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Abstract

This paper deals with the selection of non-redundant response variables in normality-
assumed multivariate linear regression, where the redundancy of the response variables is
defined by conditional expectation. A sufficient condition for model selection consistency is
obtained using a kick-one-out method based on the generalized information criterion under
a high-dimensional asymptotic framework such that the sample size tends to infinity, and
the number of response variables and explanatory variables does not exceed the sample size
but may tend to infinity. A consistent kick-one-out method using the obtained condition
is proposed. Simulation results show that the proposed method has a high probability of
selecting true non-redundant variables.

1 Introduction

The multivariate linear regression model is fundamental in inferential statistical analysis and
is introduced in many statistics textbooks (e.g., [20, 22]). Suppose that y is a p-dimensional
response vector and x is a k-dimensional explanatory vector. Then, the normality-assumed

multivariate linear regression model with y and « is given by
y ~Ny(O'z, 3, (1)

where © is a k£ X p unknown regression coefficients matrix and 3 is a p X p unknown covariance
matrix that is positive definite. In actual empirical contexts, selecting variables for the model
is of key interest. It is generally expected that the accuracy of prediction is improved and that
interpretation of the model is made easier by proper variable selection. In the literature on
multivariate linear regression, numerous papers have dealt with the variable selection problem as

it relates to selecting explanatory variables. On the other hand, it is also important to consider

*Corresponding author. Email: ryoya-oda@hiroshima-u.ac.jp

TSchool of Informatics and Data Science, Hiroshima University, 1-3-1 Kagamiyama, Higashi-Hiroshima, Hi-
roshima, Japan

fGraduate School of Advanced Science and Engineering, Hiroshima University, 1-3-1 Kagamiyama, Higashi-
Hiroshima, Hiroshima, Japan

$Department of Mathematics, Graduate School of Science, Hiroshima University, 1-3-1 Kagamiyama, Higashi-
Hiroshima, Hiroshima, Japan



the problem of selecting appropriate response variables, as including redundant response variables
in the model will almost certainly lead to an improper understanding of the essential structure of
the model. [8] defined redundancy using conditional expectation. Specifically, a response variable
is determined to be redundant when the conditional expectation of the response variable given
the non-redundant variables does not rely on the explanatory variables. This implies that the
relationship between the redundant variables and the explanatory variables can be expressed
by the relationship between the non-redundant variables and the explanatory variables. Thus,
removing such redundant variables will promote a better understanding of the essential structure
of the model.

As a result of the rapid advances in information technology and database systems in recent
years, efforts to analyze high-dimensional data where not only the sample size but also the
number of variables is large have become commonplace. Although [8] derived a formal Akaike’s
information criterion (AIC) [1, 2] for selecting response variables, the behavior of the formal AIC
is not apparent for high-dimensional data. Moreover, variable selection using criteria such as the
AIC is often performed by minimizing the criterion for all combinations of response variables,
i.e., all subsets of w, where w = {1,...,p} is defined as the full set of response variable suffixes.
This means that it may be impossible to apply the approach due to its high computational cost
when the number of response variables is large. For this reason, we focus on the practicable
selection method proposed by [12, 24], using the kick-one-out (KOO) method described in [3].
With the KOO method, if the criterion value for the subset with one variable removed from
the full set w is greater than the criterion value for w, then the removed variable is selected.
This makes it possible to apply the KOO method for high-dimensional data without the risk of
incurring excessive computational costs.

In this paper, we propose the use of the generalized information criterion (GIC) developed in
[11] as a variable selection criterion to address the redundancy issue described in [8]. Specifically,
we propose a KOO method based on the GIC which has a model selection consistency property
under a high-dimensional asymptotic framework such that the sample size always tends to infin-
ity and the number of response variables and explanatory variables does not exceed the sample
size but may tend to infinity. Consistency here means that the probability that the selected
variables are identical to the true non-redundant variables tends to 1 under a high-dimensional
asymptotic framework. Thus, it can be expected that the proposed method has a high proba-
bility of selecting true non-redundant variables when the sample size is large, regardless of the
number of variables. In several previous works, a consistency property of the KOO method has
been obtained for selection problems under a high-dimensional asymptotic framework in several
multivariate models, e.g., selecting the explanatory variables in a multivariate linear regression
model [3, 15, 16, 18] and selecting redundant variables in discriminant analysis [7, 10, 14, 17].
However, there is no consistent KOO method for selecting response variables in the sense of the
redundancy described in [8].

