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and Z- rules. It is pointed that the no additional information model based on the coefficients of
the linear discriminant function is closely related to the subset of variables with the minimized
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AMS 2000 subject classification: primary 62H30; secondary 62H12
Key Words and Phrases: Discriminant analysis, EPMC, High-dimensional asymptotic results, Method
by differential operator, Selection of variable, Unified location and scale mixtured expression, W- rule,

Z-rule.

IE-mail address:yamada@gm.kagoshima-u.ac.jp
2E-mail address:sakurai@rs.tus.ac.jp
3E-mail address:fujikoshi_y@yahoo.co.jp



1 Introduction

This paper is concerned with the problem of classifying an observation vector @ as coming from one of
two populations IT; and IIs. Let II; have p-dimensional normal populations with mean vectors p; and
the p x p common positive definite covariance matrix X, which are denoted as N,(u;,%). Consider
the case that all parameters are unknown. Suppose that training data x1;, ..., xn, ; are independently

and identically distributed (i.i.d.) as N,(p;, %), i = 1,2. Let W be the linear discriminant function
= =\ q—1 1 =
W(x) = (21 — Z2)'S {:c2(:c1 +m2)},

where &1, 3 and S are the sample mean vectors and the pooled sample covariance matrix defined by

Then, the linear discriminant rule with a cutoff point ¢, which is also called W-rule, classifies « as II;
if W(z) > c for a constant ¢, and as IIy if W(x) < ¢. Furthermore, Anderson [1](see also Anderson
[3]; Chapter 6) introduced the other discriminant rule which is based on the likelihood ratio criterion
for testing the composite null hypothesis that x, 11, ..., x1n, € II; against the composite alternative

hypothesis that @, xa1,...,x2n, € I, which is called maximum likelihood rule or Z-rule. Let
1 1 _ _ _ - _ _ _
Z(x) = 5{(1 + Ny e —20) S N — @) — (1 + N7 Hx —2)'S ™ (x— 21)).

Then the Z-rule with a cutoff point ¢ classifies  as Iy if Z(x) > ¢ and Il if Z(x) < c.

There are two types of probability of misclassification. One is the probability of allocating x into
II; even though it is actually belonging to ITy. The other is the probability that « is classified as II;
although it is actually belonging to Il;. These two types of expected probabilities of misclassifications

(EPMCs) for W- and Z- rules are expressed as
ew(2]1) = P(W(x) < cle € II;) and e,(1]2) = P(W(x) > c|lz € II,),
e:(2]1)=P(Z(x) < clx €Il;) and e, (1]2) = P(Z(x) > clx € II3).
We also express e,,(2|1) and e,(2|1) as
Guw(c; N1, Noy A?) = €,,(2|1),  g.(c; N1, Na, A?) = e (2|1).

As is well known, the distribution of W when x € II; is the same as that of —W when x € II; by
interchanging N7 and N». Similarly, the distribution of Z when x € II; is the same as that of —Z
when x € II; by interchanging N; and N;. These indicate that e, (1|2) (or e,(1]2)) is obtained from
ew(2]1) (or e,(2|1)) by replacing (¢, N1, Na) with (—c¢, N2, N1), and hence

ew(1]2) = gu(—c; Ng,Nl,A2), e, (1]2) = g.(—¢; Ng,Nl,A2).



Thus, in this paper, we only deal with e, (2|1) and e,(2]|1). Related to a unified expression for W-
rule and Z- rule, we consider Z-rule such that classifies « as Iy if Z(x) > ¢* and as Iy if W(x) < ¢*,

where

¢t = \/ 1:’_ N7 ——c.
(L+N7H(A+ N

That is, we consider Z- rule with cutoff point c¢*.

Note that the EPMCs of W- and Z- rules are obtained from the distribution functions of W and Z.
In general, it is hard to evaluate these expected probabilities of misclassification (EPMC) explicitly,
but some asymptotic results including asymptotic expansions have been obtained. It is well known
that the discriminant functions W(z) and Z(x) converges in distribution to the normal distributions,
ie.,

W(z) and Z(z) 3 N((—1)'A2/2,A?), (1)

if € II; under the asymptotic framework AO:
AO0: Ny — 00, Ny — 00, N; /Ny — v € (0,00),p is fixed.

Here, A% = (p; — o) 271 (g — p5). Okamoto [19] derived an asymptotic expansion of the distribution

of W(z) up to terms of order n~!, and Siotani and Wang [21], [22] extended it up to terms of order n=3.

2 and

Furthermore, Memon and Okamoto [15] expanded the distribution of Z (&) up to terms of order n~
Siotani and Wang [21], [22] extended it up to terms of order n=3. Anderson [2] derived an asymptotic
expansion of Studentized W (x), and an asymptotic expansion of Studentized Z(x) was derived by
Fujikoshi and Kanazawa [8]. These and some other asymptotic results were reviewed by Siotani [20]
and by McLachlan [18]. Generally, the precision of asymptotic approximations under A0 gets worth as
the dimension p becomes large. As an alternative approach to overcome this shortcoming, it has been
considered to derive asymptotic distributions of discriminant functions in a high-dimensional situation
where n and p tend to infinity together. Fujikoshi and Seo [9] derived the limiting distribution of a

general discriminant function for a class of discriminant rules which includes both the W- rule and Z-

rule under asymptotic framework Al:

Al:p—o00, Ny—o00, Ny—o0, p/n—€]l0,1),

and N; /Ny — v € (0,00).

Note that m = n —p — oo under Al. Matsumoto [14] generalized Fujikoshi and Seo [9]’s limiting
result to an asymptotic expansion up to terms of order Os/5, where O;/5 is a term of j-th order with
respect to {p~1/2, Nf1/2, N{l/z, m~1/2}. Fujikoshi [6] gave a general approximation of a location and
scale mixture of the standard normal distribution, and gave its explicit error bound. He applied his
result to Lachenbruch [13]’s approximation of e, (2|1), and gave the error bound which is O; under Al.
These and some other asymptotic results are also reviewed in Fujikoshi et al. [10]. High-dimensional

asymptotic expansions for W have been also given by Hyodo and Kubokawa [11].



In this paper, we give asymptotic expansions of the EPMCs for W- and Z- rules with the errors
of order Oy under the asymptotic framework Al. Our derivation is based on a unified location and
scale mixture expression of the standard normal distribution for W and Z. It is well known (see,
e.g., Fujikoshi [6]) that W can be expressed as a location and scale mixtures of the standard normal
distribution. We note that Z can be also expressed as a location and scale mixtures of the standard
normal distribution. Based on our asymptotic expansion formulas for the EPMCs, it is shown that
Z-rule has smaller EEP (Expected Error Rate) than W-rule when the prior probabilities are the same,
neglecting the terms of O(NN~2). Further, asymptotic unbiased estimators are proposed for EPMCs of
W- and Z- rules. Similarly, we propose asymptotic unbiased estimator for EEPs. It is pointed that the
no additional information model based on the coefficients of the linear discriminat function is closely
related to the subset of variables with the minimized EER in a high dimensional situation. We propose
variable selection criteria based on unbiased estimator for EEPs. Our results are checked numerically
by conducting a Mote Carlo simulation.

The present paper is organized as follows. In section 2, we give a unified location and scale mixture
expression for the distributions of W and Z. Further, the expressions are expressed in terms of
three standard normal variables and four chi-square variables which are independent. Applying the
expression to the method of differential operator, we obtain asymptotic expansions for the EPMCs of
W- and Z- rules with the errors of O(n=2). In Section 4, it is shown that the EER of Z- rule is smaller
than the one of Z- rule when the prior probabilities are the same, neglecting the terms of O(n~2). The
result is proved Appendix A. In Sections 5 and 6, asymptotic unbiased estimators for the EPMCs and
the EERs of W- and Z- rules are derived. In Section 7, simulation results are results to see accuracies
of our asymptotic results. In Section 8, we propose variable selection criteria based on asymptotic
unbiased estimators of the EERs of W- and Z- rules. Concluding remarks are given in Section 9.

Hereafter, the symbol «2» denotes the equality in distribution. Throughout this paper, we assume

that A2 converges a positive constant as p — co.

2 A unified expression of W and Z as location and scale mix-
tures of N(0,1)

Following Lachenbruch [13], for « € II;, it can be expressed that
1
W= (2, — )8 {a: - 5(5:1 + wQ)} =V2Z,-U,, (2)

where



and D? is the squared sample Mahalanobis distance defined by D? = (&, —&2)'S ™' (&, — &5). Then, it
is checked that V,, is a positive random variable and (U, V,,) are jointly independent of Z,,. Further,
Z,, is distributed as N(0,1). This normality follows by considering the conditional distribution of Z,
when &, &3, and S are given. In this case, W is called a location and scale mixture of the standard

normal distribution. Now we consider to express U,, and V,, in terms of simple variables. Let
—1/2
1 1 _ _ _
w, = ( + ) 512 (@, - @),

Vy = SV (N &) 4+ NoZy — Nipy — Nopy),

vN
B=x"'285"1/2

Then w,, v, and B are independent. In addition, w,, ~ N,((1/Ny + 1/Ny)~/2§,1,) and v,, ~

N,(0,1I,), where § = 2 Y2(u, — py). Tt also holds that nB is distributed as a Wishart distribution

with n degrees of freedom and covariance matrix I,, which is denoted as Wp(n,I,). Substituting

them, we have

U - 1/ n n uﬁDB_luw_’_ n uﬁDB_lvw nNy 8’ B~ 1u,,
Y2 \Ny, N n N1 N, n VNN, Vn

Nn u!/,B 2u,
V. = n U, u .
N1N2 n

On the other hand, for & € II;, we can express Z(x) as

Z(x) = %(1 + Ny H {aW(m &)+ (x— 5,»2)} §1 {—al/Q(:c —E) 4 (x— 5:2)}

1 1l _
— 5(1 —+ N2 1) 1w1w2u;B lt,
where

u, = wflﬁ_l/z {—al/Q(a: —Z1)+ (x— :732)} ,
t=wy'n1? {al/z(w — %)+ (z - 532)} )
w?=2{(1+N;") - a2},
w3 :2{(1+N51)+a1/2},
1+ Ny*
a = P—
14+ N
Note that w? = O(p~!) and w3 — 4 under Al. The independency of u, and ¢ and these distributional
results can be derived by using the following general result (Lemma 1) for linear combinations of i.i.d.

random vectors (see, e.g., Anderson [3]; Theorem 3.3.1).

