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Abstract

In this paper, we discuss two typical multivariate multiple comparisons procedures among mean vectors: that is,
pairwise comparisons and comparisons with a control. In traditional multivariate analysis, these multivariate mul-
tiple comparisons procedures are constructed based on Hotelling’s 72 statistic in multivariate normal populations.
However, in high-dimensional settings, such when the dimensions exceed total sample sizes, these methods cannot
be applied. In such cases, Takahashi et al. (2013) proposed asymptotically conservative simultaneous confidence
intervals under the assumption of homogeneity of variance-covariance matrices across groups. Unfortunately, these
simultaneous confidence intervals are not asymptotically conservative when this assumption is violated. Motivated
by this point, we newly obtain asymptotically conservative confidence intervals based on L>-type statistic without
assuming that the variance-covariance matrices are homogeneous across groups. Empirical results indicate that the
proposed simultaneous confidence intervals outperform existing procedures.

AMS 2000 subject classification: Primary 62H15; secondary 62F03.
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1. Introduction

The study of multiple comparisons under univariate and multivariate analyses has been undertaken by many au-
thors, see, e.g., Hochberg and Tamhane (1987), Hsu (1996) and Bretz et al. (2010). In this paper, we discuss two
typical multivariate multiple comparisons procedures among mean vectors: that is, pairwise comparisons and com-
parisons with a control. When we consider multivariate multiple comparisons among mean vectors, we usually deal
with simultaneous confidence intervals. So, it is well established that constructing simultaneous confidence intervals
among mean vectors is important for this problem.

Letx;jfori € {1,...,k} and j € {1,...,n;} be independently distributed as the p-dimensional normal distribution
with mean vector y; and covariance matrix X;, which is denoted as N, (u;, X;). Besides, let R? = R”\ {0}. Then, we
consider simultaneous confidence intervals for pairwise multiple comparisons among mean vectors, that is, for the set
of all linear combinations of the mean difference a™ (u; — u,,) = a' 6y, for all a € RY and for all £,m € {1,...,k}.
Also, letting the first population be a control, we consider simultaneous confidence intervals for comparisons with a
control, that is, for the set of all linear combinations of the mean difference a” (u; — p,,) = a" 6y,, for all a € R? and
forall m e {2,...,k}.

In general, it is difficult to construct so-called exact simultaneous confidence intervals in which the nominal con-
fidence level and coverage probability match. Thus, the conservative simultaneous confidence intervals in which
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coverage probability is larger than nominal confidence level is often studied. When Xy = --- = X and p < n -k
where n = Zf-‘zl n;, it is well known that simultaneous confidence intervals for pairwise multiple comparisons and
comparisons with a control among mean vectors are based on Hotelling’s 72 statistic. That has been extensively stud-
ied by many statisticians, see, e.g., Seo and Siotani (1992), Seo, Mano and Fujikoshi (1994), and Seo and Nishiyama
(2008).

Recently, high-dimensional data are frequently collected in various research and industrial areas. For high-
dimensional settings such as p > n — k, the sample covariance matrix becomes singular, and hence, Hotelling’s
T? statistic cannot be defined. In these situations, by changing T? statistic to Dempster’s (1958, 1960) statistics,
Hyodo et al. (2014) proposed simultaneous confidence intervals for multiple comparisons among mean vectors in
high-dimensional settings with a balanced sample case. Also, Takahashi et al. (2013) offered an extension of the
results with a balanced sample case by Hyodo et al. (2014) to an unbalanced sample case.

Also, in recent year, testing procedures for high-dimensional data which tests the equality of mean vectors under
covariance heterogeneity have been paid much attention. For example, Chen and Qin (2010) proposed an L*-type
statistic for two sample test without assuming the equality of two covariance matrices, that is, multivariate Behrens-
Fisher problem. Besides, other important testing procedures under covariance heterogeneity have been studied by
many authors, see, e.g., Aoshima and Yata (2011), Nishiyama et al. (2013), Feng et al. (2015), Hu et al. (2017), Ishii
et al. (2019) and Zhang et al. (2021).

In this paper, we discuss multivariate multiple comparisons procedures among mean vectors. For this problem, as
mentioned above, Hyodo et al. (2014) and Takahashi et al. (2013) assumed X; = --- = X; to construct simultaneous
confidence intervals. Unfortunately, when X; = --- = X; is violated, these simultaneous confidence intervals are not
asymptotically conservative (for details, we state in section 2). Motivated by this point, we newly propose a pairwise
multiple comparisons and comparisons with a control among mean vectors based on the following L>-type statistic
without assuming that X = -+ = X;:

~ — tr(Sy)  tr(S,)
Hey = m — Otm 2 - - s
tm = 16¢m — Ogull .

4 o
where E[m =X, — X, for{,m € {1,...,k}, and X; = ni‘1 Z'}":l Xx;; is the i-th sample mean vector and S; = (n; —
I Z?izl(x,j - X;)(x;j — X;)" is the i-th sample covariance matrix for i € {1,...,k}. Chen and Qin (2010) showed

asymptotic normality of this statistic. This fact also provides asymptotic validity to using percentage points of stan-
dard normal distribution (0, 1) as an approximation for percentage points of the L*-type statistic in high-dimensional
settings. In this paper, we simply call this approximation a ‘normal approximation’. However, the normal approxima-
tion is often too loose or fails to capture the tail behavior of the resulting distribution. For this reason, we newly derive
an Edgeworth expansion and Cornish-Fisher expansion for studentized L*-type statistic and construct a confidence
interval by applying the Cornish-Fisher expansion. We also show that asymptotic coverage probability is greater than
or equal to the nominal confidence level (that is, asymptotically conservative).

The remainder of this paper is organized as follows: In section 2, we investigate the effect of heteroscedastic-
ity after introducing the simultaneous confidence intervals of Takahashi et al. (2013). In section 3, we derive an
Edgeworth expansion and Cornish-Fisher expansion of studentized L>-type statistic. Also, based on these results, we
construct new simultaneous confidence intervals for pairwise multiple comparisons and comparisons with a control
among mean vectors without assuming that X; = --. = X;. In section 4, via Monte Carlo simulations, we compare
our proposed simultaneous confidence intervals with existing simultaneous confidence intervals given by Takahashi
et al. (2013) and conclude with advantages of the proposed procedures. Further, to illustrate our results, we present a
real data analysis. Finally, we provide some concluding remarks. Proofs of theorems and lemmas are detailed in the
appendix.



