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Abstract:

In practice, we often encounter situations where a sample size is not defined
in advance and can be a random value. In the present paper second order
Chebyshev-Edgeworth and Cornish—Fisher expansions based of Student’s t- and
Laplace distributions and their quantiles are derived for distributions of statis-
tics constructed for random size samples of a special kind. We use a general
transfer theorem, which allows to construct the expansions for distributions of
randomly normalized statistics from the corresponding expansions for distribu-
tions of the non-randomly normalized statistics and for a distribution of the
random size of the underlying sample. Recently, interest in Cornish-Fisher ex-
pansions has increased because of study in risk management. Widespread risk
measure Value at Risk (VaR) substantially depends on the quantiles of the loss
function, which is connected with description of investment portfolio of financial
instruments.
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1 Introduction

In classical problems of mathematical statistics sample size is traditionally con-
sidered to be deterministic and plays role of a known parameter which is, as a
rule, sufficiently large. However, we often encounter situations where a sample
size is not defined in advance and can be a random variable. Usually it hap-
pens when data are accumulated for a time interval, which duration cannot be
considered fixed for different reasons. In this case the problem is raised how to
estimate different parameters of the given statistic, for example, the distribu-
tion function or quantiles based on random size samples. In Gnedenko (1989)
it is demonstrated that asymptotic behaviour of statistics based on random size
samples can radically differ from the the properties of non-random sample size
statistics. Limit distributions for random indexed sequences and its application
are considered e.g. in the monograph Gnedenko and Korolev (1996). In Bening,
Galieva and Korolev (2012, 2013) general transfer theorems are proved to obtain
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rates of convergence and first order Edgeworth type expansions of asymptoti-
cally normal statistics based on random size samples. Their statements depend
on corresponding results for the distributions of the considered non-randomly
normalized statistic and of the random size of the underlying sample.

In the present paper results of Bening, Galieva and Korolev (2012, 2013) are
refined and extended: second order Chebyshev-Edgeworth and Cornish-Fisher
expansions based of Student’s ¢- and Laplace distributions and their quantiles
are derived for samples with random size of a special kind. The importance
and different practical applications of these limit distributions are discussed
e.g. in Bening and Korolev (2005, 2008) and in Schluter and Trede (2016).
Classical Cornish-Fisher expansions based on quantiles of the standard normal
distribution were introduced in Cornish and Fisher (1937), their generalizations
were proposed in Hill and Davis (1968), see also Ulyanov (2011).

Recently, interest in Cornish-Fisher expansions has increased because of
study in risk management. For example, widespread risk measure Value at
Risk (VaR) substantially depends on the quantiles of the loss function, which
is connected with description of investment portfolio of financial instruments,
for example, see Jaschke (2002).

We use the following notations and symbols: R as real numbers,
N:={1,2,...} as positive integers and I4(z) as indicator function.

Let X, X7, X5,... €¢ Rand Ny, No,... € N be random variables on the same
probability space (©,A,P). In statistics the random variables X, Xo, ..., X,,
are observations with non-random size sample m € N and let N,, be random
size of the underlying sample, which depends of natural parameter n € N. We
suppose that random variables NV,, € N with n € N are independent of random
variables X7, X, .. ..

Let T,, := T, (X4,...,X,,) be some statistic of a sample with non-random
sample size m € N. Define the random variable T, for every n € N, supposing
that

TN,L(UJ) = TNn(w) (Xl(w)a---7XNn(w))7 w € Q, (1)

i.e. Ty, is some statistic obtained from a random sample X, Xs,..., Xy, on
the basis of statistics T}, but with random sample size N,,.

In the present paper we consider a sequence of independent identically dis-
tributed (i.i.d.) random variables X, X1, Xo, ... with

E|X|]° < o0, E(X)=p, 0< Var(X) =02, @
skewness A3 = 0 3 E (X — p)®  and kurtosis Ay =0 4 E (X — p)* — 3

and suppose that random variable X admits Cramér’s condition:
lim supyy) oo |Ee’X| < 1. (3)
As statistic T, we choose the asymptotically normal sample mean

Tn=(X14+ - +Xn)/m, m=12,.., (4)



Then we have, see Petrov (1995, Theorem 5.18 with k = 5),
sup, [P(o™'Vm(Tn — 1) < @) — Poyn(z)| < Cm ™2, (5)

where C' does not depend on m and with second order asymptotic expansion

Do () = D(z) — (63%1{2(3;) + %(%Hs(x) + ﬁHﬂx))) p(z),

®(x) and p(z) being distribution function and density of standard normal ran-
dom variable and Chebyshev-Hermite polynomials

Ho(x) =2> -1, Hz(x)=2>-3r and Hs(z)=2"—102° +15z. (6)

Consider now the random mean Ty, , based on statistic (4) with a random
number N,, of summands X;, Xs, ..., Xy, :

TNn :(X1+X2+...+XNH)/Nn, n € N. (7)

Let g, be a sequence of positive real numbers: 0 < g, T co. Suppose that N, —
oo in probability as n — oo. The limit laws of P(U‘l\/gin(TN" —p) < x) are
scale mixtures of normal distributions with zero mean, depending on the random
sample size N,,. In Section 2 we give auxiliary statements to find Chebyshev-
Edgeworth and Cornish-Fisher expansions for the normalized random mean
Tw, . In Section 3 as random sample size N,, we consider the negative binomial
distribution, shifted by 1, with success probability p = 1/n. This is one of the
leading distributions for count models. Here g, = EN,, andN, /g, tends to
the Gamma distribution and the normalized random mean T, to Student’s ¢-
distribution. In Section 4 the random size IV,, is the maximum of n i.i.d. discrete
Pareto random variables with tail parameter 1, where N, /g, with ¢, = n
tends to the reciprocal exponential distribution. In this case, the Laplace law
is the limit distribution of the normalized random mean T}, . In both cases we
prove first a second Edgeworth type expansion for N,, /g, and then second order
Chebyshev-Edgeworth and Cornish-Fisher expansions. The proofs are collected
in Section 5.

2 Two Auxiliary Transfer Propositions

We suppose that the following condition on the statistic T, = Tr,, (X1, ..., Xm)
is satisfied for a non-random sample size m € N:

Condition 1: There exist differentiable bounded functions fi(x), fa(x) and real
numbers a > 1, Cy > 0 such that for all integer m > 1

sup, ]P’(U_l\/%(Tm—u) < x) —®(z)—m V2 f1(z)—m T fo(x)] < Cim T (8)
Consider now the statistic T, = T, (X1,..., Xy, ) with a random number
N, = N,, € N of observations X, Xs, .. Xn,, -
Suppose that distribution functions of the normalized random sample size
N, satisfy the following condition.

Condition 2: There exist a distribution function H(y) with H(04+) = 0, a



function of bounded variation ha(y), a sequence 0 < g, T 0o and real numbers
b > 1 and Cy > 0 such that for all integer n > 1

sup,>o [P, ' N <) — H(y) —n 'ha(y)| < Can™". (9)

Proposition 1. Let X, X1, Xo, ... be i.i.d. random variables satisfying (2) and
Cramér’s condition (3), i.e. due to (5) Condition 1 holds and (8) is satisfied with

)\2
fi(@) = = @ Ha(@)p(@), fol) = — (54Hs(2) + 73 Hs(2))plx) and a = 3/2.
Suppose for the random sample size N,, Condition 2 with (9) is complied
with the additional assumptions

ha(0) =0, H(g: ') <con™7 and hy(g; ') < cin'™ for some v > 1, (10)
then there exists a constant C3 = C5(A3, Ag,Ca) > 0 such that Vn € N
sup,, ‘P(U‘l\/gin(TNn —p) < x) — Gg’n(l')’ < C1E(N;%) 4+ Csn~ min{b, 7}

where

Gon (@) = /0 o ﬂ)dﬂ(y)+@/o & HW)
LRy L [T
- gn/o ) dH(y)+n/0 D(z\/y)dha(y). (11)

Similar result is proved in Bening, Galieva and Korolev (2013, Theorem
3.1). However our Proposition 1 has more simple form of Gy, (x) which is more
suitable for applications.