Lemma 1. Suppose that x1,...,xN are independent, and x; is distributed as Np(p;,X). Let H =
(hij) be an N x N orthogonal matriz. Then y, = Zjvzl hijz; is distributed as Np(v;,X), where
v = Z;\;l hijpj, i =1,...,N, and yy,...,yy are independent.



From Lemma 1, we have that uw, and t are independent, and
Uz~ Np(wflévIp)a t~ NP(ngavIp)a

where 6 = 27V (u, — p,). Let

v, =t—w;'é,

which is distributed as N,(0,I,). Now we shall see that Z(z) can be expressed as a location of scale

mixture of the standard normal distribution. Note that

uw.B't=u.B v, +u.B 'w, '8
=\/u,B *u_.Zy +wy '8 B 1,

where

Zy = (. B "v,.

N
\/u’Zszuz
The conditional distribution of Z; when w, and S are given is the standard normal distribution.
Since it does not depend on u, and S, Zj is distributed as the standard normal distribution, and is
independent of u, and S. Therefore, Z(x) is a location and scale mixture of the standard normal
distribution. Modifying the sale and the location, we use the following location and scale mixture

expression for Z(x):

1 11 [ Nn e 1/2
Z(w):§(1+Nz ) NN, (Vrnw)we (V12 Z, — U.,),
where
Uo— Nn 1/2w_15’Bfluz
AN, 2 n
V. = Nn uéBiQuz,
N1N2 n
g -1/ Nn \Y? u.B v,
= NN, N
Note that
1 1 NP+ Ny 4 NTENSE
f(l-l—Nz_l)*lwle: 1— — — _\/ 1+ 31 + IV 712 )
2 (I+ N1+ Ny (I+N;HA+ Ny
So,
1+ N1
A = \/(1 + N_—il_)(l + N_l) (Vzl/QZz -U.) = C*(Vzl/QZz -U.).
1 2

Here, the variable VZI/ 2ZZ — U, is a location and scale mixture of the standard normal distribution.
Further,
Z(x)>c e VY2Z, U, >ec



We have seen that the discriminant function W (x) based on a cutoff point ¢ and the discriminant
function Z(z) based on a cutoff point ¢* can be expressed as a location (U) and scale (V'/?) mixture
of the standard normal distribution, and so these misclassification probabilities when @ € II; can be
expressed as

B[ {v-12(U + o)}, (3)

where @ is the distribution function of the standard normal distribution. In order to treat for W and

Z in a unified way, we define two random variables U and V as follows: for x € IIj,

uwB 'u vB 'u B 'u uw B %u
U=p ps ~ s L y=puB (1)
n n vn n

where u ~ N,(v/nwé, I,), v ~ Ny(0,1,), nB ~ Wy(n,I,), § = " Y?(u; — p,), and u, v and B
are independent. Here, p; = p;(N1,Na), i = 1,2,3, 7 = 7(N1, N3) # 0, and w = w(N1, Na) # 0 are
constants which are O(1) under Al. In addition, w=2 = Nn/(N1N2) 4+ O(n~1). The above results are

summarized as in the following Lemma.

Lemma 2. Assume that @ € II;. Let (U, V) be the random variables as in (4), and let Z be the

standard normal random variable which is independent of (U, V). Then
W) 2vi2z -1,

where (U, V) in (4) is defined with the following p1, p2, ps, T and w:

B 1 n n B n [ nNp
p1= N, N, )’ P2 = NN, pP3 = NN,

o Nn n 1/2 N1N2 (5)
TV NN N Nn

Similarly,
(1/e")Z(z) 2 VY27 — U,

where c* = [(1+ N71)/{(1+ N7H(1+ NQ_I)}} 1/2, (U, V) in (4) is defined with the following p1, p2, p3,

T and w:
Nn
:O :O = = 1/2
pPr="= P=% p3 N, N. ” \/NlNQ w = (nwf)

2 -1 1/2 2 1/2 L+ Ny
W1:2{(1+N2 )—a }a W2—2{(1+N D+a }a a=_———"7. (6)
11 N,

In order to evaluate the expectation as in (3), it is important to express w'B ™ u, v' B~ 'u, 8’ B™ ' u,
and w/ B~ %u in terms of simple variables whose moments are computable. We use the following lemma
given by Yamada et al. [23] which expresses them as functions of the independent standard normal

and chi-squared variables.



Lemma 3. Let v ~ Np(9,1,), va ~ N,(0,1,), A~ Wy,(n,I,), and v1, v2 and A are independent.

Then
A [Ys
— | Z A—\—=Z
Y < 1+ Y, 2)
8'A 1y, 1 >
vhA v, D \/ (1 + 2) {(Zi+ A2+ 22+ Y} 275

— r2
v A oy Y 1 s
v A 2, ?1{(21 + A+ Z2 Y,

1 Y,
Y12<1+Y3> {(Z1+ D)+ Z3 + Yy}

where A = V&8'8; Z; ~ N(0,1), i =1,2,3; Y; ~ X?ci, 1=1,2,3,4; all the seven variables Z1, Zo, Z3,
Y1, Yo, Y3, Y4 are independent;

fi=n—p+1, fo=p—-1, fs=n—-p+2, fa=p-2.

Results which are similar to Lemma 3 have benn given in the following papers. Fujikoshi and
Seo [9]; Lemma 2.2 gave stochastic expression for triplet of vj A v, v) A" vy and vH A vy, and
Fujikoshi [7]; Lemma 4.1 gave for triplet of 'u’lA_lvl, 'u'lA_z'ul and 8’ A~'v;. Hyodo and Kubokawa
[11] has also given a different expression for the four statistics in Lemma 3. However, their expression
does not hold simultaneously. In fact, they have used the same expression as Lemma 4.1 in Fujikoshi
[7] for the triplet of v} A vy, v) A" v, and 8’ A~ v, and added an expression for v A~ v, which
was derived separately from the triplet.

From Lemma 3, we can write the U and V as in (4) as follows:

(U> D (U(Yl/fla}/2/f27y3/f3vy4/f47Z1/\/ﬁ’ Zy[\/n, Z3/\/5)),

Vv v(Y1/f1, Y2/ f2, Y3/ f3, Y4/ fa, Z1 [/, Za/\/1v, Z3 [ \/n)
where
u(yla Y2,Y3, Y4, 21, 22, 23) = ul(y17y4a 21, 22) + u2(y1a Y2,Y3, Y4, 21, 22, 23)
_u3(y1>y27y37y4721a22)7 (7)
a
U1(917y4721;22) = i{(zl +WA)2 + Z% + a4y4}7
1
_ @2 2Y2 2 2
u2 (Y1, Y2, Y3, Ya, 21, 22, 23) = y 1+ asyf {(z1 + WA)? + 25 + asya}zs,
1 3
A
u3 (Y1, Y2, Y3, Ya, 21, 22) = a3— <Zl +wA —asy/ y222> ;
Y1 Ys
a% 2Y2 2 2
(Y1, Y2, Y3, Y4, 21, 22, 23) = " 1+G537 {(21 + WA)* + 25 + asya}. (8)
1 3
Here,
n . Ja J2 n
a;=—pi (1=123), as=—, as=4/7, asg= —T.
’ flpl ( ) n f3 fi

Note that a; = O(1) under Al.



3 Asymptotic expansions for the EPMCs of W(x) and Z(x)
under Al

In order to obtain asymptotic expansions for the EPMCs of W(x) and Z(x), we may derive an
asymptotic expansion of P(\/V Z —U < ¢) under Al. Further, instead of the distribution of VVZ-U,
we consider its standardized version defined by

T: VZ_(U_U())a

Vo

where

w(EMX/ ), E(Y2/f2), EY3/ f3), E(Ya/ fa), E(Z1/v/n), E(22/v/n), E(Z3/v/n))
u(1,1,1,1,0,0,0),
(
(

Uo
Vo (%

E(Yl/fl)aE(YQ/fQ)vE(Y3/f3)7E(Y4/f4)7E(Zl/\/ﬁ)vE(ZQ/\/ﬁ)vE(Z3/\/ﬁ))
v(1,1,1,1,0,0,0).

Then, it holds that
P(VVZ-U<ux)=P(T < vy "z + up)).

Now we consider an asymptotic expansion of the distribution of T" by expanding its characteristic
function

C(t) = E{exp(itT)}.
Based on the fact that 7' is conditionally normal when (U, V) is given, the conditional characteristic
function can be expressed as
\I/(yh Y2,Y3,Y4, 21, 22, Z3) = eXp(zt,u - t202/2)5

where

w(Y1, Y2, Y3, Ya, 21, 22, 23) — Uo
iu:/’[’(ylay27y3ay4vzlvz2323):_ \/170 s

2 _ ;2 _ v(y17y27y35y472:1722723)
o =0 (y1,y2,y37y4,21722,23)— " .
0

Therefor we have
wY Y'Y, 2y Z Z3)]

co-r[r (R E R R
To get an asymptotic expansion of C(t), we use a powerful method known as the method by the
differential operator which was used by James [12], Okamoto [19], etc. Since the function ¥(-) is
analytic about the point (Y1/f1,Ya/fo,Ys/f3,Ya/ fa, Z1//10, Za/ /10, Z5//n) = (1,1,1,1,0,0,0), we

can expand it a Taylor series as follows.

\I/<Y1 Yo Y3 Y4 21 Zs Z3>

= GXP(A)‘I’(ZUMZ/%?J&114721,22,23) |0’ (9)



where
Y,
A= - -1
2 (E- ) X e
and the notation | stands for the value at the point that (y1,ys2,ys,ya, 21, 22,23) = (1,1,1,1,0,0,0).
Then,

C(t) = OV (y1,y2, Y3, Y4, 21, 22, 23) |0, (10)

where

© = Elexp(A)].

