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Abstract

In this study, the distribution of the simplified Hotelling’s T2 statistic
for testing mean vector when the data matrix is of a monotone missing
pattern is considered. The test statistic is decomposed and an asymptotic
expansion of the null distribution of each term is derived. Using the
result, an approximation to the upper percentiles of this statistic are
derived. Further, the transformed test statistics based on the Bartlett
adjustment are proposed. Finally, by a Monte Carlo simulation, it is
shown that the transformed statistics usually perform better than the
original statistic with respect to speed of convergence to the chi-squared
limiting distribution.
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1 Introduction

In this paper, we consider a test of a mean vector with k-step monotone missing data
pattern. In the case of a two-step monotone missing data pattern, the usual Hotelling’s
T?-type statistic for a test of the mean vector and its null distribution have been discussed,

among others, by Chang and Richards (2009) and Seko et al. (2012). Krishnamoorthy
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and Pannala (1999) and Yagi and Seo (2014, 2017), applying different notations and
definitions, gave the simplified T statistic and approximated null distribution. Krish-
namoorthy and Pannala (1999) considered approximation of upper percentiles using the
F-distribution multiplied by a constant. Yagi and Seo (2014, 2017) applied another ap-
proximation using a linear interpolation based on the complete parts of the data set. Both
procedures are heuristic but yield a good approximation. On the other hand, Kawasaki
and Seo (2016) gave an asymptotic expansion for the expectation of usual Hotelling’s 7"
statistic under the two-step monotone missing data case. However, an asymptotic expan-
sion for the null distribution of the usual Hotelling’s 7 statistic for more than two-step

monotone missing data matrix is complicated.

The main goal of this paper is to improve the chi-squared approximation for the simpli-
fied T? statistic when the data matrix has a k-step monotone missing pattern. To derive
the asymptotic expansion of the null distribution for the simplified T? statistic, we used
the perturbation method described in Fujikoshi et al. (2010). Decomposition of the test
statistic proposed in the paper allowed to calculate the asymptotic expansion more easily.
Furthermore, using the asymptotic expansion of the distribution, we present the trans-
formed test statistics based on the Bartlett adjustment. The improved transformations

for the general test statistic are discussed by Fujikoshi (2000).

The paper is organized in the following way. Section 2 presents the maximum likelihood
estimators (MLEs) of mean vector and covariance matrix for k-step monotone missing data
matrix. In Section 3, an asymptotic expansion of the null distribution of the simplified 7"
statistic is derived in two-step case. In k-step case, an approximation to an asymptotic
expansion of null distribution of the statistic is derived. Transformed statistics for the
simplified T statistic with Bartlett corrections and Bartlett-type corrections are presented
in Section 4. In Section 5 results of Monte Carlo simulations on the upper percentiles of
test statistics and empirical Type I error are presented. Obtained results proved that the
transformed statistics of Section 4 usually perform better than the original statistic (i.e.
simplified 7% statistic) with respect to speed of convergence to the chi-squared limiting

distribution. Finally, the paper is ended by concluded remarks.



2 MLEs of mean vector and covariance matrix for mono-
tone missing data

Let us consider k-step monotone missing data matrix of the form

R
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., k) denote numbers

of traits and sizes of complete submatrices, with the assumption that n; > p; = p.

Let us assume that the random vectors @;; (transposed rows of the above matrix) are
independently distributed as N,,(p;,3;), where p; = (p); = (a1, o, - - -
the p; X p; principal submatrix of 3(= ¥4), ¢ =1,2,...k, j = 1,2,...,n;. Thus, as for

the partitions of X, for ¢ = 2,3, ...k, we define

X i hIN —1,2)
E 2 Z = E = ) Ez‘— — .
( 1) ' (222 213) ' (E/(i—LQ) E(il,s))

3, =

Let us define

x;

where

Further, for calculation of MLEs of g and X, i.e. p and f), let us consider the following

equalities:

1 n; n;
==Y @y, Ei=) (- %) (@, -7
M j=1 j=1

i—1

nj(fj)i], 1= 2,3,...,]€,

N1:0, N@+1:Nz+nz (:an)’ 221,2,,]{?
J=1

T1:Ip17 leEla L1:H1a F1:G17 G1:Ip1a
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 p;) and X; is




R Ile Lil Li2
T = (El( s > , L = (Li)ita, Li= (L;2 Li3) 7

1,2) =it1s

I, .
Gi+1 = (L;;El_ll) for 1 = 1,2,...,k— 1,

and

NiNii1

n;

dld;, Lz = (Li71>’i + Hi, F,L = FiflGi for i = 2,3, ey k.
Then, p and 3 are given in the following theorem.

Theorem 1 (Jinadasa and Tracy, 1992)
The MLEs of u and 3 for the monotone sample are

k
ﬁ = Z?z
i=1
with

~

?1:d1, ?:Tngfld“ i:2,3,...,]{3 and

n4
—F; Hi——ZLi_ F.
{ N; 1’1} ’

In the case where 32 is known, the MLE of p is given by

k
ﬁ:wa
=1
where
flzdla fZ:Uzdu U1:T1, Uz:Uz—sz for i:2,3,...,]{?,

T1:Ip1, Ti+1: (2,1—17%1_1 ) for ’L:]_,Q,,l{?—l

(4,2) i41>

3 Asymptotic expansion for the distribution of the sim-
plified 77 statistic for mean vector

Let us consider testing the hypothesis on mean vector

Ho:p=py vs. Hy:p# py, (1)
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where p is known.
Without loss of generality, we can assume in (1) that g, = 0. Then, the simplified 7%
statistic for null hypothesis in (1) is given by

Q=0T B, (2)

where fi is a MLE of p, and T is an estimator of I' = Cov(p), and g is the MLE of p
when ¥ is known. For detail, see Yagi and Seo (2017), where Q = T2,

3.1 Two-step case (k = 2)

For illustration, we consider the null distribution of the simplified 77 statistic in the

case of two-step monotone missing data. From Theorem 1 with k£ = 2, we have

=2 + T2d2,

~ 1 1

>=_FE + G, E2+Md2d’2_@Ln G,.
ni nq —|—n2 N9 ni

Let us take the following notations pj;) = p2 and pp; = p — pa, illustrated in Figure 1.

