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Abstract

This paper considers a covariance selection problem model which es-
timates the set of nonzero partial correlations. First, we propose a
knock-one-out (KOO) method based on a general information crite-
rion. Next, two KOO methods based on two new model selection
criteria are introduced. It is shown that our KOO methods have
high-dimensional consistency under appropriate assumptions. The
proposed model selection methods are examined for two real datasets.

Some simulation results are also given.
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1. Introduction

Let X = (Xi,...,X,) be a p-dimensional random vector following a
multivariate normal distribution N,(p, ¥) with unknown mean g and un-
known nonsingular covariance matrix 3. We are interested in identifying
or estimating the set of nonzero partial correlations. This problem is called
the covariance selection problem (Dempster (1972)) or the Gaussian concen-
tration graph selection problem (Cox and Wermuth (1996), Yuan and Lin
(2007)). Here, the partial correlation of X; and X; is defined as the usual
correlation after removing the effects of the other variables.

We often express the ji, jo components of X by (Xj,, Xj;,) and the ji, jo
components of 3 by o;,;,. Let pj; j,.—j be the partial correlation between
X, and X, after removing the effects of all the other variables, denoted by
(—7), where j = (j1,72). Let w be the full set or model such that it contains
all pairs j = (j1,72) satisfying pj,j,.(—j) # 0. Suppose we are interested in
finding the true model defined by

Jo = {31, 792) | Pjrjo-(—) # 0,71,72 € {1,2,...,p},J1 < ja}. (1.1)

Then, we have k = 2°®+1/2 candidate models by considering whether p;, j,.(—j) #
0 or pjj,-(—j) = 0 for each (ji,72). These candidate models are denoted by
M or simply J, which is a subset of w.

Let S be the sample covariance matrix based on a sample of size n + 1
from a p-variate normal distribution N, (g, X). Then, nS follows the Wishart
distribution W,(n,X). We use AIC and BIC to find the model which mini-
mizes

GIC; 4= —2log L(Z,) + dg, (1.2)

where L(f] 7) is the maximum likelihood, dg; is the penalty term, and g; is

the number of unknown parameters. The d values for AIC and BIC are 2 and



log n, respectively, and g; is equal to p plus the number of nonzero partial
correlations.

However, these direct approaches will not be feasible when p is large,
since the possible number of models becomes large. However, we can use
a knock-one-out (KOO) method based on these model selection approaches.
This idea goes back to Nishii et al. (1988) and Zhao et al. (1986). The
term “KOQO” was introduced by Bai et al. (2018). For a review of the KOO
method, see, e.g., Fujikoshi (2022).

The KOO method is specifically as follows. Let My, or w be a model
such that all of the partial correlations are nonzero. Further, let My ; or
w\j be a model such that the partial correlation pj, j,.(—j) is zero but the

other partial correlations are nonzero. Let
T} joa = GICw\j.a — GICw 4. (1.3)
Then, our KOO method chooses the model given by
jG’,d ={0U1:J2) | Tjijoa > 0,1 <1 < jo <p}. (1.4)

The selection procedure may be stated as follows: if T}, ;, is positive, (j1,j2)
is selected, and if 7}, ;, is not positive, (j1,J2) is not selected. In this paper,
under a high-dimensional framework, we study consistency of jG,d. Further,
we introduce two new model selection criteria, DIC and ZIC. In addition to
jad, we consider the two other KOO methods J, p,d and 7, 7.4 based on model
selection criteria DIC and ZIC.

For high-dimensional data such that p > n, Lasso and other regularization
methods have been extended. In the case of the Gaussian concentration graph
selection problem, see, e.g., Yuan and Lin (2007), Friedman et al. (2007),
and Hirose et al. (2017).

The present paper is organized as follows. In Section 2, we give a distri-

butional reduction for a key statistic 7}, ;, 4 or Lj j, = Tj,j,.a — d. In Section

1J2
3, we present high-dimensional consistency of Jg 4. In Section 4, we propose

the new two model selection criteria: DIC and ZIC. These are constructed



based on the same idea as AIC and PEC (Fujikoshi et al. (2011)) by starting
from the sets of partial correlations and their z-transformations. In Section
5, a KOO method based on DIC (jD,d) and one based on ZIC (jZ,d) are
proposed. High-dimensional consistencies for 7, D, and 7, 7.4 are also shown.
Simulation results are given in Section 6. Numerical examples are given in
Section 7. In Section 8, we briefly discuss our selection criteria. Technical

details are provided in Appendices.

