In this simulation, we divided y = (y11,...,yn3) into u = (yn,...,y(n/z),g)/ and v =
(y(n/Q)H’l,...,yng)l7 where u ~ Gamma(l,1), v ~ Gamma(2,1). For full model we choose independence
correlation matrix for instance.

The figure 1 is the frequency of selection each models.

Table 1: Frequency of selection each models
n H W-Cor. \ 1 2 3 4 5 6 7 8

Ex. 0.0000 0.0000 0.0000 0.0310 0.0003 0.2132 0.0123 0.0048
o0 AR 0.0000 0.0000 0.0000 0.1456 0.0091 0.1310 0.0075 0.0026
Ind. 0.0000 0.0000 0.0000 0.3254 0.0225 0.0863 0.0055 0.0029
Ex. 0.0000 0.0000 0.0000 0.0038 0.0001 0.3219 0.0170 0.0048
100 AR 0.0000 0.0000 0.0000 0.0910 0.0044 0.2111 0.0071 0.0013
Ind. 0.0000  0.0000 0.0000 0.1722 0.0074 0.1478 0.0072 0.0029
Ex. 0.0000 0.0000 0.0000 0.0007 0.0000 0.3481 0.0221 0.0063
150 AR 0.0000 0.0000 0.0000 0.0543 0.0014 0.2735 0.0062 0.0019
Ind. 0.0000 0.0000 0.0000 0.0686 0.0030 0.2057 0.0062 0.0020
Ex. 0.0000 0.0000 0.0000 0.0000 0.0000 0.3889 0.0254 0.0052
200 AR 0.0000 0.0000 0.0000 0.0224 0.0009 0.2838 0.0106 0.0029
Ind. 0.0000 0.0000 0.0000 0.0264 0.0006 0.2187 0.0115 0.0027

We can see frequency of selection of true model is large as n is large. The frequency of the model which
don’t have true explanatory variables is decrease as n is large.

Table 2: Risk and prediction error

n H W-Cor. \ 1 2 3 4 ) 6 7 8 \ prediction error
Ex. 98.3093  100.0501  45.5836  7.9348  9.2082  6.0060 7.4445 8.8537
50 AR 87.8126  88.9928  45.5836  7.8969  9.0771 6.0060 7.2654 8.4875 5.6396

Ind. 98.3093  100.0501  45.5836  8.0313  9.2971 6.0060 7.6263 9.2654

Ex. 195.1645 196.9164 87.7755 11.8481 13.1198 5.9952 7.3366 8.6811
100 AR 174.0422 175.2199  87.7755  11.7757 12.9520 5.9952 7.1585 8.3373 5.9350
Ind. 195.1645 196.9164 87.7755 12.0015 13.2638 5.9952 7.5605 9.1274

Ex. 292.2903 293.9994 130.0335 15.8707 17.1275 5.9782 7.3698 8.7719
150 AR 260.4902 261.6392 130.0335 15.7543 16.9207 5.9782 7.1743 8.3696 5.9664
Ind. 292.2903 293.9994 130.0335 16.0921 17.3402 5.9782 7.6118 9.2310

Ex. 389.0366 390.7803 172.1719 19.8464 21.1396 6.0095 7.3519 8.7245
200 AR 346.7245 347.8972 172.1719 19.6973 20.8954 6.0095 7.1701 8.3608 6.0080
Ind. 389.0366 390.7803 172.1719 20.1195 21.4031 6.0095 7.5533 9.1635

We can see the risks of model 6, 7, and 8 make no difference.
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A Appendix

In this section, we calculate Bias2 + Bias4. Bias2 and Bias are calculate respectively as follows:

Bias2 =E, [£*(8)] — E,[£*(80)]

n n
=E, -, — fi;) Z — Mio) 1(yi — o)
i=1 i=1
=E, l2 Z(?Jz — Mi0) E;&(Hi,o — ;)| +Ey Z(Hi,o — ;) E;&(Hi,o — i),
i=1 i=1

Biasd =B, [£(80.By)| — By [£(8.8))]

=E, [Dyi —mi0) A7 (B) R (B AT (By) (i — i0)d” 1(@)]
— By | (v — ) AT B Ry (B AT (B (i m)&%ﬁnl

=By 2] (yi — pio) A7 (B Ry (Br) AT (Br) (pio — ﬂi)é_l(ﬁf)]

— By | > (mio — i) A7 V2B Ry (Br) AT (By) (a0 — m)él(ﬁf)] ,
Then Bias2 + Bias4 is calculated as follows:

Bias2 + Bias4 =E,

2) " (yi — meo) {Zid — A7AB) Ry BAT (867 (B | (e - m)] (A1)
> (a0 — ) {28 — AT B R (B AT B (Br) | (io — i)

i=1

+E, (A.2)

In order to calculate this bias, we perform the stochastic expansion of A, 1/2 RO (ﬁf) 7y (,Bf) Bf and ¢(,8f)
Then we denote Dy; = A;(B7)Ai(Bf) X4, Dyio = AioAioXyi. Weexpand B as with the expansion of 3
in section 2.