~/ ~

Then I/‘\l' = (ﬁ’/[l]a “[2]>/7 where ﬁ’[l] = (//jla ﬁQu cee 72’2}7[1])/7 ﬁ[?] = (ﬁp[l]—&-l) ﬂpm—&-?y B nupm-f—p[z])l'
We note that

Py P
——
11

B - En]e I
P L, | Lis ) }oe
and L is the sum of squares and products matrix of ny; X p data block (see Fig.1) and is

distributed as W,(3,n; — 1). Then, the statistic () in (2) can be decomposed as follows,

Q= Q1+ Qq, (3)

where

~—1

~ ~ — _ — A_l — —_ —
Q1= (m + ”2)141]22 K Q2 = n1($1[2] - L/12L111331[1])/2(1,3)-2(331[2] - L’12L111a:1[1]),

1
L27

n1+n2

T = (511[1]7 511[2]% T = (%1)2 cppp X 1, ®yp pp X 1, 22 =

1 _
(1,3)2 = n—1L13-1, L3y =Li3— L,12L111L12~

™M)
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Figure 1. Illustration of 2-step monotone missing data

The decomposition in (3) is similar to the one of the usual T2 statistic (see, e.g., Fujikoshi

et al. (2010), p.49). Note that Ly = Ly; + E5+ny(ny 4+ ng)/nadady is the sum of squares

and products matrix based on (n; + ng) X ppj data block (corresponding of @, in Fig.1)

and is distributed as W), (32,71 +ny —1). The decomposition in (3) was previously used

in Krsihnamoorthy and Pannala (1999). In the two-step case (k = 2), we consider the

null distribution of the simplified T2 statistic Q when n; — 0o, ny — 0o with ry = ny/ny

— 6 € (0,00).
At the beginning we consider a stochastic expansion of ).

Let
1 1 1

= 2, Lo=T1+——_YV,
o= s m ™ mane—1" N

Then, we can expand @), as

Q1 =2z - —ﬁz’Vz + o %1-712 (2'z +2'V?2) + Oy((ny + n2)_%),
and
‘ . 1 1 _3
exp(itQq) = exp(itz'z) |1+ o r2)n1A + T rz)nlB 0, (ny?),
where

1
A= (—it)2'Vz, B=it(z'z+2'V?2)+ §(it)2(z’Vz)2.
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On the other hand, let

_ 1 _ 1
i) = 2 i) = 212

v v
1 Ly Ly _ I, O n 1 Vi Vi
ny —1 L/12 Ly O I vni—1\Va Vo)’
In the similar way, we can express ()2 as

Q2 = ZE2]Z[2] + (—QZ/[Q}VQLZ[” — Z/[2] V22z[2])

1
Va3
1
+ n—{2z’[Q}V21V11z[1] + 22/[2]V22V21Zm + Z/[”V12V212[1} + Z/[Q}Z[z}

1
3

+ ZI[Q]Vglvlgz[Q] + ZI[Q]V§QZ[Q]}—|— Op(n?) (6)
Therefore, we can express

1 1 _3
1Qy) = exp(itz] 1+ —C+ —D| +0,(n; ?
exp(itQ)s) exp(ztz[g]zm){ \/n_lC’ o } b(ny ?), (7)

where

C :(—it)(QZ,[2]V212[1] + Z,[Q]VQQZ[Q]),
D :Z't(2ZE2]V21V112[1] + 22’[2} V22V21.Z[1] + Z/MV12V21Z[1] + ZI[Q]Z[Q}
+ Z/[Q} V21V122[2} + ZI[Q} V§QZ[2})

L.
+ §(Zt)2 { 4(ZE2]V21Z[1})2 + 4(z,[2]V21Z[1]>(ZI[Q]VQQZ[Q]) + (ZI[Q]VQQZ[Q])Q } .
Further, multiplying (5) by (7), we obtain the characteristic function of @ in (2) as

o(t) = F {exp(itz’@ exp(itzp2p)

1 1 1 1 1 3
x{1+—<0+—A>+—<D+—AC+ B>+O(n12)H. (8)
Vi L+ n 1+ 7y 147y

We note that @); and ()2 are not independent, and ﬁ[l} = (mZTip) + na®2)/(n1 + ng).
When we put w = /ny Tz, and substitute z = (\/nizp + Vnow)//n1 + ny in (8), we

can calculate the characteristic function of (). Hence, we can obtain

P

2
o(t) = (1 — 2it)~5 + ni 3" B5(1 —2it)E + O(ny?),
195
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where

1
Bo = -1 {s1pp) (P + 2) + Py (P + 2) + 2(s2 + Lppip b2 Br = sappyppa)s

1 n; .
Po = 1 {51P[1] (ppy +2) + P (P +2) — 2(s2 — 1)17[1]17[2]} y Si= Lt i =1,2.
Thus, we have
1< _2
Pr(Q <o) = Gp(a) + = _ BiGpiay(a) + O(n7?). (9)
j=0

Therefore, an asymptotic expansion for the upper percentile of Q up to the order ny* is

given by

1 2x;() Ba -
- L2 - ) | o),

where Xf,(oz) is the upper 100a percentile of x? distribution with p degrees of freedom.

