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Abstract

This paper is concerned with computable error bounds for asymp-
totic approximations of the expected probabilities of misclassification
(EPMC) of the quadratic discriminant function ). A location and
scale mixture expression for () is given as a special case of a general
discriminant function including the linear and quadratic discriminant
functions. Using the result, we provide computable error bounds for
asymptotic approximations of the EPMC of @Q when both the sample
size and the dimensionality are large. The bounds are numerically ex-
plored. Similar results are given for a quadratic discriminant function

Qo when the covariance matrix is known.
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1 Introduction

An important concern in discriminant analysis is the classification of a p x 1
observation vector x as coming from one of two populations II; and Il,.
Let II; be p-variate normal populations N,(u;, X), where p; # py and X is
positive definite. Suppose that all the parameters are unknown. However,
N;-samples are available from II;,7 = 1,2. It is assumed that n = N —2 > 0,
where N = N;+N,. Then, there are two well known discriminant procedures.
One is based on the linear discriminant function W, and the other is based
on the quadratic discriminant function (). The usual linear discriminant rule
is to classify @ as II; or Il; according to W > 0 or W < 0. Similarly the
quadratic discriminant rule is defined by using Q).

These expected probabilities of misclassification (EPMC) have been ob-
tained under two asymptotic frameworks; one is a large-sample asymptotic
framework, and the other is a high-dimensional and large-sample framework.
Asymptotic results under a large-sample framework were reviewed by Siotani
(1982) and by McLachlan (1992). Fujikoshi and Seo (1998) derived asymp-
totic approximations of EPMC of a general discriminant function 7} includ-
ing W and Z under a high-dimension and large-sample framework. Their
extensions to asymptotic expansions were given in Fujikoshi (2000) for W.
Matsumoto (2004) extended Fujikoshi and Seo’s (1998) result to an asymp-
totic expansion. For further results, see Hyodo and Kubokawa (2014), Tonda
et al. (2017), and Yamada et al. (2017).

This paper is concerned with computable error bounds for asymptotic
approximations. These are based on a location and scale mixture of W,
and use a general result on error bounds by Fujikoshi (2000) and Fujikoshi
and Ulyanov (2006). We note that a location and scale mixture can be
obtained for a general discriminant function. These result will be useful for
approximating 7, and its error bound. However, such general problems will

be discussed in a future paper. Herein, we focus on the quadratic discriminant
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function Q).

The remainder of the paper is organized as follows. In Section 2, we
provide preliminary results on a location and scale mixture of a normal dis-
tribution and its error bound, taking the linear discriminant function W as
an example. In Section 3, we derive a location and scale mixture expression
of a general discriminant function 7 including W and @). It is noted that this
may be applied for approximations of a general discriminant function 7}, and
its error bounds. However, in Section 4, details are discussed with respect for
the quadratic discriminant function ). We provide computable error bounds
for high-dimensional and large-sample approximations for EPMC of @), in-
cluding details of their numerical accuracy. As a special case, we providegive
similar results for a quadratic discriminant function )y when the covariance

matrix is known.

2 Preliminaries

2.1 Discriminant Functions

Suppose that we are interested in classifying a p x 1 observation vector x
as coming from one of two populations II; and IlI,. Let II; : N,(p;, X) be
the two p- variate normal, where p,; # p, and X is positive definite. When
the values of the parameters are unknown, we assume that random samples
of sizes N7 and Ny are available from II; and Ils, respectively. Let &, -
and S be the sample mean vectors and the sample covariance matrix. It is
assumed that n = N — 2 > p, where N = N; + N,. Then, a well known

linear discriminant function is defined by
— — 1a—1 1 — —

The observation & may be classified as II; or Il; according to W > 0 or
W < 0.



In this paper, we consider classification of x using a quadratic discrimi-

nant function @) defined by

Q=5 {1+ V7Y @ = 22)'S (@ - )
(14N e —2y)S @ —a1)} (2.2)

The observation & may be classified to II; or 15 according to @ > 0 or Q) < 0.
The discriminant functions W and ) may be considered as special cases of

a general discriminant function defined by

T, — % (@ 2)S V@ — @) —gl@ —2)S N w—z)),  (23)

where g is a positive number. The observation  may be classified to II; or
II, according to T, > 0 or T, < 0. Then, it holds that

h=W 1,= (1 + N2_1)Qa (24)

where a = (1 + Ny ') /(1 + N; ).