2. Introduction to previous studies and the effect of covariance heterogeneity

2.1. Introduction to previous studies
Let the pooled sample covariance matrix be

k n

1
S = (xij = X)X = X)),
n—k ; P

where n = 2;‘:1 n;. Dempster (1958, 1960) proposed the following statistic:

= [8em = el
Dpyy = wyh ——",
= Won™x(S)
where we, = 1/ng + 1/ny, for &,m € {1,...,k}. We note that Dy, can be clearly defined even if p > n — k. When
Y = =X = Xy, the asymptotic mean and asymptotic variance of Dy, are given by
2
Xy,

E(Dy,) = 1, var(Dyy,) = m =0

To construct simultaneous confidence intervals, Takahashi et al. (2013) defined so-called studentized statistic

1 _ ”(Slm - 6£’m||2
Dyp = ={wj i o —Z0ml
o a‘{w’f’" t(S) ’

for¢ #m, {,me{l,...,k}and

1 2(n — k) {tr(S)1?
M) \/(n —k+2)(n—k-1) {tr(sz) O }

Let nominal confidence level be 1—a, a € (0, 1). Next, Takahashi et al. (2013) considered simultaneous confidence
intervals for pairwise multiple comparisons and comparisons with a control, respectively, consisting of the following:

[a760, — DY "6y, + Do |, Va € RY, VE<m, £me(l,... k),

[a761, — D" a7, + D" |. Va e RY, Vm € (2..... k),

where

DU = [lall \ wentr(S)(1 +Tdpy) . DI = lall Vi, tr(S)(1 + )
Here, exact critical values dj,, and d, satisfy as follows:

Pr( max Dy, < dpw) =1-a, Pr(max Dy, < dc) =1-a.
1<t<m=<k 2<m<k

Because it is difficult to obtain exact critical values for d,,, and d. in simultaneous confidence intervals, Bonferroni’s
approximate procedure is discussed by Takahashi et al. (2013). By using Bonferroni’s inequality, coverage probabili-
ties of the two confidence intervals based on Dempster’s statistic can be evaluated as

Pr( max Dy, < dpw) >1- Z Pr (D{’m > dpw)’

1<t<m<k

1<t<m<k
Pr(max Dy, < dc) >1- Z Pr(Dy, > d.),
2<m<k
2<m<k

respectively. Further, Takahashi et al. (2013) constructed an asymptotically conservative simultaneous confidence
interval by choosing d,,y and d. so that Pr(Dy, > dpw) = a/Kyy + o(1) and Pr(Dy,, > d.) = a/K. + o(1), where

Kyw = k(k—1)/2 and K. = k — 1. The specific forms of these confidence intervals are obtained by following.
3



1. Simultaneous confidence intervals for pairwise multiple comparisons among mean vectors are given by

TClpy1 =276, — D, "6, + D7 | Va € R, VE<m, Come {1, k), @2.1)

where

D2, = llall | wontr(S)(1 + Tz, ).
Here, apw = a/ K,y and z, denotes the upper 100 X a percentile of the standard normal distribution (0, 1).
2. Simultaneous confidence intervals for multiple comparisons with a control among mean vectors are given by
TCly = [a"8y, —D}".a"8,, + DI, Vae R, Vm € {2,... .k}, 2.2)

where

DI = flall \wintr(S)(1 +T20,).

3. Simultaneous confidence intervals for pairwise multiple comparisons among mean vectors are given by

T;s\fm D tm

TClyy = [a" 67 — DY o

o.a |. vaeRL, Ve <m, tmeil,. ..k, (2.3)

where

Dig, = lall\wints($) {1 + 7z, )}

Here, c’l\(x) is estimated using the Cornish-Fisher expansion, which is defined by

Ve 1y 2
d(x) =x + —( ) D+ —{—x(x2 —3)— —x(24* - 5)} +
3 \F 2 9c3

1
—x,
2n
where

. tr(S) _
CG=—,0=
p

2 {tr(S))?
(n+2)(n—1) [(S) n ]
T = il [t $%) -
S s dnrn-Du-2p|">"
— l’l3

AT Omt i+ 20+ D Dn-2)n—-3)p
X [n2(n2 + 1+ 2)t(SY — 4n(n?® + n + 2)t(SHtr(S)

3tr(SHtr(S)  2{tr(S)P ]
+ 9
n n?

— n(2n* + 3n — 6){tr(S*)Y + 2n(5n + 6)tr(S>){tr(S)}* — (5n + 6){tr(S)}4].
4. Simultaneous confidence intervals for multiple comparisons with a control among mean vectors are given by
TClg = [a"81, — DY',a" 81, + D3], Va € R, Vm € (2,... k), (2.4)

where

D = |a] \/wlmtr(S){l +E;1\(Zozc)}‘

Simultaneous confidence intervals given by 1 and 2 are constructed using percentage points of the limit distribution of
D¢,,. Simultaneous confidence intervals given by 3 and 4 are constructed using an estimated Cornish-Fisher expansion
for Dempster statistic Dg,,.
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2.2. The effect of covariance heterogeneity

In this section, we discuss the effect of covariance heterogeneity on simultaneous confidence intervals based on
Dempster’s statistic Dy,, when the assumption X = - - - = X is violated. We assume the following two conditions for
asymptotic assessment.

(Al) p — oo, ngp =min{ny,...,n} — 00, limy, ,ep/ng € (0, 00), and lin,,eoni/ng € (0,00) fori € {1,...,k}.

(A2) Foranyi € {l,...,k}, the eigenvalues of X; admit the representation
/lr(zi) = ai(r)PBM’ re {19 ey ti}’ /lr(zl) = Ci(r)s re {tl + 15 e »P},

where g, ci») and By, are positive and fixed constants and #; is a fixed positive integer. Further, ) =
max{,Bl(l), . ,ﬁk(l)} < 1/2

From Takahashi et al. (2013), under (A1), (A2), and X£; = --- = X, all simultaneous confidence intervals are
asymptotically conservative. When X; = --. = X; is violated, we will show that asymptotic conservatism does not
hold using a simple example. Beforehand, we will prepare the following supplementary lemma.

Lemma 1. Under (Al) and (A2), 55,,, =my, +o0,(1) and o = 0,(1), where

k
m;,, = {%tr(&) + %tr(m} / ;(ni — /(1 - k)tr(E)).

Here, ng, = ne + ny,.
Proof. See, Appendix A. O

As a simple example of violating the assumption £ = --- = X, we consider X; = (k—i+ 1)X, foralli € {1,...,k}.
We also assume n; = ng. Then mj, = {2(k + 1) = £ —m}/(k + 1) and 1 — m], = —(k — 2)/(k + 1). By using Lemma 1,
under (A1) and (A2), for any z € R and any number k > 2,

Pr(D1y < 7) =Pr{D1p — @k — D)/(k+ 1) < —(k = 2)/(k + 1) + 77}
<Pr{Dis — k= 1)/(k+ 1| > (k= 2)/(k + 1) - Tz}
=Pr{|D15 — 2k — )/(k + D| > (k — 2)/(k + D} + o(1) = o(1). (2.5)

Also, coverage probability for each simultaneous confidence intervals TCly,y,1 and TCI; are evaluated as

Pr( max Dy, < z(,pw) <Pr (Dlz < zapw), Pr(max Dy, < zac) <Pr(Din<z). (2.6)
1<t<m=<k 2<m<k

From (2.5) and (2.6), coverage probability for each confidence interval convergence to O, that is, asymptotically
conservative, does not hold. From this simple example, we consider that Takahashi et al. (2013)’s simultaneous
confidence intervals do not always become asymptotically conservative when X; = --- = X; is violated. Since this
phenomenon is essentially caused by the deviation of asymptotic mean of a Dempster statistic from 1, other statistics
should be considered for the construction of confidence intervals when X = --- = X; is violated.