The remainder of the paper is organized as follows: In section 2, we define the redundancy
of response variables and introduce the KOO method based on the GIC. In section 3, we de-
scribe the model selection consistency property of the KOO method based on the GIC under
a high-dimensional asymptotic framework. In section 4, we conduct numerical experiments for

verification purposes. Technical details are relegated to the Appendix.



2 Framework for selecting response variables

2.1 Redundancy of response variables

We define the redundancy of response variables as in [8]. Let j denote a subset of w = {1,...,p}
containing p; elements and y; denote the p;-dimensional vector consisting of the components of
y indexed by the elements of j. For example, if j = {1, 2,4}, then y; consists of the first, second,
and fourth elements of y. Without loss of generality, we sort y into y = (y;, yé)’ for a subset j,
where y; is the (p — p;)-dimensional vector and A denotes the complement of a set A. Similar

to the division of y, we can express the division of ® and 3 as follows:
D ITEED SP
6 = (ej’ ®7)7 = V! E (2)
. E/: 3
Jj 73

where ©; and @; are k x p; and k x (p — p;), Xj; and X3; are p; X p; and (p — p;j) x (p — pj),
and X5 is p; X (p—p;). Then, from a property of a multivariate normal distribution (e.g., [21]),
the conditional distribution of y; given y; can be written as

j

yily; ~ Ny, ((@3 - 0,3'S )z + 25y, 2;3.j) ) (3)

Ji-J
then the conditional distribution of y; given y; does not depend on the explanatory vector x.

where ;.5 = B35 — B/-371% 5. From (3), if the equation ©; — ©;%7'S ;5 = Oy —p, holds,

In other words, the relationship between y; and @ can be described by the relationship between
y; and . In this sense, the model such that y; is redundant in the relationship between y and

x may be expressed as
Mj: (3) sit. ©5 — sz_;jlzjj = Ok p—p,- (4)

We note that (4) is also related to selecting response variables in a multivariate inverse regression
(e.g., [5, 6, 13]). In fact, one of the purposes in a multivariate inverse regression is to estimate
an unknown explanatory vector x( corresponding to an observed response vector yo. Then, if @

is full row rank, the classical estimator &g of @y can be expressed as
Ty = argnzlion(yo —0'z) X7 (yo — O'z) = (OX7'0) 'O yo = Ejyo,; + Ejy0 5,

where (£;,8;) = (0X7'0')'O@X ! and yo = (yé’j,yéj)’. Moreover, it holds that E; =
0, - ®j2j_j1 3 5. Hence, the redundancy model (4) can be also regarded as the redundancy of

response variables for estimating the classical estimator & in a multivariate inverse regression.

2.2 Kick-one-out method based on GIC

We first introduce the generalized information criterion (GIC) for the redundancy model (4).
Let {(y@),z@))} (i =1,...,n) be a set of i.i.d. copies from (y,z) and let Y = (y1),...,Ym))’
and X = (x(1),..., %)), where n is the sample size. We assume rank(X) = k < n and
n—p—4k—1> 0 for the existence of the GIC and our proposed method. Suppose Y; and
Y; are the n x p; and n x (p — p;) partitioned matrices of Y = (Y},Y;) for the redundancy



model (4). The model (4) can be regarded as a redundancy model as in estimating an unknown
explanatory vector oy by using the classical estimator &g in a multivariate inverse regression.
Hence, in accordance with [13], the maximum log-likelihood of N, »,(X®,% ® I,,) under the
redundant model (4) is given by

1 1
np(log 2w + 1) + nlog EYj’(In — Px)Y,|+ nlog EYJJ(In - Py)Y;

)

where P4 = A(A’A)~! A’ for a square matrix A. Then, the GIC for the model (4) is written as

1 1
Y/(I. - Px)Y, YL~ Py)Y,

n

+a{;p(p+1)+kpj}a (5)