2.2 Error Bounds for Location and Scale Mixture Vari-
able

Error estimates for asymptotic approximations of W have been studied by
using its location and scale mixture of the standardized normal distribution.
In general, a random variable Y is called a location and scale mixture of the

standardized normal distribution, if Y is expressed as
Y =VV27 -1, (2.5)

where Z ~ N(0,1), Z and (U, V) are independent, and V' > 0. It is known
(see Fujikoshi (2000)) that the linear discriminant function W can be ex-
pressed as a location and scal mixture of the standardized normal distribu-

tion. In fact, when @ comes from II;, the variables (Z, U, V') may be defined



as

V = (iﬁl - jg)/s_lzs_l(fﬂl - @2),

Z=V"2(& —2)S Nz — py), (2.6)
1

U= (& —2)S (&1 — py) — §D2,

where D = { (& — &,)'S™ (&1 — :Eg)}l/z is the sample Mahalanobis distance
between two populations. Since Z ~ N(0, 1) and is independent of (U, V),

we have

Pr{Y <y} = By [ {V i+ )} 2.7)

_1

From (2.7), we have an approximation ¢ {UO 2(y + uo)} for the distribution
function of Y, where (ug,vg) is a given point in the range space of (U, V).
Then the following bound was given by Fujikoshi (2000),

Theorem 2.1. Let Y be a location and scale mizture of Z in (2.5). Let

(ug, vo) be any given point in the range space of (U, V). Assume that E(U?) <
oo and E(V?) < oco. Then

| Pr{Y <y} —@(y)| < Bo + By, (2.8)

where § = vy (y + uo), and

r o Lo 2
By = mvo E[(U — uo)] + 5% E[(V — vo)7]

1 —3/2 2 211 1/2
+ v E{(U —up)”|E[(V —v ,
1 1 1
= ——v, EU —up)| + —=

vare Ul g
Corollary 2.1. Under Theorem 2.1, assume that uy = E(U), and
vo = E(V). Then

B ve HE(V — ).

| Pr{Y <y} — ®(5)| < By, (2.9)
where 7 = vo_l/2(y +ug), and
1 1
By = vy 'Var(U) + =vg 2Var(V
0 2\/% 0 ( ) 2 0 ( )

_|_

L _3p 1/2
2\/%1)0 {Var(U)Var(V)}/~.



3 Location and Scale Mixture for a General
Discriminant Function

In this section we express a general discriminant function 7}, as a location

and scale mixture. Note that T}, can be expressed as

T, HVie—a) e @) STVie - a) te—m) ()

1
= §b1b2t’13_1t2.

Here
t1=b 'S {(1 - g)m + gz, — B>},
to =0, 'SV {(1 4+ /9)x — /@, — @2}, (3.2)
B =Xx"128%"12

and

b, = {1+N§1 —2\/§+g(1+N;1)}1/2,
by = {1+ Ny ' +2/g+g(1+N7H}2

Note that B obeys a Wishart distribution W,(n,I,), and is independent of
t, and t,. Suppose that  belongs to II;. Then, it holds that

t; ~N,(b;'6,1,), i=1,2, (3.3)

where 8 = X7 Y2(u, — p,). In general, t; and t, are not independent and

their covariance matrix is computed as
COV(tl,tQ) = bo(blbg)ile,

where by = 1+ Ny ' — g(1+ N; ). Therefor, t; and ¢, are independent if and
only if
g=1+NH 1+ N =a, (3.4)
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ie, T, = (1+N;1HQ.
To express T, as a location and scale mixture, let us consider a trans-

formed variate ¢, of ts,

i b 1
f=t,— ﬁ (t1 - b—a) . (3.5)
1V2 1

Then, ty is independent of ¢, since t; and t, are normal and Cov(ty, 52) = 0.

We can write T} in terms of 4, t, and B as

1
T, = éblbgt'lB’ltg

1 o b 1

= Zhibot' B 4 —— [t — — :
Sbibat! {ﬁblbz(l bla)} (3.6)
1

= Sbiba {(vi2z - U},

where

Z = (t\B7%t) V2 (t, — b;16),

bO -1 1 bO -1
=——t Bt —(=-1)t,B d .
U b1b2 1 1 + bg <b% ) 1 ) (3 7)
V = tllB_2t1.

It is observed that Z ~ N(0, 1), and is independent of (U, V). These imply

the following Lemma.

Lemma 3.1. Let T, be a general discriminant function defined by (2.3) based
on N; samples from I1; : Np(p;, X2), ¢ = 1,2. Then, T, can be expressed as
a location and scale mixture. More precisely, when x belongs to 111, we can

Erpress as

1
T, = Sbiby {(v?z -U}, (3.8)
where Z, U and V are given by (3.7).

As a special case of Lemma 3.1, we have a location and scale expression
of W. Note that the expression is different from that in (2.6). Similarly,
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we have a location and scale expression of () as a special case of g = (1 +
N7H7H(1 4+ Ny ') whose result is the same as that obtained by Yamada et
al. (2017).