Note that Y7, Ya, Y3, Y4, Z1, Z, and Z3 are independent, and Y; ~ X?ci, i=1,2,3,4, Z; ~ N(0,1),

1 =1,2,3. Considering the expectation with respect to Y;’s and Z;’s, we have
_exp{ Zayz —;fllog(l—zaayl) +21n:1 88;}
—exp( }286; 21712882_2+R1>
:1+Z;§;2+ Z§Q2+R2, (11)

where R; and Ry are remainder terms which are O(n=2) under Al. Substituting (11) into (10), we

have

4
2 1 ,
Ct)y=et/? (1 + - Y " bi(it)* +R3> :

k=1

where Rj3 is a remainder term which has the same property as R;. Inverting the above expansion of
the characteristic function, we can obtain an asymptotic expansion of the distribution of T up to the

order O(n~!) under A1 which is given as the following theorem.

Theorem 1. Assume that € IIy. Let (U, V) be the random variables defined as (4), and let Z be a
standard normal random variable which is independent of (U, V). Let y = vo_l/Q (x + ug), where

n -2
mal {(le2 — paw)A? + Pl} .

n*(n+1) Nn 9 p—2
= A2
v (m—|— 1)2<m+2) N1 N, (w + n )

ug =

Then it holds that

PV Y2z _U<u) - beka 1(y)o(y) + O(n™?)

under A1, where ®(-) denotes the cumulative distribution function of the standard normal distribution,

¢(+) is the derivative of ®(+), and Hy(x) denotes the Hermite polynomial of degree k, especially, Ho(x) =

10



1, Hy(x) =z, Hy(x) = 2% — 1, H3(x) = 23 — 3z, Hy(x) = 2* — 622 + 3. Here,

by =— 2n L(u +p1)
1= m+ 1 0T P1)
by — 3n n(p—1) 1 L% 1 [ 2n .2
2T m+1 (n+1)(m+ 2) ”71;2+w2A2 272 ' 209 \m+1°
2n(p—2) , n’ 272 n*(p— 1) 2 2}
+ 2p1w — A+ A5,
m 12" Gy 2P~ Pa) (m+1)2(m+2)"
be = — 1 on " uo+mL+1p1w2A2
T Vo | m+1 0T 2 A [
n n(p—1) 1 1 w2A?
by = - 1 .
* m+1+4(m+2)(n+1)+4p772+w2A2 Jr%—&-wQA?

Corollary 2. Let g, (c; N1, No, A?) be the expected probability of misclassification of W- rule with

cutoff point ¢ when x € 11. Let y,, = v;l/Q(c—i— Uy ), where

1 n —2 —2
Uy = Uy (N1, Na, A?) T T 2m—t1 {AQ_ <pN1 _pN2 >}’

n*(n+1) N(p-—2)
mH4Wm+m<N+ MMz)

Vyw = vw(N17N27A2) =

Then, it holds that under Al,

4
1 _
Gu (6 N17N27A2) = ®(yw) — n Zéka—l(yw)qs(yw) +0(n 2)7
k=1
where € = 0y (N1, No, A?) for k =1,2,3,4 are given as follows.
o 2 n [ o 1f(n n
1 /Uy M+ 1 v 2 N1 N2 ’

Nn

‘)= 3n n(p—1) NN, l+i 2n 2
Al e+ )(m+2) T A2y XD TN T 20, [ma1
14V2
n np—2) (n n 2 n? NlnAQ
2(m+1)2 N1 N2 (m+1)2NN2
n n%(p—1) NgnA2 ’
(m+1)2(m+2) NN,
P 2 . Nn Uy + 5 g T A2
T mA 1T NN, a2y N ’
Nn
P NS U i~ - PR
m+1 " Am+2)(n+1)  4A2 4 Neo2) a2+ R )

Corollary 3. Let g,(c*; N1, No, A?) be the expected probability of misclassification of Z- rule with a
cutoff point ¢* when x € 11y, where ¢* = \/(1 +N-1)/{(1+ N H(A + Ny Y}le. Lety. = vz_l/z(c—kuz),

where

n N .
uz:uz(Nl,Ng,AQ):—m+1 N1N2w1 1w2 1A2,
n%(n+1) N

(m —+ 1)2(m —+ 2) N1N2

Uz:vz(vaNQaAQ): wl_Q{AQ—l—(p—Z)w%},

11



and

w1y 1(N1, Np) = \/2{1+N Y —al/?},
Wo = WQ(Nl,NQ) = \/2{(1 +N;1) +a1/2},
1+ N, !
—a(Ny,Ny) = — 22
a( 1 2) 1+Nf1

Then, it holds that under Al,

4
QZ(C*;NlaN27A2) =®(y.) — %ZCka—l(QZ)QS(yZ) + O(niz)a

k=1

where (i, = (. (N1, Na, A?) for k =1,2,3,4 are given as follows.

G =— 2n  u,
1= m+1\/@7
Gy = 3n n n(p—1) nw?
2T Tl T )m+2) T A (22
1 2n n? Nn n?(p—1) Nn
— A2 72A2
+2vz{m+1uZ+(m+1)2N1N2w2 +(m+1) (m+2) NN, 2

o= — 1 2n nwi,
T mr1" A2 +(p—2)w? ]’

n (p—1) 1 nw; 2
W T Mmt D4 1) AR T (p— 2 {H A2+(p—2)w§}'

There are some results on asymptotic results on the EPMC of W- and Z- rules under Al, see,
e.g., Seo and Fujikoshi [9], Fujikoshi [6], Matsumoto [14], Hyodo and Kubokawa [11], etc. It may be
noted that our results have been given a unified way for W- and Z- rules, and so that their comparison
becomes more easy. In fact, in the next section, using Corollaries 2 and 3 we show that Z-rule has an

optimality in the comparison with W-rule.

4 Comparison of EERs

Let 7; be the prior probabilities of & drown from II; for ¢ = 1,2. Then, the expected error rate (EER)

for W-rule with a cutoff point ¢, is expressed as
EER,(cw) = mP(W(x) < cylx € II1) + meP(W(x) > cylx € I3).
From Corollary 2, the limit under A1l is given as

lim EER,, (c,)
Al

AZ — 71 1 ¢y + A2 -1_
0 ( —Cw + A+ (Y= )”0M>+m¢(—"“ 5+ (v 7)70@)7

2 /ARG + 20 2VAF+ (v Ty + 2)

where ¢, = 2(1 — Y)cw, A3 = limy_,0 A%, lim N1 /Ny = 7 and limp/n = 9. The minimum value

with respect to ¢, or equivalently c,, is attained at

1 . 2 { (y+~71 +2)WO} wg]
=——|(v— + 1+ log —| .
2(1 = 0) [(7 Tt Yo A g

Cw = Cw,0
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This result was pointed by Hyodo and Kubokawa [11], and they studied asymptotic unbiased estimator
for EER,, (Cw,0)-
From the above result we can see that the limiting EER,,(c,,) takes the minimum value at

1 N P P N Np 1 o
wm = Com = = L Py 1 = Jlog 22| 12
Cw,m = Co, 21\z—va2 N N—p< TNIN; AZ) R (12)

For the case when the prior probabilities are equal,

_ LI N (P
Com = oN_p\ Ny N, )

and then,

1 1
lim {QP(W(Qﬂ < cymle ely)+ §P(W(:c) > Cyml|T € Hz)}

A6 V1= ’Yo) : (13)

1
:@ _— 5
22+ (v 71+ 2)%

On the other hand, the EER for Z-rule with a cutoff point ¢, is expressed as
EER.(c;) = mP(Z(x) < c;|lx € II1) + maP(Z(x) > c.|x € II,).

Let

. 1+ N1
€= 1 1 C=-
(1+N; A+ Ny )

Using Corollary 3,
lim EER,(c})
Al

1 —ct + A2 1 cr+ A2
=md | -= z V170 | +m® -2 z 1— |,
1 ( 2VA )T Ay )70 E

+(r+771 4+ 20 ("t y+2

where ¢f = 2(1 — ) lima; ¢ = 2(1 — 7p)c,. The minimum value with respect to ¢% is attained at

2 142
e e - )90 1105 ™2
1= A0 T

This implies that the limiting EER for Z-rule, i.e., lima; EER,(c}) takes the minimum value at

14+ N1 2N N2 Np 1 2
e {(1+N11)(1+N21)} <N—p> ( +N1N2A2) % 14

When the prior probabilities are equal, c. , = 0, and then, the limiting error rate under Al is the

same as (13). These imply that when 7; = 7o,
lim EERy, (¢u.m) = lim EER, (0),
Al Al

which is equal to the right-hand side of the equality in (13). In order to see the difference when m = w3,
we need to compare the next terms of these asymptotic expansions. The final result is given in the

next theorem.
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Theorem 4. Let EERy(¢,,) and EER,(c,) be the expected error rates of W- rule with a cutoff point
cw and Z- rule with a cutoff point c,, respectively.

(1) The minimums of EER,,(cy) and EER;(c.) are attained at ¢y = cy,m and ¢y = ¢, m given in
(12) and (14), respectively.

(2) When m = 7o, it holds that

EERU)(CU),M) - EERZ(Cz,m) = _4’(])-10(71(77’3—)%(}71)32) (]\7/7:1 - ]\Z> Hl(yc)¢(yc) + 0(7172),
where
—(1/2)A2

Ye = .
Np-=2) | nt1
\/{A2 + Nsz } m+2

Further, since Hi(y.) = y. < 0, we have that EER,(0) is less than or equal to EERy,(cw.m), neglecting
the term of O(n=2). When Ny = Na, the difference becomes O(n=2).

The proof of Theorem 4 (2) is given in Appendix A.

We will show an asymptotic expansion for each of EER,,(0) and EER,, (0) up to the terms of O(n~!)
under A0. Asymptotic expansion of EER,,(0) is obtained by using Corollary 2 in Okamoto [19] (which
is cited in Fujikoshi et al. [10], Corollary 9.3.1), which is as follows.

