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Abstract

In this paper, testing the equality of two mean vectors is considered when
each dataset has a monotone pattern of missing observations. A simplified
Hotelling’s T%-type test statistic in a two-sample problem under mono-
tone missing data is given. Approximation to the upper percentile of
this simplified T2 statistic and the transformed test statistics based on
Bartlett adjustment in the case of the two-sample problem are derived.
Furthermore, the approximate simultaneous confidence intervals for pair-
wise comparisons among mean vectors with monotone missing data are
described. Finally, the accuracy of the approximations is investigated
using a Monte Carlo simulation.
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Introduction

In testing for mean vectors, the Hotelling’s T? test statistic is often used. Under mul-
tivariate normality, the Hotelling’s T test is a likelihood ratio test (LRT) and the null
distribution is exactly distributed as F-distribution multiplied by a constant of sample
size and dimension (see, e.g., Siotani, Hayakawa, and Fujikoshi (1985), Morrison (2005)).
As for the null and non-null distributions of the Hotelling’s T statistic under nonnor-
mality, an asymptotic expansion approximation has been given by Fujikoshi (1997), Kano
(1995), Kakizawa and Iwashita (2008), and so on. However, under missing data, it is not
easy to derive the null distribution of Hotelling’s T2 statistic even with the assumption of

multivariate normality, because the Hotelling’s T2 statistic is defined by using the MLEs
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of the mean vector and the covariance matrix with the missing data. Srivastava and
Carter (1986) and Shutoh, Kusumi, Morinaga, Yamada, and Seo (2010) calculated the
Hotelling’s T2 statistic with missing data by using the numerical solution for likelihood
equations by the Newton-Raphson method. However, since it is not easy to derive the
exact upper percentile of the null distribution, the upper percentile of x? distribution
is used as an approximation in those papers. We note that y? approximation is not a
good approximation for a small sample size because the limiting distribution of the null
distribution is x? distribution. Recently, in a one-sample problem, the null distribution of
the simplified Hotelling’s T2-type statistic with monotone missing data (k-step monotone
missing data) has been discussed and a good approximation to the upper percentile of
its null distribution was given by Yagi, Seo, and Hanusz (2018). This was derived by
the decomposition of the test statistic and an asymptotic expansion of the distribution
of each decomposed statistic by the perturbation method. Other approximations to its
null distribution were discussed by Krishnamoorthy and Pannala (1999) and Yagi and Seo
(2017), in the case of k-step monotone missing data. In the case of two-step monotone
missing data, linear interpolation approximation for the null distribution of the Hotelling’s
T?-type statistic was given by Seko, Yamazaki, and Seo (2012). Yu, Krishnamoorthy, and
Pannala (2006) and Seko, Kawasaki, and Seo (2011) provided the extension for the two-
sample problem. For related papers on LRT, see Krishnamoorthy and Pannala (1998),
Yagi, Seo, and Srivastava (2017, 2018), among others. Although the type of missing
data is a two-step monotone pattern of missing observations, an asymptotic expansion of
the null distribution for the Hotelling’s T?%-type statistic for a one-sample problem was
derived recently by Kawasaki, Shutoh, and Seo (2018). In this paper, we consider the
null distribution of the simplified T2 statistic with k-step monotone missing data in a
two-sample problem. The results of this paper are extensions of the one-sample problem
in Yagi, Seo, and Hanusz (2018). The organization of this paper is as follows. In Section
2, an asymptotic expansion of the null distribution of the simplified T? statistic is derived
for the three-step case. In the k-step case, an approximation to an asymptotic expansion
of the null distribution of the statistic can be obtained by considering generalization of a

three-step case. Further, two types of transformation for the simplified 72 statistic with



Bartlett correction and Bartlett-type correction are presented in Section 3. In Section
4, simulation study on the upper percentiles of these test statistics and empirical type I

errors are presented. Finally, concluding remarks are given in Section 5.

2 The simplified 77 statistic and its distribution

Suppose two datasets with the same monotone pattern of missing observations are
independent and distributed as multivariate normal distribution with common covariance

matrix. Then, the ¢-th dataset with a monotone pattern of missing observations is of the

form
p1 b2 Prk—1 Pk
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where ng) is a ngz) x p; block matrix (i = 1,2,...,k;j = 1,2,...,k —i+ 1), and “%”
indicates a missing part. Such a dataset is called a k-step monotone missing data pattern.
Further, let 1(© be the p dimensional mean vector for dataset X(Z), where p = Zle Di.

Then, the simplified 72 statistic for the hypothesis
M = 4@ vs. Hy: gD £ p®

is given by

Q=@" -a%y T (@Y - a®), 2
where il is the MLE of p® (¢ = 1,2), T is a simple estimator of Cov[i'" — 5®]. We
note that @ in (2) is the same one as T2 in Section 3.2 of Yagi and Seo (2017) and the
quantity T is also defined there. Tn this paper, to illustrate the derivation of an asymptotic

expansion approximation to the distribution of () concisely, we use the new notations and

definitions from our previous papers.