2. Distribution of Key Statistics

The partial correlation p;, j,.—;) of X; and Xj, given X(_; is defined as
follows:
_ T j1j2-(=3)
\/Ujljl'(_j) \/ajsz'(—j)

Pi1ja-(—3)

where
Gii oy Gai (s Oi O B

(o i )= (5 o) - owca™ocsincs
O j j»-(—j) is the partition matrix of X consisting of the (ji,J2) rows after
removing the (ji,j2) columns, and X(_;) ;) is the partition matrix of X
after removing the (ji,j2) columns and (ji,ja) rows. Let S = (s;,5,) be
the sample covariance matrix based on a sample of size n + 1. Then, using
partition matrices of S similar to 3, the sample partial correlation is given

as

— Sj1j2'(_j) (2 1)
\/sjljl'(*j)\/shjé'(*j)

It is well known that there is a close relationship between the partial corre-

lation coefficients and the coefficients of £ =" = (¢7172), in fact that

Tj142-(—3)

o pjlj2
= (1)t — . (2.2)

Here, d;, 5, is the Kronecker delta. Thus, the zero of pj j,.—j) is equivalent to

Pj1ja-(—3)

the zero of the (i, j;) component of 37!,
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Here, we note that 7} j, 4 is related to the Likelihood Ratio Criterion
(LRC) for the hypothesis pj, j,.(—j) = 0. In fact, from (1.4) we can express it

as

T}, 4,0 = —2log L(iw\j,d) + dgw\j
_ {—210g L(iw,d) + dgw}
— —210g LRT — d, (2.3)

where LRT is a likelihood ratio statistic for testing the hypothesis p;, j,.(—j) =
0. It should be noted that the LRC is based on the likelihood of S. We now
consider the term L, ;, = —2log LRT. From Fujikoshi et al. (2010, Theorem
4.3.2), we have

Ljij, = —nlog(1 — rjzljz'(—j))' (2.4)
Thus, our KOO method can be expressed as
—nlog(l — 71}, ;) —d>0 & (ji,j2) € Je.a. (2.5)
Next, we consider the distribution of Lj ;. Using 7, 5 = s5. .
A8 j1-(—5) Sjaja-(—i) 1, We can use the expression
Lj,j, = nlog(1+ Qj1j2'(—j))7 (2.6)
where
S?lj?(_j)
Qj1j2'(—j) - 2 : (27)

Sj1j1-(=3)S5252-(=3) — Sjija-(—4)
Thus, it is necessary to study the distribution of @}, ,.—;) in order to obtain

the distribution of L;,;,. For this purpose, we have the following theorem.

Theorem 2.1. Let Qj,j,.(—j) be the statistic defined by (2.7). Then we can
express it as
-1
le]é'(*j) = X% (7-2) {Xg%—l} ) (28)
where m = n — (p — 2), and 7% = p?m.(_j)(l — p?m.(_j))_len. Here, a
noncentral chi-square variate x3(-) and two chi-square variables x%,_, and

X2, are mutually independent. If (j1,j2) ¢ J«, then we can write Qj,j,.(—j) =
-1
X3 {X?n—l} .



Proof of Theorem 2.1. First, note that

Sii (o S s
2 s )~ S
where Wy (m, X;,/,.(—j)) denotes the two-dimensional Wishart distribution
with m = n — (p — 2) degrees of freedom and covariance matrix 3 ;,.(—j).
We can express (), j,.(—j) as

2

w? s
(=4)
Q- o (—3) = 192 5 (29)
J1g2:{=3 Wiy j1+(—5) Wiiaga-(—3) — wj2'1j2'(—j)

~1/2 ) .
where wjyj,.(—j) = 18j15o-(~4) {Ujljl'(_j) ' Uj2j2'(—.7')} . We simply write W

to indicate the two-dimensional random matrix W j,._;y, which is defined

Jije-
as follows:
w . . o w . . s
W. . [ = Jun-(=3) g2 (=3) )
Sz (=9) ( Wisji-(~5)  Wiaja(~4)
Then

W ~ W, (m7 ( 1 Pjijz-(—3) >> '
Pjrjz-(—3) 1

From the definition of the Wishart distribution, we can assert W = U’U,
where
1 Divin(—i
U= (u u)~N, 0,1m®< M“J))),
( ' 2) X2( Pirjz-(—3) 1
in which A ® B means the Kronecker product of the two matrices A and B
(see, e.g., Muirhead, 1982). Then, we can write @, j,.(—j in (2.9) as follows:

/1 /
u2mu1u1u2

le]é'(*j) = (2'10)

u)y (Im — ﬁuluo Uy
The conditional distribution of uy given wy is
ws|ur ~ Now(pj o (—yrs (1= 05,5y ).