EER,(0) = ® (;A) + ¢ (;A> {116 {LL(’)AI) + A} (]\1[1 + ]\1[2> + (p4nl)A] +0(n™?).

Since cpm = O(n~1) under A0, we can show that asymptotic expansion of EER., (Cyym ) up to the term
of O(n™') is the same as the one of EER,,(0).

By virtue of COROLLARY in Memon and Okamoto [15] (which is cited in Fujikoshi et al. [10],
Corollary 9.3.2), we have

EER,(0) = @ (—éA) +6 (—iA) [116 {4(7”;1) + A} (;1 + ]\D + (p;i)ﬂ +0(n2).

These results imply that EER,,(0) and EER,(0) are the same up to the terms of O(n~!) under AO.
Hyodo and Kubokawa [11] proposed a variable selection procedure for W-rule in two-group discrim-
inant analysis for high-dimensional data. Their criteria is based on an estimator of EER,, (¢4, ) which
is unbiased up to the term of order O,(n~') under Al. From the above result, we think that Hyodo
and Kubokawa [11]’s criteria with being reconsidered for Z-rule outperforms their criteria in terms of
selecting the true set of variables. In Section 6 we give an asymptotic estimator of EER,,(cy,m) with

errors of O(N~2).

5 Estimation for EPMCs

In this section, we consider to estimate the expected probabilities of misclassification; e, (2]1), e, (1]2),

e-(2|1) and e,(1|2). These depend on unknown parameter A2 It is important to estimate A2. A well

14



known unbiased estimator is given by

32:”—10—1 2 PN
n NlNQ'

Here, we denote A2 by A2, Such conventional notation is used, hereafter. Firstly, we give a stochastic

expression of D?, which is essentially stated in Lemma 3.

Lemma 4. The following equality holds in distribution:

N N N
D22 A2y 2 o A+ ——p |,
( NN TV NN T T NN,

n
where y1 ~ x*(n —p+1), ya ~ x%(p— 1), 21 ~ N(0,1), and y1, y2, 21 are independent.
From Lemma 4 it can be seen that A2 has consistency under Al. Therefore, from Corollary 2, a
consistent estimator of g,,(c; N1, Na, A?) under Al is obtained as

C+uw(N1,N2732)
vw(N17N27£2)

0y

Similarly, a consistent estimator of g, (c*; Ny, Na, A?) is obtained as

~

2
P C+UZ(N17N27AA ) . (15)
vz (N1, No, A2)

However, v, (N7, Na, 32) does not always take non-negative values, and so it is important to modify

the estimator such that it takes always non-negative values. For the purpose, instead of using 32, we

use
Ry_nTPElp po2
n n

Then, it can be seen that
+1)
Wo(Ni, Np, AZ) = — Mt D
vu(N1, No, A4) (m+1)(m+2)
+1)
(NL Ny A2y = D
v2(N1, No, A%) (m+1)(m+2)

)

9

which take non-negative values. So, we propose a consistent estimator of misclassification probability
given as in the following theorem.

Theorem 5. Assume that lim, oo A? > 0. Then, under Al,

C+Uw(N1,N2,A124) ﬁ)o,

PW(x) <cleell) —® —
Uw(NlaN2aA124)

c+ uz(vaNQaAA?q) 20
'Uz(NlaNQaAzl)

P(Z(x) <c'leell;)—®

15



We extend the result given in Theorem 5 to the one based on asymptotic expansions. From Theorem
1, we can see that y, ug, vg, b1,...,bs are functions of A2. Define ¥, ug, U, ?)\1, . ,/b\4 be the ones

obtained from y, g, vo, by, . .., by by replacing A2 with A2.

Theorem 6. Assume that x € 11y, and let U, V and Z be the same ones as in Theorem 1. Then,

under Al,
=
PV 1z -U<az)= B+~ — b Hea(9)6(5) | +O0(n ),
k=1
where €, = Ek(ﬁi) with
e1(A?) = ——— " (p1u? — o) (da(A2) + r)
1 \/%m—kl 1 3 2 1)
A 11/ n \°
EQ(AQ) = 5(6[2( )"' ’I’LT1) + = 2 v (M> (p1w2 _ ng)le(A2)7
Al n
2 AN 2 2
e3(A%) = 9 \/%m+1(ﬂlw psw)di (A7),
/\2
e4(A?%) = §dl(AQ)

Here,

Np-1) > 4Nn 2n (N(p—1)Y°
dy(A? {A2 }+ A2 22 7
h(a%) = I N1Ny N1Ny f2 L NNy
2n N(p—-1) Nn
dy(A2 {A2 }+ ,
A= NiNy [T NN,
1 n?(n+1) Nn
= — w7
vo (m + 1)2(m + 2) N1 N,
Np-1) p-2
N1N2 n '

T =

The proof of Theorem 6 is given in Appendix B. From Theorem 6, we can obtain estimators of the
misclassification probabilities for W-rule and Z-rule, which are unbiased up to the term with the order

O(n~!) under Al. These results are summarized as the following corollaries.

Corollary 7. Let j, = 51;1/2(0 + Uy, where Uy = Uy (N1, No, ﬁfu) and Uy, = vy, (N1, Na, 312”) with

X2 _r2_n—-ptl o Np-2)
Aw—AA—in D NN,
Then,
1 4
gw(C§N17N2aA2):E ®(Yw) +EZ 5wk_€k)Hk 1(Uw)d(Yw) | +O(n 72)
k=1

~

where Zk = Ek(Nl,Ng,ﬁfv) and Ew k. = cwik(A2). Here, e, 1(A2) is the same as ex(A?) given in



Theorem 6, i.e.,

1 n
2 2
ew1(A%) = 2\/1)Tﬂm+1(d2(A )+ nrwa),
W 11 n \?2
2y _ 2 b 2
a8 = @) ru) + o (S5 ) e,
A 1 n
2y _ Aw 2
ua(8) = S (o),
2 A’LQU 2
Ewa(A%) = gdl(A )s
with
1 ng(n—&—l) N
Ao = e T 12 m +2) el = g

Corollary 8. Let j. = v; /*(c +13), where @i, = u-(N1, Na, A2) and 5. = v, (N1, Na, A2) with

n—p+1

5
AL =A% =
n

D? — (p —2)wi.

Then,

4
1 _ _
9:(c"; N1, No, A?) = B\ ®(G.) + = Y (G — ) Hi—1(32)0(F:) | + O(n~?),
k=1

3

where QA“;C = (x (N7, Na, Ez) and &, =€, k(ﬁ ). Here, e, 1.(A?) is the same as e, (A?) given in Theorem

6, i.e.,
Ez,l(AQ) = \/117sz 1\/ NjVNQ w;lwgl(dg(AQ) +nr.1),
£.02(A%) = %(dg(AQ) +nry) + %U—lz (mi 1>2 NjVNQ Wl 2wy 2dy (A?),
exa(A%) = Az\lﬁmi 1V NiVNz wi ey i (A%,
£.4(A%) = )\gdl(AQ),
with ,
A = %(mj_ Y)l??—ml:- % NiVNQ wi? and r, ;= % — (p —2)w?.

6 Asymptotic unbiased estimator of EER

In this section, we propose asymptotically unbiased estimators of EERs for W-rule and Z-rule under

A1l. Our estimators are constructed using the following result.

Lemma 5. Let

—(1/2)A2

Ye = .
N(p—2) +1
ERET
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Then, the following equalities hold under A1:

stk( 3) Hier (3) 6 (0) | = @ (ue) + O(n?),

[ek (A?)} =0 (M) +0m™Y) (k=1,...,4).

Since Lemma 5 can be similarly proved with Theorem 6, we omit the proof. From (25) and Lemma
5, we can give an asymptotically unbiased estimator of EERy(cym) under Al as in the following

theorem.

Theorem 9. An estimator of EERy,(cwm) whose bias is of O(n~2) under Al is given by

4
@{w(cu]m)— lz wikHi—1 (Ye) ¢ (Ye) » (16)
k=1

3

where My k = Nw,k (ﬁi;> and
N (A%) = 4 1 (A?) — £(A?).

To construct asymptotically unbiased estimator for EER,(0), we use the following result.

Lemma 6. For y. defined in Lemma 6,

B[ (36 (2] = - Hau)otue) + 07

w

under Al.

Lemma 6 can be similarly proved with Theorem 6, and so we omit the proof. From 37, Theorem 9
and Lemma 6, we can get an asymptotically unbiased estimator of EER,(0) under Al which is given

in the following theorem.
Theorem 10. An estimator of EER,(0) whose bias is of O(n™2) under Al is given by

EEBR. (0) = BERy (cum) + @W (;Vll _ A’g) Hy (5.) ¢ (3) - (17)

We note that @{Z(O) is the same as ETE?{U,(Cw,m) for the case in which N; = Na.
In Section 4, we mentioned that EER,,(0) and EER,(0) are the same up to the term of order
O(n~!) under AO. McLachlan [16] gave an asymptotically unbiased estimator of EER,,(0) under A0,

which is also an asymptotically unbiased estimator of EER,(0), which are stated as follows.
Theorem 11. An estimator of EER,,(0) whose bias is of O(n=2) under A0 is given by
__ 1 1 \N[1/1 1\p )
EER,(0)=® ( —=D ——D)|=|—4+—)|—+—{44p-1)—-D . 18
=0 (-30)+6(-30) |5 (3 + 5 ) S5 + gt -0 =02 (8)
This is also an estimator of EER,(0) whose bias is of O(n~=2).

