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Abstract

In this paper, we consider the growth curve model with an autre-
gressive covariance structure. The purpose of this paper is to de-
rive high-dimensional asymptotic distributions of the simplified MLEs.
High-dimensional asymptotic distributions are also given for some ba-
sic statistics. Accuracies of the asymptotic distributions are examined

through simulation experiments.
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1. Introduction

The growth curve model introduced by Potthoff and Roy (1964) is written
as
Y =ABGX + &, (1.1)

where Y;n X p is an observation matrix, A;n X g is a design matrix across
individuals, X;k x p is a design matrix within individuals, ;¢ X k is an
unknown matrix, and each row of €;n x p is independent and identically dis-
tributed as a p-dimensional normal distribution with mean 0 and an unknown
covariance matrix 3. We assume that n —p —k — 1 > 0 and rank(X) = £.

In this paper we assume that the covariance matrix has an autoregressive
structure given by

=" 1< j<p. (1.2)

The purpose of this paper is to derive asymptotic distributions of the sim-
plified MLEs when the sample size n and the number p of repeated measure-
ments are large, satisfying p/n — ¢ € [0,1). High-dimensional asymptotic
distributions are given for some basic statistics. Accuracies of our asymptotic
distributions are examined through simulation experiments.

The present paper is organized as follows. In section 2, we present sim-
plified MLEs. In Section 3, High-dimensional asymptotic distributions are
derived. In Section 4 numerical accuracies are dstudied. The proofs of our

asymptotic results is given in Appendix.

2. Simplified MLEs

It is known (see, e.g., Fujikoshi et al. (1990)) that the MLEs ©, 52

and p of ©, 0% and p are given as the solutions of the following simultaneos



equations:
(1) ©=(A'A)TAYG X/ (XG X)),
1
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In this paper we consider a simplified MLE p of p obtained by replacing a;
in (3) with a;,

1
a; =trC;S, i=0,1,2, S=-Y'(I,—A(A’A)'A"Y,
n
and n = N — k. That is, the simplified MLE p of p is defined by the solution
of
(p— Da1p® — (p — 2)agp® — (pai + ag)p + pas = 0. (2.1)

Using the simplified MLE 7, the simpified MLEs © and 32 of © and o2 are
defined by

O = (A'A)'A'YG X/(XG X)), (2.2)
M 1 9 -
= Nm(alp — 2a2p + ay), (2.3)

where G = (p771)1<; i<, 1 0 X p.

Note that when X = I, the simplified MLEs are coincident with the
MLEs. Further, the simplified MLEs were used as an initial value for solving
the simultaneous equations (1), (2) and (3), i.e., for obtaining the MLE under
(1.1).



3. High-Dimensional Asymptotic Distributions

Our simplified MLEs 7, 62 and © of concern are defined through (2.1),
(2.2) and (2.3), in terms of ag, a; and as. Our main purpose is to derive

asymptotic distributions of p, 52 and © under
Al; p/n— ce(0,1). (3.1)
Based on asymptotic behaiviors of a;’s in Appendix, p may be regardes as
the solution of
3 2 —1y _
ajp’ —agp” —arp+as+ O(p~) =0,
& (mp —az)(p® = 1)+ O0(p™") =0,
and hence
~ Q2 -
p=—+0@p™"). (3.2)
ay

Under (3.1) we may obtain an asymptotic distribution of p by considering
the one of ay/a;. Further, we can derive asymptotic distributions of 2 and
e by applying delta method to (2.3) and (2.2), respectively. The results are

given in the following theorem whose derivation is given in Appendix.

Theorem 3.1. Let p and 6% be the simplefied MLEs defined by (2.1) and
(2.3), respectively. Then, under a high-dimensional asymptotic framework (3.1)
it holds that

(1) n<[;_% ) i>N(0,%(1—p2)) ,
o (- {2 )

AN (0,2&%) :

d I
where — denotes the convergence in distribution.