GIC(j) = np(log2m + 1) + nlog + nlog

where « is a positive constant expressing a penalty for the complexity of the model. Various
variable selection criteria are included in the GIC by specifying «. For example, the AIC [1, 2],
HQC [9], BIC [19], and CAIC [4] are expressed by the GIC for the following a:

2 (AIC)

2loglogn (HQC)
‘- logn (BIC)

1+logn (CAIC)

Next, we introduce the kick-one-out method based on the GIC. Denote by ¢ the subset of w
satisfying #(¢) = p — 1 and, moreover, denote by ¢ the compliment of £. Then, the best subset
decided by the kick-one-out method based on the GIC can be written as

j={lew|GIC(Y) > GIC(w)}, (6)

where GIC(w) is the GIC for the full set w and is defined for the model such that all the response

variables are non-redundant, i.e., GIC(w) is written as

1 1
GIC(w) = np(log 2w + 1) + nlog ﬁY,(In - PX)Y’ +a {zp(p +1)+ kp} .

3 Model selection consistency of the KOO method based
on GIC

In this section, we demonstrate the model selection consistency property of the KOO method
based on the GIC defined by (6). First, we define the notation used in deriving the consistency
property. Let J; be the family of sets consisting of the overspecified subsets; that is, J; is given
by

Jr ={j Cw| ©; = 6,535 = Oy, }

Then, the true model j, is defined as the subset such that the number of elements is smallest for
all the subsets in 7, ; that is, j. is given by j. = argmin;c 7, p;. The following assumptions are

made:



Assumption Al. n — oo, p/n—c1 €1[0,1), k/n—c2 €[0,1—¢1).
Assumption A2. The true subset j. is included in the full set w, i.e., j. C w.

Assumption Al is our high-dimensional asymptotic framework. This assumption means that
n always tends to infinity, but p and k can be fixed or can tend to infinity. Note that p;, is
finite because we suppose that the number of non-redundant variables is small. Assumption A2
is needed to consider the model’s selection consistency P(j = j,) — 1.

Next, we re-form our expression of (6) to obtain the consistency property. For j = £ (#(¢) =

p — 1), the divisions of Y, ® and X are given by

> O,
Y = (Yo, y7), © = (©,,0;), 2=< v “>.
Oy Ot

By considering a distributional reduction of GIC(¢) — GIC(w), the best subset j can be rewritten
as follows (the proof is given in Appendix 1).

Lemma 1. For ¢ C w (#{) = p— 1), let sy be a random variable distributed according to
the chi-squared distribution x*(n — p — k + 1). Further, let hy be a random variable such that
it is conditionally independent of sy given Yy, and the conditional distribution given Yy is the

non-central chi-squared distribution x*(k; ;). Here, the non-centrality parameter 8, is defined by
g = O’Z;;.egz‘xl([n — Py,) X &,

where 057, = agg—aéiﬁ&la@ and & = 0;—©,%,, a,;. Then, the best subset j can be expressed

j:{Z€w|he>exp<ka>—1}.
Sy n

From Lemma 1, we see that the behavior of the non-centrality parameter d, plays an important

as

role in variable selection. Some of the properties of §,; are described below (the proof is given in

Appendix 4).

Proposition 1. For { Cw (#(¢) = p — 1), the following properties of d¢ hold.
(i) If £ ¢ j., then & = Oy, and hence §; = 0.
(ii) If € € j«, then we can express d; under Assumption A1 as follows:

60=0, (t1(0,, 27} 0 ) Amax(X'X)),

Jxx

where Amax(A) is the mazimum eigenvalue of a square matriz A, and ©;, and 3;,;, are

the partition matrices ®; and 3;; in (2) corresponding to j = ji.

From (i) in Proposition 1, the non-centrality parameter &, is 0 when ¢ ¢ j,. Moreover, from
(ii) it may be expected that d, diverges at about the same speed as the maximum eigenvalue of
X'X when [ € j,. In fact, if Apax(X'X) = O(n) and Amax (0], ©;,) = O(1), then dp = Op(n).
However, we cannot determine the exact divergence speed of J, because d; includes the inverse

of a non-central Wishart matrix. Hence, we require the following additional assumption.



Assumption A3. There exists T > 0 such that P (mingej* 6 >7n) — 1.