Since an asymptotic expansion of EERy,(cy.m) up to the term of O(n~1) is the same as the one
of EER,,(0) under A0, the right-hand side of the equality in (18) is also an estimator of EER,(¢y,m )
whose bias is of O(n™2) under A0.
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7 Numerical comparisons for asymptotic approximations

To compare the accuracies of the derived asymptotic expansion approximations for the misclassification
probabilities with the ones of Fujikoshi and Seo [9]’s limiting approximation, we calculated these values
when p = 8,32, (N1, N2) = (30, 10), (25, 15), (20, 20), (15,25), (10,30), A = 1.05,1.68,2.56, 3.29, where
the setting of A is followed to Wyman et al. [24]. The setting for N and p were treated as the case
in which p: N =1 :5 when p = 8, and the case in which p: N =1 :5 when p = 32. We considered
for the case in which the cut-off point c¢ is zero. Table 1 gives the values of ey (2|1) and ez(2|1) when
p = 8, and Table 2 gives the values of ey (2|1) and ez(2|1) when p = 32. In these tables, we described
the value of Fujikoshi and Seo [9]’s limiting approximation at column “FS’s Aprox”, and the value of
asymptotic expansion based on Corollary 2 for W-rule and Corollary 3 for Z-rule at column “YSF’s
AE”. To compare the accuracy, it is needed the values of misclassification probabilities calculated by
simulation. When we treat the distributions of W- rule and Z- rule, without loss of generality from
invariant property of the distribution for the orthogonal transformation of observation vector, we may

assume that two given normal populations with the same covariance matrix are
I NP(_(5/2)615117)7 Iy : Np((é/z)eh[p)a

where e; = (1,0,...,0)’. To compute misclassification probability, generate 10* training samples.
For each training samples, we generate 10* test samples in which observation vectors are i.i.d. as

Ny(—(6/2)eq, I,). The value of the conditional misclassification probability is calculated by

number of misclassification
104

(19)

in each training samples. We took the average of these 10* values of conditional misclassification
probability, and wrote it as the value of misclassification probability in column “Sim” in Tables 1 and
2.

From Tables 1 and 2, we can see that our proposed asymptotic expansion approximations have good
accuracy compared to Fujikoshi and Seo [9]’s limiting approximation when Ny # Ns. In addition, for
the case in which Ny = N, our proposed asymptotic expansion has almost the same precision of
approximation with Fujikoshi and Seo [9]’s limiting approximation.

In Table 3, we give the values of EER,,(0), EERy(cyw,m) and EER,(0) obtained by simulation
for the case m; = mo obtained by simulation. Simulating setting and computation method are the
same as ones in Table 1. We can see a tendency from Table 3 that the magnitude of these error rate
has the order “EER,(0) < EER,(cw,m) < EER,(0)” for almost all simulation settings. There are
little difference between the magnitudes of EER,(0) and EER,,(cy,m) when N1 = Ny (The difference
appears in less than 4th place of decimal point.).

We also checked the precision of the proposed asymptotically unbiased estimators of ey (2|1) and

ez(2|1) by simulation. Simulating setting and procedure of calculation are the same as ones in Table 1.
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Table 1: Comparison of approximations of e,,(2|1) and e,(2|1) for cut-off point 0 when p = 8

ew(2[1) e-(2]1)

(N, N2) - A FS’s Aprox YSF’s AE  Sim | FS’s Aprox YSF’s AE  Sim
1.05 0.310 0.313 0.312 0.369 0.372 0.371

(30, 10) 1.69 0.223 0.226 0.225 0.261 0.265 0.264
’ 2.56 0.125 0.127 0.128 0.144 0.149 0.149
3.29 0.070 0.072 0.072 0.080 0.085 0.084

1.05 0.337 0.338 0.338 0.362 0.363 0.363

(25, 15) 1.69 0.239 0.240 0.240 0.255 0.256 0.256
’ 2.56 0.133 0.134 0.133 0.141 0.142 0.142
3.29 0.074 0.075 0.075 0.078 0.080 0.080

1.05 0.360 0.360 0.359 0.360 0.360 0.359

(20, 20) 1.69 0.254 0.253 0.251 0.254 0.252 0.251
’ 2.56 0.140 0.140 0.140 0.140 0.140 0.140
3.29 0.078 0.078 0.078 0.078 0.078 0.078

1.05 0.388 0.386 0.384 0.362 0.360 0.358

(15,25) 1.69 0.271 0.269 0.268 0.255 0.252 0.252
’ 2.56 0.149 0.148 0.148 0.141 0.139 0.139
3.29 0.082 0.083 0.083 0.078 0.078 0.077

1.05 0.431 0.428 0.427 0.369 0.366 0.365

(10, 30) 1.69 0.302 0.298 0.297 0.261 0.256 0.255
’ 2.56 0.165 0.164 0.164 0.144 0.140 0.140
3.29 0.091 0.091 0.092 0.080 0.078 0.078

Table 2: Comparison of approximations of e,,(2|1) and e,(2|1) for cut-off point 0 when p = 32

ew(2[1) e.(2]1)

(N1, N2) - A FS’s Aprox YSF’s AE  Sim | FS’s Aprox YSF’s AE  Sim
1.05 0.377 0.382 0.383 0.458 0.460 0.461

(30, 10) 1.69 0.339 0.344 0.344 0.406 0.412 0.411
’ 2.56 0.277 0.285 0.285 0.328 0.337 0.338
3.29 0.228 0.238 0.238 0.267 0.280 0.279

1.05 0.418 0.421 0.421 0.454 0.456 0.455

(25, 15) 1.69 0.371 0.375 0.375 0.400 0.404 0.404
’ 2.56 0.300 0.307 0.304 0.321 0.329 0.326
3.29 0.244 0.254 0.253 0.261 0.271 0.270

1.05 0.453 0.454 0.453 0.453 0.454 0.453

(20, 20) 1.69 0.399 0.402 0.401 0.399 0.402 0.401
’ 2.56 0.319 0.325 0.326 0.319 0.325 0.326
3.29 0.259 0.268 0.268 0.259 0.268 0.268

1.05 0.490 0.490 0.490 0.454 0.455 0.455

(15,25) 1.69 0.430 0.432 0.432 0.400 0.402 0.403
’ 2.56 0.343 0.349 0.348 0.321 0.326 0.326
3.29 0.277 0.286 0.284 0.261 0.168 0.266

1.05 0.540 0.538 0.538 0.458 0.458 0.458

(10, 30) 1.69 0.477 0.477 0.478 0.406 0.407 0.408
’ 2.56 0.382 0.386 0.387 0.328 0.331 0.331
3.29 0.308 0.317 0.317 0.267 0.272 0.272
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Table 3: Comparison of EER

(Ni,N2) A p=8 p =32
12 EER,(0) EERy(cwm) EER.(0) | EER,(0) EER,(cwm) EER.(0)
1.05 | 0.371 0.370 0.369 0.460 0.460 0.459
(30.10) 1.69 | 0.262 0.262 0.261 0.410 0.410 0.409
’ 2.56 | 0.145 0.145 0.144 0.335 0.334 0.334
3.29 | 0.082 0.081 0.081 0.276 0.276 0.275
1.05 | 0.362 0.362 0.362 0.455 0.455 0.455
(25.15) 1.69 | 0.255 0.255 0.254 0.403 0.403 0.403
’ 2.56 | 0.141 0.141 0.141 0.326 0.326 0.326
3.29 | 0.079 0.079 0.079 0.269 0.269 0.269
1.05 | 0.359 0.359 0.359 0.454 0.454 0.454
(20,20) 1.69 | 0.252 0.252 0.252 0.401 0.401 0.401
’ 2.56 | 0.140 0.140 0.140 0.326 0.326 0.326
3.29 | 0.078 0.078 0.078 0.268 0.268 0.268
1.05 | 0.361 0.361 0.361 0.455 0.455 0.455
(15.25) 1.69 | 0.254 0.254 0.254 0.404 0.404 0.404
’ 2.56 | 0.141 0.141 0.141 0.327 0.327 0.327
3.29 | 0.079 0.079 0.079 0.269 0.268 0.268
1.05 | 0.370 0.369 0.369 0.459 0.459 0.458
(10, 30) 1.69 | 0.261 0.261 0.260 0.411 0.410 0.410
’ 2.56 | 0.145 0.145 0.145 0.336 0.335 0.334
3.29 | 0.082 0.081 0.081 0.277 0.276 0.276

As a competitor, we used the estimator obtained as Fujikoshi and Seo [9]’s limiting approximation by
replacing A? with 33 = max{AZ,0}, and wrote the value in column “FS’s Est” in Table 4 for p = 8,
and in Table 5 for p = 43. The value in parenthesis in column “FS’s Est” is obtained by computing

the mean squared error
10*
1 .
_ ) 1 (4) )2
MSE = 0 ;,1 (FS’s Est'” — Sim)*~, (20)

where “FS’s Est” stands for the value calculated by i-th training sample, and “Sim” stands for
misclassification probability computed by simulation. From Tables 4 and 5 we can see that the proposed
estimators have good accuracy compared to method being used Fujikoshi and Seo [9]’s approximation.
The MSE for proposed estimator is small than for the method being used Fujikoshi and Seo [9]’s
approximation for the case in which A = 2.56, 3.29.