Then, we can obtain the asymptotic expansion approximation as follows,

anste) =) - 20 L B (10

3.2 General case (k > 2)

In the general case with a k-step monotone missing data, we denote by ppj, ppj, -+,

ppr) the dimensions of proper subblock matrices as presented in Figure 2. Let

lj’ = (ﬁl[l]v lj’/[2]7 A lj’/[k})/v
where tijy = (lp;,_, 0415 Hpy,_sy0425 - - -5 Hpyo_iy,) 18 @ ppyp X 1 subvector of i = (iy, iz, - - -, i)',
prr1 = 0. Moreover, let L, ;1,7 =1,2,...,k be the sum of squares and products matrix

of Ni_i+2 X pr—it1 data block (see Fig.2). Further, let Ly_;1, be partitioned as follows,

Pr—i+2 Prq
Ly ; L;_; _ C
Loy = =i+t | Le—iv12 \ boemive for i=2,3,... k.
Pk—i+1XPk—it+1 /
o i k—i+1,2 ‘ Lk—z’+1,3 }P[i]

Then, the simplified T statistic can be written as
k
Q=> Q. (11)
i=1
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N3

Ng—it1

Ni—it2

Ni41

Figure 2. Illustration of (); in k-step monotone missing data

where

Q= k+1.u[1]L Nm
_ N2 -~ / -1 - ry—1 -~ / -1 ~
Qi = Nk—i+2(l"'[i] —Lj i1 k—i+1,1u’kfi+2) k—i+1,3-1(u’[i] —Lj i1 k—z‘+1,1“’kfi+2>a
/ —1 .
Li-iv131=Lg—iv13— Ly_ji10Lp i 11 Lk—iv12, 1=2,3,... k.

As a result, we have the following theorem.

Theorem 2

For large Ni_;12, the distribution of Q;, 1 =1,2,...,k can be expressed as

Pr(Q; < ) = Gy () +

Zﬂﬂ s+2i(@) + O(N2 L),

Nk z+2
and also its upper percentiles can be expanded as

1 2X120[i] (Oz) BQ,i 2
P =Xy
Ni—iv2  pj O ppy 27

gi(@) = x5, (@) — (@) p + O(N i),

where

1—1

1
Poi = =i <p[z] +4> py+ 2) Bri = ppi ZPW Bai = p[z] (P +2).

j=1



For k = 2, we obtain an asymptotic expansion for the distribution of )1 and @5 as

_ puy(pp +2)
AN,

1 _
Pr(Qs <) = Gy, (7) + N, Z/@j,QGszj(iﬂ) +O(Ny?),
=0

Pr(Ql < -77) = Gpu](x) [Gp[l] (33) - Gp[1]+4(x) + O(NB_2>7

respectively, where

1 1
Boz = — 7P (4pry +r +2), Big =pppps P2 = 2P (P +2).

In the general case of k-step monotone missing data, it is difficult to calculate the
characteristic function of @) because of the dependence of @;’s in (11). In this paper,
using the property of asymptotically independence of Q;’s, we consider Hle Elexp(itQ;)]
as an approximation of ¢(t). Hence, for large n;, an approximate expression for the

distribution of () can be written as

Pr(Q <) = Gp(x) + — > B;Gpi;(), (12)
Ty =0
where
1 k 1 i—1 k 1 i—1

=—— g\ Py +4 )+ 2>7 = i i

o=~ 2 S (PH 27 b 2 e ;Pm
1 k 1 k—i+1

= - Ao +2), Mp_jp1 = r.

B2 =7 ; mk_‘ﬂp[](l?[] )y Mik—it1 ; j

Further, an asymptotic expansion approximation for the upper percentile of @) is given
by

i—1

1 x2(a) <~ 1 1
gap(a) = X;(OO +—=F Z Py Py + 4 Zp[j} +2+ T(p[i] + 2)X;2;(04) :

ny 2p =7 Mk—it+1 p+2

J=1

(13)
Indeed, we obtained the approximation of the distribution of () with the assumption that

n;’s tend to infinity with r; = n;/n; — §; € (0,00), i =1,2,... k.

10



4 Transformed test statistics

In this section, we derive the transformations with Bartlett adjustment. A statistic with
the Bartlett correction was originally proposed so that its mean was coincident with the

one of x? distribution up to the order n=1,

where sample size n tends to infinity. Whereas
a statistic with the Bartlett-type correction is defined that its distribution is coincident
with the one of y? distribution up to the order n=!. In this paper, we present the Bartlett
corrections and Bartlett-type corrections. The transformations for the general case were

derived by Fujikoshi (2000).

4.1 Two-step case (k = 2)
First we consider the transformations for );, ¢ = 1,2. In this case, using the results of

Th.2 for k = 2, the first moment of ¢); can be obtained as

2

Therefore, the transformed test statistics with Bartlett corrections are given by
1 1
1=<%1- 2 1——(2 2
o { . (ppy + )}Ql, Q5 = { m( Py + Py + )}Qm
and as an improvement of (), we propose to take
Q" =Q1+ Qs (14)

We note that E[Q;] = py + O(N,2), i = 1,2, and E[Q*] = p+ O(n;?). Further, since

2111 + Pray + 2
148 npm ) O,
1

the second moments of (); can be obtained as

2 3
E[Q] = pu(pp) + 2) {1 + %} + O((n1+n2)7?),

2(2 + +3

ny

E[Q3] = pp(pp) + 2) {1 +

we have the transformed test statistics with the Bartlett-type corrections given by