Let F,(z) be a sequence of distribution functions and each of it admit a

/

Chebyshev-Edgeworth expansion in powers of g, Y2 with 0 < gn T 00 asn — oo:

Fo(z) = G(x) + g(x) (al(x)g;1/2 + az(w)ggl) + R(gn), R(gn) =o0(g,") (12)

if n — oo, where g(z) is the density of the continuous limit distribution G(z).

Proposition 2. Let F,(x) be given by (12) and let z(u) and u be quantiles of
distributions F,, and G with the same order, i.e. F,(x(u)) = G(u). Then the
following expansion occurs:

2(u) = u+ by (u)g, " + ba(u)g, " + R*(gn), R*(gn) =o0(g,"), n— o0,
with

g'(u)

bi1(u) = —a1(u) and ba(u) = 2 9()

at(u) + aj (w)a (u) — az(u).

Proposition 2 is a direct consequence of more general statements, see e.g.
Fujikoshi, Ulyanov and Shimizu (2010, Chapter 5.6.1) or Ulyanov, Aoshima
and Fujikoshi (2016).



3 Chebyshev-Edgeworth and Cornish-Fisher
Expansions with Student’s Limit Distribution

Student’s t-distribution function S, (x) is an absolutely continuous probability
distribution function given by the density

B F((U + 1)/2) Sﬁ —(v+1)/2
Sy(x)_i\/ﬁf(yﬂ) (1+ V) , zeR, (13)

where v > 0 is a real shape parameter. If the parameter v is positive integer,
then it is called the number of degrees of freedom. Student’s t-distributions
are the limit laws for the statistics Ty, given in (1), if the statistic T,,, :=
T (Xq,...,X;) is asymptotic normal, the random variables X, X, ... have
finite variances and the sample sizes N,, of are drawn from a negative binomial
distribution, independent of X1, X5, ..., and N,, — oo in probability if n — oc.

The sample size N, (r) is negative binomial distributed (shifted by 1) with
success probability 1/n, having probability mass function

P(N,(r) = j) = m (;) (1 - Tll)jl j=1,2..r>0  (14)

Since Ny(r) € {1,2,...} the random mean Ty, () is well-defined. If the pa-
rameter 7 is positive integer, then r > 1 is the predefined number of successes
and N, (r) —1 is the random number of failures until the experiment is stopped.
Moreover, for fixed k € N, see formula (5.31) in Johnson, Kemp and Kotz (2005,
p. 218) with renamed notations, the distribution function is

k T i +r—1 1 " 1 g1 Bl ‘Il(r?k)
P <b =3 (TES (L) (1-1) =Tt o

with beta function B(r, k) = ['(k)I'(r)/T'(k 4+ r) and incomplete beta function

1/n wmt/(14t) /1/(n—1) g1
0 (

By (r, k) = / w1 —w) e T =
0

Define g, :=E(N,(r)) =r(n—1) + 1 then
SUP,~q [P(Np(r)/E(Np(r)) < ) — Grp(x)| =0 as n— oo,

where G, g(x) is the gamma distribution function with the shape a > 0 and
rate § > 0, having density

9a,p(x) = Fﬂ(z)mo‘leﬁx I, 00)(z), x€R. (17)

For an asymptotically normal random mean 7, the limit distribution of
P (0*1 r(n—1)+ 1Ty, — 1) < x) is Student’s t-distribution Sa,(z) hav-
ing density function (13) with shape parameter v = 2r, see Bening and Korolev
(2005, Corollary 2.1), or Schluter and Trede (2016, Theorem 1). Bening, Galieva

and Korolev (2012, 2013) proved under more moment conditions rates of con-
vergence and first order Edgeworth type expansions of asymptotically normal



statistics T, based on samples with random size N, (r). In order to obtain
second order Edgeworth-type expansion for the normalized T, () we have to
prove second order Edgeworth-type expansion for N, (r)/E(N,(r)), see (9) in
Condition 2 above. Since the limit Gamma distribution G, ,(x) is a continuous
function and P(N,,(r)/E(N,(r)) < ) is a step function, it is necessary to add
a discontinuous function to overcome the jumps..

Theorem 1. Let r > 1 and the discrete random variable N, (r) have probability
mass function (14) and EN,(r) =r(n—1)+1. For x >0, and all n € N there
exists a real number Ca(r) > 0 such that

IR NI
]P(’"(”—l)—l—l = ) Gon ()| < Co(r) 2} (18)

SUPgz >0

where

Gon(x) =Gy () + LCrrlD T 0110 (0) ¥ 2Cirian 7)

gror(z) (@ = 1)(2—7) +2Q1((r(n — 1) + D)z))

2rn

[2,00)(n) (19)

=Grr(z) +

)

H[Q,oo) (n)7 (20)

ar=-2x+7r)+1-2Q:((r(n—1)+1)z), aa =7r+1, ap = —(a1 + az),
Q1(y) = 1/2—(y—[y]) and [y] is the integer part of y with y—1 < [y] <y. (21)

Remark 1. Formula (20) shows that (9) is satisfied with H(z) = G,,(x),
ha(z) = ((x = 1) (2—7) +2Q1 (r(n — 1) + 1)2) ) gr.r (2)I[2,00) (n) /(2r) for z > 0,
b=min{r,2} and g, =r(n —1) + 1.

Figure 1 shows the approximation of P (N,,(r) < (r(n — 1) 4+ 1)z) by Ga2(z)
and G272(IIJ) + hQ(l’)/n
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Figure 1: Distribution function P (N, (r) < (r(n— 1)+ 1)z) (solid line), the
limit law G2 2(x) (dashed line) and the second approximation Gg 2(x)+ he(z)/n
(doted line) with n = 10 and r = 2



Remark 2. Coefficients ag,a1,as in (19) meet condition ag + a1 + az = 0.
Ulyanov, Aoshima and Fujikoshi (2016) mention a wide class of statistics allow-
ing similar representation like (19).

Remark 3. Integration by parts allows the passage from (19) to (20) since

Grirr(@) = —(@/r)grr(2) + Grr(2) (22)
and Gryap(z) = —(a%/(r +1) +2/r)grs(2) + Gro(2).
In the following case the bound (18) is trivial:
Remark 4. If n = 1 then P(Ny(r) = 1) = 1 and the left-hand side in (18)
takes its maximum at x = 1 leading to Ca(r) = min{G,.(1),1 — G, (1)} < 1.

In addition to the expansion of N, (r) a bound of E(N,(r))~® is required,
where m ™% is rate of convergence of Edgeworth expansion for Ty, see (8).

Lemma 1. Let r > 1. The random variable N, (r) is defined by (14), then

n", 1<r<3/2
E(N.(r) " < () { n(n)n=%/2, r=3/2 (23)
n=3/2, r>3/2

In case of r = 3/2 the convergence rate in (23) cannot be improved.

Now we present the second order Chebyshev-Edgeworth expansion for the
standardized random mean T, (,)-

Theorem 2. Let X, X1, Xo,... be i.i.d. random wvariables, where X satisfies
(2) and Cramér’s condition (3). Let the discrete random variable N,, = Np(r)
with parameter v > 1 have probability mass function (14), being independent
of X1,Xa,.... Consider the statistic Ty, = N, (X1 + ... + Xn,). For the
asymptotically normal statistics T,, the asymptotic expansion (5) and for the
random size N, (r) with r > 1 the asymptotic expansion (18) hold with g, =
E(Nn(r)) = r(n—1)+ 1. Then there ezists a constant C' = C(r) > 0 such that

n-", 1<r<3/2
sup [P (67" v/gn (TN, — 1) < ) — Sgr;n(l‘)‘ <CIn(n)n=32, r=3/2 (24)
! n=3/2, r > 3/2

for all n € N, where

Az ((r—1)a? —r) sor(z)
3(2r—1)y/gn
 xsy(x) {2/\5 ((r=2)(r —3)a* + 107 (2 — r)z? 4 15r?)
36 (2r — 1) g, 2r + 22

Sorim(2) = Sor(z) -

+3A ((r—2)2® = 3r) +9(r — 2)(2® + 1)}

In case of r = 3/2 the convergence rate in (24) cannot be improved.