3. Main results

3.1. Asymptotic results for studentized L*-type statistic

As explained in the previous section, Dempster’s statistic is not suitable when the covariance has heterogeneity.
To deal with a case of covariance heterogeneity, we utilize the L>-type statistic defined below.
tr(Se)  tr(Sw)

— —~ 5
Hyy, = I|6€m - 6t’m” - .
ne Ny
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The mean and variance of this statistic are as follows:
(X)) Aw(EE.)

Y m:

E(Hn) = 0, var(Hpy,) =

e ng(ng — 1) NN,y

From this result, we note that H, is suitable because the expectation is 0 even when the covariance has heterogeneity,
meaning it is unbiased. We define a so-called studentized statistic with the standard deviation o, replaced by an
estimator for application to simultaneous confidence intervals:

Hy, = 16 = SunlP = (S /e = (S,
m = E(m ’

where

ng(ng + 1)(ngy —2) ng —1 neNyy,

— 2
S J 20— 1) [ms;) _{tr(Sy) }+ 4SS
getlim)

First, we derive the Edgeworth expansion of studentized L?-type statistics in the following lemma.
Lemma 2. Under (Al) and (A2), for any x in the compact subset of R,
4by

Pr(Hy, < x) = O(x) + 03’" (1 = x)p(x) + o(pP071/%), (3.1)
tm
where
(ng —2)r(X3)  3tr(X2%,)  3tr(T,X2
bem = Z g2 2g + (2[ )+ i [2 ’”).
o ny(ng — 1) Ry, nens,
Proof. See, Appendix B. U

Using Lemma 2, under (A1) and (A2), for any x in the compact subset of R,
Pr(Hyy < x) = O(x) + O(PPO712) = d(x) + o(1). (3.2)

Thus, we can see the asymptotic normality of Hy,, and its convergence rate O(p?®»~'/2). This also provides asymptotic
validity for using the percentage points of (0, 1) as an approximation for those of Hy,, in high-dimensional settings.

Next, we consider an approximate percentage point that improves convergence rate O(p’»~1/2). Specifically,
we derive the so-called Cornish-Fisher expansion, which is a correction of normal approximation. We obtain the
Cornish-Fisher expansion:

Cfom(x) = x + 4b‘;’” (2 - 1).

tm
By using the result (2.2) in Hall (1983) along with Lemma 2, under (A1) and (A2), for any x in the compact subset of
R?

Pr{Huy < ¢fon(x)} = O(x) + o(pP071),

Thus, we confirm that the convergence rate of ¢ f,,(x) improves the convergence rate of normal approximation. How-
ever, since cf,,(x) contains unknown parameters o, and by,,, we need to estimate ¢ f,,(x).

So, finally, we consider estimation of the Cornish-Fisher expansion cfg,,(x). The unbiased estimator of by, is
given

- -1 3tr(S2)tr(S 3
by = (:g D (S - r(Sy)u(S,) 2{tr(Sg)}2 ]
ST (ng = 3)ng(ng + 1)(ng + 3) ng—1 (ng—1)
Y
3(7152 1) { r(S2S,) - tr(SeSm)tr(Se)}
(ne = 2)ng(ne + Dnyy, ne—1
3(nm - 1)2 2 tr(SmS{’)tr(Sm)
(nm - 2)113”(11,” + l)né’ {tr(sms{)) B Ny — 1 } ’

6



2

7 and by, are summarized in the following lemma.

Properties of estimators o~
Lemma 3. E(E%m) = O'%m and E(ng) = bp. Also, under (Al ) and (A2), b\'%m/O'gm =1+0,(1) andggm/bgm = 1+o0,(1).
Proof. See, Appendix C. O

By replacing o, and by, contained in cf,(x) with their estimators o, and Em, we obtain c7 m(X). Also, the
asymptotic property of the estimated Cornish-Fisher expansion cf,,(x) is given in the following theorem.

Theorem 1. Under (Al) and (A2), for any point x in the compact subset of R,
Pr{Hun < ¢f () = D) + 0o(pP0712),

Proof. See, Appendix D. O

3.2. Simultaneous confidence intervals

In this section, we construct simultaneous confidence intervals based on statistic Hy,, that is valid without assuming
Y| = --- = X;. We define the nominal confidence level as 1 — a, @ € (0,1). Let hf;(;’, and hém be exact critical values
satisfy

() {Hm < h'}l =1-a

2<m<k

Prl M {Hgmshg';j}]zl—a, Pr
1<t<m<k

And let

— tr(S tr(S,) -
Py = Pr{ N N {|aT<6gm g <l 700 T crfmhf;&H,

I<t<ms<k acR? "

—~ S Sw)
P = Pr{ NN {|aT(61m s <l T T mmhém}‘.

2<m<k acR’

Then we can evaluate P,y as follows.

Pow =Pr ﬂ max a7 6tn = Sun)” < T8 i tr(S,,) + Tpmhiin
" [ 1<t<mek | 2R llall* o . tmMpw
| 5 WSy | (S,
=Pr ﬂ 66m — Semll* < S0 + 1Sm) + Tpmhm
L1<t<m<k ne N p
=Pr ﬂ {H[m < hl(;”“/l’}l =1- a.
L 1<l<m<k

Also, using same strategy, we can evaluate P, as follows.

a 6 m = 6 m tr S tr Sm —
2<m<k

acR’ [lall? n Tun

P. =Pr

Therefore, we can obtain simultaneous confidence intervals for pairwise multiple comparisons and comparisons with
a control, respectively, consisting of the following:

|a760, — HOZ, aT6p, + HOR], Va e RY, VE<m, tmel,... k), (3.3)
[a761, - HI™. 276y, + HI"|, Va € R, Vm € (2..... k), (3.4)

7



where

- tr(Sy)  tr(S,) - m tr(S;)  tr(S,) m
g = i[O 4 O e = g [T )
4

n m n m

In order to construct exact simultaneous confidence intervals (3.3) and (3.4), we need to find exact values hl‘;’\’; and

hl™. However, since it is difficult to find exact values hg"\], and h!™, we give approximations for hf;’v’j and h!™ based on
Bonferroni’s inequality. Here, Pp,, and P. can be rewritten as follows.