1

for ny +ng — +2)/2 >0,
n1+n2Q1) 1+ n2 — (ppy +2)/

1
ny — - 4p ] + Py + 2)} log (1 + n—1Q2> for ny — (4dpp) + pg +2)/2 > 0,

R )
{m —% (4ppy + pr2) +2)} {1 — €xXp <—%Q2)}'
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We note that Pr(Y; < z) = Gy, (z) + O(N;%) and Pr(Z; < 7) = Gy, () + O(N;2),

t = 1,2. Thus, we can propose two transformed test statistics as
Y=Y+Yy, and Z =7, + Zs. (15)

Moreover using (9), we can propose

Q' = (1 - C—l) Q. (16)
n
Y1 = (nya+b)log (1 + %Q) for nya +b > 0, (17)
1
ZT = (n1a + b) {1 — exp <—%Q> } , (18)
1

where

1
a= {s1p(pp) +2) + P2 (P + 2) + 2ppyppa §

—1
a=p(p+2) {s1pp)(pp) + 2) + Py (P + 2) + 2(1 — so)ppp b
2
p=— 2%
2

1
x {s1pm(pp) + 2) + ppy (P + 2) +2(1 = s2)ppip b -

{s1p1(ppy + 2) + Py (P2 + 2) + 2(1 + s2)ppyppe }

We note that Q' has the Bartlett correction, and Y' and Z' have the Bartlett-type

corrections.

4.2 General case (k > 2)

We consider the transformations for @Q;, ¢ = 1,2,...,k in (11). In this case, since
Ci, _
E[Q] =pu |1+ +O(NZ L),
Ni—ito
where -
C1; = pp + 2 Zp[j] +2,
j=1

the transformed test statistic with Bartlett correction is given by

i—1
1
P=ql- (b +2 3 by +2) ¢ Qs
Q { Ny, Pl Z;m

As an improvement of @) in (11), we propose

Q= Z@;ﬂ (19)



We note that E[Q;] = p + O(n;?) and E[Q*] = p+ O(n;?). Further, since

+O(N,= z+2)}

E[Q7] = py(pj + 2) {1 +

k—i+2

where -
Coi =2 <p[i] +2 Zp[j] + 3),
j=1

we have the transformed test statistics with the Bartlett-type corrections given by
1 — 1
Yi=1< Nk ——<pi+4 p<—|—2> 10g<1—|— Qi)
{ =3 u 4 -

i—1
1
for Nk_i_;,_g — 5 <p[l] +4 z;pm + 2) >0
]:

i—1
1 1
Z; =< Nj_; __<i+4§ ‘+2> {1—ex (— l)}
{ k=i+2 = 5\ Pl j:1p[ﬂ] } p Nk—i—i-ZQ

We note that Pr(Y; <) = Gy, (v) + O(N,~ ivo) and Pr(Z; < z) = Gy, (z) + O(N~ iro)-

Thus, we can propose two transformed test statistics as

k k
Y=YV and Z=) Z. (20)
i=1 i=1

Further, using the result of (12), as with Q*, Y and Z, we propose

o =(1-2)e (21)

n
1
YT = (nja+b)log (1 + —Q) for nja +b > 0, (22)
nia
1
7' = (nia +b) {1 — exp (——Q) } : (23)
nia
where
L& 1 i—1 k -1
€1 == pi<pi+2 p'+2>, a=p(p+2) i+ 2 ,
! p;mk_m i (P ; i E;mk - )

k i—1 k -1
"= Z pi<pi+4 p-+2> P (P + 2 .
2 {izl Mk—i+1 A ; V! ;mk—iﬂ (P )

We can note that the formulas (16), (17) and (18) and their counterparts in (21), (22)
and (23) are the same for k¥ = 2 and k > 2, but constants a and b are different. Therefore,

it holds that Q' in (16) coincides with Q' in (21) for k = 2.
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5 Simulation studies on test statistics and empirical
Type I error

In this section, we investigate the numerical accuracy and the asymptotic behavior of
the approximate upper percentiles of the test statistic (). We compare the six transformed
test statistics proposed in Section 4, with the original test statistic and asymptotic ex-
pansion approximation test. Moreover, we consider Krishnamoorthy and Pannala (1999)

approximation test. Their approximation to the upper 100« percentiles of () is given by

QKP(a) = de,V(a)7 (24)

where v = {4pMy — 2(p + 2)M?} /{pMs — (p + 2)M?}, d = My(v — 2) /v, M, and M, are
the exact first and the approximate second moments for (), respectively.

We compare the nine procedures with respect to the upper percentiles of test statistics
and empirical Type I errors.

Let us denote by the upper 100« percentiles and empirical Type I errors, respectively,

as follows
— qand a2 = 100Pr(Q > x3(e)) : for test Q in (2)

— qag and aag = 100 Pr(Q > gag(«)) : for asymptotic expansion approximation (AE)
test in (10) for k = 2 and in (13) for k > 2

— gkp and axp = 100 Pr(Q > gkp(«)) : for Krishnamoorthy and Pannala approxima-

tion (KP) test in (24)

— qo+ and ag- = 100Pr(Q* > x2(«)) : for test Q* with Bartlett correction in (14) for
k=2 and in (19) for k& > 2

— qot and agr = 100 Pr(Q > x2(a)) : for test Q' with Bartlett correction in (16) for
k =2 and in (21) for k& > 2

— gy and ay = 100Pr(Y > x2(a)) : for test Y based on Bartlett-type correction in
(15) for k =2 and in (20) for k > 2

— qz and az = 100Pr(Z > x()) : for test Z based on Bartlett-type correction in
(15) for k =2 and in (20) for k > 2

14



— gyt and ay+ = 100Pr(YT > x2(a)) : for test YT with Bartlett-type correction in (17)
for k = 2 and based on Bartlett-type correction in (22) for k > 2

— gzt and azt = 100Pr(Z" > x2(a)) : for test ZT with Bartlett-type correction in (18)
for kK = 2 and based on Bartlett-type correction in (23) for k& > 2

We compute the upper percentiles of these statistics in Monte Carlo simulations, taking
into account significance level o = 0.05. For different set (k,p;, n;), 10° of sample forming
k-step monotone missing data matrices were generated from N, (0,1,.), i = 1,2,... k.