2.1 Three-step case (k = 3)

For illustration, we first consider the null distribution of the simplified 77 statistic Q
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in the case of three-step monotone missing data. Then, X ) can be reduced as

P p2 D3
X[ X7 X0\ b 3
xO= x0 xO . | (3)

X :(fl) % * }ngf)

where rows of X (excluding the missing parts) are distributed as multivariate normal
distributions. That is, there are ngg) observations available on the 1st p(= p; + p2 + p3)
components, ngz) observations available on the 2nd p(12)(= p1 + p2) components, and ngf)

observations available on the 3rd p; components. For the dataset in (3), let
0 - _ ¢ ¢ ¢ 0 _ ¢ ‘
X (23 = <X§1) XgQ) X§3)> » Xoag = (ng X§2)> a

where rows of X9 X and X i(fl) are mutually independent and
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vee(X ) ~ N o (vee(L op®). I 0 © ),
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E /
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)2)), Inée) ® 3(12)12))5
vee( X)) ~ N, (Vec(lngzmge) )i L0 @ Z),

(0

and 1n(2) 1s a vector on n,; ~ ones,
“‘ge) }p1 (©)
p® = ¥ Yo = Paz |
¢ ‘
ps )3\ pd?
and
p1 p2 b3
—— A ——
Y Yo | X3 p1 » i3
Y= X Yoo | Mo p2 = (12)(12) | 33,5
a1 N | sz ) e Y3 Xy | X
Indeed, A® B denotes the kronecker product of two matrices A and B defined by AQB =
(aijB) and, for any matrix A = (a1, ay,- -, a,)’, we define vec(A) = (a}, ay, - ,a;)".
Also, let
—(0) L
T =—X 1. .,
1(123) Nl(g) 1(123) " N
0 __ 1 O (0 (00 (o)
51(123) - N(g) ) {X1(123)X1(123) i 331(123)331(123)},
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where Nl(e) = nﬁ” , then we partition 5%23) and 5%23) as

P(12) p3

=0
—(0) o wl(l?) }p(12 £) o 5(6123 11 S(€)123 }P(lz)
L1(123) — ) Yo S 1(123) (é) :
13 p3 S1(123),21 123 }pS

On the other hand, we define

l
X\ O %
X(f) _ X(ﬁ) X(f) _ X Xis
(123)1 o | 202 = | xO x® |
(Z) 21 22
X31

Furthermore, we define the sample mean vectors and the sample covariance matrices as

follows:
o _ 1 S o _ 1 - O=(0) =0
T (193)1 — (e)X(123)11N§Z>7 S(123)1 ND) {X(123)1X(123)1 — N Cc(123)15'3(123)1} )
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2 2

where Ni(g) = Z; 1 n(g), 1 =2,3, £ =1,2. Further, we partition

p1 D2
z (0) (0)
=(0) Z(12)1 }pl g _ S(12)(12)711 S(12) (12),12 }Pl
T12)(12) = =© } (12)(12) g g
L(12)2 bz (12)(12),21 2 (12)(12),22 }pz

Then, the simplified T? statistic in the case of three-step monotone missing data can be

written as
Q=01+ Q2+ Qs, (4)
where
NIOND ol ) e
O =m(n§ '—a?YAL @ -a?), (5)
NONP Ly ) ~@)
Qr=—22 G _ /YA, @ - 7P), (6)
NV + NP
N(l)N(z) 1 =11 (2
Qs =m(n§)—n§))’%3 (@5 — ), (7)
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This decomposition in (4) is essentially based on Yu et al. (2006).

First, we consider a stochastic expansion of Q; in (5). Let pu® = p® = p =
(py phy ph), where p, is a p; x 1 vector. Further let N?El) = N, N§2) = r3N3, where
r3 is a positive constant. We note that Q; is essentially the same as the Hotelling’s T
statistic and (Ng 4N, 2))A11 is a Wishart matrix. Therefore, without loss of generality,

we may assume that 3y, = I,,,. Then, let

a0 1 ) 1 o
T = + —=z x + —=z

(123)1 — M1 JN; (123)1 — M1 VraNs

W 1 ) @ 1 2)
Siogy = Ips + zV Sz = Ips + z®

VN3 —1

Then, we can expand )7 as

Q) == 1 1
e N N
where
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We note that z ~ N,, (0, I). Therefore, the characteristic function of ¢); can be written

as

¢1(t) =Elexp(itz'z)] +

1
E [(—z’t)z’Zz exp(itz’z)]
VN3
1 2
+ E{E [itZ/ZQZ exp(itz’z)] +E [itl n

z'z exp(itz’z)]
T3

+E [%(it)g(z’Zz)2 exp(itz’z)] } + O(N:;%%

where ¢ = y/—1. Calculating the expectations with respect to z, ZW_ and Z? | we obtain
1

1 1 1 1
PSS S AU CURE S
rlt) == 4 4(1+7~3)pl(p“r Ju™ ST S
1 1
— 2 "Pl—2} O(N:2 8
b 2 o), ®)

where u = 1 — 2¢t. Inverting the characteristic function, for large N3, we have

Pr(Q: <z) = Z Bi1 Gy 1a(2) + O(N3?),
where G(z) is the distribution function of a y?-variate with f degrees of freedom,
1
= - + 4 5 = ——0QC y e — _|_ 2 .
Bo,1 401 jL703)291(191 ) Bi1 2(1 + 703)291 P21 4(1 +r3)p1(pl )