Using this conditional distribution, we can claim that

1
/ / 2 2
Uy (Im — ’l,l,ll’lL1 U1u1> U ~ (1 - pj1j2'(*j))Xm*1
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is independent of w;. In general, the numerator and the denominator are
conditionally independent. The conditional distribution of the numerator
uéﬁuluﬁ'@ given wu; is a noncentral chi-squared distribution such that
the number of degrees of freedom is 1 and the noncentral parameter is 72,

where
2 _ 2 2 -1
T = Pjija-(—3) {1- Pj1j2~(—j>} U ;.

These imply Theorem 2.1. O]

3. Consistency of KOO Method

3.1. Outline of Proof

In this section, we show the high-dimensional consistency of the KOO method

j:i in (1.4). Our consistency will be obtained by showing the following two

properties:
[F1]: Pl= > Pr(Tj;a<0)—0. (3.1)
(J1,j2)EJ«
[F2]: P2= ) Pr(Tjjpa > 0) = 0. (3.2)
(J1,J2) €3«

Here, P1 denotes the sum of probabilities that a partial correlation is iden-
tified as zero despite not being zero and P2 denotes the sum of probabilities
that a partial correlation is identified as nonzero despite being zero. Condi-

tions [F1] and [F2] are sufficient to show the consistency, which can be seen



from the following inequality:

Pr(:f; = J*) = Pr ﬂ “ij%d >07 1N m « ijosd < 0”
(J1,92)€J« (J1.J2)¢ I«
— 1 _ Pr U 13 j1j27d é 077 U U 13 j1j27d > ()77
(J1,52)€J« (J1.J2) ¢ I«
>1- Z Pr(le,de < O) - Z Pr(le,J'Q,d > O) (33)
(J1,92) €T« (J1,52) ¢«

If [F1] and [F2] hold, then Pr(J; = J,) converges to 1, i.e. variable selection
method jd has consistency. This approach has been used in Fujikoshi and
Sakurai (2019), Oda and Yanagihara (2021), and Fujikoshi (2022), as well as
other studies.

We make the following assumptions:

Al: The high-dimensional asymptotic framework: the sample size n and
the dimensionality p diverge together under the restriction that p/n —
Cc1 € (O, 1)

A2: The true subset J, is included in the full set €2, i.e., J, C €2, and the
size of J,, i.e., #J,, does not depend on the dimensionality p. That is,
#J, is finite on p.

A3: There exist positive constants ¢, ¢ € (0, 1) so that whenever 3 = (ji, j2) €

Ji, limy, o Max;, jye s, p]zm.(fj) = ¢ and lim,_,, min; j,e s, p?m.(fj) =c.
A4: The threshold is set as d = n’, 1/4 < 6 < 1.

Assumption A1l requires that ¢; be larger than 0 and smaller than 1, but
when p is finite or very small, we need to consider the case ¢; = 0. How-
ever, this case is not considered here. In our proof, we use the condition
n — p > 17, but this will be satisfied under A1l. Assumption A2 means that
the number of nonzero partial correlations is fixed instead of growing with

p. From a practical point of view, this case will be important since it makes
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interpretation simple. Further, it can be expected that our model selection
shall be quite accurate in our target situation that only a few partial cor-
relations, relative to the total number of variables, are significant. Related
to Assumption A2, we assume that the limits of nonzero partial correlations
are not 0 or 1.

Note that under A2, P1 is a finite sum, whereas P2 is an infinite sum.

These properties will be used in our proofs of asymptotic consistency.

3.2. Proof of [F2]

When (j1, j2) € J., from Theorem 2.1 we can write T}, 5, 4 = nlog (1 + x3/x%_1)—

d, and therefore we have

2
Pr(T},j,a > 0) = Pr <n10g (1 + ) —d> 0) .

2
Xm—l

It is observed that
2 2
nlog(1+ Xl)—d>0<:> ASHR

2 2
Xm—1 Xm—1

From this result, by letting U = x?/x2,_,, we have

Pr (nlog (1 + X

2
Xm—l

2
1

)=o) =pr(u s -1y,
Further, the following inequalities hold.

Pr(U > e¥™ — 1) < Pr(|U| > d/n)
< (d/n)"*EU?*), (e{1,2,...},

where the first inequality follows from the fact that e¥/™ — 1 > d/n > 0, and

the second inequality is derived as follows: YA > 0,
B(U) — / 2 () du
> / u® f (u)du
lul>h

> p2 f(w)du = h* Pr(|U| > h).

jul>h



Above, f(-) is the probability density function of U. Now, we find that
E(U*) = E[(Xi/X5-1)"] = O(m™) = O(n™).