Computations are carried out for the following two cases:

(D) (prpe) = (4,2), (n1,m) = (m,m), m = 10(10)50, 100, 200, 400.

(1) (p1,p2) = (8,4), (n1,m2) = (m,m), m = 20(10)50, 100, 200, 400,

k=3 :(p, pg,pg) (8,4,2), (ny1,n2,n3) = (m,m,m), (m, %, %
(

m, —,2m), (m,2m, %), m = 20(10)50, 100, 200, 400, 800.

), (m,2m,2m),

The upper percentiles of tests under consideration were calculated as upper 0.05 quan-
tiles of calculated test statistics, while empirical Type I error was calculated as the ratio
of number of rejections of null hypothesis in (1) to 10°.

Simulation results for & = 2 are given in Tables 1-2 and for k£ = 3 in Tables 34,
respectively. To discuss empirical Type I errors in Tables 1-4 we regard criterion given in
Dale (1986). Dale (1986) defined the closeness to normal percentiles considering inequality
llogit(1 — @) —logit(1 — )| < 0.35 for “close” tests, where logit(a) = log(a /(1 —«)). Note
that for significance level a = 0.05 the inequality is equivalent to @ € [0.0357,0.0695].
The value of empirical Type I error satisfying this equality are presented in tables in bold.

It may be noted from Tables 1-4 that the upper percentiles of (), AE and KP tests
are decreasing with n; and n, increasing, and converging to the upper percentile of 2
distribution. Moreover, the upper percentiles of KP test is a very good approximation
of Q test. The rest of six test under consideration, Q*, Qf, Y, Z, YT and Z', behave
very similar for all cases considered in simulations with respect to upper percentiles and

empirical Type I error.
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Table 1 : The upper percentiles of test statistics and empirical Type I errors
for (p1,p2) = (4,2) and « = 0.05.

ny N2 q dAE gKP qQ~ qot qy qz qyt qzt
(y2)  (aar) (axp) (o) (agi) (ay) (az) (ayi) (azi)

10 10 2698 1533 27.65 022 1349 880 781 1081 8.76
(30.07) (14.65) (4.75) (4.61) (10.00) (3.73) (2.13) (7.55) (2.85)
20 20 1392 1241 1392 995 1044 945 924 972 947
(14.10) (7.06) (5.00) (5.83) (6.68) (4.92) (4.49) (5.48) (4.96)
30 30 1204 1144 1196 9.86 1004 954 946 960  9.51
(10.40) (5.96) (5.12) (5.72) (6.04) (5.10) (4.95) (5.24) (5.05)
40 40 1126 1095 1120 9.76  9.85 952 949 954  9.50
(8.76) (5.52) (5.09) (5.51) (5.71) (5.07) (4.99) (5.12) (5.02)
50 50 1083  10.66 10.80 9.69  9.75 951 949 951  9.48
(7.86) (5.30) (5.06) (5.41) (5.51) (5.05) (5.01) (5.05) (4.99)
100 100  10.12 10.07 10.09 9.61 962 952 952 950  9.50
(6.35) (5.10) (5.07) (5.24) (5.26) (5.07) (5.06) (5.03) (5.02)
200 200 979 978 978 954 955 950 950 949  9.49
(5.64) (5.02) (5.03) (5.12) (5.12) (5.03) (5.03) (5.01) (5.00)
400 400 965 963 963 953 953 951 951 950  9.50
(5.32) (5.03) (5.03) (5.08) (5.08) (5.04) (5.04) (5.02) (5.02)

10 5  27.74 15.83 28.26 943 1295 887 7.76 10.35  7.96
(31.03) (14.61) (4.81) (4.93) (9.37) (3.88) (1.99) (6.74) (0.00)
20 10 1424 1266 14.15 1002 1045 948 925  9.63  9.30
(14.73)  (7.11) (5.11) (5.95) (6.68) (4.98) (4.52) (5.31) (4.59)
30 15 1221 1160 1211 990 1004 955 946 955  9.42
(10.76) (5.93) (5.15) (5.77) (6.04) (5.12) (4.95) (5.13) (4.86)
40 20 1142 11.07 1131 982 989 956 952 954  9.47
(9.08) (5.57) (5.17) (5.64) (5.78) (5.15) (5.06) (5.10) (4.97)
50 25 1097 10.76 1088 9.75  9.80  9.55 952  9.52  9.48
(8.17) (5.35) (5.13) (5.52) (5.60) (5.13) (5.07) (5.06) (4.98)
100 50  10.17 10.12 10.13 9.62  9.63 952 952 950  9.49
(6.43) (5.09) (5.08) (5.27) (5.29) (5.07) (5.06) (5.01) (5.00)
200 100 9.79  9.81  9.80 953 953 948 948 946  9.46
(5.63) (4.97) (4.98) (5.08) (5.08) (4.98) (4.98) (4.95) (4.94)
400 200 964 965 964 951 951 949 949 948  9.48
(5.33) (4.99) (5.00) (5.06) (5.06) (5.01) (5.01) (4.98) (4.98)