We tried to compare the precision of asymptotically unbiased estimator of expected error rate by
simulation for p = 1,2,5,8,16,32, N; = Ny = 20. The setting of A is the same as Table 5. We
computed values of 2-types of conditional misclassification probabilities by (19), and take average of
these 2 values. This calculation is repeated 10% times. We wrote the average of these 103 values in
column “Sim” in Table 6. The column “A0” in Table 6 gives the averages of 10® replicated values of
(18), and the column “A1” gives the averages of 103 replicated values of (16). We computed the mean
squared error by using similar calculation to (20), and wrote it in parenthesis in each case. Table 6
shows that the precision of approximation (18) becomes worsen as the dimensionality gets large. We

can check that the precision of approximation (16) is good in each case of p.
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Table 4: Estimated values of e,,(2|1) and e,(2|1) for cut-off point 0 when p = 8

ew(2|1) e=(2[1)

(N1,Nz) A FS’s Est YSE’s Est . FS’s Est YSE’s Est .
(MSE) (MSE) st (MSE) (MSE) st
1.05 | 0.330(0.004) 0.312(0.005) 0.312 | 0.396(0.007) 0.370(0.008) 0.371
(30, 10) 1.68 | 0.248(0.005) 0.225(0.004) 0.225 | 0.292(0.007) 0.264(0.006) 0.264
’ 2.56 | 0.147(0.003) 0.127(0.002) 0.128 | 0.170(0.004) 0.149(0.003) 0.149
3.29 | 0.089(0.002) 0.072(0.001) 0.072 | 0.102(0.002) 0.085(0.002) 0.084
1.05 | 0.361(0.005) 0.337(0.005) 0.338 | 0.389(0.006) 0.362(0.006) 0.363
(25,15) 1.68 | 0.263(0.005) 0.239(0.004) 0.240 | 0.281(0.006) 0.255(0.005) 0.256
’ 2.56 | 0.154(0.003) 0.133(0.002) 0.133 | 0.164(0.003) 0.142(0.003) 0.142
3.29 | 0.093(0.002) 0.075(0.001) 0.075 | 0.098(0.002) 0.080(0.001) 0.080
1.05 | 0.387(0.006) 0.359(0.006) 0.359 | 0.387(0.006) 0.359(0.006) 0.359
(20, 20) 1.68 | 0.279(0.005) 0.252(0.004) 0.251 | 0.279(0.005) 0.252(0.004) 0.251
’ 2.56 | 0.161(0.003) 0.138(0.002) 0.140 | 0.161(0.003) 0.138(0.002) 0.140
3.29 | 0.097(0.002) 0.078(0.001) 0.078 | 0.097(0.002) 0.079(0.001) 0.078
1.05 | 0.419(0.008) 0.386(0.008) 0.384 | 0.390(0.007) 0.360(0.007) 0.358
(15, 25) 1.68 | 0.302(0.007) 0.269(0.005) 0.268 | 0.283(0.006) 0.252(0.005) 0.252
’ 2.56 | 0.174(0.004) 0.148(0.003) 0.148 | 0.164(0.004) 0.139(0.003) 0.139
3.29 | 0.103(0.002) 0.083(0.002) 0.083 | 0.098(0.002) 0.078(0.002) 0.077
1.05 | 0.465(0.011) 0.426(0.012) 0.427 | 0.397(0.007) 0.364(0.008) 0.365
(10, 30) 1.68 | 0.340(0.011) 0.298(0.008) 0.297 | 0.293(0.008) 0.256(0.006) 0.255
’ 2.56 | 0.195(0.006) 0.163(0.004) 0.164 | 0.170(0.005) 0.140(0.003) 0.140
3.29 | 0.116(0.003) 0.092(0.002) 0.092 | 0.102(0.003) 0.078(0.002) 0.078

Table 5: Estimated values of e, (2]1) and e, (2|1) for cut-off point 0 when p = 32

ew2[1) e (2[)

(N1,N2) A FS’s Est YSFE’s Est . FS’s Est YSF’s Est .
(MSE) (MSE) St (MSE) (MSE) st
1.05 | 0.397(0.001) 0.381(0.007) 0.383 | 0.485(0.002) 0.460(0.012) 0.461
(30,10) 108 | 0:386(0004) 0.343(0.007) 0344 | 0.470(0.007) 0.410(0.012) 0411
’ 2.56 | 0.360(0.010) 0.286(0.007) 0.285 | 0.436(0.016) 0.339(0.011) 0.338
3.29 | 0.324(0.013) 0.235(0.007) 0.238 | 0.389(0.021) 0.277(0.010) 0.279
1.05 | 0.445(0.002) 0.421(0.008) 0.421 | 0.484(0.003) 0.455(0.010) 0.455
(25,15) 1.68 | 0.431(0.006) 0.375(0.008) 0.375 | 0.468(0.008) 0.404(0.010) 0.404
’ 2.56 | 0.391(0.013) 0.305(0.008) 0.304 | 0.424(0.017) 0.327(0.010) 0.326
3.29 | 0.350(0.016) 0.253(0.008) 0.253 | 0.377(0.020) 0.270(0.009) 0.270
1.05 | 0.485(0.003) 0.455(0.009) 0.453 | 0.485(0.003) 0.455(0.009) 0.453
(20, 20) 1.68 | 0.468(0.008) 0.402(0.009) 0.401 | 0.468(0.008) 0.402(0.009) 0.401
’ 2.56 | 0.423(0.016) 0.325(0.009) 0.326 | 0.423(0.016) 0.325(0.009) 0.326
3.29 | 0.373(0.020) 0.267(0.009) 0.268 | 0.373(0.020) 0.267(0.009) 0.268
1.05 | 0.524(0.003) 0.490(0.012) 0.490 | 0.484(0.003) 0.455(0.010) 0.455
(15,25 168 0.505(0.009)  0.430(0.012) 0.432 | 0.468(0.008) 0.400(0.010) 0.403
’ 2.56 | 0.459(0.020) 0.349(0.011) 0.348 | 0.426(0.017) 0.326(0.009) 0.326
3.29 | 0.406(0.025) 0.286(0.010) 0.284 | 0.378(0.021) 0.268(0.009) 0.266
1.05 | 0.573(0.004) 0.538(0.018) 0.538 | 0.485(0.003) 0.457(0.013) 0.458
(10, 30) 1.68 | 0.557(0.011) 0.479(0.017) 0.478 | 0.472(0.007) 0.408(0.012) 0.408
’ 2.56 | 0.512(0.026) 0.387(0.016) 0.387 | 0.435(0.018) 0.331(0.011) 0.331
3.29 | 0.457(0.033) 0.314(0.014) 0.317 | 0.389(0.023) 0.270(0.010) 0.272
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Table 6: Comparison of asymptotic unbiased estimate of EER for W-rule when Ny = Ny = 20

A p=1 p=2
A0 Al Sim A0 Al Sim
1.05 | 0.301(0.004) 0.305(0.007) 0.302 | 0.313(0.004) 0.312(0.004) 0.314
1.68 | 0.203(0.003) 0.203(0.003) 0.203 | 0.214(0.003) 0.214(0.003) 0.210
2.56 | 0.103(0.001) 0.103(0.001) 0.103 | 0.105(0.002) 0.105(0.002) 0.108
3.29 | 0.053(0.001) 0.053(0.001) 0.052 | 0.055(0.001) 0.055(0.001) 0.055
A p=2>5 p=2_8
A0 Al Sim A0 Al Sim
1.05 | 0.340(0.006) 0.339(0.006) 0.340 | 0.357(0.006) 0.358(0.006) 0.359
1.68 | 0.232(0.004) 0.233(0.004) 0.233 | 0.253(0.004) 0.254(0.004) 0.253
2.56 | 0.119(0.002) 0.120(0.002) 0.123 | 0.135(0.002) 0.138(0.002) 0.140
3.29 | 0.065(0.001) 0.066(0.001) 0.066 | 0.077(0.001) 0.079(0.001) 0.078
A p=16 p=32
A0 Al Sim A0 Al Sim
1.05 | 0.397(0.008) 0.400(0.007) 0.400 | 0.401(0.020) 0.457(0.009) 0.454
1.68 | 0.301(0.006) 0.306(0.006) 0.303 | 0.325(0.025) 0.403(0.009) 0.403
2.56 | 0.178(0.004) 0.187(0.004) 0.188 | 0.205(0.032) 0.321(0.009) 0.327
3.29 | 0.111(0.003) 0.122(0.002) 0.119 | 0.133(0.029) 0.269(0.008) 0.264

8 Criteria for selection of variables

We consider the problem for selection of variables in two-group discriminant analysis. McLachlan [16]
and [17] proposed a criterion which is based on asymptotic unbiased estimator of the expected error
rate under AQ. In this section, we will derive such a criterion under Al.

The problem of selection of variables is to identify a sub-vector x(j) = (xj,,...,x;,) of @ which

is corresponded to a subset of subscripts {1,2, ...

ie. k(j) = #j. Let J be the family of all possible subsets of {1,...

,p}, where k = k(j) is the cardinal number of j,
,p}. Then the problem may be
regarded as how to select the best subset of j from J. If we only use x(j) in discriminant analysis,

the corresponding W and Z discriminant functions become
: N N N
Wial) = (@100) - 22)'S6) ™ {ali) - 5@ 0) + 2200}

Z(x(j)) = % {@+ N2 (f) — 2205))'SG) ™ =(5) — #2(5))

—(L+ Ny =) — 21()'SG) =) — 21() }

where Z,4(j) and S(j) denote &, and S corresponding to x(j), respectively. The expected error rate

for W-rule on the model j is expressed as
EERy (cw; j) = mP(W(z(j)) < col € II) + mP(W(x(j)) > cuwl|z € Il2),
and the one for Z-rule is expressed as

EERZ(CZ;j) = 771P(Z(:c(j)) < CZ|SC S Hl) + WQP(Z(SC(])) > cz\w € Hg)
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8.1 Criterion for selection of variables

For ease of explanation, we consider the case that m; = m. Set the cut-off point for W-rule corre-

sponding to x(j) as

Cw,m (J) =

LN (RG)RG)
2N —k(G) \ N, N, )°
From the statement in Section 4, the limiting value for EER,,(cw,m(j);j) takes the minimum value

under the high-dimensional asymptotic framework A1(j);

Al1(j) : k(j) > 00, Ny =00, Ny— o0, k(j)/n—~()€lo1),

and Ni/Ny — v € (0,00).
We see that lima, ;) EER, (0;4) takes the minimum value, and see that

lim EER,(0;j) = hm EERy (Cw,m(J);7)- (21)
A1(4) AL(j)

To obtain the criterion for variable selection, firstly, we derive asymptotically unbiased estimators of
EERw (cw,m(7); j) and EER.(0; j).

Since the framework Al(j) is an imitation which is obtained from A1l by replacing p in Al with
k(j), it follows from the expansion (25) that

4
EERy (cw,m(5);7) = Z Hi—1(ye(5))o(ye(5)) + O(n72), (22)

B\H

where

beld) = —(/2AG) |
{0+ X0 Jen

m(j) = n—k(j), A(j) and £;(j) are denoted A and ¢; which is given in (26), respectively, corresponding

to x(j). By using the same reason, we find from Theorem 4 (2) that

EER.(0;5) = EERy (Cw,m)

L (n-DkG) =) () . N+ O(n"2
vy (j)  (m(j) +1)3 ( )Hl(yc(y))¢>(yc(y))+0( ),

+ N Ny

where vy, (j) is the v,, corresponding to x(j). The following theorem gives asymptotic unbiased esti-

mates of EERy, (cy,m) and EER,(0; 7).