Br — Bro=Hj,, 181n(Bro) + Op(n™') =bso + Op(n?).
where By is true value of B¢, and define Hy ,, o be as follows:
Hy o= ZD},i,oqu_,g/QRf(af)A;é/QDf,i,o~
i=1
In addition, we expand pu; (,[:}f) as with the expansion of fi; in section 3.
1i(By) — pip = Dyiobgo+ Op(n™?).

Furthermore, a s ;(3;) is m-dimensional vector consist of elements of A;&/Z(Bf), i.e. diag(a;i(B;)) = A;I/Q (By).
Then we perform Taylor expansion of a f,i(Bf) around ,C:) r = By, as follows:

ayri(Br) =ayri(Bro) + A} iobro+ Op(n™1), 7.0 = 77 0ri(By)

8,@ Br=Bro
Therefore, we can expand A2 B as follows:
i f

A2(By) = ding(ari(Br)) = Aiy/* + diag(A ; gbso) + Op(n~").
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Note that by, Dy, 0bys,0, diag(A}; obro) = O,(n~'/2). Moreover, we can expand q@(Bf) as follows:
3(B5) = do + Op(n~"/?).
Furthermore, RO(B ) is expanded as follows:

ZA V2B1) (i — a0 (B)) (i — i (Br)) AT (B (By)

“n Z{A;W + diag(A%; obyr0) Hyi — (0 + Dyiobyo)}

=1
{s — (o + Dyiobro)} {A; 7 + diag(A%,; obso) o + Op(n~Y)

I , -
== = AL {(Dyiobro)(yi — i) + (i = #io)(Dyobro) YA,
=1
Lo~ = -
T Z Ai,é/Q(yi = 1i0)(Yi — Bio) Ai,()1/2¢0
1=1
1 .. r—1/2
+- Zdlag(Af,i,Obf,O)(yi — 1i,0)(Yi — i) Ao " do
+ - Z A o (s — pio) (i — pi0) diag(A%; obyro)do + Op(n™").

By Lindberg central limit theorem, the first term of (A.3) is O,(n™!). Then, we get under conclusion:

Ry'?Ry(By)Ry " =Ly — I + R “2ZA 2 (i — pio) (Wi — pio) Arg Ry 20

=1
1. 1o~ .. _
+ Ry V2N diag( Ay, 0br.o) (i — pio) (Y — mi0) Ary 2Ry o0
i=1
+ R_l/Q Z A_l/ — pio)(yi — Hz‘,o)/diag(A?,i,obf,O)Ro_l/%O +O0p(n!
=1

- I~ - .
=I, — Ry 1/2{R0 - Z Ai701/2(yi = 1i,0)(Yi — Hio0) Ai,ol/2¢o

i=1

1~ .
- Z diag(A i 0bs0) (¥ — ti0) (i — o) A 1/2%

i=1
—fZA 2 (Wi = 150) (s — i) ding(A7,0br0)00 Ry /2 4 Oy (n 7).

Therefore, by calculating the inverse matrix, we calculate as follows:

RY*R; (B Ry* =L, + Ry *{ Ry - — ZA 32 (s — mi0) (s — i) Apg "0

i=1

R -
- > " diag(Af.iobyo) (Yi — pio)(yi — tio) A7y %0
i=1

——ZA‘W = 1i0) (i — pio) ding(A7 ,0bro)do [ Ry + Op(n 7).
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Therefore. Ry ! is expanded as follows:

Ry'(By) =Rg" + Ry { Ry — — ZA‘” (s — a0 (yi — 1i0) Arg 260
1 n
- Z diag(Ay.i0bs0)(yi — pio)(yi — pio) A 2y (A.5)
=1

I~ , - s - _
— =3 A — i) (i — pio) dlag<Af,iyobf,o>¢o}Ro L0y,

Note that the second term of (A.5) is O,(n~1/2). Next, we calculate (A.1) and (A.2).
o = AT B Ry B AT (B)6 7 (By)

=30~ (A + ding(A7,0bro)} [ By + Ry {Ro—fZA‘”? — 130)(y: — i) Ar* 60

RN -
- > diag(Ay,i0bso) (Y — pio) (wi — pi0) Ao o

=1
——Z A (g1 = 140) (Wi — i) ding(A], 0bro)do | By | (AL + diag( A7, 0br.0) 105"

+ Op(n )
= — diag(A}, 0bro)Ry " A; 2ot — Ar /PRy M diag(A}, 0byo)dy
_ _ e  _ ;o
- Ai73/2R0 1{Ro - Z Ai,é/z(yi — 1i,0)(Yi — Hio0) Ai,é/2¢o

i=1

1 ., -
- > diag(Ag.iobso)(Yi — pio)(Yi — Hio) Ai,ol/2¢o

i=1

- = Z A" (i = o) (i — pio) ding(A7 0bro)éo [ Ry Ary 265" + O0p(n ).

where 573 — A7 2(B1) Ry (B7) A7 (B7)0(Br) = Op(n~Y/2), and fu; — pi o = Di b1 o = Op(n~1/2), 50 (A.2)
is calculated as follows:

=0(n™).