Using Theorem 2.1 and Lemma 3.1, approximations for a general discrim-
inant function 7, and its error bound can be obtained. It is interesting to
study how the error bound depends on g. However, such results are beyond
the scope of the current paper. In the next section, we focus on results for

the quadratic discriminant function Q).

4 Approximations for EPMC of () and Error
Bounds

In this section we discuss approximations for the quadratic discriminant func-
tion () which is given as a general discriminant function with ¢ = a =
(1+N;H7H 1+ Ny 1), From Section 3, we have

1
Q=0+NH1'T, = 5(1 + Ny Y7y bott By, (4.1)
where
t =0 {(—va+ D)z + Vaz, — 2>},
t,=0,' S {(Va+ )z — Vaz, — 2}, (4.2)
B =X Y28%71/2
and

b= V2 {1+ N = va}? b =V2{1+ N +Va) . (43)

Suppose that & belongs to I1y, i.e., * ~ N(p;, 2). Then, ¢t; ~ N(b; '8, L),
i =1,2,nB ~ W,(n,1I,), and ;,t; and B are independent. Further, using

Lemma 3.1, we have

Q=b{V'?Z-U}, (4.4)



where

Z = (t;B7%t,) "V B (t, — b;19),
U=cyYB't, V=ctB?. (4.5)

Here,

c1 = —{N/(NiN2)}'2biby Y, o = {N/(N1No)}/2,
1/2

b=[1+NH/{@+NHA+NHTT, (4.6)
~=0b18, T =~v=0b2A%

Note that (U, V)’s in (4.5) and in (3.8) with g = a are the same, except for
the constant multiple.

In general, the Q-rule with a cutoff point 0 classifies « as I1; if @ > 0 and
Iy if @ < 0. Then, there are two types of probability of misclassification. One
is the probability of allocating a into Il even though it actually belongs to
IT;. The other is the probability that @ is classified as II; although it actually

belongs to Il;. These two types of expected probabilities of misclassification
(EPMC) for the Q- rule are expressed as

eg(2|]1) =Pr(Q <0 | x ell;) and eg(1]2) =Pr(Q >0 | x € Il,).

As is well known, the distribution of () when a € II; is the same as that of
—@ when x € I, by interchanging N; and N,. This indicates that eg(1]2)
(or eg(1]2)) is obtained from eq(2]1) (or eg(2]1)) by replacing (N, Ny) with
(N2, Ny). Thus, in this paper, we only deal with eg(2|1). Then, we have the

following expression:

eq(2(1) =Pr {b(V'?Z - U) < 0}
=Eww {®(V2U)}. (4.7)

Next the following we choose the range point (ug,vy) of (U, V) as

wo = E(U), v = E(V). (4.8)



Consider approximating eq(2|1) by ®(v, Y 2u0). For use of Theorem 2.1, the

means and variances of U and V' in (4.10) are required, and are given in the

following Lemma:

Lemma 4.1. Let U and V' be random variables defined by (4.5). Then their

means and variances are given as follows:

BU) = 29T s,
— (n01)27‘2 n—1 27_2
Var(U)_(m_l)(m—3)< m +m_1>, m > 3,
E(V):n”f;’iln: 113)(572:))’ m > 3, (4.9)
ar(V) = (nc2)*(n — 1) 2(n —3)(p+27°)
Var(V) m(m — 1)(m — 3) {(m—Q)(m—S)(m_m
2\2 n—3 B n—1
+ (p+77) {(m—2)(m—5)(m—7) mim =1 m=3)]"

m>"T7,
where ¢, and cy are given by (4.6), m =n — p, and 7> = b 2A2.
Proof. The random variables U and V' are expressed as
U=nciyYA't;, V =n’ct/A %, (4.10)

where A = nB, Note that t; ~ N,(v,1,), A ~ W,(n,1,), and t; and A are
independent. The results are obtained by using the following distributional

expressions (see, e.g., Fujikoshi (2002)):

YAt =Y {2+ T = (Ya/Ys) 22}
AT =Y P (L+Y2Y ) {(Zi+ 1) + Z5 + Ya )

Here, Y ~ x3,,i=1,...4; Z; ~ N(0,1),i = 1,2; and
f1:m+17 f2:p_17 f3:m+27 f4:p_2
Further, all the variables Y7, Y5, Y3, Yy, Z; and Z5 are independent. O
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Let us consider an approximation

eQ(2/1) ~ (yo), o = vy Puo, (4.11)

where vy = E(U) and vy = E(V'). Applying Corroraly 2.1 to this approxi-

mation, we have the following result.