10 20 2637 14.83 2713 9.01 14.06 872 7.80 11.37  9.69
(29.16) (14.84) (4.72) (4.32) (10.76) (3.58) (2.18) (8.46) (5.50)
20 40  13.67 1216 1371 9.87 1048 943 923 985  9.67
(13.61) (7.10) (4.95) (5.70) (6.75) (4.88) (4.46) (5.72) (5.37)
30 60  11.84 1127 11.82 9.77 1000 948 941 964 957
(9.96) (5.91) (5.03) (5.54) (5.97) (4.99) (4.84) (5.30) (5.17)
40 80  11.14 1082 11.10 972 984 951 948 958 955
(8.51) (5.54) (5.08) (5.46) (5.69) (5.05) (4.98) (5.19) (5.13)
50 100  10.72 1056 1071  9.65 972 950 947 952  9.50
(7.62) (5.29) (5.01) (5.32) (5.45) (5.01) (4.98) (5.06) (5.02)
100 200  10.05 10.02 10.05 957 958 949 948 948  9.48
(6.18) (5.05) (5.00) (5.16) (5.18) (5.00) (4.99) (4.99) (4.98)
200 400 975 976 976 952 952 948 948 948 947
(5.54) (4.99) (4.98) (5.06) (5.07) (4.98) (4.98) (4.97) (4.97)
400 800  9.62  9.62° 9.62 951 951 949 949 949  9.48
(5.28) (5.00) (5.00) (5.04) (5.05) (5.01) (5.00) (4.99) (4.99)

Note. x3(0.05) = 9.49.
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Table 2 : The upper percentiles of test statistics and empirical Type I errors
for (p1,p2) = (8,4) and « = 0.05.

ny N2 q dAE gKpP qo~ qot qy qz qyt qzt
(ayz)  (aar) (axp) (@) (agt) (ay) (az) (ayt) (agi)
20 20 34.75 23.49 34.73 15.44 19.98 14.62 13.64 17.15 15.36
(35.61) (15.12) (5.01) (4.91) (10.56) (3.69) (2.38) (7.68) (4.72)
30 30 24.36 20.83 24.12 16.12 17.46 15.34 14.98 16.14 15.62
(21.42) (8.91) (5.20) (5.85) (7.79) (4.74) (4.17) (6.04) (5.18)
40 40 21.20 19.50 21.01 16.07 16.70 15.50 15.32 15.83 15.58
(15.79) (7.09) (5.21) (5.87) (6.81) (4.98) (4.70) (5.54) (5.13)
50 50 19.72 18.70 19.54  15.98 16.36 15.52 1543 15.71 15.57
(12.92) (6.31) (5.21) (5.74) (6.34) (5.03) (4.86) (5.34) (5.10)
100 100 17.31 17.10 17.24 15.76 15.84 15.56 15.54 15.54 15.51
(8.29) (5.31) (5.11) (5.42) (5.56) (5.08) (5.05) (5.06) (5.01)
200 200 16.37 16.31 16.31 15.66 15.67 15.56 15.55 15.53 15.52
(6.50) (5.10) (5.09) (5.25) (5.28) (5.08) (5.07) (5.04) (5.02)
400 400 15.94 15.91 1590 15.60 15.60 15.55 15.55 15.53 15.53
(5.75) (5.06) (5.07) (5.16) (5.16) (5.08) (5.08) (5.04) (5.04)
20 10 35.70 24.12 35.29 15.77 19.63 14.78 13.68 16.68 14.42
(36.76) (15.05) (5.19) (5.31) (10.02) (3.94) (2.44) (6.94) (2.87)
30 15 24.91 21.25 24.49 16.31 17.44 15.43 15.04 15.96 15.26
(22.32) (8.93) (5.35) (6.12) (7.74) (4.88) (4.26) (5.75) (4.56)
40 20 21.63 19.81 21.28 16.23 16.76 15.59 15.40 15.76 15.42
(16.52) (7.13) (5.35) (6.07) (6.86) (5.13) (4.83) (5.41) (4.85)
50 25 19.98 18.95 19.76 16.08 16.38 15.58 15.47 15.63 15.43
(13.40) (6.28) (5.25) (5.87) (6.34) (5.11) (4.94) (5.19) (4.87)
100 50 17.45 17.23 17.34 15.82 15.88 15.59 1556 15.54 15.49
(8.49) (5.32) (5.16) (5.50) (5.60) (5.13) (5.09) (5.05) (4.98)
200 100 16.43 16.37 16.36 15.68 15.69 15.57 15.56 15.52 15.51
(6.63) (5.09) (5.10) (5.29) (5.31) (5.10) (5.09) (5.02) (5.01)
400 200 15.96 15.94 15.92 15.60 15.61 15.55 1555 15.52 15.52
(5.77) (5.04) (5.07) (5.15) (5.16) (5.07) (5.06) (5.03) (5.02)
20 40 34.07 22.85 34.24 15.19 20.44 14.51 13.58 17.77 16.41
(34.55) (15.39) (4.92) (4.61) (11.22) (3.54) (2.35) (8.64) (6.61)
30 60 23.87 20.40 23.80 15.94 17.50 15.26 14.92 16.36 15.99
(20.65) (9.01) (5.05) (5.62) (7.94) (4.59) (4.06) (6.40) (5.82)
40 &0 20.88 19.18 20.76  15.95 16.71 15.43 15.27 15.97 15.80
(15.19) (7.13) (5.13) (5.68) (6.83) (4.86) (4.61) (5.76) (5.49)
50 100 19.44 18.44 19.34 15.89 16.33 15.49 15.40 15.78 15.69
(12.40) (6.31) (5.12) (5.60) (6.29) (4.97) (4.82) (5.46) (5.29)
100 200 17.17 16.98 17.14 15.71 15.80 15.52 1550 15.55 15.53
(7.99) (5.28) (5.05) (5.32) (5.47) (5.02) (4.99) (5.08) (5.04)
200 400 16.28 16.24 16.26 15.61 15.63 15.52 15.51 15.51 15.51
(6.34) (5.07) (5.03) (5.17) (5.21) (5.02) (5.01) (5.01) (5.00)
400 800 15.89 15.87 15.87 15.57 15.57 15.52 15.52 15.51 15.51
(5.64) (5.02) (5.02) (5.10) (5.10) (5.02) (5.02) (5.01) (5.00)