Figure 2 shows the advantage of the Chebyshev-Edgeworth expansion versus
the limit law in approximating the empirical distribution function.



Figure 2: Empirical distribution function P (o7*,/g, (T, — ) < x) (solid
line), limit Student law Sa,.(z) (doted line) and second approximation So,.,, (z)
(dashed line) for random mean of Ni¢(2) independent x? random variables with
A3 =V8and Ay =12

Remark 5. Bening, Galieva and Korolev (2013) proved

sup [ (07 Vi (T, ~ 1) < ) = Sar o) + 2B < e

with R(n) = n~ ™" for » > 1/2,7 # 1 or R(n) = n~! In(n) for r = 1 and

2((r—1)a%—r) sor(z)
(2r—1) '

fio) = [ h (1_\/2‘7”@(%\/@ 050, (y) =

The latter integral was calculated in Markov, Monakhov and Ulyanov (2016),
where also a first order Cornish-Fisher expansion was presented (with some
computational inaccuracies).

Using the second order Chebyshev-Edgeworth expansion in Theorem 2 and
transfer Proposition 2 we obtain the following statement:

Theorem 3. Let x = x, and u = u, be a-quantiles of standardized statistic
o 1\/r(n—1)+1(Tw, ) — 1) and of the limit Student’s t-distribution Sa, (),
respectively. Then for u # 0 with previous definitions the following asymptotic
expansion holds

O(n™"), 1<r<3/2
A3 ((T —u? — 7‘) 1 5
T =u+ + —Ba(u) +{ O(In(n)n=3/2), r=13/2
3 (27’ — 1)\/97 9n ( ) OE?’L_(?)/)Q), ) r> 3§2



as n — 0o, where

(2r + 1)u A3((r — 1)u? — 7‘)2 203 (r — Du((r — 1)u® —r)

Blw) = o o -ip T 17
u 223 ((r—2)(r = 3)u* +107 (2 — r)u® + 15r%)
+36(2T—1){ 2r + u?

+3A ((r—2)u* —3r) + 9(r — 2)(u* + 1)}

Figure 3 shows a Q—Q plot comparing the empirical quantiles of a randomly
generated standardized random mean on the horizontal axis to the quantiles
based on its Cornish-Fisher approximation on the vertical axis.

Figure 3: QQ-plot for quantiles of Cornish-Fisher approximation against the
quantiles of the empirical quantiles of a standardized random mean of Ny(2)
independent x? random variables with A3 = V8 and A\ = 12

Remark 6. Since g, = r(n — 1) + 1 and |g;” — (rn)™7| < C(r)n=771,
the factors g, 172 and g} in both Chebyshev-Edgeworth and Cornish-Fisher
expansions may be replaced by (rn)~'/2 and (rn)~!, respectively.

4 Chebyshev-Edgeworth and Cornish-Fisher
Expansions with Laplace Limit Distribution

Let Y(s) be discrete Pareto II distributed with parameter s > 0 and probability
mass function
s

s
P(Y(s):k):s—i—k‘—l_s—kk’

keN={1,2,...}, s>0, (25)

which is a particular class of a more general model of discrete Pareto distribu-
tions, obtained by discretization continuous Pareto IT (Lomax) distributions on
integers, considered e.g. in Buddana and Kozubowski (2014), where also main
properties and characteristics of discrete Pareto distributions are discussed.



Let s > 1 be integer, Z1, Zs, ... be independent and identically distributed
random variables with some continuous distribution function and

Y(s) =min{k > 1: maxi<j<s Z; < MaXsy1<j<s+k Zj}

then Y'(s) has probability mass function (25). The random variable Y'(s) plays
an important part in the theory of records and describes the number of further
trials required to obtain the next extreme observation, see e.g. Wilks (1959) or
Bening and Korolev (2008).
The telescoping nature of the probabilities in (25) leads to a compact form
of the distribution function:
k S k

P(Y(s) < k) =Zm:1P(Y(s)=m) =l = kEN s>0 (26)

Now, let Yi(s), Ya(s),..., s > 0, be independent random variables with the
same distribution (26). Define the random variable

k

Nu(s) = max Yj(s) with P(Nn(s) < k)= <S+k

> JkeN, s>0, (27)

and using P(N,,(s) = k) = P(N,(s) < k) = P(N,(s) <k —1) we find

P(Nn(s)zk:):(sik)n—<$)n,keN, 5> 0. (28)

Consider now a random mean Ty, (5) given in (7) with a random number
N, (s) of observations X, X, ..., where N, (s) has probability mass function
(28). Bening and Korolev (2008) proved for integer s > 1

limy, o0 P(No(s) <nz) = H(z) = e "Ly, o)) (29)

and the limit distribution of P (U_l\/ﬁ(TNn(S) —p) < x) is the Laplace distri-
bution function L, ;(z) having density function

V25 vaslal
2 )

lyys(x) = z €R. (30)

In Bening, Galieva and Korolev (2012, 2013) rates of convergence in (29) and
a first order asymptotic expansion for ]P’(o_l\/ﬁ(TNn (s) —p) < sc) are proved

for integer s > 1.
Now we prove an Edgeworth-type expansion for P(N,(s)/n < z) satisfy-
ing (9).

Theorem 4. Let the discrete random variable N, = N,(s) have probability
mass function (28). For x >0, fized s > so > 0 and all n € N then there exists
a real number Ca(s) > 0 such that

. <Nn(5) . x) A {1+ s(s— 1+2Q1(nx))}

n 222n

sup
x>0

(31)

where Q1(x) is defined in (21).

10



Remark 7. Formula (31) shows that Condition 2, see (9), is satisfied with
gn=mn, H(z) =e %" hy(z) = e */*s(s—1+2Q(nz)) /(22?) and B =2.

Figure 4 shows the approximation of P(N,(s) <nz) by e */* and
e/ 4 hy(x)/n, x> 0.
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Figure 4: Distribution function P (N, (s) < nz) (solid line), limit law e=*/®
(dashed line) and second approximations e~*/% + ho(x)/n (doted line) with
n=10and s =2

Remark 8. Lyamin (2010) proved a first order bound in (31) for integer s > 1

(22

n

<

C(s) o 8¢72/3 =10.360..., s=1,n>2
, C(s) = .
n 2¢72 = 0.270..., s>2n>1

In case n =1 and s =1 we have P(N;(1) <z) =0for 0 <z <1 and

SUPQ <yt ‘]P’(Nl(l) <x)—e VT =supyye e VT =e = 0.367....

Remark 9. The random variable N, (s) is a discrete one with integer values
k > 1. Therefore the distribution function P (N,(s) < nz) is discontinuous
with discontinuity points * = k/n, k = 1,2, ..., whereas the limit distribution
H(z) = e */"1(y, o) (z) is continuous. In the interval (z,z + 1/n] with 2 > 0
the distribution function P (IV,,(s) < nx) has only one jump point ([nz] +1)/n.
The increase of limit distribution H (z) over the interval (z,x + 1/n] is

H(:l?-f— 1/n) . H({,U) _ e—s/(w-i—l/n) _ e—s/w _ Se—s/x/(nx2) + O(n_Q), n — 0o

which is equivalent to the jump at ([nz] + 1)/n of the discontinuity correcting
function in (31).

Remark 10. The continuous function 6*5/3”11(0700)(‘%)7 s > 0, is the distribu-

tion function of the reciprocal random variable W(s) = 1/V(s), where V(s) is
exponentially distributed with rate parameter s > 0.

11



In Theorems 2 and 3 the normalizing sequence is g, = E(Nn(r)), if the
random size is negative binomial distributed, see (15). In Theorem 4 and in next
Theorem 5 the normalizing sequence is now g,, = n, since both P(N,(s) < nx)
and 6*5/‘”]1(0700)(:1:) for fixed s > 0 are heavy tailed with shape parameter 1.