Second, we consider the stochastic expansion of @ in (6). Let N2(1) = Ny, N2(2) = 19N>,
where 75 is a positive constant. As with )1, without loss of generality, we may assume

that X12)12) = 1 Therefore let
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Y \l+ry N VA 'S
p1 D2
—
U = 1 U + \/E U(2), U _( Ui Uy )}pl
1+ 147y Uy Uy }pz7



~—1
we can expand ﬁgl) - ?752) and A,, as

NONIPCNIE {uu)_ 1 u(2)_< L v 1o v )(um_ 1 u(2)>}
2 Up 2 2 21 ,ontu 1 NG 1

~_1 1 1 2 -3
Ay, =Ty — \/_N_2U22 + E(ﬂbz +UnUiz + ng) + Op(Ny ?),

respectively, where Iy is a py dimensional identity matrix. We note that w; ~ N, (0, I),

i =1,2. Since we can expand ()5 as

1
Q2 =usuy — \/—F(2UIQU21U1 + uyUgus)
2
1
+ F{Q(ugUlellul + U/2U22U21’U,1) + ’U,/1U12U21’U,1 + ’U,,QU21U12'LL2
2

3

uhuy + u'2U§2uQ} + Op(N, ?),

+1—|—7“2

after the calculation of the expectation with respect to UY and U(2), we obtain the

characteristic function of (), as

] 1
bo(t) =E[exp(itunus)] + E T

+ (p1 + P2+ 3)B | uhus explitupus) | |

[it{ng [u’lul exp(z'tuqu)]

+ (it)2{2E [u’lulugug exp(ituéug)]—i—E [(u’gug)2 exp(itugug)} }1 +O(N;?).

Next, calculating the expectations with respect to wy,us, the characteristic function of

()2 can be written as

1 1
(AP o+ Do+ Ay P2
NQ{ 4(1+r2)p2( pitpatd)

T L
2(1+7“2) 4<1+T2)

Inverting the characteristic function ¢o(t), for large N, we obtain

pa(p2 + Q)U_%pQ_Q} +O(N;?). (9)

2
Pr(Qs < ) = Gyu(a) + 1 3 BjaCipuray(z) + O(N;?),
=0

where
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Finally, we consider a stochastic expansion of Q3 in (7). Let p = (p{;5 p3)’; where
H12) is a p(12) X 1 vector. Further let Nl(l) = Ny, N1(2) = r1 Ny, where r is a positive

constant. Since, without loss of generality, we may assume that 3 = I, let

(0 _ SR N € R o B PN Cb
1(12) “‘(12) \/ﬁl (12)° 13 — M3 m 3
1 b
S\ 0oy = Ip + =V
\ 1(123) p N1 1
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After a great deal of calculation as with ()1 and @)», the characteristic function of Q3 can

be written as
P3(t) =u 3Py L{—;103(419(12) +ps+ 4)U_%p3
4(]_ —|— 7‘1)

1
+ —)p3(2p(12) —+ ]_)u_%pii—l +

—5p3—2 —2
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Therefore, for large Ny

1 2
PY(Q3 < ZE) - Gp3 (.CE) + Z ﬁj,3Gp3+2j($) + O(Nl_Q)a
Ni <
where

1
=———-p3(4 +p3+4), = ——p3(2 +1),
Doy 4(1+r1)p3( P(12) T P3 ), Bus 2(1 +TI>P3( P(12) )

Paz = )p3(]73 +2).

4(1 + 7

We define v; = Z?=1 ny), Jj = 1,2,3 and s;(= v;/11) j = 2,3, where s; is a positive
constant. Then, for large vy, using the results in (8), (9), and (10), we can expand

Hle ¢;(t) as follows:

2

Lot =t 3 0072

=0

where



1 1 1
= T\ 1+ - sn +4)+ Apy +py +4) + ps(4pazy +p3 +4) ¢,
% 4{1+52+ P4+ e pa(Apy £ pe £ 4) + ps(pas) +ps )}
b= : @+ 1) + oy + 1)
175 1+52+33p1 1+$2p2 D1 P3(2pa2) ;
1 1 1
1 2 2 2)¢ .
Do 4{1+32+ 3p1(p1—|— )+ 1+82p2(p2+ ) + p3(ps + )}

Furthermore, since @; (i = 1,2, 3) are mutually and asymptotically independent, H?:1 oi(t)

can be regarded as an approximation of E[exp(itQ)]. Therefore, we obtain

Also, an approximation to the upper 100« percentile of () is given by

Z@_LM{ 2,

aan(2) = X; vp p+ 2

where Xf)(a) is the upper 100a percentile of x? distribution with p degrees of freedom

2.2 General case (k > 2)

We consider the general case with k-step monotone missing data. Let, fori =1,2,... k,

2
() () (0) ()
X(12 Jk—itl) T = (X3 X12 Xk i) Vi Zn i:Z n; o5 P(12--i) ZP;
=1
As with three-step case in Section 2.1, it is assumed that the rows of x\9 112, k—i+1) (1 =
1,2,..., k) are mutually independent and