From Theorem 3.1 (1) and (2) we have
p=p+0(n™"), 32=0"+0(n™),
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and hence p and o° are consistent. Such properties in a high-dimensional

framework have been also studied in Sakurai and Fujikoshi (2017).

Next we consider the distribution of a standardized estimator of @ defined
by
O = (A'A)/?(O — ©)(XZ X))/, (3.3)

From (2.2) the standardized estimator is expressed as
O = (A’A)V? {(A’A)*IA’(Y - A@X)i’lx’(xi’lx’)*l}
% (Xzle/)l/Z
—Z UV,
where & = 72(p ) 1<i <1,
7z — UE—I/Qx/(XE—le)fl/Q’
U= (A'A)"2A (Y — ABX)x /2
V=328 X(XS T X)X S IX)Y? - AR (XS X)) V2,
The elements of U;q x p are independently distributed as N(0,1). Noting
that
/
{271/2X/(X271X/)1/2} E*l/le(Xzflxl)l/Q — Iq’

we have that the elements of Z; ¢ x k are independently distributed as N(0, 1).

Theorem 3.2. Let © be the simplefied MLE defined by (2.2). Then, under

a high-dimensional asymptotic framework (3.1) it holds that the elements of
O = (A’A)/?(O — ©) (X3 'X/)1/?

are asymptotically idependent and distributed as N(0,1).



4.

Numerical Accuracies

In this section, we numerically examine accuracies of the asymtptic dis-

tributions of p and &2 given in Theorem 3.1. Our numerical experiments

were done in the case of ¢ = 2, k = 3, ny = ny = ng, 02 = 4, and

p=0.20.8,

for Monte Carlo simulations with 10* replications. Asymptotic means and

variances were compared with their simulation results in Table 4.1. It is seen

that our asymptotic means and variances are very accurate.

Table 4.1. Aymptotic means and variances of p and o2

~2

p o

mean variance mean variance
p| N p| sim asy | sim asy | sim  asy sim asy
100 50 |1 0.20 0.20 199 1.88 393 401 | 6561 67.95
0.2 200 100 |0.20 0.20|1.97 190|396 4.04 | 66.90 68.64
400 200 | 0.20 0.20 [ 1.98 191 | 3.98 4.06 | 68.44  68.99
100 50 | 0.82 0.82]0.70 0.71 | 4.23 4.32 | 358.96 285.72
0.8 200 100 |0.81 0.81]0.71 0.71 | 4.11 4.19 | 321.91 288.64
400 200 | 0.80 0.80 [ 0.71 0.72 | 4.05 4.14 | 303.56 290.10

Next accuracies of the asymptotic distributions themselves of p and 52

were examined. Histgrams denote the simulation results.



Asymptotic distributions of p
p=0.2, N =100 p=102, N =200 p=0.2, N =400

Asymptotic distributions of &2
p=0.2, N=100 p=0.2, N =200 p=0.2, N =400

p=0.8, N =100 p =08, N =200 p=0.8, N =400




Appendix: The Proof of Theorem 3.1 (1) and
(2)

Al. Asymptotic Distributions of trAW and trAS

In this subsection we give asymptotic results on the distributions of trAW
and trAS, where
A=A, W=nS~W,(nX),

under

Al; n,p— oo, p/n—cel0,1). (A1)

It is known (see, e.g., Fujikoshi et al. (2010)) that

E(trAW) = ntrAY, Var(trAW) = 2ntr(AX)?, (A2)
E(trAS) = trAY, Var(trAS) = 2n 'tr(AX)% (A3)

The following lemma is frequently used.

Lemma A.1. Let W = nS be a p X p random matriz which is distributed as
a Wishart distribution W,(n,X), and let A be a fived p x p matriz. Under
an asymptotic framework A1, it holds that

trAW — E(trAW)  trAS — trAX

Var(trAW) / Var(trAS)
_ trAS — trAX gN(O,l). (A4)
V2n"1tr(AX)?