Ppwzl—Pr{ U {How = nfu)|, Pe=1-Pr

1<t<m<k

y {Hlmzhgm}}.

2<m<k

So, from Bonferroni’s inequality, we obtain

Poy>1- Pr(Hpy > ™), Po>1 - Pr(Hy,, > h!™).
p pW c

1<l<m<k 2<m<k
By using Lemma 2 and Theorem 1, we construct asymptotically conservative simultaneous confidence intervals
by choosing hf)"’,j and hé’” so that Pr(Hy,, > hg’&’,) = apw +o(1) and Pr(Hy, > hé’") = a. + o(1). The specific forms of
these simultaneous confidence intervals are obtained in the following way.

1. Simultaneous confidence intervals for pairwise multiple comparisons among mean vectors are given by

HClyy1 = [a" 84, — HE

b a7y, + HoL | Va e RY, VE<m, Eme(l,..., k), (3.5)

pwl

where

tr(Sy)  tre(S,)
HYY = lall \/ — "+ T imZay, -
4

m
2. Simultaneous confidence intervals for multiple comparisons with a control among mean vectors are given by

HCI,, = [aT}im —H!m

cl >

"6, + H'|. Ya e RY, Vm e (2, k), (3.6)

where

tr(S tr(S,, -
Hz”=||a||\/ Gy, )+mmz%.
n n

m
3. Simultaneous confidence intervals for pairwise multiple comparisons among mean vectors are given by

HClyyy = |27 84 — Hny, 2767 + Himy |, Ya € R, VE<m, Lme {1, k), (3.7)

where

tr(S tr(S,)  ~ —
HC, = [l \/ % + 0O G T o).

A4
m
4. Simultaneous confidence intervals for multiple comparisons with a control among mean vectors are given by
HClo = [a"8), - HY,a 61, + HY'|, Ya € RY, Vm € (2,..., k), (3.8)

where

. tr(S tr(S,) - —
HI7 = ||a||\/ 11) + O 5 F o)

n m



Simultaneous confidence intervals given by 1 and 2 are approximations using percentage points of the limit distribution
of Hy,. Simultaneous confidence intervals given by 3 and 4 are approximations using the Cornish-Fisher expansion
for Hy,. Also, we note that these four simultaneous confidence intervals (3.5)—(3.8) can be simply expressed when
k = 2. See the following remark for details.

Remark 1. If k = 2, simultaneous confidence intervals (3.5)—(3.8) are unified into the following two confidence
intervals.

HCIy = [a"81, —H}?, a"61, + H?|, Va e RY,
HC12 = [aTglz - Hiz, aTaz + H;z] , Yae Rf,

where

tr(S tr(S . tr(S tr(S o~
H{2=||a||\/ ©1) 1B = e, H;2=||a||\/ﬁ+ ®2) | 5T 1atze)
ni ny ni ny

HCI, and HCI, are confidence intervals for the set of all linear combinations of two mean difference a™ (1 — o) =
a6, forallacRL.

With Lemma 1 and Theorem 1, we can obtain the following theorem. This theorem refers to convergence rates of
the lower boundary of coverage probability of the proposed new confidence intervals.

Theorem 2. The lower boundary of coverage probability for each simultaneous confidence intervals HCly,, HCI,,
HCl», and HCl; are defined as

prl =1- Z Pr(H{’m ZEfmZ(YPW)’ Liy=1- Z PI‘(H]m = b\—lmzac)’

1<l<m<k 2<m<k
Lo =1= > Pr{Hopm > Gonfinan)}> La=1= > Pr{Him > Tinfin(za,)).
I<t<m<k 2<m<k

Under (A1) and (A2), it holds that
Ly = 1=a+ 0@, Ly =1-a+ 0@/,
Lpw2 = 1=a+o(pP07'?), Lo = 1 —a +o(pP07'1?).
Proof. See, Appendix E. O

From this theorem, it can be confirmed that asymptotic conservatism is established for any proposed method.
Also, we recommend the estimated Cornish-Fisher expansion-based simultaneous confidence intervals HCI,y, and
HCI, since Lpy, and L, converge toward nominal confidence 1 — « faster than Ly and L.

4. Empirical simulation studies

In this section, we perform Monte Carlo simulations with 10, 000 trials in order to verify the superiority of pro-
posed approximations and evaluate the accuracy of approximations in terms of coverage probability. Also, we show
the robustness of proposed approximations under non-normality.

4.1. Empirical comparisons

In this section, we compare proposed simultaneous confidence intervals for pairwise comparisons HClpy and
HCl,,» and for comparison with a control HCI;; and HClI,, introduced in (3.5)—(3.8), with Takahashi et al. (2013)’s
simultaneous confidence intervals for pairwise comparisons 7 Cly, and TCl,y, and for comparison with a control
TCI.; and TCI, that were introduced in (2.1)—(2.4).

We calculate empirical coverage probabilities for these confidence intervals and compare them to nominal con-
fidence levels 1 — a, @ € {0.1,0.05,0.01}. Here, it is desirable that empirical coverage probabilities are equal to or

9



higher than the nominal confidence level 1 — @. In this simulation, we set the dimensions as p € {100, 300, 500, 700}
and the sample sizes for each k € {3, 5} were set as follows.

(D (n1, na,n3) € {(60, 60, 60), (40, 60, 80)}
(D) (n1, 2, n3, na, ns) € {(60, 60, 60, 60, 60), (20, 40, 60, 80, 100)}

We also set the covariance structures as follows.

(I) Zl = 5(0.5”7’”'), 22 = 3(0'3”*’”‘), 23 — (O'III—m|)
(ID 2y = 5(0.5"), £, = 4(0.4""), x5 = 3(0.31), £4 = 2(0.2"7"), E5 = (0.1"™)

(D) represents the setting at k = 3 and (II) represents the setting at k = 5.

Tables 1 and 2 summarize empirical coverage probabilities for each simultaneous confidence intervals for pair-
wise comparisons. In addition, Tables 3 and 4 summarize empirical coverage probabilities for each simultaneous
confidence intervals for comparisons with a control.

First, we focus on a case of simultaneous confidence intervals for pairwise comparisons. From Tables 1 and 2, it
can be seen that coverage probabilities of TCl,y1 and TCly» are extremely smaller than nominal confidence level
1 — a, even though coverage probabilities should be greater than or equal to 1 — @. Therefore, Takahashi et al (2013)’s
method is not recommended for use when homogeneity of variance-covariance matrices across groups is violated. On
the other hand, it is obvious that proposed simultaneous confidence intervals HCI,,,; and HCly,, are close to nominal
level 1 — a. However, the normal approximation-based method HClI,, is often not conservative. It can be seen that
coverage probability of the Cornish-Fisher expansion-based method HCl,,y; is close to nominal confidence level 1 —a
and is often conservative.