Lemma 2. For random size Ny(s) with probabilities (28) and random variable
W (s) with distribution function e=*/%Ly oo)(z), s >0 and 1 <1 < 2 we have
i) E(Ny(s)) =00 and E(W(s)) = oo,
ii) first absolute pseudo moment vy = [;° x|d(P(Ny(s) < nz) — 6*8/‘”)’ = 00,
iii) absolute difference moment x, = fooo ! |]P’(Nn(s) <nz) —e_s/””‘dm < 00.

On pseudo moments and some of their generalizations see e.g. Christoph and
Wolf (1993, Chapter 2).

In addition to the expansion of N, (s) a bound of E(N,(s))~3/2 is required,
where m~3/2 is rate of convergence of Edgeworth expansion for T},, see (8).

Lemma 3. For random size Ny(s) with probabilities (28) with reals s > sg > 0
and arbitrary small s > 0 and n > 1 we have

E(Nn(s))—3/2 - €(3/2) 28721.612... Zi; -,
(5/2)(n —3/2)°2" = =

Now we present the second order Chebyshev-Edgeworth expansion for the
standardized random mean Ty, (s)-

Theorem 5. Let X, X1, Xo, ... be i.i.d. random variables, where X satisfies (2)
and Cramér’s condition (3). Let the discrete random variable Ny, = Ny, (s) with
real parameter s > so > 0 have probability mass function (28), being independent
of X1,Xa,.... Consider the statistic Ty, = N, ' (X1 + ... + Xn,). For the
asymptotically normal statistics T,, the asymptotic expansion (5) and for the
random size Np(s) with s > sg > 0 the asymptotic expansion (31) hold with
gn =n . There exists a constant C(s) > 0 such that

sup, ’P (U_l\/ﬁ(TNn(s) - /”') < Jf) - Ll/\/g,n('r)| < C(S)’I’L_S/2
for all n € N, where
Lijyaon(®) = Lypya(@) +n 240 @) Ly s (@) 407 (Ao (@) + A22(2) )y s(a)

Ay(w) =2 (m2 + % + 218> Aaa(w) = S0 (V25 o] + 1) and

A A2
Aga(z) = %(3—25x2+3\/%|x|)+f4438 (205:#—(23)3/2|x\3—15\/£\x|—15).

12



Figure 5: Empirical distribution of P (67!/n(Tn, (s) — 1) < x) (solid line),
Laplace approximation L,, 5(z) (dotted line) and second approximation
Ly, 3.,(x) (dashed line) for standardized random mean of N, (s) independent

X7 random variables with A3 = /8 and Ay = 12 for n = 10 and s = 2

Remark 11. Bening, Galieva and Korolev (2013) proved under the moment
condition E| X [3+2% for some 0 < § < 1/2 as n — o0
1
= O <7‘L1/2+5> )

The latter integral was calculated in Markov, Monakhov and Ulyanov (2016),
where also a first order Cornish-Fisher expansion was presented (with some
computational inaccuracies).

Using the second order Chebyshev-Edgeworth-expansion in Theorem 4 and
transfer Proposition 2 we obtain the following statement:

A3l (@)
6vn

P (o~ '"Vn(Ty, ) — 1) <z) — Ly, s5(x) —

sup,.

where

Theorem 6. Let x = x, be a-quantile of standardized statistic
o /n (TNH(S) — u) and let u = uy be a-quantile of the limit Laplace distribu-
tion Ll/\/g(l‘). Then for u # 0 with previous definitions the following asymptotic
expansion holds

_ A3 |ul 1 2 1 —3/2
a:—u—6\/ﬁ (\/%—Fzs—u +EB2(U)+O<R ) as n — oo,

13



A2 [ V2su [l 142 | 1 u
B __ 73 2 1% L bl o —
2(u) =—35 ( 204l (“ V25 23> + (“ V25 25)( “ \/23|'u,)
2
+ U (205u2 — (25)3?|u® — 15v/2s|u| — 15)

144 s
U Ay 9 u(l—s)
+ M(B—qu +3\/%|u\) + T(\/25|u|+1)

Figure 6 shows a Q—Q plot comparing the empirical quantiles of a randomly
generated standardized random mean on the horizontal axis to the quantiles
based on its Cornish-Fisher approximation on the vertical axis.

Figure 6: QQ-plot for quantiles of Cornish-Fisher approximation against the
quantiles of the empirical quantiles of a standardized random mean of Nyp(2)
independent x? random variables with A3 = /8 and Ay = 12

5 Proofs

Proof of Proposition 1: Under the Condition 1 for the statistic T,, (X1, ..., Xin)
and Condition 2 for the random sample size N, Bening, Galieva and Ko-
rolev (2013, Theorem 3.1) proved in the setting of Proposition 1 the following
Edgeworth-type expansion for the statistic T, (X1, ..., Xn, ) :

sup [P(0™y/gn(In, — ) < @) = Gon(x,1/90)| SCLE(N, @) +(C5 + CaMy)n ™",

Vn € N, where C§ > 0 is a constant independent of n, 0 < g,, T oo,

Gon(z,1/g,) = /1/0; O (x/y)dH (y) + \/197 lzn WdH(y)

n 1 [ Mdﬂ(y)+1/o® O(x/y)dha(y),

gn 1/gn Y n 1/9n
> 1o f1(z\/Y) fz(%/?)) ‘
M, =su Mnxzzsu/ (‘I’x + + dy,
o (=) o 1/gn 1 0Y (=vy) Yn YGn Y

14



file) =~ Ha(@)o(w) and fo(e) = — (3 Hslx) + 3Hs(x))e(@) with

Chebyshev-Hermite polynomials H,,(z) given in (6) .
To prove Proposition 1 we have to estimate |G, () — G2 (x,1/gy)| where
Ga.n(z) is given in (11) and M,,. Define

Vin(2) = Hp(2) ¢(2) with Hermite polynomials H,,(z), for m =2,3,5.

Since V/ (zn) = 0, m = 2,3, with 20 = 0,+v2 and z3 = +v/3 + /6, then
Va(2)] < [V2(0)] = 1/v27 < 0.399, |[V3(2)] < [V3(£v/3 —V6)| < 0.551. Nu-
merical calculus lead to |V5(2)| < |V5(0.380...)] < 2.308. Together with ®(z) <1
and (10) we find

|Go.n(2) — Gon(x51/gn)| < Co(2 4 0.067|A3| + 0.02304 + 0.033/\?,))9;7.
To estimate M,, we consider three cases:

M, = sup, | M, (z)| = max{supw>0 | My ()], SUP; <o | My ()|, | M, (0)]}.

Let = > 0. Since %CI)(QC\/@) A2 CaV) > 0 we find

27y
R _ 7 2@V b oo — (s
/1/gn o™ ‘@‘dy/l/g" ogy W= 2e0) =@/ Vo) < 1/2

Consider now

9 Valeyl) _ QalayD)
dy y*?

and |Q2(2)| < Q2(V'3 — V6) <0.273,

0 Va(avy) _ @slzvy) .
E— == with  Qs(2) 5

with  Qa(2) = %(1 +222 — 2Y p(2)

z

(34422 — 24) p(2)

and numerical calculus lead to |Q3(2)| < @3(1.210...) < 0.780. Next

9 Vs(@vy) = Q5($2\/§) with Q5(z) = E(—15 — 2522 +132* — 25) (2)
W vy y 2

and |Q5(z)| < |Q5(1.061...)| < 3.395. Finally we obtain for z > 0

1 2[03]Q2(v3—v6)  M\Q3(1.210...)  A2Qs5(1.061...)
=+ + +

2 6 24 72

< 0.540.091|\3] + 0.033)\4 + 0.032)3 .

IN

For z < 0 we find the same upper bounds for the considered integrals as for
x > 0. Finally, M, (0) = |A3|/(6 vV27) < 0.067 |A3|. Proposition 1 is proved. O

Next we collect some mostly well-known inequalities used in different proofs.