Theorem 12. Let R
o —(1/2)A(5)?

X . N(k(])—2 n+1
\/{Aw(ﬂ)2 =N } m(j)+2

where ﬁw(j)2 1s the 3720 given in Corollary 7 corresponding to the model j. Let

Gwﬁ(] —yc anz C(]))a
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where fu,i() = nui (B ()% §), and
i (A(G)?55) = €wi (AG)?) — (7).
Then under the high-dimensional asymptotic framework Al(j),

BERw (Cw,m(7); 5) = E[®(Gun(5)] +O0(n~?).

Let
. 2
Guni) = Gunli) + g DD (B 8 ) ) 0 )
where
o n?(n+1) X 2, NG —2)
)= GG (20 )

Then under the high-dimensional asymptotic framework A1(j),
EER.(05) = E[®(G=.(5))] + O(n~?).
We propose the selection method for W-rule with the cut-off point ¢y, (j) base on
My, n(5) = @ (Guwn(j))

and propose for Z-rule with the cut-off point 0 based on

M (j) = @ (G=n()))-

The selected model 5M7w7h is obtained by satisfying that M, p, (§M7w7h) =minjey My »(j), and ./j\M,z,h

is obtained by satisfying that Mz7h(jj\M,zyh) = minjey M, (j). Since ®(-) is a monotone increasing

function, /j\M’w,h and 3M,Z,h minimize Gy, 1, (j) and G, 5 (j), respectively.

8.2 Relationship between expected error rate and no additional informa-

tion model

Firstly, we consider no additional information model ©(j) which leads x(j) to be the best subsets of

variables. Define Q(j) as
Q) : ar #0, forany k € j, and ap =0, for any k € j°N{L,2,...,p},

where a@ = (ay,...,a,) = 3" 1y — py).

(23)

Let jo be a fixed subset in J. We may assume without loss of generality that jo = {1,...,ko}. We

call Q(jo) true model if {1, o, X} satisfies the condition in (23). Let
Ji={j€TJ:j2j} and F=JNJ.
It is known (see, e.g., Fujikoshi [4]) that Q(jo) is true if and only if

A(j)=Aforany j € 4 and A(j) < A for any j € Jo.
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Theorem 13. Assume that Q(jo) is true and ko is fized. Then, it holds that
(i) limay {EERw (cwm (5); 7) — EERw(Cwm(jo); jo)} = 0 for j € Ti\ {jo},
(ii) Timay {EERy (Cwm (5); 7) — EERw (cwm (Jo); o)} > 0 for j € Ja.

In addition, it holds that

(iii) lima; {EER.(0;j) — EER.(0;0)} > 0 for j € 71\ {jo},
(iv) lima; {EER.(0; j) — EER. (0 jo)} > 0 for j € Jh.

Proof. From (21), it is sufficient to prove (i) and (ii) only. It follows from (13) that

| . —(1/2)80()
lim EER (Cw.m(7);
Al PP (G 9):9) = (\/{Ao @i (')}17(]’)>

where Ag(j) is a positive value which is defined as Ag(j) = limy(j)—00 A(j). From the assumption, we

have
. L L.
B )i o) = T EER o)) = ® (=3 2(0) ).
Since 0 < ~(j) < 1, it holds that

~(1/2)80()° L —(1/2)8()?
VIBGP + @4+ 0 =y VAU

where the equality hold for the case in which v(j) = 0. The condition (24) implies that

W = 5800 (€T,
W > —2AG0) (G € o),

which prove (i) and (ii) for the case in which k(j) — oo as p — oco. Assume that k(j) is fixed. Then,

. N 1. .
BB (0.7 3) = i BB (e,m(7)) = (380

which leads to (i) and (ii). O
From Theorem 13 , we can regard €(j) as a minimal realization of the parametric model such
that EERy, (cw,m(5);7) and EER,(0; j) are minimum in the sense of (i)-(iv). Note that the minimiza-

tion for Q(j) leads the model j in which selected variables are overspecified for the minimization of

EER,(cw,m(7);7) and EER(0; j) in the sense of (i) and (iii).
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8.3 Simulation

From Theorem 13, EER,,(¢wm(jo); jo) and EER,(0; jo) become minimum for any j € J in the lim-
iting sense when the model Q(jo) is true. So in this simulation, we set the parameters {p, py, X}
which satisfies (23). The covariance matrix 3 is assumed to be I,. We set py = —py and pq =
—(a/2)(1,...,1,0,...,0)", where each of the first k elements of p; is —«/2 and the remaining is 0.
Simulation experiments were carried out for the case in which Ny = Ny = 80, k& = p/10,p/5,p/2,
p=30,50, o = 1,2,4. When #j is small, the precision of the approximation of M, »(j) is not good.
So we use a switching procedure that the model is selected by M(j) for #j < 5 and is selected by
My 1 (j) for # > 5, where M (j) is the base of selection criterion given in Fujikoshi [5]. Since all candi-
date models are too much for large p (e.g., the number of candidate models is 1023 when p = 10), we
use the forward step wise selection method. The details of the selection method is given in Algorithm

1.

Algorithm 1 The algorithm for forward step wise selection method
1: jcan ~ {}
jtcmp <~ arg min M(])
#j=1
3t <= min#j=1 M(j)
4: £ <=2
5
6

v

: while / < 5 do

if ¢ > arg min M(j) then
#j=L

7: Jtemp <= Jtemp U arﬁ%'mlin M(j)

=

8: t < ming;—1 M(j)

9: (=141

10: else

11: Jean < jtemp

12: end if

13: end while

14: while jean = {} A5 <l <pdo

15: if ¢ > arg min M,, ,,(j) then

#j=t
16: jtemp ~ jtemp U arg min Mw,h(j)
#j=1
17: t <= min#j:1 Mw,h(j)
18: l=0+1
19: else
20: jcan <~ jtemp
21: end if

22: end while
23: return jean U jremp

Table 7 gives the frequencies of selected variables for 100 trials, where jo p+¢ = {j € J1 : #j = k+{}.
We can see from the table that there are few models to be selected in J, when (p,k) = (30,3),
(p, k) = (30,6) and (p, k) = (50,5). On the other hand, the proposed method rarely selects the model
in J2 when (p, k) = (50,25). It is considered that these results are guaranteed by assertions (i) and (ii)

in Theorem 13. However, it seems that the proposed method rarely selects true model. It is expected
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to construct a variable selection criterion which is consistent.

Table 7: Frequencies of proposed variable selection for 100 trials

p k oaljo Jorri Jokto U@:;f Jok+e T2
1 1 5 12 82 0

3 210 9 13 78 0
410 6 10 84 0

110 4 9 83 4

30 6 213 7 15 75 0
4 | 3 8 11 78 0

1 4 6 11 9 70

15 2| 6 9 13 12 60

41 6 7 12 15 60
110 0 0 96 2

5 210 0 0 100 0
410 1 0 99 0

110 0 1 65 34

50 10 2| 0 1 2 &9 8
410 0 4 93 2

110 0 0 0 100

25 210 0 1 1 98

410 0 0 0 100

9 Concluding remarks

In this paper, asymptotic expansions of expected probabilities of misclassification for W- and Z- rules
were derived up to the term of O(n=!) under the high-dimensional asymptotic framework Al. It may
be noted that the orders of their errors are O(n=2). We compared expected error rates for these
2-rules asymptotically for the case in which prior probabilities are equal. It is known that under the
large-sample asymptotic framework A0 expected error rates for these 2-rules are equal asymptotically.
However, from our high-dimensional asymptotic results we have shown that the expected error rate
for Z-rule is lower than or equal to the one for W-rule.

We proposed an asymptotic unbiased estimators of the expected probability of misclassification
for W- and Z- rules under the high-dimensional asymptotic framework Al. In addition, asymptotic
unbiased estimators of the expected error rate for these 2-rules were derived. Based on these unbiased
estimators, we proposed variable selection criteria. Our asymptotic approximations were numerically

examined.

A Proof of Theorem 4 (2)

In this section, we give a proof of Theorem 4 (2).

Proof of Theorem 4 (2). From Corollary 2,

4
1 _
gw(cwm;NlaNZ,Az) = (I)(yunn) - ﬁ § Eka—l(ywm)gﬁ(ywm) + O(TL 2)
k=1
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under A1, where yum = ye + (1/n) R4 with

—(1/2)A2
V) |
Np-2)\ n
a0y e
Ry = Ry(N N)(&X’ll){l+fl2(nﬁz>mf+2)}
4 — 4 1, 2) — ]
Np-2)\ n
\/{A“N(fwﬁ}wié

Then, we have

4
gw(cwm§N17N2vA2) = (b(yc) + % {R4(N17N2) - ZEIC(NlaNQ)Hkl(yC)} ¢(y6) + O(n_z)'
k=1

It follows from the duality that

1
gw(_cwm;N%NlaAz) =®(y.) + — {R4(N2,N1) -
" k=1
From these expansions, we obtain
R
EERy (cwm) = ®(ye) — n Zeka—l(yJQﬁ(yc) + O(niz)a
k=1

where
—_ 1
b, = i{fk(N1,N2) + 0, (Na, N1 }

for k =1,2,3,4. Here,

- 2n
b=y
1 m+1y'

7, — 30 n(p —1) NN no L2 020
Pl ek )m+2) A2y Ao AN T 20, [mr Yelu
L(n Np=2 p=2\'| L a2 (0w
4 \m+1 N1 N2 2(m+1)2 N1 N2
n%(n+1) NanrNgn A2
2(m—|—1)2(m+2) NN2 NN1 ’

7. — 2n n Nn 1
E O RN N1N2A2+% ’
6_4:64(N17N2).