(vec(l <Z)Hgl)2 e z+1))’In§‘> ®E(12...,k—z‘+1)(12.,.,k—z'+1))7

b (£)
i=1,2,... .k,

(
VeC(Xi(lz..,kal)) ~ Nni P(12...,k—i+1)
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where

¢
p? o\

) - ()
Ko k—iv1) = 2 }pz

P12... k—i+1) X1

© :
“k—l+1 Pk—i+1
p1 y2) Pk—i+1
M Sy X1 k-it1 I
by by DI
Y12, kit 1) (12, kit 1) = 21 22 2k—itl }m
P(12,..., k—i+1) XP(12,... . k—i+1) :
Dh—it11 Zk—it1,2 Yt kit }sz-H
Further, let
@) )
Xy X1
© . )
X(12~-~,k—i+1)(12~~-i) — . : ’
) )
Xk—i-i-l,l Xk:—i—l—Li

where X )

(120 it 1)(12-44) is a N,E,Z_)Z.H X pa2..;) matrix. We then define the sample mean

vectors and the sample covariance matrices. For ¢ = 1,2,...,k,

_{) 1 0
z . = X
(12- k—i41)(12-3) 7
N
1 /
g o {Xm
(12++ k—i41)(12-+) 0
Nk—i—‘rl -1
- Nz

Further, we partition, for i = 2,3,... k,

(0
—(0) . (12-+ ,k—i+1)(12-- ,i—1) }P(lz-.- yi—1)
L9 k—it1)(12-4) — < —(0) )

Joi

(12 k—i+1)i

P2 ,i—1)

)
(12 ,k—i+1)(12~~-i)X

(12~--,k—z’+1)(12-~z’)1N“) )

k—i4+1

(12 k—i41)(12---7)

=0

i1 L (12 kit 1)(12--0) L (12 k—i+1)(12-4) } ;

Y

pi

14
S(f) )

(12- k—i+1)(12-4)
Then, the simplified T statistic can be written as

k
Q = Z Q’ia
=1

11

0 (
— (S(m-.. J—i+1)(12--4),11 S(12~-~ ,k—z’+1)(12~-~i),12) }p(wm ji=1)
0 0) ’
5(12---,k7i+1)(12---i),21 S(

12 k—i+1)(12-4),22

L
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where
N(1)~ N(2) o
Q; = k—it1tVk—it1 (A(l) A(2))/Ai'l ~(1) A@))’

o 1
ng—)i—l-l +N1§ )H—l

(12)
(—(0)
2
=(0) () 0
ﬁz@ ={ Ta2. k—it1)i {Z(Nk—i—l-l )5(12 k7i+1)(12---z’),21}

2
-1
o) (0) (0 -
X {Z(Nk—iﬂ - 1)S(l2~~~,k—i+1)(12~--i),11} L(12- k—it1)(12-i—1) (i=2,3,...,k)

\ /=1
( 2
N Z 2--k)1 (i=1)
k =1
1 SHNG ()
N, 1S ‘ .
1) (2) [Z( k—i+1 (12-+ k—i+1)(12--1),22
AY _ ) NiZip N o
1 2 © © 2 © .
_{Z(Nk—i—H - 1)5(12---,k7i+1 12--44), 21}{2 k— z+1 5(12 k7i+1)(12...¢)’11}
631 =1
(0) (0) -
X {Z(Nk—i+1 - 1)S(IQ~~~,k—i+l)(12 4), 12}] (Z = 2, 37 ey ]{7)
\ /=1

As with the derivation of the three-step case, we have the following Theorem 1.

Theorem 1

For large N,g )z+1’ the distribution of Q; (i =1,2,...,k) in (12) can be expanded as

Pr(Q; <) =Gy, (z (1) Zﬂm piroi(T) + O(N k H-l)
k—i+1 j=0
where
Bo; = ! (4 +pi+ 4) By = 1 (2 N 1)
0 4(1 + T’kfi+1)pl P(12--,i-1) Di ) 10 — 2(1 T 7’k4+1)pl P(12-- ,i—1) ,
1 N
i = ———pi(pi +2), Thoip = — L
b, 4(1 + Tk—i+1>p v b Th-in N,gl_)iﬂ

and ri_;y1 1S a positive constant. Furthermore, its upper 100« percentiles can be expanded

as

Di

(@) =30 -~ [P - )] o
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Since, again, H;?:l Elexp(itQ;)] can be regarded as an approximation of Elexp(itQ)],

for large 11, we can obtain

k

2
[] Elexp(itQ;)] = u% + Vil D BT+ 00,

j=1 7=0

where
Lk k—itl
Bo = 1 Z (1 + 53) Di (429(12---,1‘71) +pi + 4) ;
i=1 Jj=2
1 kT k—i+1 1
b = 5 <1 + 5]> Di <2p(12---,i71) + 1> ;
i=1 | =2
LT k—itl
Ba = 1 <1 + Sj) pi(pi +2) |,
i=1 | j=2
si(=vi/1n), (i = 2,3,...,k) is a positive constant. Therefore, an approximation to the

upper 100« percentile of @ in (11) is given by

anste) =3l - o [P [ - Pyl (13)

2 D p+27°

As a remark, in the case of a multi-sample problem, let ng) be a ”1@ x p; block matrix,
where there are nz@ observations available on the i-th p; components, i =1,2,...,k;j =
1,2,....,k—i4+1;/=1,2,...,m. Then, we can construct the approximate simultaneous
confidence intervals for pairwise comparisons among mean vectors by using the upper

percentile of Q). where Q(®) is the same one as fazb in Section 4.3 of Yagi and Seo

(2017). Then, for 1 < a < b < m, Q) can be decomposed as follows:

k

Q=3 e

i=1

13



where

Al =
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l Y4 .
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\ =1

As for the distribution of Qf-ab), we have the following Corollary 2.