Further, when lim y/n=1tr(AX)2 = ~,
trAS — trAXY B trAS — trAY 4

_ N(0,1). A
hm{ Var(trAS)} v, O (4

Proof. We may write

trAW = tr2V/2ASY2e 12w —l/2)
= trAXX/,



where
A =3"2A%Y? X~ Npu(0,1, 0 1,)

Let X = (x1, @9, ..., x,), then @y, xs, ..., x, are independently and identi-
cally distributed as N,(0,I,) and

trAW = trAXX' =Y " z/Ax;.
=1

It is easely seen that

Elx/Ax;| = trA = trAY, Var(x,Ax;) = 2(trA2) = 2tr(AX)?,
E[trAW] = ntrAY, Var(trAW) = 2ntr(AX)?.
Let ~ ~
g, = TAw _BmAe] L
Var(x;Ax;)
Noting that E(Z;) = 0, Var(Z;) = 1 and Z;, Zs, ..., Z, are independent, we

have

VnZ = (Zy+ -+ Zy)/v/n % N(0,1).
We have

n

N 1 x| Ax; — trA
nt=-—=>5y ——

=R O

)

—_

trAW — E[trAW]|
Var(trAW)

= ————(trAW — ntrAY) =

V/2ntr(AX)?

The result (A5) is obtained from (A4). This completes the proof.

A2. The Limiting Distributions of (n/p)ay, (n/p)a; and
(n/p)as

Consider the quantities

P ="0Cs, i=0,1,2. (A6)
pp



where nS ~ W,(n,3). Under an asymptotic framework Al and ¥ =
o?(pl=71), from Lemma A.1 it follows that a;,i = 0,1,2 have asymptoti-

cally normal. In the following we give their means and variances.

The mean and variance of (n/p)ag
1 1
E [an] =E [—tr(nS)] = —ntr3 = 2pa2 = no?,
p p p p

1 1
Var (an) = = Var (trnS) = —2ntr¥?
p p p

The mean and variance of (n/p)a;

1 1
E [Eal] =E {—trnCls} = —ntrC, X = E(p —2)0?,
p p p p

1 1
Var (Eal) = —Var (trnC;S) = —2ntr(C, X)?

p p? p?
ol 2 ;
:?271 ])—2—1—22(]9—2—2'),02Z
i=1

= %2” {p— 2+ ui—pw {(p— 2)(1 —,02) —1 +p2(p_2)}}

2 2
2{1+ 2p }04:2<1+P>4'

e (1—p2)
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The mean and variance of (n/p)as
1 1
E [Eag] =E [—trnCQS] = —ntrCy,X = 2(p —1)o?p,
p p p p

n 1 1
Var (§a2> = E\/ar (trnCsS) = ]?Zntr(Cﬁ])z

ot = N 2(i
=:?ﬂ{p—1+®p—%f+4§:@—2—wﬁ“”

i=1
4

:%n{p—1+(5p_9)p2+${(p_2>(1_p2)_1+p2p}}
@4}_1+%Lm:4
1-p2) )  c(l-p?)

4
—>0—{1—|—5p2—|—
C

A3. The proof of Theorem 3.1(1)

For deriving asymptotic distributions of p and 2, we use the following delta

method. Consider a k-variate function g(x) = (g1(),. .., gr(x)), where =
(x1,...,2m,)". Suppose that an m—variate random variate X is distributed
as

V(X = 6) 5 N, (0,T).
Then, it is known (see, e.g., Anderson (2003, p.132)) that
Vi(g(X) — g(6)) 5 Ny(0, HTH),

1= (% o)

Let X = (X1, X5), where X; = p~lay, Xo = p~lay. Then,

where

n(X —0) % Ny(0,T),

where




Noting that p = % = 2% we define

a1 p—1a17
X2
g<x17x2) - Il‘
Then 2 1 1
P=2 ,p= P
9(0) =g ( & ng) “p2”
p p p-2
We have
T2 1
h/ = 1y Jx - 22

~1 9
Y e T NN (N
(1);_22)204’ (p — 2)0? o2’ o2
4 1 2 1
WTh—=—2 (£ — 2(1+p%) 4/2) A _L
c(1—p?) 02’ o2 4p 1+4p°—p o2’ o2

~ ).