15
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g
=t
o
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0 < git):==In(1+t)—t+t*/2<t*/3, 0<t<1, (32)
0 <1+t "—14at<ala+1)t?/2, 0<t<1, a>0, (33)
0 <A+t —1—rt<(1/2)r(r—1t22"2 —1/2<t <1, r>1, (34)
0 < gpt)=0-t"t—1-t<3t?/2, 0<t<1/3, (35)
0 < gt)=(1—-t)"2-1<15t/4, 0<t<1/3, (36)
i) let—1]<t, t>0, i) 0<et —1—t <20t/ vt (37)
{theat tRem0/t}y < (k/a)fe ™, t>0 with fited a>0,k>0. (38)

Proof of Lemma 4. Inequalities (32), (33), (34) and (37) may be obtained
using Taylor’s theorem with Lagrange form of the remainder in the given inter-
val. The convergent geometric series leads to (35). Inequality (36) follows from
(1—t)72—1=2t(1 —¢/2)(1 —t)~2 and since (1 —¢/2)(1 — t)~2 is monotone
increasing in the considered interval. We obtain (38) because both functions
the=et and t~*e~%/! take the maxima at t = k/a respectively t = a/k. O

Proof of Theorem 1: We have to consider only the case n > 2, see Remark 4.
Remember g, = EN,(r) =r(n—1) + 1.
If goa=(rn—-1)+1z<r+1 then 0<z<2/(n—1)<4/n,
o=l Tk — 1) _
P(Nu(r) < (rn = 1)+ Da) <077 30 0 o)

Grrl2) < (" THYT(r))a" < 3™, gro(z) <77 /T(r))a" " < c(r)n™"
and (18) holds with Cy(r) = ¢ (r) + c5(r) + ¢&(r). We have to consider (15)
only for k > [r] +1 > 7.

Let now r > 1, n > 2 and g,z = (r(n — 1) + 1)z > r + 1, then
z> T +1 S r+1 S r S 1 .
T gn r(n=1)4+1"r(n—-1) T n

i(r)n=",

IA

(39)

Let us define 7 = g, * — [gn, z] € [0, 1) and introduce the abbreviations
Mpg=gnt+r—7, np=r(n—1), z,=z+r—7 and ¢=1/(n—1). (40)
Distribution function (15) of the discrete N, (r) jumps at {1,2,3, ...}, therefore
P(Nu(r) < gn@) =P(Na(r) < [gn 2]) = P(Na(r) < gnz — 7).

and we have to calculate (15) for k with [r] +1 <k =[ghz] =gnx —T.
First we consider the second integral representation in (16) of the incomplete
beta function B/, (r, k) at the given point k = g, x — 7:

1/(n—1) q
Bl/n(r,k):/ t”—l(1+t)—9"f—’”+fdt=/ )T dt (41)
0 0

Sincen >2,t<1/(n—1),n .t <r,t—t?/2>t/2for 0<t<1and z, >0 we
find for the second factor under the integral on the right-hand site in (41)

(146) e = e Mna O1+) (32) =m0 (t—t2/2) _ -
= e_m”*mt(l + nrxt2/2) +e Moty 42/9 4 py — 1y
— e_(nrl+fﬂr)t(1 + nrxt2/2) 4 g

= e " (1 -zt +nt?/2) + 1y (42)
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where
i), 3 2
ry = e—mn,m(t_tz/Q) (1_e_mn,a:gl(t)) (37 )§(32) mn’zt e_mn,wt/2 (3§8) 4Le_mn.mt/47
3 3e
(37ii) (38)
= (€ 1 = 272) E ek ptemnsatigg ) gergpemmni
rg=e "ty 2 /2 4y — 1y with  |rs| < (4/(3e) + 8% + :vr)th*m"’It/4
and using (3744)

(38)
< frg| 4 (27 4 @) e < (e (r) + eo(r)a”) e, (43)

r4(t) s+ e " (zpnat? /2 + (677 — 1+ 2,t) (1 + npat®/2))

where ¢1(r), ca(r) > 0 are constants independent of n, z, t.
It follows now from (41) and (42) that with k =g,z —7and g=1/(n—1)

7] — gt + npat?/2 4.
By ju(r k) = /O i 2+ /0 7 1ry ()t = Ty (x) + Ra(n). (44)

Change of variable s = (n — 1)t results in 0 < s < z and

Yn-1) pri e
Li(x;r) = / trtilemnert gy — s / s"HiT e s
0 (ny )"+ Jo
L'(r+3j) . .
= WGTJ,_J‘,T(.’E) with ] = 0, 17 2, (45)

where G, g(z) is the gamma distribution function with density (17), we obtain

~ T(r) T, r(r+1)
310 = 0 (o) = 26, 0) + S G 0)) . a6)
To calculate R;(x) we use (43) and (45):
1/(n—1) 1/(n—1)
Ri(n) = /0 FLry ()t < (cr(r) + ea(r) 22) /0 Lot/ gy
< a(r)(n—1)"2Iy(x/4;7) + co(r) 2® Io(x/4;7)
a(r)(r)Grr(z/4)  co(r)T(r4+2)Gryo,(x/4)  T(r)Ra(n)
B e e W ez (e
with
Ro(n) < es(r)n™2(Grr(2/4) + Grior(x/4)) < 2¢3(r)n~2, (48)

where c¢3(r) and the following c4(r) till ¢14(r) are positive constants independent
of n and x.

In the next step we estimate the beta function B(r, k) involved in (15).
Nemes (2015, Theorem 1.3) proved that for z > 0

['(z) = V2mrz2"V2e %1+ ﬁ + R3(2))

1 _ szz+1/2ez(l_ﬁ+R4(z))

with |R3(2)l, |Ra(2)] < ;02
I'z) — Von
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and ¢ = (v2 +1)(1 +72/6)/(167%). Hence, with k = [g, 2] = gn o — T

1 O T(r4k)  (r 4 k)rE2 e (k)
B(r,k) — T(T(k)  T(r)kk-1/2¢F (1+ Rs(k))
- er_fg (1 + ;:,)Wm (1+ Rs(k)) (49)

with (1+ Rs(k)) = (1 + m + Ry(r + k)) (1 o R4(k)>. Since

1 1 12r +1 ca(r)
14— V(1) =1- """ gefind Ry(k)< 2L
( +12(7’+k)) ( 12k) Taarh gy e find Bs(h) < =5

Remember that r < k = [g, ] = gn © — 7, the case r > k was considered at the
beginning. With (1 + r/k) = exp{ln(1 + r/k)} we obtain

(14 r/k) 12 S o L+ 7 —1/2) (r/k — r2/(2k2)) } + Ro(k)
e (1 + 1 2; U R7(k)> + R (k)

2

o () e, &

(32)
where utilizing (k +r —1/2)g1(r/k) < (1/3)(k+r —1/2)r3k=3 < e5(r)k—2
Re(k) = e e(r*=m)/@k) o=(r=1/2)r%/(2k) (e(k+r—1/2)gl<r/k) . 1)
< e e(rzﬂn)/(zk)cf)(7,)]{26%(@/;@2 < c(r)k2,
|Re(k)| = e("m/@R)|e=(r=1/2r/(2K2) _ 1| o o =n)/2R) 1 — (42 — ) /(2k)
(37)

< TR =120 (2k) + (5 = 1)/ (8K7)) < er(r)k 2
and
Rg(k) = Rﬁ(k) + €T|R7(k)| < Cg('f’)k72 .
It follows from (49) and (50) that

F(T) _ kr T2 _
(nrx)TB(T’, k) - (nrx)r (1 + 2% +R9(k)> (51)

with
Ro(k) = e~"Rs(k) + Rs(k) (1 4 (2 — ) /(2k) + Rg(k:)) < co(r)k2.
Having in mind 7 < 1 < k = [g,,z] = [(n, + 1)2] = (n, + 1)z — 7, we obtain

(n, + Dz 1

P B (G V) ) R e T V
nex  ner n,x > [nr+1)$]> ko1
= e+l = k+77 2



r—T |2|

Hence z = S5—=- € (—%, 1) and with ’1% - 1’ =17z < 2|z| we find

2@ + 2
5

11 z—7\"" 1 _
— = 1+ = + Rio(n,z) with |Rip(n,z)| <

Ny nyx (nyx)

With n, =r(n—1) >rforn > 2 and z > 1/(n, + 1) we find

—
—_

2+ 2x 41 4
m)ﬁg

and  4i7)

<1+ ! (52)
(n,z)2 nex r’

( k >T: (W>T: (1+m_T>T:1+r(x_T)+Rn(n7$) (53)

Ny Ny Ny Ny
where
r 2
Rina) = |(14527) —p- @D @rlr D) (273
’ Npx Nyx - 2 Nex

< (c1o(r) + 2%c1(r)) (nez) 2
Combining (51), (53) and (52) we find

rfx—71) r2—7r

() B " T 12(n, ) (54)
with
rle —7|(r? —r) r2—r
< -~ 7
|Ri2(n,z)| < en.z +[Ru(n, @) | 1+ —— + Ro(k)
rlz — 7] c12(r) + 22c13(7)
1+ ——— < .