Corollary 2

For large N,gl_)iﬂ, the distribution of Q; (ab) (1=1,2,.

expanded as

Pr(Q" <

'T) = GI%

Lkl <a<b<m)in (14) can be

2

ZB]Z p1+2j + O(ngl 1+1)

kH—le

14

Y



where

1
Poi = Y Pi <4p(12---,i71) +pit 2m>, Pri = 5 Di <2p(12---,1'71) +m— 1>,
Th—it1 Tk—it+1
- N
Bai pi(pi +2), Tkzl—l"_g r i1 r = =23, ,m,
4rk—i+1 ( ) + k i+1 k i+1 ngi)i+1
and Y., s a 11
ki1 positive constant.

Further, as with gag(a) in (13), we can obtain an approximate upper 100« percentile

of Q% as follows:

£9(0) = x3(a) — 2@ {

Vim p

pi 2X§(Oé)}

where

k k—i+1

Bo = —iZ[(l + ) 3j~m>_1pi<4§pj +pi+2m) .

i=1 j=2 j=1
k—it+1

k
1 ~1
Ba = 1 ZKl + Z 5j-m> pi(pi + 2)],
i=1 j=2
p= Zlepi, Vi = D pey ngz), i=1,2,....k and S (= Vimm/Vim), (1 =2,3,...,k) is a
positive constant.

To obtain the approximate simultaneous confidence intervals for pairwise comparisons

using Bonferroni’s approximation, it is necessary that all the null distributions of Q(®) are

the same. That is, we assume that n( ) = nf )= = ngm), 1=1,2,...,k. Then, we can
propose an approximate upper 100« percentile of the  Jnax Q) statistic as q/(fé)(ap)
<a<b<m

instead of 2., () as in Yagi and Seo (2017), where a;, = 2a/{m(m — 1)}.

3 Transformations with Bartlett adjustments

In this section, we consider transformation with Bartlett adjustment, which is an extension
of Yagi, Seo, and Hanusz (2018). We derive two transformations for Q; with¢ =1,2,... k

n (11). The transformed test statistic with Bartlett correction is given by

1
D F ( Wita. i 3)
Q; { My i1 Di + 2pa2...i-1) + }Q
15




As an improvement of @ in (11), we propose

Q = ZQ:. (15)

We note that E[Q;] = p; + O(M;%,,) and E[Q*] = p + O(M;?). Furthermore, the

transformed test statistics with Bartlett-type corrections are given by

1 1
Y, = {Mk—i—i-l -3 (pi +4paa..i-1) + 4) } log (1 + Qi)
2 Mj_ia
1
for My_iy1 — B (Pz‘ +4paz..i-1n + 4) > 0.

We note that Pr(Y; < z) = G,,(z) + O(M; 2, ). Thus, we can propose a transformed

test statistic as
Y=YV, (16)

As with the one-sample problem in Yagi, Seo, and Hanusz (2018), although the other
transformations QT, Z, YT, and Z' can be proposed as an approximation to Q, we will not
deal with them in this paper, because our simulation studies indicated that the accuracy
of the transformed test statistic Y in (16) is considerably higher than that of the other

transformed test statistics in almost all cases.

4 Simulation studies

In order to investigate the accuracy of the approximations proposed in this paper, we
compute the upper percentiles of the test statistic () in (11) and the transformed test
statistics @* in (15) and Y in (16) with k-step (k = 2,3, and 5) monotone missing data
using the Monte Carlo simulation. The simulation study of the two-sample problem in
this paper corresponds to that of the one-sample problem in Yagi, Seo, and Hanusz (2018).
The simulation results for the upper percentiles of the test statistics, their approximations,
and their emprical type I errors in the case of two-step monotone missing data (k =
2) are summarized in Table 1 as follows: (i) ¢ is the upper 100« percentile of @ by
simulation, (ii) go« and ag- are the upper 100« percentile of @* by simulation and its
empirical type I error, respectively, (iii) gy and ay are the upper 100« percentile of Y by

simulation and its empirical type I error, respectively, (iv) gag and aag are an asymptotic

16



expansion approximation to the upper 100« percentile of ) and its empirical type I error,
respectively, and (v) gykp and aygp are an approximation to the upper 100« percentile
of @ given by Yu et al. (2006) and its empirical type I error, respectively. As with Table
1, Tables 2 and 3 present the results in the case of three-step and five-step monotone
missing data, respectively. It may be noted from the tables that both values of gg- and
qy converge to the upper percentile of the x? limiting distribution at a very high speed.
In addition, the value of gyxp by Yu et al. (2006) is a very good approximation when the
sample size is very small. We note from the tables that the value of gykp is closer to that
of ¢ than that of gag for most cases. Especially, in our simulation, the upper percentile

of the transformed test statistic Y in (16), that is ¢y, has a very good x2-approximation.