C
N p_l d 1 2
B N(0 =(1— .
”(P p_zp)—> (,C( p))

A4. The Limiting Distribution of (si1, s, a1, a2)

This implies

The statistics si; and sp, are expressed as
s11 = trA;S, and sy =trA,,S,

respectively, where

1 0 0 0 0 0
Ooo0 --- 0 0 0 0
An = oo ] Ap = o
00 --- 0 00 --- 1

Therefore, any linear combination of (s11, Spp, @1, a2) can be written as
kisi1 + kaSpp + ksay + kyag = trAS,

12



where A = tr(Ay; + A,, + C1 + Ca). So, (s11, Spp, @1, a2) is asymptotically
normal. The means, variance and covariances on s;; and sp, are given as

follows.

1 ‘ —
Cov (nsn, Eag) = —2no? PPt = 2204i N
p ,

E[ns,,] = no?,

Var (ns,,) = 2no?,

1 2 2 _ 2(p—1) 9 2
Cov | nspp, Eal = —2no? me — ol TP S P
p p — p 1=y ¢

n 1 . n o,p—pPrt 2 )
Cov (nspp, —a2) = —2no* me—l = 2_04—2 B
p p P p 1=p c

Cov(s11, Spp) = 2n0p?@ Y,

1
Cov (Eal, Eag) = —22ntrC1§JCQE
p p b

1 p _ 4 p
= —dnot—L_ _L(p—1)(1—p*) —1+pP V) 5 = 4
p2 no (1_p2>2 {(p )( p) +p }_> Cl—p20_

We have the following distributional result:

1 12
75811 — 7730' 0
o a0 e
' ifh — 252 B 0 ’ ’
fua - e :
where the covariance matrix I' is given by
) 20—=p*) (A =p)p» V2 2p*
o (1=pH)p*=H 2(1 = p?%) 2p° 2p°
(1 - p?) 2p° 2p? 21+ p?) 4p
2p? 2p? 4p 14 4p% — pt.



A5. The Proof of Theorem 3.2(2)

Noting that ap = a; + s11 + spp, We can express 0?2 as

n
5
n a% (l% a9
= Nl - ) (_ Tt >
n
5
n
5

- {% \1f (f n f ) <a1/p(>31£p<);/p>2

~ la 1 1 (al/p)Q
Y- (f nt \/' ) (a1/p)? — (as/p)?’

Let
(X1, Xa, X3, X4) = ((1/y/p)s11, (1/y/D)s22, (1/p)as, (1/p)as).
Further, define g(z1, z2, x3,z4) as

1 x2
g($1,$2,$3,5€4) =3+ —(371 + x2)ﬁ-

VP T3 — Ty

1 51 ,p—2 ,p—1 2)
=g|—=0", —07, o, o
<ﬁ VP p p
p=2, 1 (1 s, ! 2) (’%f)2
p VP \/23 vr ) (=

-2 2 — 2)2
:{p L2 (p ) }02.

p  pp—22—(p—1)%?

14



1 (22)?
gz, (0 = —— — — 0,
( pxg - :c4> z=0 p (1)72)2 - (pTlP)Q
g = ( > S (2%2)2 — 0
o2 VPTE— i) g VP (52?2 = (5
2
gm m +x (—2—) }
o= {1+ oo (e |
p—2

o (} ) <{<%02 )
92,(0) = {%(xl +22) (_2@5?_90;@2)} -0

ol (L L) St N
NNV \/_ {(B202)2 — (E202p)2)?
The H in our delta method is given by h = (0,0, 1,0)’, and

(1+p%)
(1 = p?)

h'Th = 20*

Therefor we have

" (62 - {]% e 2>(2p - 532— 02,2 } “2) oN (0’ 2”4(%%%> |
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