+ ( + P ) Rg(k‘) < (nr:E)Q (55)

Taking together (15), (44), (46), (47), (48) and (54) we find

Byn(r k) rT, r(r+1)
W = Grr(x) - n,«xGr+1’r(x) + My Gri2,r(7) + R2(n)
_ 2 _
.<1+r(x ) 47 r—i—Rlz(n,x))
N, X 2n,x
_ aOGr,r(m) + alGr+1,r(x) + a2Gr+2,r($)
= Gr,r(x) —+ 2(’[7, — 1),27 —+ ng(n, :C)
withag=2(x—7)+r—1,a1=-2(x+r—71),as =r+1 and
ng(n, :L') = Gmﬁ(x) R12(n, CC) + Rg(n) (1 + 2(na+1)x + ng(n, (E))
alGr—i-l,r(z) + aQGr+2,r('J3) Qg
* ( (n—1)x 2(n — 1)z + Ru(no) )

In order to obtain an uniform in z > 0 bound for Ry3(n,z) we use

Gr+j7T(x) S 1 fOT ] = 07 1u 27 G'r‘,r(x) S 717’ x’r/l—‘(’f' + 1)7 fOI' 1 <r S 2,
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Nrdi pE N . r4j—2
Grijr(T) = L—H) - / yy T 2e Ty < (r+ )™ (r+j =2 ’ xj
T Lir+3) Jo - T(r+y) er 2

for j=0,r>2and j = 1,2, 7 > 1 and also 27 Gyya,(x) < Gpy10(x) < 1.
Together with (47), (48), (55), |aga1| < 1222 +12r?, |agaz| < 2(r+1)z+ (r+1)2
and (n — 1)z > 1 by (39) we find |Ri3(n,z)| < cian™™{"2} Theorem 1 is
proved with Ca(r) = c14(r). O

Proof of Lemma 1: If n = 1 then P(Ny(r) = 1) = 1 and (23) holds with
C(r) = 1. Let n > 2. From the definition of N, (r) by (14) for r > 1 we have

T(k+r—1 1\ !
e = L (S ¥ et (a) =2

k=1 k=[r]+1

where obviously >, < ¢i(r)n™". To estimate ), we use the beta function

B(r, k) with k > r > 1 and the equations (49) and (50) with their corresponding

bounds from the proof of Theorem 1, which leads to

k4+r—1) 1 k!
r(rrk)  (k+r—1)B(r, k) T(r)

For r > 1 and = > k > 2 using (1 — 1/n)* < e~*/" we find

k,r—l(l _ 1/n)k—1 k+1 xr—l (1 _ 1/n)x—2 k+1 5
< / dr < 82 r—5/2 —z/nd .
k3/2 7‘/k (xfl)d/Z r <~ f/k X e i

(e ra®), 1m0 < 22 (s

Hence, with c3 = 8v/2(1 + ¢2)/T'(r) we obtain
Zz <ecz(r)n"J.(n) where J.(n) :/ 27 5/2 o=/n gy
1

Since J.(n) < (3/2 —r)~! for 1<r<3/2, J.(n) <n"~3/2T(r—3/2) for r > 3/2
and J3/2(n) < [ %dx + % [ e */"dz <Inn+e~! bound (23) is proved.

Let now r = 3/2. Consider (56), 0 < > po, k'R (k )| < c2(3/2)7% /6 < o0,
Z(n):zzk2k>lnn—1 and anl—(l—kl/n) <Z"1k*n1<l
we find a lower bound for E(N,,(3/2))~3/2:

E(Na(3/2)7%% 2 n=3/2 30, > (2/ym)n=3/2(3 ) —c2(3/2)7%/6)
> (2/y/m)n~32(Inn — ca(3/2)72/6 — 1). O

Proof of Theorem 2: Since in the transfer Proposition 1 the additional assump-
tions (10) for the limit gamma distribution H(x) = G, () of the normalized
sample size N, (r) are satisfied with v = r > 1, we have to calculate the integrals
n (11). Remember g,, = E(N,(r)) =r(n — 1) + 1 and define

ha) = [ e@DiG,w). hw= [ HQ(WJ;’(W) 4G (9)
) /Ooo Hg(x\@;s@(w\/?) Gorly),
J3a(x) = /000 H5(xﬂ;@(x\/§) dG, (y) and Jy(z) = /000 O (z+/y)dha(y)
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with ha(y) = (5= 1) (2 = 1) + 21 ((rln — 1) + 1)9)) g, (0)/20). Quly) =
1/2 — (y — [y]) and Chebyshev-Hermite polynomials H,,(x) given in (6) . Then
Gan(ax0) = (o) = 2 L (3 0) 4 Hnat)) + 22 o

Using formula 2.3.3.1 in Prudnikov, Brychkov and Marichev (2002, p. 322)
witha=r—1/2,r+1/2,r+3/2 and p=1+22/(27)

Kol2) = / e gy = 0T (14 on) ™ (59)

r(r) m T(r)V2r

we calculate the integrals occurring in (57). Consider

52 1) /Oy o(xvy)grr(y)dy RO Y
= K,i12(x) = sar(x) and  Jy(x) = Sar().

The integrals Ja(x), J31(z) and Jso(x) in (57) we calculate again with (58)

using K1 5(x) = sor(2) (2r + a?)/(2r — 1) and Kiy12(2) = s20(2)

) = [ h W\/;”sommgr,r(y)dy

= K, p10(@) = Kooy(2) =

((7“ —1)2? - r) Sor (),

2r—1
J31(z) = o /Oo 1 (x3y3/2 _ 3xy1/2> T 67(T+a:2/2)ydy
’ V2rD(r) Jo ¥y
r—2)2? —3r
= (1'3 Kr+1/2($) —31'Kr_1/2(.’£)) :2%*%827”(‘%)
and together with K, 3/s(z) = % Sor ()
r’ > 1 . 2
J3a(x) = ——— f(x‘) 5/2 _102%y%/? 4+ 152 1/2) r=1e=(rta?/ 2y g
3,2() o T () / , =y y ')y y

= ZS Kr+3/2(l') — 10 x3 Kr+1/2(1') + 151'K7-_1/2(£8)

~ (r—=2)(r —3)a* +10r(2 — r)a? + 1512 A
- @r — 1) (2r + 22) @ s2r(2).

Integration by parts in the integral Jy(x) in (57) leads to

X - 2y/2

/OOO‘I)(%/?J)CZM@/) o= [ ety

S [Ty (- - —(r+2?/2)
47“\/%F(r)/0 4 ((y = 1) (2=7) +2Q1(gny)) Y dy

_ %(le/z(iﬂ) — Krfl/Q(x)) — Ji(x)
_ W sop(x) — Jj (x).