Theorem 4.1. Let ug and vy be defined as ug = E(U) and vo = E(V'), which

are given in (4.9), and yo = vo_l/ZuO. Then, if m =Ny +No—p—2>7,

leq(2[1) — @(yo)| < By, (4.12)
where
By — vy Wy + 1fug?VV - vo PV Y2, (4.13)
2V/27e 2 2271

where Viy = Var(U) and Vi, = Var(V') are given by (4.9).

Now, let us consider a high-dimensional and large-sample asymptotic

framework given by
(AF): p/N; —h; >0, i=12 A*=0(1). (4.14)
Then, under (AF), from Theorem 4.1 we have
By =03, and eg(2]1) = P(yo) + Oy, (4.15)

where O; denotes the term of the jth order with respect to (N; ', Ny ', p~1).
Hitherto, various approximation errors have been formally stated without
rigorous proofs. However, by virture of Theorem 4.1, our result (4.15) is
based on a rigorous proof.

When X is known, we use the quadratic discriminant function )y defined
by

Qo =3 {1+ M) (e — &) =7 — )
—14+ N DY N e—z)E (z—z1)}. (4.16)
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Assume that x belongs to 11, i.e., @ ~ N(py, %). Then, we can write Qg as
Qo =b{Vy"*2, - Uy} (4.17)
Here, (Zy, Uy, Vo) is defined from (Z, U, V') by putting B = I,, that is,
Zo = (trty) V2 (ty — by 1),
Uo=cvY'ts, Vo= tity,
c1 = —dblbglfrflﬂ, co = d*nt.

The conditional distribution of Z; given ¢; is N(0,1). Therefore, Z, ~
N(0,1), and Z, is independent of ¢;. This implies that Q/b is a location
and scale mixture of N(0,1). Note that the marginal distributions of (Up, V5)

may be expressed as
Up=cr(tX +7%), Vo =caxi(r?),

where X is the N(0, 1) variable. Using these distributional results, the means

and variances of Uy and V| are obtained as follows:

E(Uy) = o7’ = ug, Var(Up) = 0%727
E(Vh) = ea(p+ 7'2) =g, Var(Vp) =2c(p+ 272). (4.18)

Theorem 4.2. Let uy and vy be defined as uy = E(Uy) and vy = E(V}),
which are given in (4.18). Consider the error probability eg,(2|1) = Pr(Qo <
Olx € I1;). Then, we have

leqo(211) — @(30)| < Bo, (4.19)
where 1y = 170_1/2@0, and
> | 1., 1 ~—3/2 1/2
By = 5 27r_ev0 Vi, + 51}@ Vi, + 5 —27% {Vir, Vi 12 (4.20)

Here, Vi, = Var(Uy), Vi, = Var(Vg), and they are given by (4.18).
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We provide numerical values for the upper bounds By in (4.13) and By in
(4.20) in Tables 4.1 and 4.2. Table 4.1 pertains to the case where A = 1.68,
and Table 4.2 to the case where A = 2.56. As a matter of course, the
bounds will be smaller as A becomes larger. Similarly, the bounds when
the covariance matrix is known are smaller in comparison to those when
the covariance matrix is unknown. The bounds will be useful for moderate
values as well as large values of p and for large values of N; and N, except
for the case where m = N7 + Ny — p — 2 is small and the covariance matrix

is unknown.
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Table 4.1. Values of By in (4.13) and By in (4.20); A = 1.68

p N Ny By Bo
5 10 10 1.1430 0.1112
20 20 0.2762 0.0678
30 10 0.2978 0.0855
75 75 0.0581 0.0214
10 10 10 7.4916 0.0812
20 20 0.3143 0.0558
30 10 0.3280 0.0669
75 75 0.0582 0.0201
30 30 30 0.2833 0.0272
60 60 0.0809 0.0186
90 60 0.0616 0.0165
100 100 0.0438 0.0130
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Table 4.2. Values of By in (4.13) and By in (4.20); A = 2.56

p N Ny By Bo
5 10 10 1.0846 0.0672
20 20 0.2541 0.0371
30 10 0.2671 0.0486
7 75 0.0509 0.0107
10 10 10 7.2841 0.0567
20 20 0.3032 0.0338
30 10 0.3133 0.0429
75 75 0.0521 0.0104
30 30 30 0.2867 0.0190
60 60 0.0786 0.0113
90 60 0.0587 0.0097
100 100 0.0410 0.0073
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