On the other hand, it follows from Corollary 3 that

4
92(0; N1, Na, %) = B(3m) = - Gl 1 () o(e) + O(n )
k=1

—{wa (N1, Np)} 1 A2
n+1 )

where
Yem = yzm(Nla NZ) =
VIA? + (0 = 2){wr (N1, N2) 2] 245
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Write
14+ Nt

R
1

=1+ (NP = NHAHNH T =14

From Maclaurin expansion for (1 4 z1)'/2, we have

1. _ e 1, _ 1 _
a1/2:1+§(N21—N1 1)(1+N1 1) 1_§<N21_N1 1)2(1+N1 1) 2+O(n 3)- (28)
It also holds that )
1 N;
14+ N ? 14 N;?
Substituting (29) into (28), we obtain
1/2 P -1 BRI N -3
a :1+§(N2 =Ny )1 =N )_g(Nz — Ny )"+ 0(n™),
and so,
nfor (N N = N L (N N LN (30)
PRI TNIN, T an \ NG N, n \ N ’
2 3 N 1 —2 —2
{wa (N1, No)}r =41+ iNN, N +0(n™ %) =41+ z3) + O(n™7). (31)
From Maclaurin expansion for (1 — x5)~'/2, we have
1 3 N 1
wa(Ny, . 1:(1—+>—|—On2. 32
i N = 5 (1= S ) o) (32)

Substituting (30) and (32) into Y., (N1, N2), and expanding it asymptotically under Al, we have
1 1 _
yzm(NhNQ) = Yc + g (A(N1,N2) + 2UB(N17N2)> Hl(yc) + O(n 2)7 (33)
w

where

1 /3 Nn n
A(N,, Ny) = —= (2 -
(N1, N2) 2(41\le2 Nl)’

sov. v =00 (o) - Ge) )

Substituting (33) into (27), and expanding it asymptotically under A1, we obtain

1 1
gz(O;Nl,NQ, AQ) = Q)(yc) =+ E |:{A(N17N2) + %B(Nl,NQ)} Hl(yc)

4

=3 GV, Nz)Hkl(yc)} 6(y.) + O(n~?). (34)

k=1

It follows from the duality that

1 1
9205850, 0, 8%) = 5 + - {42 N0+ 1 BV ) | ()

4

—ZCk(Nle)Hk—l(yc)} $(ye) +O(n™?). (35)

k=1
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From (34) and (35), we can obtain an asymptotic expansion of EER,(0), which is as follows.

4
1 - 1 - _9
EERZ(O)zé(yC)—i—n{(A—&-Q%B) Hi(ye) k}_ 5 Hy 1yc} P(ye) + O(n™), (36)
where
1 Nn
= —{A(N{, N- A(Ny, N -
{ (N1, No) + A(N2, Ny)} = TSN,

n(n+1)(p—2) (n n>{

Am+1)2(m+2) \ Ny Ny

- 7{B(N1,N2) + B(Na, N1)} = N, N,

e = §{Ck(N1,N2) + Cr(N2, N1)}
for k = 1,2,3,4. Substituting (30) and (32) into ¢z, and expanding it asymptotically, we have

G=6L+0@™,

é_' _ 3n n(p — 1) N]Y;\lfz
T m+1 " (n+D(m+2) A2 + PiNQ)
1 2n n’(n +1) Nn -1
. Ve A ,
20 {m+1y°v * 4(m +1)%2(m + 2) N1 N, o)
(3=103+0(n"")
Go=0li+0(n™Y)

From (25) and (36),
EER., (Cym) — EER.(0) = —% (Zz — G+ A+ 2iB> Hi(ye)o(ye) + O(n™?).

It can be computed that

bo—G= o +1<"_”)2{”(”—1)(p—2>

2N 2’Uw N1 N2 2(m + 1)3
n*(n+1) NiNs o -1
A .
Am+1)2(m+2) Nn +0(m™)
Since it can be expressed that
L Nn o NN (n o\
8N1N2 2N - 8Nn Nl N2 ’
we find that
1 4 1 n(n=1)(p-2) (n n\> 1
— A+ —B=— —_— - —
bt At g B o e \W ) TO)
This gives
L (n=Dp-2 (n  n\? .
EER,(¢ym) —EER,(0) = ——~——— " — — — | Hy(y. . .
() ~ EER.(0) = — = B2 (- 8 ) Mool + O %), (67
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B Proof of Theorem 6

In this section, we give a proof of Theorem 6.

Proof of Theorem 6. For dealing with the expectation of 3?4, it is no loss of generality from Lemma 4

that 3?4 may be

~

N N N p—2
Ry =1t azy P2/ —=—A - -
A U1 Nlszl N1 Ny Zl_|_-7\71‘7\72y2 n Yo (38)

where y1, y2 and 2; are defined in Lemma 4, f{ =m + 1 and fo =p— 1. Let w; = +/fi/2(yi/fi — 1)
for ¢ = 1,2. It can be expressed that

4 k 5
2 2 1
S () e
I; h h 14+ +/2/ fiws
Replacing f1/y1 in (38) with this expression, and expanding the resultant expression, we have

A =A% 4y +——D; + D2—|—R2, (39)

nl/2
where

N(p-1 -2
r = (p )717 w2,

N1N2 n
D = Di(wy,ws, 21)

[2n N(p—l)} Nn Nip-1) /2n
= A? + wy — 2 Az + ——— 4 —wao,
fl{ N1N; ! NiN,~ N1N, fo 2

Dy = Dy(w1, wa, 21)

_2n N(p—l)} 2n N(p—1) Nn
A% + + o " Az ——wy p + 22
A { NN, [ \/ 12y N1 Ny VN NNy [ T NN, !

—3/2

R5 is a remainder term consisting of n times a homogeneous polynomial of degree 3 in wy, wy and
21 of which the coefficients are O(1) under A1, plus n~2 times a homogeneous polynomial of degree 4,
plus a remainder term that is O(n‘5/ 2) under A1 for fixed w;, wy and z;. From the assumption that

=2 = Nn/(N1Nz2) + O(n~1), we find that

+O(pn™?),

" NN,

which yields that 71 = O(n~!) under Al. It follows from (39) that

~ n _ _
up = ug + m(ﬂlw2 — paw) (7’1 +n 2Dy + 07 Dy + Rz) ; (40)

50— v+ n?(n+1) Nn
O T (m+1)2(m +2) Ny Ny

w? (7“1 + n_1/2D1 +n7 Dy + Rg)

Taylor series expansion of 7, 12 at Uo = vo up to the term with the order O((vy — vp)®) gives that
—1/2 _ —1/2 A A 1 A 3122
7 = {1 G gD (3P ) + R )
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where
1 nP(n+1) Nn 2
- Vo (m+1)2(m+2) N1N2 ’

3/2

R3 is a remainder term consisting of n™°/ times a homogeneous polynomial of degree 3 in w;, we and

21 of which the coefficients are O(1) under A1, plus n~3/? times a homogeneous polynomial of degree
1, plus n~2 times a homogeneous polynomial of degree 4, plus n~2 times a homogeneous polynomial
of degree 2, plus terms which is O(n~2) under A1, plus a remainder term that is O(n~°/2) under Al

for fixed wq, wy and z;. From the expansions (40) and (41), we obtain

~ =12 .
y=1, /(x—|—u0)

1 1
=yt+ar+ —paDi+ ~Q + Ry,
n n

where

0= = { o = ) = e 4o

Voo lm+1 2
1 n AD? AD 3
Q2 = \/TTJ {m n 1(p1w2 — p3w) <D2 - 21> <22 - 8>\2D%> (z + Uo)} )

and Ry is a remainder term which have the same property as R3. Taylor series expansion of ®(y) at

7 = y up to the term with order O((§ — y)®) gives
~ 1 1 @ 9
(y) = 2(y) + WCthQS(y) + i Q2 — ngy +naqir1 | ¢(y) + Rs,
where Rj is a remainder term which have the same property as R3. Then we have
. 1
Ble()] = o(y) - — (242D — &2 —nar ) 6(y) + BlRs), (42)

in which we use the fact that E[D;] = 0, and we denote g2 = E[Q2]. From the same derivation in
Anderson [2], it can be shown that E[R5] = O(n~2) under Al. Substituting y*> = H3(y) + 3H1(y),
y? = Hy(y) + Ho(y), y = Hi(y) and 1 = Ho(y) for (yqi/2)E[D}] — g2 — nqury, we have

%E[D2]*Q2*WJ1T1 ZEk VH—1(y),

where

e1(A?) = ey I(PM2 — paw)(da(A?) + nr),

(82) = 282 ) + 2L () (o — g (a7
€9 =3 2 nri 200 \m+1 P1w p3w) ay ,

Al n
2y N - 2 2
£3(A%) = Qmerl(le paw)di(A*),
)\2

e4(A?%) = Z-di(A?)
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Here, dq(A?) = E[D?] and d2(A?) = E[D;]. The expectations of D} and D, are given in the following

closed forms.

E[D%]_Zn{A2+N(p—l)}2+ 4Nn A2+2”{N(P—1)}2’

T h NNy NN, f2 NN,
~2nf{ ., N(pp-1) Nn
BlDs] = fi {A + N1 No - NiNy'

Let
Ek (3,24> = &g (330 Hi—1(y)o(y)-
Then the function gy (3%) is smooth (for fixed ) on (—(p — 2)w=2/n, c0). Taylor series expansion of

€k (3%) at A% = A2 up to the term with the order O((A% — A2)3) gives

Z (zi) = &4(A?) + R,

~1/2

where Rg is a remainder term consisting of n times a homogeneous polynomial of degree 1 in wy,

wo and 21 of which the coefficients are O(1) (for fixed ) under Al, plus n~! times a homogeneous
polynomial of degree 2, plus terms which is O(n~'), plus a remainder term that is O(n~/2) under A1l
for fixed wy, we and 2z; and x. From the derivation in Anderson [2] again, we find that E[Rg] = O(n™1)

under Al, and so

E [ex (83) Hea(9)0(3)] = e (B2) Hioa(y)(y) + 0. (43)

Using the same derivation on the above, it can be shown that

E [BeHiy 1 (5)6(3)] = buHio1 (1)6(y) + O(n ). (44)

Hence, under Al,

B |2@) + - S G~ B He a@o) | = By) — = 3 bHi 1 (4)6(y) + Oln),
k=1 k=1
where &, = ¢, (33) O
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