J4<.’1?)
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with
r—1

xr 2
Tz / r—3/2 " 67(T+w /2)yd )
1(z) = 9 TWP(T) o Yy Q1 (g y) Y

The function Q1 (y) is periodic with period 1:
Quy) = Quly+1) forall y€ R and Qi(y):=1/2—y for 0<y <1, (59)

it is right-continuous and has the jump 1 at every integer point y. The Fourier
series expansion of (1(y) at all non-integer points y is

B > sin(27mky)
Ql(y)*l/Q*(y*[ZJ])*zkle, y # [yl (60)
see formula 5.4.2.9 in Prudnikov, Brychkov and Marichev (2002, p. 726) with
a = 0. Now we may estimate the integral J;. Using (60), interchange

sum and integral and applying formula 2.5.31.4 in Prudnikov, Brychkov and
Marichev (2002, p. 446) with a =7 —1/2, p = (r + 22/2) and b = 27kg,

) " /oo PR i sin (21kgyy) dy
4 227 (r) wk

k=1

ar’ r—3/2 —(r+x2/2)y
= sin (27kg,y)d
27?\/27r1—‘( Z / (2mhgay)dy

w7 10(r — 1/2) i sin ((r — 1/2) arctan (47kg, /(z? + 2r)) )
2m/ 21 (7) —

. -1/
k| (27kgy,) +(7‘+x2/2)2>

. TlI‘r—l/2 iak
. 27w\ 27 (r Pt

Now we split the exponent (r — 1/2)/2 = (r — 1)/2 + 1/4 and obtain

. ||
|ax(z;n)| < 2)(7~—1)/2+1/4

((27rkgn)2 + (r+22/2)

|z < V2
(27kgn) 1 (r +22/2)Y/2 = 2nrk(n—1)) 1!

Since r > 1 and n > 2 we find uniform in z

—1 |J*| < ( ) Z:;l kT = 01(7“) )

n’ n’

Together with |1/g, — 1/(rn)| < max{2,7}(r — 1)(rn)~2, Proposition 1 and
Lemma 1 the estimate (24) is proved.

Consider now the case r = 3/2. If the random variable X has an addi-
tional moment condition E|X|°T® < oo with some 0 < § < 1, then for the
statistic T}, instead of (5) one can obtain a third order Edgeworth expan-
sion with convergence rate m~(319/2 Like in the proof of Lemma 1 we find
E(N,(r))~6G+9/2 < Cn=3/2. The additional term in Edgeworth expansion is

m=32 fy(x) = —m ™ 2p(x) (Ha(x)Ns /5! + He(z)A3Aa/(314!) + Hy(2)(X3/31)*)
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where A\, k = 3,4,5 are normalized cumulants of X and Hy(z) with absolute
terms Hy(0) > 0 are Chebyshev-Hermite polynomials of even degree k = 4,6, 8,
see Petrov (1995, Theorem 5.19 with r =5 4 ¢).

The corresponding additional term in the expansion of Ty, (3/2) is

953/2 fffgn y_3/2f3(x\/§)dG3/273/2(y), see Bening, Galieva and Korolev (2013,

Theorem 3.1). Therefore there are terms like Hy, (O)g;3/2j(z) with

%) 1
J(z) = / y e B2y > / (y ' =y H(1—e))dy
1/gn (22-3)y/(2gx)

> —In((2* - 3)y/(29,)) — 1 =In(3(n — 1) +2) — In(2* +3) — 1.

Hence, for |z] < K < oo in case r = 3/2 the factor Inn in (24) vanishes only if
Az = A5 =0. O

Proof of Theorem 4. Put again 7 = nz — [nz] € [0, 1), Le. [nz] =nz — 7. We
consider the case

1 1
< % < including also 0 < = < 3 and 0 < =
nx

< (61)

W =

1
nr—rT 3 nx

and offer preliminary estimates to prepare the proof of (31). Define and estimate

s 52 (61) 5ns 5s
_ _ < O 2% (g
a(n, o) n(nw -7 2(nx— 7)2) - 6hz—T1) " 6z (62)
s s2—2sT s s s (61) B5g
AT e LU U R B )
b(n,z) x + 2nx?2 T =z + 2znx ~— 6z’ (63)
s T 52 T
flnz) = 75”(%) + 2nax? 93(%)’ (64)
where g2(.) > 0 and g3(.) > 0 are defined in (35) and (36). Then
s T 52 T (35),(36) 15smax{1, s} (61) 5s
< Zoo ) 2= S tiainin Sl R
[f(n, )] < max{zm(nx) ’ QnIQQS(nx)} - 8n2x3 - 24x
(65)
Now we are ready to prove (31):
N,(s) (27) [nz] \"
P ( = x) P(Nn(s) <nz) =P(Ny(s) < [nx]) St [na]

(1—&-[7;])_nzexp{— nln(l—l—nxiT)}

(32),(62) exp{ - ng1( ° ) + a(nvx)} = et(mo) ri(n, )
nr —T
2

s T\ 1! s T\ 2
= eo{-2(-0) tge(-n) fonee

= ") 4 py(n,x) — ri(n, z)

—2
— e—s/r (1 + W) =+ 7“3(7’7/, Z’) + 7‘2(77/,35) — T (’I’L, .’E)
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where

ri(n,x) = (1—exp{—ng1( 5 )})ea("vr) (37)%(62)7191( $ )8—55/(6z)

ne — T ne—T
(32) pg3e—9s/(62) s3e—5s/(6x) (61) 953¢=/(22) (38) ¢, (s)
= 3mx—7)3  3n23(1—7/(nx))® T 8n2a3 - n?’
(64) S T s2 T o
) 2 Jew{ - Sa() + g () ) - 1]

(37)i

2 | fm el L Bomadl o) o Be oy

8n2x3 24z 6z
15smax{1, s} o—55/(82) (3<8) ca(s)
8n2x3 - n?
and with s(7) :=s? — 2s7 using |s(7)| < max{s?, 2s}
eb(n,w) _ e—s/a: (1 + S(T) )‘ — e—s/w exp{ S(T) } 1 S(T)

2nx? 2nx? 2nx?

rs(n,z) =

e

GO e S2(0) sy anat) &) maxd{s? 4%} o) &) ca(s)
> 824 = 8n2rt - n2

Hence, (31) is proved for s/(nz — 1) < 1/3 with Cy(s) = ¢1(s) + ca(s) + c3(s).

Let now s/(nx — 7) = s/[nz] > 1/3, which is satisfied only for the jump-
points = k/n of Ny(s)/n with k = 1,2,...,3s. Then we have for x < 3s/n

N, (s) > @28) (3s\"  n% [3\" (8 ¢4
P <o) =Y PWa(s)=k) T (2) = (2) <&
( n x) = (N (s) = k) 4s n2 \ 4 — n?

If s/(nz — 1) > 1/3, then 1 < (3s + 1)/(nz) and we find

(3s+1)? - max{s?, 2s} e (?f) cs(s)
n2z? 22?2 - n?

5(5727)
22%n

e—s/w 1+ S

and (31) is proved for s/(nx — 7) > 1/3 with Cy = ¢4 + ¢5(s). Theorem 4 is
proved. (Il

Proof of Lemma 2: Let s > 0 and n > 1 be fixed. For k > 1 put ar = k/(s+ k)
and by, = (k—1)/(s+k —1). Then ay — by, = s/((s + k)(s + k — 1)), ar, > by
and a} — b} = (ax — by) (a’,;‘fl —|—aZ72bk + ...+akb272+b271) > (ag, —bk)nbzfl.
Further, for k > s* = 25+ 1 we find by, > 2/3, ax, — b, > (3k/2)~2 and

n—1
o R s dn (2
Zk:s* k(ay —bg) > Zk:s* % (3) =o0. Hence, EN,(s)=o00.
Remark 10 leads to EW (s) = s [;" a7 te™%/%dz = 5 [ y~le *¥dy = .
To investigate the absolute pseudo moment vy we split the integration
domain Ry = (0, o0) = (R4 \ M,,) UM, for any fixed integer n > 1 , where

M,, = {k/n : k € N} is the set of discontinuity points of P(N,(s) < nz). Since
the distribution function e~/ . (x) is continuous and Lebesgue measure
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AM,,) =0 we find 1=/ a:|d( (No(s)<na) —e=*/")| > [ L\, rde” /7 = 0.