Note. x2(0.05) = 15.51.
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Table 3 : The upper percentiles of test statistics and empirical Type I errors
for (p1,p2,p3) = (8,4,2) and « = 0.05.

ny n2 ng q gAE gKp qQ+ qQt qy qz qyt qzt
(y2) (aap) (axp) (ag) (agr) (ay) (az) (ayi) (azi)
20 20 20 3456 22.79 3454 15.28 20.16 14.63 13.71 18.01 17.16
(35.38) (16.03) (5.01) (4.72) (10.80) (3.72) (2.51) (8.79) (7.67)
30 30 30 24.22 2036 2397 16.03 1749 1535 15.01 16.59 16.37
(21.19) (9.46) (5.21) (5.75) (7.87) (4.76) (4.21) (6.71) (6.40)
40 40 40 21.06 19.15 20.89 15.97 16.67 15.47 15.31 16.11 16.01
(15.52) (7.43) (5.19) (5.70) (6.78) (4.94) (4.68) (5.98) (5.83)
50 50 50 19.61 18.42 19.44 1594 16.34 15.55 1546 15.92 15.87
(12.75) (6.59) (5.20) (5.68) (6.29) (5.07) (4.92) (5.68) (5.60)
100 100 100 17.28 16.96 17.18 15.75 15.84 15.57 15.55 15.66 15.65
(8.20) (5.47) (5.14) (5.40) (5.54) (5.11) (5.08) (5.25) (5.23)
200 200 200 16.37 16.24 16.29 15.67 15.68 15.58 15.57 15.60 15.60
(6.47) (5.21) (5.12) (5.26) (5.29) (5.12) (5.11) (5.15) (5.14)
400 400 400 15.89 15.87 1588 1556 15.56 15.52 15.51 15.52 15.52
(5.66) (5.03) (5.01) (5.08) (5.09) (5.01) (5.01) (5.02) (5.02)
800 800 800 15.69 15.69 15.69 1552 15.52 15.50 15.50 15.50 15.50
(5.30) (5.00) (4.99) (5.02) (5.03) (4.99) (4.99) (4.99) (4.99)
20 10 10 3541 23.25 35.06 15.55 19.77 14.78 13.81 17.57 16.59
(36.51) (16.17) (5.16) (5.06) (10.24) (3.96) (2.68) (8.11) (6.76)
30 15 15 2471  20.67 24.30 16.19 17.44 1545 15.09 1647 16.21
(21.99) (9.58) (5.35) (5.97) (7.75) (4.91) (4.35) (6.50) (6.13)
40 20 20 2143 19.38 21.13 16.12 16.70 15.57 1541 16.08 15.97
(16.20) (7.56) (5.31) (5.92) (6.81) (5.10) (4.83) (5.93) (5.75)
50 25 25  19.89 1860 19.64 16.05 16.38 15.62 15.52 15.92 15.85
(13.27) (6.69) (5.29) (5.83) (6.36) (5.18) (5.02) (5.69) (5.58)
100 50 50 1742 17.06 17.28 15.81 15.88 15.61 15.59 15.68 15.67
(8.45) (5.52) (5.20) (5.50) (5.59) (5.18) (5.15) (5.29) (5.27)
200 100 100 16.39 16.28 16.33 15.65 15.67 15.55 15.55 15.57 15.57
(6.55) (5.17) (5.09) (5.23) (5.26) (5.08) (5.07) (5.11) (5.10)
400 200 200 1594 15.89 1591 1558 1558 15.53 15.53 15.54 15.54
(5.74) (5.07) (5.05) (5.12) (5.13) (5.04) (5.04) (5.05) (5.05)
800 400 400 15.75 15.70 1570 15.57 15.57 15.55 15.55 15.55 15.55
(5.40) (5.07) (5.07) (5.10) (5.11) (5.07) (5.07) (5.07) (5.07)
20 40 40 33.81 2236 34.11 15.06 20.51 14.51 13.61 18.42 17.69
(34.33) (16.03) (4.86) (4.45) (11.38) (3.54) (2.39) (9.44) (8.51)
30 60 60 23.74 20.08 23.69 15.86 17.51 1524 14.91 16.67 16.50
(20.33) (9.34) (5.03) (5.51) (7.95) (4.58) (4.04) (6.85) (6.58)
40 80 80 20.78 18.93 20.68 15.87 16.69 15.41 15.25 16.17 16.09
(14.94) (7.35) (5.11) (5.56) (6.81) (4.84) (4.58) (6.06) (5.94)
50 100 100 19.34 1825 19.27 15.83 16.30 1547 15.39 15.92 15.87
(12.26) (6.48) (5.08) (5.52) (6.25) (4.95) (4.81) (5.67) (5.60)
100 200 200 17.17 16.88 17.10 15.72 15.81 15.55 15.53 15.65 15.64
(7.99) (5.44) (5.10) (5.34) (5.51) (5.07) (5.04) (5.24) (5.22)
200 400 400 16.26 16.19 16.24 15.60 15.62 15.52 15.52 15.54 15.54
(6.32) (5.11) (5.03) (5.15) (5.19) (5.02) (5.02) (5.06) (5.06)
400 800 800 1587 15.85 1586 1556 15.56 15.52 15.52 15.52 15.52
(5.61) (5.04) (5.01) (5.08) (5.09) (5.02) (5.02) (5.02) (5.02)
800 1600 1600 15.68 15.68 15.68 15.53 15.53 15.51 15.51 15.51 15.51
(5.30) (5.01) (5.00) (5.04) (5.04) (5.01) (5.01) (5.01) (5.01)