Assumption A3 means that n=1d, does not tend to 0 asymptotically in the sense of the conver-
gence in probability, and this will be natural from (ii) in Proposition 1. In the selection contexts
for explanatory variables (e.g., [3, 23]), it is assumed that the corresponding non-central pa-
rameters have O(n) and do not converge to 0. Even from that point of view, we consider that
Assumption A3 will be appropriate. Moreover, it is possible to relax Assumption A3 and express
it as P (mingej* 0 > T’I’LK) — 1, where & is a constant satisfying 1/2 < k < 1. However, we do not
consider such a relaxation, as it makes conditions for the consistency of the KOO method based
on the GIC stricter; that is, the relaxation and the conditions are related to the transactions.

Finally, we can demonstrate the consistency property of the KOO method j based on the GIC

under Assumptions A1-A3. To do so, we use the following expression for a:

k
azZlog<1+M+ﬁ>,ﬁ>0, (7)

where N =n —p —k+ 1. Then, from Lemma 1 and the definition of the method (6), the lower
bound of the probability P(j = j,) can be derived as

P(j=3j.) =P | [ {GIC() - GIC(w) <0} | ()| [ {GIC(Y) - GIC(w) > 0}

a8 Up
he k he k
>1-P — — | -P < —
(UL eyt o (USsregs)) o
Jx Jx

where hy and s, are defined in Lemma 1. Therefore, we look for the condition on § such that
the two probabilities in the last expression of (8) tend to 0, in order to have j manifest the

consistency property. Such results are derived in Theorem 1 (the proof is given in Appendix 3).

Theorem 1. Suppose that Assumptions A1-A3 hold. Then, the KOO method based on the GIC
defined by (6) exhibits model selection consistency, i.e., P(j = j.) — 1 holds, if for some r € N

the following condition on « is satisfied:

n k n

Theorem 1 specifies the o condition necessary for the KOO method based on the GIC to have
the consistency property. Thus, we propose a KOO method based on the GIC with « that
satisfies (9). However, we need to decide on a value of « in order to perform variable selection.
An example of « satisfying (9) is given as follows:

p"/*k'/2(log p)(log n)

k

Note that @ satisfies condition (9) for r > 2. The value 3 in (10) may satisfy both ng/(p*/4k/?) —
oo and S — 0 in a well-balanced manner. Although the consistency property in Theorem 1 is

obtained by rewriting o as 3, we can derive the consistency property without § if k is fixed.



Corollary 1. Suppose that Assumptions A1-A8 hold and assume that k is fized. Then, the KOO
method based on the GIC defined by (6) exhibits consistency, i.e., P(j = j.) — 1 holds, if for
some r € N the following condition of « is satisfied:

1 1

Moreover, a satisfying condition (9) meets (11) if k is fized.

The proof of Corollary 1 is omitted since it is similar to the proof of Theorem 1. From Corollary
1, we see that the AIC, HQC, BIC, and CAIC do not satisfy condition (11) unless p is fixed or

p diverges at a very slow speed.

4 Numerical Studies

In this section, we report the numerical results of a simulation experiment in which the proba-
bilities of selecting the true subset j. using the KOO method based on the GIC were determined.
Let & be the « given by (10), and note that & satisfies the condition of consistency (9). The
probabilities are calculated using Monte Carlo simulations with 10,000 iterations. For compar-
ison, we calculated the results for several KOO methods based on GICs for specific a values,
including the AIC (o = 2), HQC (o = 2loglogn), BIC (a = logn), and CAIC (a =1 + logn).
Moreover, we implemented the KOO method based on the GIC for @ = n'/2, which, from Corol-
lary 1, is consistent when k is fixed. We set the true subset and the number of true response
variables as j. = {1,2,3,4,5} and p;, = 5, respectively. The response matrix Y is generated
from NV, »,(X©, X ® I,), where X, X and © are determined as shown below. The explanatory
matrix X is generated from N« (Oy k, ® ® I,,), where the (a, b)-th element of the k x k matrix
W is (0.5)l*7*l. The covariance matrix X is given by ¥ = 0.4{(1 — 0.8)I, + 0.81,1/}. Let the
partition matrices of ® and 3 be as (2) corresponding to j = j.; then the partition matrices of
® are given by