5 Concluding remarks

In this paper, we considered the null distribution of the simplified Hotelling’s T2-type
statistic for testing equality of two mean vectors when two datasets have general step
monotone missing data. Using the same derivation procedure of a one-sample problem as
in Yagi, Seo, and Hanusz (2018), an asymptotic expansion approximation for the upper
percentile of the simplified T statistic could be obtained in the general k-step mono-
tone missing data pattern case. Furthermore, the approximation to the upper percentiles
of the simplified T? statistic for the multi-sample case was given. Using this result and
Bonferroni’s approximation, the approximate upper percentile of l<r;1<alu)>imQ(“b) and the ap-
proximate simultaneous confidence intervals for pairwise comparisons among mean vectors
with monotone missing data were proposed. Finally, instead of using the original simpli-
fied T? statistic itself, we succeeded in deriving the transformed test statistics based on
Bartlett adjustment in order to provide easy-to-handle statistic, whose null distribution is
almost 2 distribution. The transformed test statistics with the Bartlett adjustment pro-

posed in this paper are useful if the missing data are of monotone pattern in a two-sample

problem.
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Table 1: The upper percentiles of test statistics and empirical type I errors

for (plva) = (27

2),(4,4), and a = 0.05.

(0)

(0)

nq Ny q dAE 4qYKP 4Q* qy Qy2 OAE QyKp Q@+ Qy
(P17p2) = (272)
10 10 14.95 12.63 14.90 998 945 16.17 &8.11 5.05 5.86 4.93
20 20 11.52 11.06 11.48 9.75 952 9.35 5.76 5.07 5.51 5.06
30 30 10.77 10.53 10.71 969 9.54 7.69 541 5.11 5.40 5.10
40 40 10.40 10.27 10.37 9.62 9.51 694 5.23 5.05 5.28 5.05
50 50 10.20 10.12 10.17 9.60 9.51 6.50 5.17 5.06 5.23 5.05
100 100 981 980 9.82 9.52 948 5.69 5.01 4.98 5.08 4.99
200 200 964 964 9.65 9.50 948 533 4.99 4.98 5.03 4.98
400 400 9.60 9.57 9.57 9.53 9.52 5.23 5.06 5.06 5.09 5.06
10 5 15.34 12.87 15.19 10.09 9.50 16.95 8.24 5.16 6.04 5.02
20 10 11.71 11.18 11.61 9.82 955 9.78 5.86 5.15 564 5.14
30 15 10.87 10.62 10.79 9.71 955 794 544 5.13 5.44 5.12
40 20 10.48 10.33 1043 965 9.53 7.09 5.26 5.09 5.33 5.09
50 25 10.25 10.16 10.22 9.61 9.51 6.62 5.16 5.05 5.24 5.05
100 50 98 983 9.84 956 9.51 5.79 5.07 5.04 5.13 5.04
200 100 966 9.66 9.66 9.51 949 5.36 5.01 5.00 5.05 5.00
400 200 9.56 9.57 9.57 948 947 5.14 4.97 4.96 4.99 4.96
10 20 14.58 12.39 14.64 9.80 942 1548 8.04 4.93 5.71 4.86
20 40 11.38 10.94 1135 9.71 9.50 9.08 5.76 5.04 5.45 5.03
30 60 10.64 10.45 10.62 964 951 748 534 5.03 530 5.04
40 80 10.32 10.21 10.30 9.60 9.50 6.78 5.21 5.03 5.22 5.02
50 100 10.14 10.07 10.12 958 950 640 5.13 5.03 5.19 5.04
100 200 980 9.78 9.79 9.53 9.50 5.65 5.04 5.01 5.09 5.02
200 400 963 963 9.64 9.50 948 529 4.99 4.99 5.02 4.99
400 800 958 956 9.56 9.51 9.50 5.19 5.04 5.03 5.05 5.03
(Phpz) = (474)
10 10 38.96 23.64 3R8.99 15.18 14.47 40.64 18.64 4.99 4.61 3.52
20 20 21.89 19.57 21.65 16.09 15.50 17.14 7.83 5.24 588 4.99
30 30 19.17 18.22 19.01 15.95 1558 11.91 6.28 5.20 5.69 b5.11
40 40 18.07 17.54 17.96 1584 1556 9.71 5.75 5.15 5.53 5.09
50 50 1745 1713 17.39 15.76 15.55 855 547 5.09 5.40 5.07
100 100 16.41 16.32 16.38 15.64 15.54 6.57 5.14 5.05 5.21 5.04
200 200 15.92 15,91 15.93 1555 1550 5.70 5.02 4.99 5.07 4.99
400 400 15.73 15.71 15.71 1555 1552 538 5.03 5.03 5.07 5.02
10 5 39.98 24.20 39.68 15.48 14.61 41.99 18.72 5.12 497 3.71
20 10 22.30 19.85 21.96 16.22 15.55 17.93 7.95 5.33 6.05 5.08
30 15 19.39 18.40 19.21 16.00 15.58 12.34 6.30 5.22 5.76 5.12
40 20 18.25 17.68 18.10 15.89 15.59 10.05 5.80 5.20 5.61 5.13
50 25 17.64 1725 17.51 1584 1561 888 5.57 5.18 5.54 5.16
100 50 16.49 16.38 16.44 15.67 15.56 6.73 5.18 5.08 5.26 5.08
200 100 15.98 15.94 15.96 15.59 15.53 5.82 5.07 5.05 5.13 5.05
400 200 15.78 15.75 15.75 15.57 15.54 547 5.05 5.05 5.10 5.05
10 20 38.25 23.08 38.42 14.91 14.34 39.40 18.67 4.94 4.26 3.32
20 40 21.50 19.29 21.37 15.96 15.44 16.44 7.79 5.14 5.71 4.88
30 60 18.91 18.03 18.82 1585 15.51 11.45 6.20 5.11 5.54 5.00
40 80 17.90 1740 17.81 1580 15.55 9.44 5.73 5.12 5.46 5.06
50 100 17.32 17.02 17.27 1572 1553 829 543 5.06 5.34 5.04
100 200 16.35 16.26 16.32 15.62 1553 6.47 5.14 5.05 5.19 5.04
200 400 1591 15.89 1590 1556 15.52 5.69 5.04 5.02 5.09 5.02
400 800 15.74 15.70 15.70 1556 15.54 5.39 5.06 5.06 5.09 5.05