The same consideration can be applied to the control case as for pairwise. In fact, the same tendency as in the case
of pairwise comparisons can be confirmed from Tables 3 and 4. To summarize, we recommend the Cornish-Fisher
expansion-based simultneous confidence intervals HCly, and HCI,.

4.2. Robustness of the proposed approximation

In this subsection, we evaluate the robustness of the proposed simultaneous confidence intervals under non-
normality in terms of coverage probability. We consider the following data generation model:

xij = Xz, i €{1,2,3}, je(l,....,n},

where X; = 5(0.5/), £, = 3(0.3), £3 = (0.1, n; = n, = n3 = 60 and the random vector zZjj = (Z[jk) has the
following distributions:

(D1) z; “ NO,1,),

(D2)  zjjx = w;jx/ Vv5/4, where u;j T,
(D3) z; = v4/5u;;, where u;;  7(10,0,1,),
9\ 2 3 iid
(D4) Zijk = (1 - 5) (uijk + \/ﬁ) , where Ujjk ~ SN(—3)
Here, 7(10,0,1,) denotes a multivariate ¢-distribution with degrees of freedom 10, location 0, and shape matrix I,. It
should be noted that (D3) belongs to the class of elliptical distributions, whereas (D4) represents a case of asymmetric
distribution.

Table 5 lists empirical coverage probabilities for HCI,y1, HCI,y2, HCI.;, and HCI, under settings (D1)—(D4).
The empirical coverage probabilities HCl,y, and HCI, are larger than or equal to nominal confidence level 0.95
except under (D3). Alternatively, the empirical coverage probability under (D3) is extremely large compared to
nominal confidence level 0.95. When assuming an elliptical population like (D3), there is concern that our proposed
methods are not robust. To summarize, we expect that the proposed method is robust under non-normal settings such
that each component of z;; is independent, E(z;x) = 0, and var(z; ) = 1.
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Table 1: This table summarizes empirical coverage probabilities for each simultaneous confidence intervals for pairwise comparisons. Row k
specifies the number of groups, row n is where B stands for (n1, n2,n3) = (60, 60, 60) and UB stands for (n1,na, n3) = (40, 60, 80); row p specifies
the dimension, and row 1 — «@ specifies the nominal confidence level. When the simultaneous confidence intervals are conservative (empirical
coverage probabilities are greater than or equal to 1 — @), results are highlighted in bold.

k n p 1l-a TCly TClyw, HClyi HCly,
09 0505 0558 088 0914

100 095 059 0665 0931  0.954
099 0744 0837 0978  0.990

09 0.059 0.180 0900 0.915

300 095 0232 0275 0943 0.955
099 0417 0508 0983  0.991

B 09 0047 0056 0899 0914
500 095 0087 0108 0945  0.954
099 0221 0287 0984  0.990

09 0016 0019 0900 0.912

700 095 0034 0045 0943  0.952
099 0.116 0.155 0985  0.990

3 09 0093 0.013 0895 0915
100 095 0138 0180 0931  0.953
099 0254 0361 0976  0.990

09 0001 0002 0900 0.916

300 095  0.004 0005 0941  0.953
099 0012 0021 098  0.991

UB 09 0000 0000 0904 0.916
500 095 0.000  0.000 0946  0.957
099 0000 0001 098  0.991

09  0.000 0000 0906 0.914

700 095 0000 0000 0946  0.954
099 0000 0000 098  0.991

11



Table 2: This table summarizes empirical coverage probabilities for each simultaneous confidence intervals for pairwise comparisons. Row
k specifies the number of groups, row n is where B stands for (n1,n2,n3,n4,ns) = (60,60,60,60,60), UB stands for (ny,na,n3,n4,ns) =
(20, 40, 60, 80, 100); row p specifies the dimension, and row 1 — @ specifies the nominal confidence level. When the simultaneous confidence
intervals are conservative (empirical coverage probabilities are greater than or equal to 1 — @), results are highlighted in bold.

k n p 1l-a TCly TClyw, HClyi HCly,
09 0223 0295 0871 0919

100 095 0289 039 0919  0.956
099 0438 059 0971  0.990

09 0011 0016 0892  0.919

300 095 0020 0031 0933  0.954
099 0055 0089 0977  0.988

B 09 0000 0001 08956 0918
500 095 0001 0002 0939  0.958
099 0004 0008 0983  0.991

09 0000 0000 0898  0.917

700 095 0000 0000 0943  0.958
099 0000 0001 0984  0.990

5 09 0001 0002 0879 0918
100 095 0002 0004 0920  0.956
099 0007 0017 0969  0.987

09  0.000 0000 0902 0.927

300 095  0.000 0.000 0941  0.960
099 0000 0000 0981  0.990

UB 09 0000 0000 0909 0.927
500 095  0.000  0.000 0946  0.960
099 0000 0000 0984  0.991

09 0000 0000 0907 0.925

700 095 0000 0000 0947  0.963
099 0000 0000 0985  0.990

12



Table 3: This table summarizes empirical coverage probabilities for each simultaneous confidence intervals for comparisons with a control. Row k
specifies the number of groups, row n is where B stands for (n1,n2, n3) = (60, 60, 60), UB stands for (n1, n2,n3) = (40,60, 80); row p specifies the
dimension, and row 1 — « specifies the nominal confidence level. When the simultaneous confidence intervals are conservative (empirical coverage
probabilities are greater than or equal to 1 — @), results are highlighted in bold.

k n p l—-a TCl, TCl, HCIl, HCl,
09 0457 0490 0903 0.920

100 095 0551 0.605 0940 0.956
099 0.719 0.808 0979 0.990

09 0.123 0.136 0904 0.914

300 095 0.194 0222 0944 0.956
0.99 0376 0460 0.985 0.991

B 09 0.034 0.038 0909 0918
500 095 0.063 0.077 0947 0.956
0.99 0.184 0.235 0985 0.991

09 0.010 0.012 0907 0914

700 095 0.023 0.027 0948 0.956
0.99 0.088 0.117 0.987 0.991

3 09 0073 0.086 0.907 0.922
100 095 0.112 0.147 0942 0.959
0.99 0230 0.313 0979 0.989

09 0.000 0.000 0912 0.922

300 095 0.002 0.002 0948 0.960
0.99 0.008 0.013 0.985 0.991

UB 09 0.000 0.000 0912 0.921
500 095 0.000 0.000 0950 0.958
0.99 0.000 0.000 0.985 0.991

09 0.000 0.000 0911 0918

700 095 0.000 0.000 0950 0.956
099 0.000 0.000 0988 0991

13



Table 4: This table summarizes empirical coverage probabilities for each simultaneous confidence intervals for comparisons with a control.
Row k specifies the number of groups, row n is where B stands for (ny,ny,n3,n4,ns) = (60, 60, 60, 60, 60), UB stands for (n,n,n3,n4,ns) =
(20, 40, 60, 80, 100); row p specifies the dimension, and row 1 — « specifies the nominal confidence level. When the simultaneous confidence
intervals are conservative (empirical coverage probabilities are greater than or equal to 1 — @), results are highlighted in bold.