0;. Nkapj* (Okvp.mIp.u @ It), ©;, = 93‘*2_1 %5,

J JuJw T IxTx

Tables 1 and 2 show the probabilities for selecting the true subset j. by KOO methods based
on the six criteria, AIC, HQC, BIC, CAIC, GIC with o = n'/?, and GIC with o = &, where
& is given by (10). It is evident from the tables that the probabilities for the KOO method
based on the GIC with a = & are high in all cases. This supports our assertion that the method
with @ = @ is consistent under a high-dimensional asymptotic framework. The KOO methods
based on the AIC, HQC, BIC, and CAIC, which do not satisfy (9), have low probabilities in at
least some instances. The probabilities associated with the KOO method based on the GIC with

1/2

« = n'/? are high when k is small, as o = n'/? satisfies condition (11). Based on these results,

we recommend using a = @ to find the true subset.



Table 1: True subset selection probabilities (%) by the KOO methods based on the six criteria.

n P k AIC  HQC BIC CAIC a=n'? a=a

100 10 10 | 68.78  98.25  99.97 100.00 100.00  100.00
300 10 10 | 81.54  99.86 100.00 100.00 100.00  100.00
500 10 10 | 84.22  99.93 100.00 100.00 100.00  100.00
1000 10 10 | 85.15 100.00 100.00 100.00 100.00  100.00
3000 10 10 | 85.84 100.00 100.00 100.00 100.00  100.00
5000 10 10 | 85.56 100.00 100.00 100.00 100.00  100.00
10000 10 10 | 86.18 100.00 100.00 100.00 100.00  100.00
100 40 10 0.00 9.98 8449  97.62 99.79  99.92
300 120 10 0.00 7.19  96.98  99.70 100.00  100.00
500 200 10 0.00 461 9851  99.88 100.00  100.00
1000 400 10 0.00 2.01  99.63  99.94 100.00  100.00
3000 1200 10 0.00 0.13  99.91 100.00 100.00  100.00
5000 2000 10 0.00 0.03  99.93 100.00 100.00  100.00
10000 4000 10 0.00 0.00  99.99 100.00 100.00  100.00

100 10 40 | 71.86  99.96 100.00  97.78 0.00  99.54
300 10 120 | 99.80 100.00 100.00  47.78 0.00  100.00
500 10 200 | 100.00 100.00  99.48 0.82 0.00  100.00
1000 10 400 | 100.00 100.00  23.00 0.00 0.00  100.00
3000 10 1200 | 100.00 100.00 0.00 0.00 0.00  100.00
5000 10 2000 | 100.00 100.00 0.00 0.00 0.00  100.00
10000 10 4000 | 100.00 100.00 0.00 0.00 0.00  100.00
100 20 20 | 1946  96.12  99.99 100.00 37.67 100.00
300 60 60 | 25.69 100.00 100.00 100.00 0.00  100.00
500 100 100 | 56.37 100.00 100.00 100.00 0.00  100.00
1000 200 200 | 95.81 100.00 100.00 100.00 0.00  100.00
3000 600 600 | 100.00 100.00 100.00  99.98 0.00  100.00
5000 1000 1000 | 100.00 100.00 100.00  75.95 0.00  100.00
10000 2000 2000 | 100.00 100.00 100.00 0.00 0.00  100.00




Table 2: True subset selection probabilities (%) by the KOO methods based on the six criteria.