(37)ii
Ifk;/n<x<(k;+1)/nthen0<e“”/” 1+s/x < s%/(222%) < n?s?/(2k?),

33)
(1+s/k) ™ —1+ns/k < n(n+1)s?/(2k%), 0<mns/k—s/x and
|678/I—P(Nn(5) < nz)| @D efs/x—(1+s/k:)_n| < ns/k—s/z+2n(n+1)s/k>
(k+1-0)/n

Moreover, I :/ (ns/k—s/z)de < s/k—sn(1+1/k) < s/(2k?).
k/n

Then for k > s*=2s+1and 1 <7 < 2 we find
(k+1-0)/n
Z / T_1|e_s/’” — P(Ny(s) < na)|dx
k=s* k/n

oo (k4+1\"" 2n(n + 1)s oo (k+ 1)1
< Zk:s* < p > (Ik + — )S c(s,n)zkis* 2 < o0

and x, < oo for 1 <r < 2 is proved. O

Proof of Lemma 3: Let n > 2. Proceeding as in Bening, Galieva and Ko-
rolev (2013) using

E\" E—1 \" oooognot
P(Nn(s)—k)—(s+k) _<s+k—1) _Sn/]€_17(8+$)n+1dx

and Formula 2.2.4.24 in Prudnikov, Brychkov and Marichev (2002, p. 298), then

e 5/2
~3/2)
E(N,, 78712]4;3/2/ 1 s+m7l+1dx<sn2/k ) s+x"+1d
o0 pn=5/2 (51 sn
- e = snB(5/2n - 3/2) 2
n [ e = snBG/2n =YD <

Moreover E(N; ¥/2) < 2% k=3/2 = ((3/2) = 2.612.... Lemma 3 is proved. [

Proof of Theorem 5. In the transfer Proposition 1 the additional assumptions
(10) for the limit inverse exponential distribution H(z) = e™*/* [ o)(z) of
the normalized sample size N,(s), s > sop > 0 and ho(y) = e */Vs(s — 1+

2Q1(yn))/(2y?), Q1(y) =1/2 — (y — [y]), y > 0 are satisfied with g,, = n and
v = 3/2, where hy(0) = limyoha(y) = 0. Hence, we have to calculate the
integrals in (11). Define

/OOO (x\f) —s/:r( A /Oo Hz(x\/@) (p(x\/y)de_s/I(y)

0 VY
Jsa(z) = / Hg(xﬂiw(m)des/%y),

/OO Hs (2\/y) ¢(2\/y) defs/w(y) and Jy(x) = /°° P (z\/y)dhz(y)
0 Yy 0

J1 (.’E)

Jg,g(x)
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with Chebyshev-Hermite polynomials H,,(z) given in (6) . Then

2B L (M) + Fato)) + 2

Goun(z;0) = Ji () = -

6y/n n
Using formula 2.3.16.3 in Prudnikov, Brychkov and Marichev (2002, p. 444):

0 o—py—s/y om
\/O eyn’LT/Qdy = (71)m \/jasmez\/ﬁ7 p> 0, S > 07 m = 0,172,... (67)

and Appendix II.1 in Prudnikov, Brychkov and Marichev (2002, p. 773):

/ y 25V dy = S"”H/Z/ tm3 et = sTmHY2 D (m — 1/2),
0 0

with s > 0 and m > 1/2. For p = 22/2 and s > 0 we find

% o=@ /2y—s/y CDZ 0™ o~ VEslal g £0,m =0,1,2
— _J) || Os
) V2rymtl/2 dy = (68)
o VoY s~MH2T(m —1/2), =0, m=1,2.
Since I'(1/2) = /7 and I'(3/2) = /7/2 then for z # 0

K, ()

1 Vel 2
Ko(z) = slel = I :
1 _ Asie 1
Ki(z) = —\/%e 2s el — gll/\/g(:r),
/3 1 || 2
K = 2sle] =) = 142
2(1‘) e (28)3/2 + 25 (28)2( + S‘l‘l)ll/\/g<.'ll)

and Ki(x), Ka(z) and |z|YKo(x) with some v > 1 are continuous Vz € R.

Let us now calculate the integrals occurring in (66). Consider

8 S > 2
J T — 73/267(13 /2)y7‘9/yd = 8 X :l P X
2 1(x) Tw/o Y y=s Ki(z) =1, ()
and Jl(l‘) = Ll/\/g($)

The second and third integrals in (66) we calculate again with (68)

Jo(z) = — / Ty u-sugy - s(22K, (z) — Ka(x))
Vor Jo  yi2
Jsi(x) = 5(x3K1(x) — SxKQ(x)) = %(25m2 — 3V/2s|z| — 3) b ys()
and
J3a2(z) = s(2°Ko(z) — 102° K, (z) + 152K ()

= 5= (25" faf® — 2050 +15v2s Jal +15) by 5()
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Integration by parts in the last integral of (66) leads to

) = [ et =~ [ S e

CUS(S_ 1) /Oo —5/2 —(2*/2)y—s/y *
= e\ VTS dy + J) (x
“aor Sy ! v+ Jil)
68) xs(l—s)

2 U= o)+ T () =

03 (sl + 1)1y i) + i (),

where

TS e 2
Jr=_ —5/2 ,—(="/2)y—s/y nu)duy.
4 2\/% 0 ) Ql( y)) Y

004 o

N AN
T VANARN

Figure 7: The function h(y) = y’5/2e*(w2/2)y*8/y Q1 (ny) under the integral Jj
for0<y<2and x=1withs=2and n=10

Using the Fourier series expansion (60) of the periodic function Q1(y), given
n (59), and interchange sum and integral, we find

Jp=— =5/2 o=@ /2y=5/Y in(2r kn dy. 69
T T (rkngdy. (69

Let p > 0, s > s9/2 > 0 and b > 0 be some real constants. Formula 2.5.37.3 in
Prudnikov, Brychkov and Marichev (2002, p. 453) is

/ y 32 e PY=3/Y sin(by)dy = VT avae sin(2+/52_) (70)
0

Vs
with 222 = /p? + b2 £ p.
In order to estimate Jj(z) in (69) we prove that we can apply Leibniz’s

integral rule and differentiate with respect to s under the integral sign in (70).
Consider the function f(s,y) = v/2py~ /2 e P¥=*/¥ sin(by). For p > 0 we find

° e Y2 gpu=s/y (67) \/27rps 72\/ﬁ( 8) V2
|f(s,y)ldy < /2p dy < =
0 0

€ So

uniformly in p > 0, b > 0 and s > s9/2. Moreover, the partial derivative
%f(s,y) = /2py /2 e P¥=5/¥ sin(by) is continuous in s and y in the region
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(s0/2,00) x (0,00) and for s > s0/2
erien] <o

with

e rysly s/y e PV ey —s/y (38) e -y 16

=+/2 =:
p y1/2 — 1/2 62 2 g(y)

> 16 < ey 16
/0 9(y)dy = — 7 \/2p/0 VR e . V2T(1/2) < o0

for all p > 0, b > 0 and s > sg/2. Hence, differentiation with respect to s under
the integral sign in (70) is allowed and we find

/ y /2 emPY=s/y sin(by)dy = (V/7/2) e 2VE e (573/2 sin(2v/s z_)
0

+ 25z sin(2v/s52.) — 2571z cos(2\/§z_)) :
Consider zy defined in (70) with p = 22/2, b = 27kn, k > 1 and n > 1:

2y = (1/V2) \/\/x4/4+ 2rkn)? +22/2.

Then 0 < z_ < zy, zy > |z[/2 and =z, > V7akn > /a(Vk + v/n)/2,
(38)
(1+z4)e” Ves+/2 < 142/(e/50) and with "5 | e~ V7™k/2 /k < C we obtain

o (1+z )6*2\/52+  Sale o eTVER
DD ——— < Cofs)fale VRIS

< 03( ) m/zz —Vmsk/2 < C4( ) —msn/2 < C(S)n73/2.

|z

IN

k:lk

Note that the constant C'(s) may not be uniform bounded in s > 0, but there
exist a constant C*(sg) < oo such that C(s) < C*(sp) for s > sg. Together with
Proposition 1, (66) and Lemma 3 the statement of Theorem 5 is proved. O
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