E, lme — ) {=3 - AT BNRTBNA (B B | (i — )

i=1
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Finally, we calculate (A.1).

n

By (23 (u — mio) {Zid - A2 BRTBNAT (B (Br) | (i — )
=1
=, |23 e o) {dina(Ay obyo) By A3 5+ ALY Ry ding(A7 s Db]
=1
By [ - i) AT "Ry S AL s ) s — ) ARy 6 A Diabie|  (A6)
| i=1 j=1 ]
—Ey Zn:(yi - Hi,O)/Ai_,Ol/QRo_l% Zn: diag(Ay,jobro)(y; — Kjo0) (Y — Hj,o),A;ol/ZRJIQf’EQA;g/QDi,ObLo
i=1 Jj=1 i
—E, i(yi - “LO)/Ai_,Ol/QR(J_l% i AP (y; — mi0)(y; — mj0) diag(Agjobro) Ry 652 Ao * Diobio
| i=1 Jj=1 J
+E, _2 Zn:(y pio) Ay P RTAL P95 Diobio | + 0.
L =1

For instance, we define under notation of summation.

ZZ;

i=1
LY
i#j =1 =1

Note that E[(yi — ti0) @ (Y; — tj.0) (Yr — k.0)] = Om, (0t i = j = k), so we can expand the first term of
(A.6) as follows:

22 — pio) {diag(A.f,i,Obﬁo)Ro APt 1/2R51diag(A}?,i7obf70)}Dzyobl,o]

= E 2 Z — M, 0 {diag(Afyi,()bf’iyo)RalA;é/Q(ﬁal + A;S/QRSIdiag(A}’iyobfvi’(])} Di’()b170 (A7)

=0(n~ )

where by 0= H;, ODfZ 0A; o (Yi — Hip).

Similarly, because of E,[(yi — ti0) (¥; — 1.0)(Y; — 15.0) (Y — pr0)] = 0, (unless i = k), the second term
of (A.6) is expanded as follows:

2 r 1251 —2 4 —1/2
—By | Dy — mio) ARy’ ZA o (W5 = 13.0) (05— y0) Ao Ry 1052 Arg Db
i=1
n 2 n A
= — By [ Y (v —pi0) Ay *Ry' = ~ > A o)y — o) 450 Ry 637 A Digbuio
_i:l Jj=1,i#j
+ O(n‘l)
- _ Ey 2 Z — Wio) Di,Obli,O +0(n™1)
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The fact that E,[(y; */in,O)l(yj

— 15,09k

*I‘;c,o)(yk — Pk,0 Q@Y — p1,0)] = 0 when unless the following condition.

i=j=lori=j#k=lori=l#k=jorj=1l#k=1

Thus, the third term of (A.6) is expanded as follows:

n . ~ 9 n . . B ~ B
-k, Z('yi — Mip) Ai,é/QRO 15 Z diag(Ay, jobro)(¥; — Hj0) (Y5 — Hj0) Aj,é/QRO 1% 2Ai701/2Di,0b1,0
|i=1 j=1
’ _ _ 2 . ’ _ _ _ _
=~ By | D (i —pio) Ay Ry ~ding(Ay,j0bro)(y; — m0)(y; — i0) A7 "Ry 0y > ALy " Diobug
i
— By | (i — o) ARG ~ding(Af.i.0b7.0) (i — i0)(Y: — ki) Arg "Ry 657 A" Diobu o
Li=1
—By | (yi — wio) A 1/ZRo —diag(Ay.j.0bs.i.0) (Y5 — Ki0)(Y) —i0) A5 PRy 657 A, Digbijo
_i;éj J
— By Z('y NZO) A, 1/2Ro diag(Af,j’Obf,j,O)(yg — 15.0)(y; — 1, 0) A 1/2R0 b0 2A 1/ D; b1
_i;éj J
+0(n™?)
=0(n~Y). (A.9)

Similarly, the forth term of (A.6) is expanded as follows:

n

—Ey Z(yz - Hi,O)/Ai_,é/QRo_l
i=1
=0(n™).

2~ ,-1/2
EZAJ'70 (y;

Furthermore, the fifth term of (A.6) is expanded as with (3.4).

£, 13

— 1450 (y; — pj0) diag(Ay jobro) Ry ¢52A; o> Diobi g
j=1
(A.10)
—pio) ATVPRI A P oy 1Di}0b1’0] = 2p. (A.11)

y (A7), (A.8), (A.9), (A.10) and (A.11), (A.1) is calculated as follows:

n

2 Z(yz

i=1

Ey — [1/1'70)/ {2

Thus, Bias2 + Biasd = O(n™1).
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