k n p l1l-a TCly TCl, HCIl, HCly,
09 0.166 0.199 0901 0.927

100 095 0.226 0.286 0936 0.958
099 0372 0493 0976 0991

09 0.006 0.007 0910 0.927

300 095 0.011 0.015 0945 0.962
0.99 0.036 0.055 0.982 0.990

B 09 0.000 0.000 0916 0.930
500 095 0.001 0.001 0950 0.961
099 0.003 0.005 0987 0.992

0.9 0.000 0.000 0916 0.927

700 095 0.000 0.000 0952 0.962
0.99 0.000 0.000 0.986 0.990

5 09 0.001 0.002 0920 0.939
100 095 0.002 0.003 0947 0.965
0.99 0.008 0.016 0979 0.991

0.9 0.000 0.000 0932 0.943

300 095 0.000 0.000 0957 0.968
0.99 0.000 0.000 0.985 0.990

UB 09 0.000 0.000 0935 0.944
500 095 0.000 0.000 0962 0971
0.99 0.000 0.000 0.989 0.993

0.9 0.000 0.000 0933 0.942

700 095 0.000 0.000 0962 0.970
0.99 0.000 0.000 0.989 0.993

Table 5: This table shows empirical coverage probability for each distribution (D1)—(D4). We use the simulation settings p = 500 and (n1, nz,n3) =
(60, 60, 60). The nominal confidence level is 0.95.

(D1) (D2) (D3) (D4)
Pairwise HClpy HClpy HClyyy HClyy HClyy HClyy HClyy HClpyo
0943 0954 0944 0954 0998 1.000 0941 0.953
Control ~ HCI, HCl, HCIl, HCl, HCl, HCly, HCl, HCl,
0.950 0.960 0947 0.955 0997 0999 0947 0955
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Figure 1: The horizontal axis represents the number corresponding to each molecular descriptor and the vertical axis represents the measured value
corresponding to each molecular descriptor. By setting a to ey,...,e, in HCI, we construct confidence intervals for each molecular descriptor.
The solid lines denote confidence interval HCI,.

of

b

4.3. An example of data analysis

We apply our simultaneous confidence intervals to biodegradability experimental data. In Mansouri et al. (2013),
this data set was used to develop QSAR (Quantitative Structure Activity Relationships) models for the study of re-
lationships between chemical structure and biodegradation of molecules. Biodegradation experimental values of
n = 1055 chemicals were collected from the webpage of the National Institute of Technology and Evaluation of Japan
(NITE). These 1055 chemicals are divided into two groups by biodegradability, n; = 356 biodegradable organics
(RB) and n; = 699 non-biodegradable organics (NRB). This data set contains p = 41 molecular descriptors for each
chemical. Specifically, these p = 41 molecular descriptors are given by Mansouri et al. (2013).

By applying the test for equality of covariance matrices proposed by Li and Qin (2014), homogeneity of variance-
covariance matrices across groups X = X is rejected at a significance level of 0.05. Thus, using proposed confidence
intervals HCI,y and HCl,y,, that is, HCI; and HCI, stated in Remark 1, we construct simultaneous confidence
intervals for each molecular descriptor without assuming that variance-covariance matrices are homogeneous across
groups. Fig. 1 and Fig. 2 represent each simultaneous confidence intervals. As shown, there is a significant difference
only in 8) Percentage of C atoms and no significant difference in other molecular descriptors. From this result, it is
expected that Percentage of C atoms is related to the presence or absence of biodegradability.

5. Conclusions

In this study, we proposed a new procedure for pairwise multiple comparisons and multiple comparisons with a
control among mean vectors under covariance heterogeneity in high-dimensional settings. Our main contribution is
an extension of multiple comparisons procedures under assumption of homoscedasticity by Takahashi et al. (2013).
For approximate interval estimation, we used the studentized L>-type statistic, which is robust even if the assumption
of homoscedasticity is not true. In order to derive a valid approximate simultaneous confidence intervals in high-
dimensional settings, it is necessary to derive an accurate approximate percentage point for the studentized L>-type
statistic. A simple method is to use the normal approximation for studentized L>-type statistic proposed by Chen and
Qin (2010). However, it is empirically known that simultaneous confidence intervals applying normal approximation
are often too loose or fail to capture the tail behavior of the resulting distribution (see, e.g., results of empirical studies
by Nishiyama et al. (2013) and Hyodo et al. (2014)). Motivated by this point, we derived a Cornish-Fisher expansion
of the studentized L>-type statistic and proposed an approximate simultaneous confidence intervals. We also showed
that the lower boundary of coverage probabilities of proposed new simultaneous confidence intervals convergence
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Figure 2: The horizontal axis represents the number corresponding to each molecular descriptor and the vertical axis represents the measured value
corresponding to each molecular descriptor. By setting a to ey,...,e, in HCI, we construct confidence intervals for each molecular descriptor.
The solid lines denote confidence interval HCI,.

of

b

—ab

with the nominal confidence level; that is, our proposed simultaneous confidence intervals were asymptotically con-
servative. In addition, we compared empirical coverage probability of the two proposed simultaneous confidence
intervals based on normal approximation and a Cornish-Fisher expansion with Takahashi et al (2013)’s simultaneous
confidence intervals in numerical simulations, finding that Cornish-Fisher expansion-based confidence intervals are
accurate and conservative, and perform better than others. Even in some non-normal settings, the proposed simulta-
neous confidence intervals generally work.

Appendix

A. Proof of Lemma 1
The mean and variance of E(m are obtained by

E(Dg) =,’l’7’"tr(m> + %tr(zm),

tm tm

2
var(Dg,,) =2tr {(:—mze + ﬂzm) } = 0(p).
Combining these results and from Markov inequality, under (A1) and (A2),
_ k
D¢/ Z(n,- - D/(n - kX)) = my, +o0,(1). (A. 1)
i=1

The mean and variance of tr(S) are obtained by

1 < 2 <
E{tr(S)} = " E (n; — Dtr(X)), var{tr(S)} = ey E (n; — Dir(Z}) = O(1).
i=1 i=1

Combining these results and from Markov inequality, under (A1) and (A2),

k
tr(S)/ Z(ni = 1D/(n-ktr(E;) =1+ 0,(1). (A.2)
i=1
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Combining (A. 1), (A. 2), and from Slutsky’s theorem, 55,,1 [te(S) = m, + op(1).
From (A. 2), under (A1) and (A2),

k
o = w(S)o/ Z(”i — D/(n = teE){1 + op(D)}.
i=1

The expectation of o is given by

2 k (n 1)?
227 _ _ Y
Bl = 5 Th T lz {(nl D= } {tr(Z)
+ Z {(n, n; — ( )} tr(X?) + Z(n, - D(nj - Dr(EE))
i#]
- Z == Dz, = o).
i#) n=

Combining these results and from Markov inequality, under (A1) and (A2),
()T = 0,(p'"?) = 0,(p)-
Combining tr(X;) = O(p), p = O{tr(X))}, (A. 3), and (A. 4), T = op(1).