Note. x2(0.05) = 15.51.
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Table 4 : The upper percentiles of test statistics and empirical Type I errors
for (p1,p2,p3) = (8,4,2), @ = 0.05, and ny # ns.

ny n2 ng q gAE gKp qQ+ qQf qy qz qyt qzt
(ay2)  (aar) (axp) (ag+) (agr) (ay) (az) (ayi) (azi)
20 10 40 35.08 23.03 34.88 1540 1996 14.68 13.74 17.80 16.90
(36.08) (16.19) (5.09) (4.87) (10.51) (3.82) (2.57) (8.47) (7.23)
30 15 60 24.45 20.53 24.18 16.05 17.42 15.35 15.00 16.50 16.27
(21.68) (9.52) (5.22) (5.77) (7.77) (4.75) (4.20) (6.57) (6.23)
40 20 80 21.27 19.27 21.04 16.03 16.69 15.51 15.36 16.10 16.00
(15.95) (7.49) (5.24) (5.80) (6.77) (5.01) (4.75) (5.94) (5.77)
50 25 100 19.75 18.52 19.56 15.95 16.35 15.56 1547 15.92 15.86
(13.05) (6.63) (5.23) (5.71) (6.30) (5.08) (4.94) (5.66) (5.57)
100 50 200 17.32 17.01 17.24 15.73 15.82 15.55 1553 15.64 15.63
(8.25) (5.43) (5.11) (5.38) (5.50) (5.07) (5.04) (5.21) (5.19)
200 100 400 16.32 16.26 16.31 15.60 15.62 15.51 15.50 15.53 15.53
(6.44) (5.10) (5.02) (5.15) (5.19) (5.00) (5.00) (5.04) (5.04)
400 200 800 1591 15.88 1590 15.56 15.56 15.52 15.52 15.52 15.52
(5.68) (5.04) (5.01) (5.09) (5.09) (5.02) (5.01) (5.02) (5.02)
800 400 1600 15.70 15.70 15.70 15.53 15.53 15.51 15.51 15.51 15.51
(5.33) (5.01) (5.00) (5.04) (5.04) (5.00) (5.00) (5.00) (5.00)
20 40 10 34.01 2245 34.18 15.15 20.49 14.55 13.65 18.36 17.60
(34.41) (16.01) (4.93) (4.55) (11.27) (3.62) (2.48) (9.33) (8.35)
30 60 15 23.84 20.13 2374 1590 17.52 1527 14.94 16.66 16.48
(20.52) (9.35) (5.09) (5.57) (7.92) (4.62) (4.09) (6.83) (6.56)
40 80 20 20.84 1898 20.71 1592 16.69 1544 15.29 16.16 16.07
(15.07) (7.36) (5.14) (5.62) (6.79) (4.89) (4.65) (6.04) (5.92)
50 100 25 19.41 18.28 19.30 15.88 16.32 15.51 1542 15.93 15.88
(12.36) (6.51) (5.13) (5.58) (6.28) (5.00) (4.86) (5.70) (5.62)
100 200 50 17.21 1690 17.11 15.75 15.84 15.57 15.55 15.67 15.66
(8.07) (5.47) (5.14) (5.38) (5.54) (5.10) (5.08) (5.27) (5.25)
200 400 100 16.31 16.20 16.25 15.64 15.66 15.56 15.56 15.58 15.58
(6.41) (5.17) (5.10) (5.23) (5.26) (5.09) (5.08) (5.13) (5.12)
400 800 200 15.89 15.85 15.87 15.57 15.57 15.53 15.53 15.53 15.53
(5.65) (5.05) (5.03) (5.10) (5.10) (5.04) (5.04) (5.04) (5.04)
800 1600 400 15.72 15.68 15.68 15.56 1556 15.54 1554 15.54 15.54
(5.36) (5.06) (5.06) (5.08) (5.09) (5.05) (5.05) (5.06) (5.06)

Note. x2(0.05) = 15.51.

6 Concluding remarks

We have considered the null distribution of the simplified T statistic for testing mean
vector when the data matrix is of a monotone missing data pattern. Using the decomposi-
tion of the test statistic and their asymptotic expansion results, an asymptotic expansion
of null distribution of the simplified T2 statistic was derived in two-step case. In general

k-step case, an approximation to asymptotic expansion of the null distribution of the
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simplified T statistic was presented. Further, to improve the chi-squared approximation,

the transformed test statistics based on the Bartlett adjustment were proposed.

Simulation results show us that all tests for mean vector considered in the paper, with
monotone missing data matrix, behave very similar with respect to upper percentiles
and empirical Type I error for bigger number of replications. Krishnamoorthy and Pan-
nala approximation test turned out to be a very good approximation of simplified 72
test, although from theoretical point of view, for missing data set, test () may not be
F' distributed. Proposed test based on an asymptotic expansion of the distribution of
the simplified 72 statistic using the Bartlett corrections and Bartlett-type corrections
improved the simple chi-squared test. From theoretical point of view, Bartlett-type cor-
rections should give the better test but based on simulation results, we can not confirm
this fact. We can also conclude that simulation results gave no grounds to indicate the
best test for mean vector with monotone missing data matrix. The transformed test
statistics with Bartlett-type correction proposed in this paper are expected to be useful

in most cases if the missing data is of monotone type, although it must be checked.
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