Note. x2(0.05) = 9.49, x2(0.05) = 15.51.
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Table 2: The upper percentiles of test statistics and empirical type I errors
for (p1,p2,p3) = (2,2,4) and o = 0.05.

ﬂ(f) n(l’») n(é) .

L1 2 3 q dAE 4GYKP 4Q* qy Oy 2 OAE OQYyKp OQQ* Qy
10 10 10 38.69 23.34 38.77 15.01 14.47 40.25 18.89 4.97 4.41 3.51
20 20 20 21.72 19.42 21.51 16.01 15.50 16.96 7.89 521 5.77 4.98
30 30 30 19.06 18.12 18.91 15.89 15.57 11.71 6.28 5.18 5.60 5.09
40 40 40 17.97 1746 17.88 15.78 15.55 9.58 5.72 5.12 5.44 5.07
50 50 50 1742 17.07 17.33 15.74 15.55 844 5.49 5.12 537 5.08

100 100 100 16.41 16.29 16.35 15.65 15.56 6.57 5.19 5.09 5.23 5.09

200 200 200 15.94 15.90 15.91 15.57 15.53 5.73 5.06 5.04 5.11 5.04

400 400 400 15.73 15.70 15.71 15.55 15.53 5.38 5.05 5.04 5.08 5.05

800 800 800 15.61 15.61 15.61 15.53 15.52 5.18 5.01 5.01 5.03 5.01
10 5 5 39.71 23.86 39.41 15.26 14.61 41.56 19.01 511 4.72 3.75
20 10 10 22.12 19.68 21.80 16.13 15.56 17.72 8.01 5.32 5.93 5.09
30 15 15 19.32 18.29 19.10 15.97 15.62 12.18 6.38 5.27 5.72 5.17
40 20 20 18.19 17.60 18.02 15.87 15.60 9.98 5.85 5.23 5.57 5.16
50 25 25 17.54 17.18 17.44 15.78 1558 871 5.54 5.15 544 5.12

100 50 50 16.48 16.34 16.40 15.67 15.57 6.70 5.21 5.12 5.25 5.10

200 100 100 15.98 15.92 15.94 15.59 15.55 5.81 5.09 5.06 5.14 5.06

400 200 200 15.72 15.72 15.72 15.53 15.51 5.36 5.01 5.01 5.04 5.00

800 400 400 15.61 15.61 15.61 15.52 15.51 5.18 5.00 5.00 5.02 5.00
10 20 20 38.03 22.85 38.26 14.78 14.34 39.16 18.94 491 4.13 3.34
20 40 40 21.35 19.18 21.27 15.86 15.40 16.19 7.77 5.08 5.54 4.82
30 60 60 18.84 17.96 18.75 15.82 15.51 11.23 6.20 5.11 5.48 5.01
40 80 80 17.82 1734 17.76 15.74 1553 9.25 5.68 5.08 5.38 5.04
50 100 100 1728 16.98 17.23 15.70 15.52 8.22 5.45 5.08 5.31 5.02

100 200 200 16.35 16.24 16.30 15.62 15.54 6.46 5.16 5.07 5.19 5.06

200 400 400 15.88 15.87 15.89 15.54 15.51 5.64 5.01 4.99 5.06 5.00

400 800 800 15.72 15.69 15.69 15.55 15.53 5.35 5.04 5.04 5.07 5.04

800 1600 1600 15.61 15.60 15.60 15.53 15.52 5.18 5.02 5.02 5.04 5.02
20 10 40 21.97 19.56 21.68 16.07 15.54 17.39 8.03 529 5.84 5.05
30 15 60 19.15 18.21 19.02 15.88 15.54 11.94 6.27 5.16 5.58 5.06
40 20 80 18.10 17.53 17.96 15.83 15.59 9.79 5.81 5.19 5.53 5.14
50 25 100 1749 1713 17.39 15.76 15.57 8.58 5.54 5.15 5.41 5.10