B. Proof of Lemma 2
We define the following mutually independent random variables:

z~ Np(o’ Ip), Zl ~ MNp,n,-—l(O, Ips In,-—l)’ ZZ ~ MNp,n,-—l(Os Ip’ In»,-—l)-

Using z, Z, and Z,, we can write H;; as

Nem {||;§€m — Sl - trEZS;) - w} L Y,

iy,

where
nfmtr(ZKZIZT) nt’mtr(szZZ;)

(e—Dng (1 — Dy,

Here, A £ B means that A and B have the same distribution and

Y =z2"Apz -

nt’m Nem
+ —X,.
T’l[ on

A=

I 2 =0 =2y _ 2 =2 2 1142
Let 64 = Ngm0gm. From E(n? 7% — 67 ) = 0 and E{(n?, 77 — 67 )*} = O(n;} p'+%0),

2 =2 ~2

n, o - g
_ m” tm {m _ -1/2 -1/2
Egy = —"—2—" = 0,(n,* pP071/?).

‘m

Combining (A. 5) and (A. 6),

£
Hep =

tm Ttm
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Y Y
=—(1+ Eg)* = ——(1 = Eun/2) + 0y, 2P0 12).

(A.3)

(A. 4)

(A.5)

(A. 6)

(A.7)



Using the expression (A. 7), the first to third moments can be evaluated as following:

Z n wEd) o wEE,)  nd wE2E)

-1/2 -1/2
B > 3 +o(n pﬁ“) )
! ”g(”g D (ne - l)nlnm (nj - l)nmzng m

E (Hn) =807, {

ge{tm
:0(n;1pﬁ<1>—1/2) +o(n;”2p3(”_”2) _ 0(pﬁ(1>—1/2)’
4 4 4 3 4 12
E(H2 ) L1 305t Z 3ny, (X)) 2ny tr(X;X,,) 2n! tr(E2x2)
" " Ly g = 1 (e = 1Pl (e = Dng(ny, ~ D

4 3
2n, tr(X, Xr) T o(ns 2 o2y
(i — 1)nng om

=1+ 0P + o PP = 1+ o011,
E(H?m) :8523b5m + 0(71;;;73(1)—1/2) + o(n;nll/Zplf(l)—lﬂ) — Sb_‘g'ib[m + O(I)ﬁ(l)_l/z).

m

From (A. 8)-(A. 10), the first to third cumulants are obtained as

8b
€1 (Hon) = 0P ), 2 (Ho) = 14+ 00071 2), ks (How) = = + 0(pP '),

Ttm

Thus the Edgeworth expansion of Hy, is given by (3.1).

C. Proof of Lemma 3

The estimator o7, can be expressed as 07, = Aj + Ay + A3, where
2ne -1 tr(S¢))?
= (ne = 1) r(S2) {tr(So)} ’
ng(n[ + 1)(1’1{ - 2) ng— 1

2, - 1) 2y (oS
A= D —2) [tr(s’") oy — 1 } :

Ay = 2 GSn)

nengy,
The expectation of each term in &\%m can be evaluated as follows.
2tr(X2) 2r(X2) Atr(ZeX,,)
E(A)) = ——— B(A)) = —— " E(A3) = ———".
nf(nf - l) nm(nm - l) nely
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Thus E(67,) = 07,,. The variance of each term in 7, can be evaluated as follows.

{r(Z2))? (2n2 = ne = 7) (ZH)

var(A;) =16 I

(pz’*‘” +p)? p¥o +p
- { s

(ne = 2)(ne — 17n3(ne + 1) (ng = 2)(ng — 1°n3(ng + 1)
) = 0¥ + 0(p™),

{tr(E2)) (212 =y = 7) tr(Zh)

var(A,) =16 l

O{(pzﬁm + p)Z} 0(1745(1) +p

~ (tr(EeE)) tr(ENHtr(X2)
varids) =16 [( ne— D2y, — D2, (g — DG — D,
nentr(E7X5) (nfm = Dtr{(E,En)?) ]
(ne — l)n?(nm - DhinZ (I’l[ - l)nt,(nm Dn2,

2Ba) + p)? 4By 4
:0{(p - p) } + 0(p - p) — O(p4,3(1>—5) + O(p—4)
4 p

From Hoélder’s inequality,

3

DA - B, )

i=1

2
(O-fm - O-é’m)

iA — E(A)~

By combining this result with (A. 11)—(A. 13), we have

3
var(@,) <3 ) var(4;) = 0(p¥0 ) + 0(p™).

i=1

(= 2) (1 = D15 (e + 1) (g = 2)(1 — 105, (i + 1)

P ) = 0(p* ) + 0(p™),

(A. 11)

(A. 12)

(A. 13)

(A. 14)

Note that o> = O(p™") under (A1) and (A2). Thus var(c;,)/c* = O(p*073) + O(p™) = o(1). That is, the ratio

. A2 .
consistency of o, is shown.

The estimator’b\gm can be expressed as E%m = B; + B, + Bz + B4, where

(ne— 1) 5o 3SHUS)  2(tr(Sy))
B, = 3 7))~ + 2
(ng = 3)nz(ne + 1)(ng + 3) ne—1 (ne—=1)
_ (n — 1)? 3y 3(S;)(S,) - 2{tr(S,))
B =30+ Dt +3) [“(S’") 1 (17
_ 3(1’1{2— 1)2 {t (stm) B tI‘(SgSm)tI'(S{)} ,
(l’l( - 2)”[(”[’ + l)nm ne— 1
_ 3(”m - 1)2 2 tr(SmSl’)tr(Sm)
B4 _(nm - z)nyzn(”m + 1)”6 {tr(smsf) - Ny — 1 } .

The expectation of each term in E?m can be evaluated as follows.

(e - 2)tr(E) (= 2tr(E3)
E(Bl) - 2( R — 1)2 ’ (BZ) - n%/l(nm _ 1)2 >
3tr(X2%,, 3tr(X X2
E(B;) = ¥ E(By) = tr(—fzm)
[nm n(nm
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Thus E(ng) = by,,. The variance of each term in by, can be evaluated as follows.