1/2

n P k | AIC HQC BIC CAIC a=n a=a

100 80 10 | 0.00 0.00  0.00 0.00 2.21  34.80
300 240 10 | 0.00 0.00  0.00 0.00 91.30  99.94
500 400 10 | 0.00 0.00  0.00 0.00 99.74  100.00
1000 800 10 | 0.00 0.00  0.00 0.00 100.00  100.00
3000 2400 10 | 0.00 0.00  0.00 0.00 100.00  100.00
5000 4000 10 | 0.00 0.00  0.00 0.00 100.00 100.00
10000 8000 10 | 0.00 0.00  0.00 0.00 100.00  100.00
100 10 80 | 0.00 27.91 83.72 4.83 0.00  28.62
300 10 240 | 0.07 100.00 0.00 0.00 0.00  50.04
500 10 400 | 0.08 100.00 0.00 0.00 0.00 61.44
1000 10 800 | 0.28 100.00  0.00 0.00 0.00 73.37
3000 10 2400 | 0.52 100.00 0.00 0.00 0.00  87.57
5000 10 4000 | 0.47 100.00 0.00 0.00 0.00 91.32
10000 10 8000 | 0.38 100.00  0.00 0.00 0.00 94.46
100 40 40 | 0.00 0.10 81.39 85.35 0.00 70.28
300 120 120 | 0.00 5.61 98.03 24.26 0.00  99.82
500 200 200 | 0.00 67.13 87.81 0.52 0.00 100.00
1000 400 400 | 0.00 99.98  7.78 0.00 0.00 100.00
3000 1200 1200 | 0.00 100.00  0.00 0.00 0.00 100.00
5000 2000 2000 | 0.00 100.00 0.00 0.00 0.00 100.00
10000 4000 4000 | 0.00 100.00  0.00 0.00 0.00 100.00




Appendix 1: Proof of Lemma 1

From (5), the GIC for j = ¢ (#(¢) = p — 1) is written as

1
GIC(¢) =np(log 27 + 1) + nlog EYZ/UTL — Px)Y,

1
+ nlog {nyfg(In - Pn)yz}
1
+ {Qp(p—k )+ k(p-— 1)} .
On the other hand, the GIC for the full set w can also be expressed as

1
GIC(w) =np(log 2w + 1) + nlog gYé/(In — Px)Y,

1
+nlog {nyé(In - P(Yg,X))yZ}
1
+a{2p(p+ 1) +kp}.

Hence, GIC(¢) — GIC(w) is expressed by

y;(In — Py,)y;

/

Y, (I, — Py, x))¥7
(P, _ Py,

=nlog< 1+ ye,( (Ye,X) v, )Yz ko
y;(In — Py, x))yz

Let 5, = aez'ley%(In — Py, x))y; and hy = O'Z_Zley%(P(be) — Py,)y;. We can show that §; and

he satisfy the requirements imposed on s, and hy in Lemma 1, respectively.

GIC(¢) — GIC(w) = nlog ka

First, we consider §,. From a property of a conditional distribution of a multivariate normal

distribution (e.g., [21]), y7 can be expressed as
e = Y55 o+ XE + oy,
where u, is independent of Y; and u, ~ N,,(0,,, I,,). Since (I,, — P(W,X))lee_zlo'a? =0, and
(In — Py, x)) X & = 0, hold from a property of the projection matrix, we have
5o = uy(I, — Pry, x))us. (12)

From Cochran’s Theorem (e.g., [8]), we have 5, ~ x?(n —p — k + 1).
Next, we consider hy. From a property of the projection matrix, (Py,, x) —PYZ)YQZ];; o,;=0,
holds. Hence, hy can be expressed as

he = 07 (X + 07/ jue) (Povix) — Py,)(X & + 07/ ju). (13)

Since Y, and u, are independent, the conditional distribution of hye given Yy is the non-central

chi-squared distribution y?(k;d,) from Cochran’s Theorem, where d, is expressed as

60 =05, 60X (P, x) — Py,) X& =0, & X'(I, — Py,)X&,.

Finally, we see that 5, and & are conditionally independent given Y; from (12), (13) and
Cochran’s Theorem because (I, — Py, x))(Py,,x) — Py,) = On , holds. Therefore, the proof

of Lemma 1 is completed. O

10



Appendix 2: Proof of Proposition 1

First, we show (i). Without loss of generality, we can rewrite y by y = (y;*,yé*)’ =
(Y5, é ) for € ¢ j.. Then, the proof of (i) is completed by letting @1 = ©;, in the

following lemma (the proof is given in Appendix 4).

Lemma A.1. Suppose that the divisions of ® and 3 are given by

e = (617627 @3) = (6176(23)) = (6(12)3 63)7

Y Y g3 n > n >
S= |3, S S < 11 1(23) )( (12)(12) (12)3>.

S, S, S 2:/1(23) Z3(23)(23) z3/(12)3 Xis3

If @(23) = @121_1121(23), then we have @3 = @(12)2(_112)(12)2(12)3.