100 50 200 16.41 16.32 16.38 15.62 15.53 6.60 5.15 5.05 5.19 5.05

200 100 400 1596 1591 15.93 15.58 15.54 5.77 5.07 5.04 5.12 5.05

400 200 800 15.73 15.71 15.71 15.54 1552 5.38 5.03 5.03 5.06 5.02

800 400 1600 15.60 15.61 15.61 15.51 15.50 5.15 4.99 4.99 5.00 4.99
20 40 10 21.46 19.23 21.31 15.94 15.44 16.31 7.84 5.16 5.64 4.89
30 60 15 18.88 17.99 18.78 15.83 15.53 11.39 6.25 5.13 5.53 5.03
40 80 20 17.84 17.37 17.78 15.75 15.53 9.31 5.68 5.08 5.39 5.03
50 100 25 17.33 17.00 17.25 15.74 15.56 830 5.49 5.12 5.37 5.09

100 200 a0 16.36 16.25 16.31 15.63 15.55 6.49 5.17 5.07 5.20 5.07

200 400 100 15.90 15.88 15.89 15.56 15.52 5.68 5.04 5.02 5.08 5.02

400 800 200 15.70 15.69 15.70 15.53 15.51 5.32 5.01 5.00 5.04 5.00

800 1600 400 15.60 15.60 15.60 15.51 15.51 5.16 5.00 5.00 5.01 5.00

Note. x2(0.05) = 15.51.
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Table 3: The upper percentiles of test statistics and empirical type I errors
for (p17p27p3ap4ap5) = (157 12797 67 3) and o = 0.05.

nq né“ == né“ q dAE 4YKP 4Q* qy QN2  OAE QYyKp Q@+ Qy
20 10 42.92 33.15 41.90 24.41 24.06 35.47 14.97 5.62 4.36 3.93
30 10 34.76 30.93 33.89 2544 25.04 22.17 9.15 5.74 5.54 5.06
40 10 31.96 29.70 31.23 25.57 25.25 16.88 7.55 5.72 5.73 5.33
50 10 30.46 28.90 29.85 25.56 25.30 14.07 6.78 5.63 5.73 5.40
100 10 27.64 27.13 27.36 25.34 2521 9.02 5.62 533 545 5.26
200 10 26.34 26.12 26.18 25.21 25.13 6.95 5.27 5.20 5.28 5.18
400 10 25.69 25.58 25.59 25.13 25.09 5.97 5.15 5.13 5.18 5.13
20 20 40.59 31.86 40.09 24.21 23.99 31.19 14.23 5.31 4.11 3.83
30 20 33.30 30.07 32.74 25.21 24.90 19.38 8.65 5.51 5.26 4.87
40 20 30.90 29.07 30.44 25.35 25.09 14.96 7.10 5.46 5.45 5.13
50 20 29.65 28.42 29.27 25.38 25.16 12.65 6.44 542 549 5.22
100 20 27.42 26.95 27.16 25.31 25.19 8.69 5.59 533 542 5.27
200 20 26.27 26.06 26.12 25.20 25.13 6.83 5.26 5.19 5.27 5.18
400 20 25.67 25.56 2557 25.12 25.09 592 5.15 513 5.17 5.12
20 a0 38.51 30.47 38.45 23.95 23.86 26.99 13.79 5.04 3.78 3.64
30 a0 31.68 29.01 31.46 24.97 24.76 16.35 &8.15 5.21 4.97 4.70
40 50 29.71 28.23 29.44 25.16 24.98 12.74 6.76 5.27 5.21 4.98
50 50 28.68 27.74 28.47 2520 25.04 10.88 6.13 5.24 5.26 5.06
100 50 26.94 26.63 26.80 25.19 25.09 7.91 5.39 5.17 5.25 5.13
200 50 26.12 25.94 2598 25.16 25.11 6.61 5.23 5.17 522 5.15
400 a0 25.58 25.52 25.53 25.08 25.05 5.82 5.09 5.07 5.10 5.06
20 20 40.59 31.86 40.09 24.21 23.99 31.19 14.23 5.31 4.11 3.83
30 30 32.48 29.57 32.12 25.07 24.81 17.88 836 5.33 5.09 4.77
40 40 29.95 28.43 29.66 25.20 24.99 13.20 6.81 5.30 5.26 4.99
50 a0 28.68 27.74 28.47 2520 25.04 10.88 6.13 5.24 5.26 5.06
100 100 26.61 26.37 26.53 25.12 25.05 7.37 530 5.10 5.16 5.06
200 200 25.79 25.68 25.72 25.08 25.05 6.09 5.13 5.08 5.11 5.07
400 400 25.35 25.34 2535 25.02 25.00 5.50 5.02 5.00 5.03 5.00

Note. x%5(0.05) = 25.00.

22