6(n; — 2){r(Z7)} N 18(n, — 2){te(E))
(ne = 3)(ne — 1y°nf(ng + D(ng +3)  (ng — D*nj(ng + 1)
18(n; - 2) (ng +np— 14) tr(ZHr(E2)
e = 3 — V(g + D(ng + 3)
6(n = 2) (3nf + 3n3 - 47n2 — 4Tn, +248) tr(Z9)
(ne = 3)(ng = 1y°nj(ng + 1)(ne + 3)
=0(p¥7) + 0(p™®),
6(n, — 2){tr(X2))° 18(n,, — 2){tr(Z3))?
E(B,) = +
(M = 3) (1 — 1300 iy + Dy +3) (i — D0k (ny + 1)
18(ry — 2) (12, + my — 14) tr(Zh tr(Z2)
(= 3) (1 — D*nd (nyy + Dy + 3)
6(nm — 2) (3n, + 303, — 47n2, — 47n,, + 248) tr(Z)
(M = 3) (1 — 120 (i + D)y + 3)
=0(p¥7) + 0(p™),
Oftr(ZH)Pr(E2) r(ED){tr(E X))
(ne — 2)}’1?(7’15 + D)(n, — D, " (ne — 2)n‘;(ng + D)(ny, — D2,

18r(Z3)ir(Z,E2)  18(nd + neny = 200 = nyy — 1) {tr(E2E,,)12
+

E(B)) =

+

+

E(B3) =

(n¢ = Dng(ny, — Hn, (n = 2)(ng — Dng(ng + 1)(ny — D2,
M (ENr((Z )2 9 (12 + e + e =y = 6) r(EN(ZIE2)
(n¢ = 2)ny(ne + D, (n¢ = 2)(ng — Dng(ng + 1)(ny, — D2,

9(n? - 5) tr(ZHr(E2)

(n¢ = 2)(ng — Dng(ng + 1)(ny — D)2,
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Note that by, = O(p~2 + p*©73) under (A1) and (A2). Thus Val"(’l-;gm) /b?m
the ratio consistency of Em is shown.

18 (12 = 5) tr(Z Z)tr(Z}L,0)
(ng —2)(ng — 1)n?(n[ + D(n, — D,
18 (2121, = 2 = nynyy — Ty + 5) tr(E3 L EEp)

(n¢ = 2)(ne — Dng(ng + 1)(nyy — D,

9 (n + n2ny, + 202 = g = 5nyy — 14) tr(Z3E2)

(n¢ = 2)(ne — Dng(ng + 1)(ny, — D,
9 (13 + 3n2ny — 4n2 = 2ngny + 3n = 9nyy + 4) tr{(E2E,,)?)

(n¢ = 2)(ne — Dng(ng + 1)(ny, — D,
=0(p* 77y + 0(p™),
Otr(E2 Ntr(E,Zm))? I (EDtr(ZeEm))
(ne = Dnd(ny = Dnh(ny + 1) (ng — D (ny — 2k (ny + 1)

+

E(By) =

18tr(S3 )r(E2E,) 18 (e = ne + n2, = 2, — 1) {tr(ZeE2)P
+

(ne — DnZ(ny, — Dnj, (ne = DnZ(ny — 2)(y — Dy (ny + 1)
O EL(EE ) 18 (12, = 5) tr(Z E3)r(ZE,)
n2 (= b (ny + 1) (ng = D (= 2)(y — Dn (i + 1)
9 (ngnm — g+ N2 Ry — 6) tr(E2)r(E7X2)
(ne — l)n?(nm = 2)(ny — D (ny + 1)
9(n2, - 5) r(ZDr(Zs)
(ne = Dng(ny — 2)(y — Dty (ny + 1)
18 (2ngnfn — nehy, — Tng — nfn + 5) tr(ZmeZngn)
(ne = Dng(ny — 2)(ny, — l)nfn(nm +1)
9 (l’lﬂl —S5ng + n + 2n - 14) tr(ZZZj‘n)
(ne — l)n?(nm - 2)(ny, — l)nm(nm +1)
9 (3n[n§1 = 2neny, — g + ngq - 4nm +3n,, + 4) tr{(ZgE%q)z}
(ne — 1)n§(nm =)y — Dnd(ny + 1)
=0(p*077) + O(p™°).

+

From Holder’s inequality,

(’b\fm - bé’m)2 =

i{Bi —E(B) i B; -~ E(B)).
i=1 i=1

By combining this result with (A. 15)-(A. 18), we have

var(by) <4 ) var(B) = 0(p*077) + O(p™°).

i=1
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(A. 18)

(A. 19)

= O(pSw=1/2) 1 O(p~2) = o(1). That is,



D. Proof of Theorem 1
This proof is proved in the same manner of Theorem 1 in Hall (1983). For any x € [-4, 4] and any & > 0,

Pr {Hé’m < f’;m(x)} <Pr {Hfm < f’?m(x)s rl;[m/o-?m - bt’m/o-gml <eg, |6'\§m/0'?m - l| < 8}

+ Pr(ibon/ 3, = bl 3, 2 €) + Pr(155,/07, — 11 2 €). (A. 20)

If |’l;gm/0'§m - bgm/a';m| < egand Ibtgm/a'ﬁm — 1| < € hold,

biw  bom ~ b—ade b b+ade b
’z - O_—zm < T](S) = max{ —0_3(1 n 8)3/2 - ; s —0_3(1 — 5)3/2 - OT3 . (A 21)

Combining (A. 20) and (A. 21), for any x € [-4, 4] and any € > 0,
Pr{Hyy < fon()} <Pr{Hpn < fun(x) + (4/3)m(2)(4* + 1)}
+ Pr({bon /0y, = binl o, | 2 &) + Pr(I57,/07,, — 112 &). (A.22)

From Markov inequality, (A. 14), and (A. 19), under (A1) and (A2),

7;m bm Vi /b\m
Pri| 5" - |2 s] < XOm) _ o(e2p3) + 072000, (A.23)
O-Km O-Km gzo-fm
o2 Var(c2
Pr||— — 1>l < Nar@s,) _ O(e72p™%) + O(g72p~ 34, (A.24)
0_2 20.4
tm tm

Let & = pP=1/270 (0 < § < 1/4. By using Lemma 2, under (A1) and (A2),
Pr{Hyn < fon(x) + 4/30(£)A + D} = @) + o(pP07'1?).
By combining this result with (A. 22)—(A. 24), under (A1) and (A2),
Pr{He < fon(X)] <Pr{How < fon(x) + (4/3)0(2)(2% + 1)}
+ P ({bun/ T, = benl Tl = €) + P ([72,/0%, — 1] > €)
=®(x) + o(pP0 7112,
A lower bound may be obtained in the same way, and so the theorem is proved.

E. Proof of Theorem 2
From Lemma 1 and Theorem 1, for each £ and m, under (A1) and (A2),

P (2 ) =+ O, P 2 Pt = o)
Pr(Hip = TimZa,) = @c + O(PPO712), Pr{Hlm > Elmﬁm(zac)} = e + o(PPO112),

Substituting these asymptotic results into Lyw1, Lpw2, Lc1, and Lo proves the theorem.
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