Next, we show (ii). Without loss of generality, we can rewrite y by y = (yg i) =
(yé*,y;*m,yg)’ for £ € j,. Let the partition matrix of ® and ¥ corresponding to the true
subset j, be as follows:

DD Y
@ = (G;*’®]*>7 E = (EJ*J* EJ*]*> .

Then, we set the matrices Wy, I'y, ¥, and I as follows:

2,7 —o P le,;
¥, =I70'0T,, I', = ( ¢t e s ay .
p-1 T
~1/2
¥ =T'0'Or, I'= < e Op—pg-f/gj*) .
_Ej*j*zj*j*zj*jrj* Ej*j*

Note that the (p,p)-th element of ¥, is Uefl—.lé&&, and £ = (T))7'T';' = (I')~'T'"! holds.

Moreover, ¥ can be calculated as
‘I’ _ Opfpj* sP—DPjx OP*PJ'* sPjs
“\o > e e, n )
PjssP—Pju JxJx Ju I T Gugs
Then, we have

8¢ < 05 €1&Amax (X' X)
< (W) Amax (X' X)
= tr{®T ', T)(T") " A max (X' X)
= tr{ P IZ () T Ao (X' X))
= t1(¥) Amax (X' X)
= tr(0;, %]} 0 ) Amax (X' X).

Therefore, the proof of (ii) in Proposition 1 is completed. O

11



Appendix 3: Proof of Theorem 1

First, we show P(Uggj*{hgse_l > B4+ k/(N —2)}) = 0in (8). Since §; = 0 for £ ¢ j, from
Proposition 1, we see that hy ~ x2(k) and, moreover, s, is independent of hy. Then, for any

r € N we have
hy k hy k
- " < L
P U{35>ﬂ+N—2} —ZP<35 N—2>5>

0¢j. i¢j,
he kT
Sy N -2 '

Then, the order of the moment of the above equation is O(k"n~2") from [15, Lemma A.2]. Hence,
we have P(U@j*{hgse_l >B+k/(N—-2)})=0({pk"872"n"2") - 0.
Next, we show P(Ugc; {hes; ' < B+k/(N—2)}) — 0in (8). From a property of the non-central

chi-squared distribution, Ay can be expressed as follows:

<(p—p.)BYE

he =100+ 1o+ 25;/21)4,

where t, and vy are random variables, and the conditional distributions of those given Y; are
te|Ye ~ x*(k) and ve|Y; ~ N(0,1). Let E = {ming; &, > 7n}, where 7 is given by Assumption
A3. Then, we have

P U {hf<6+k} N(E U E°)

)
-
—N
Ll
IN
™
_|_

;
|
[N}
——
Il

_ _ Sy N —2
LE ] LEF
hy k
<P — < _— ¢
< U{556+N—2} NE | + P(E°)
7cj.
k
< Z P (T + n71t£ + 271/277,71/21)[ < 71718[ <ﬂ + M))
€Jx
+ P(E°).

By calculating the variances of ¢, vy and (N —2)71s,, we see that t, = k+ O, (k'/?), vy = Op(1),
and (N —2)7's; = 14 O,(n"'/2) hold. Moreover, P(E°) = o(1) holds from Assumption A3.
Hence, we have P(U[Ej*{hgszl < B+ k/(N —=2)}) — 0. Therefore, the proof of Theorem 1 is
completed. O

Appendix 4: Proof of Lemma A.1

From the assumption of Lemma A.1, the following equations hold:

0, =0,X'Z, 03=0,3'2;. (14)
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By using (14) and the general formula for the inverse of a block matrix, 9(12)2612)(12)2(12)3 is

expanded as

1
®(12)2(12)(12)E(12)3 = (@17 92) (

IR TS IP) v NS Sy _21_1121222_21‘1> <213>
— 30 2,3 S o3
= 0,3 D13+ 0137 T2 555, T, 5 Bz - 035, 8,5 T
— O3 T1285,, Doy + 0285, o
=03 S+ 0,3 Y T s - 03 e L s
— O1E ' E1035 s + 015 1535, s

= 0,3'S3

= ®3a
where Y951 = 3oy — 2’1221_11212. Therefore, the proof of Lemma A.1 is completed. O
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