It can be deduced from the assumption d = n’ that (d/n)">*E(U?%) =
O(n=2%). From these results, by letting ¢ = 4, we obtain that

Pr(T}, jy.a > 0) = Pr(U > e¥™ — 1) < (d/n) *E(U®) = O(n~%).
Consequently,

P2 = Z Pr(T}, j,.a > 0) < p?O(n™%) = O(n* %) = 0
(j17j2)¢=]*

when 1/4 < . Related to setting ¢ = 4, it is necessary that m =n —p > 17
for the moment E(U?") = E(U®) to exist. However, as mentioned previously,

this condition is satisfied asymptotically under Al.

3.3. Proof of [F1]

When (ji,j2) € Ji, P1 is a finite sum. Looking term-wise, we shall see the

following result:

Pr (nlog (14 Ajj,.—j)) —d < 0) =0,

where )
P}y ja-(—5) 1
Ajija(—5) = X1 (%x%) PG (3.4)
Pirjz-(—3)
Then we can write
u’zﬁulu’lug
1+ AJ’lJé'(*J') =1+ , 1 ,
Uu, (Im — munﬁ) Uo
uh Uy

/ 1 l ’
U, (Im — mul'uq) Uy
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Further, the numerator and denominator of the last expression are as follows:

/ 2
UyUz ~ Xy

1
/ ! 2 2
U, (Im - u,lul ulul) Uz ~ (1 - pj1j2'(—j)>xm—1'
These imply
U/2U2 p 1

2
ul, (Im - ﬁ’uﬂlfl) Uo (1- pj1j2~(—j))

From the assumption d = n’, 1/4 < § < 1, we find that d/n — 0 as n — oo,

and so
1
5{77’ log (1 + Ajljz'(*j)) - d}
1
5 log ———5—— = —log(1—p3 . ) >0. (3.5)
(1 _ p§1j2~(—j)) J1j2-(—3)

Probability convergence in (3.5) implies that the probability that nlog (1 + A;,j,.(—j)) —

d is negative or equals zero approaches zero.

4. Derivation of Model Selection Criteria DIC
and ZIC

In the previous section, we considered a KOO criterion based on the GIC
criterion for selecting the set of nonzero partial correlations. This section
gives two model selection criteria in the predictive sense. We name the first
one as DIC and the second one as ZIC. The respective derivations are given
in separate subsections. These criteria were developed based on an idea
similar to AIC and Cp, but our basic statistics are the partial correlations
themselves and the distances between the basic statistics are based on a
Frobenius norm. Thus, these criteria also correspond to PEC (Fujikoshi et

al. (2011)) in multivariate regression models.
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4.1. Derivation of DIC

Let YR be the p x p matrix of population partial correlations, i.e., whose
(j1,72) entry is pj; j,.(—j)- In addition, let R be the matrix of sample partial
correlations which corresponds to YR. We measure the goodness of fit between

R and R by the Frobenius norm given by

D(R,m)——trR R)? Z Z (Tj1ja(—=3) — Pinja- 1)2-

Jj1=1j2=j1+1

Let M; be the model corresponding to J = {(j1,J2) | Pjijo-(—j) # 0, J1,J2 €
{1,2,...,p}, j1 < j2}. Then, we consider the minimum distance estimator
under M ; such that

min D(R,R) = D(R,Ruy,).

ReM 5

Noting that

min D(R,R) = min ¢ Y (Mjoci) = Pija=)) T D Thjm(s)

SReM 5 ReM,
(J1.d2)€d (J1.J2)€J°
. 2
- Z Tj1j2-(=4)
(J1.J2)€J°

we can see that ?JA%MJ = A = (aj,j,), where

— { Tjija-(—4)> (J1:J2) € J,

“hiz = o, (j1, ja) & J.

As a criterion for choosing a model M; based on the point of predictive

inference, we consider
Risky, = E*EX[D(R., Ry, )]. (4.1)

along to AIC and Cp as in Fujikoshi and Satoh (1997). In (4.1), z denotes the
variate for future data, and R, is a copy of R, i.e., has the same distribution

as R but is independent of R. Further, E* denotes the expectation with
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respect to the true model M*. Our construction method of a model selection
criterion is similar to that of AIC, but we start from R, not the sample
covariance matrix S.

Now we propose a model selection criterion by considering an estimator
for Riskys, given in (4.1). Consider a naive estimator D(R,i?iMJ) which
is obtained from D(RZ,&MJ) by replacing R,, by R, and consider further

modifying it. More precisely, we can write Risk,,, as
Risk,;, = E*E*[D(R, Ry, )] + Bus,.
and consider estimating B),,, where
B, = EXEZ[D(R., Rur,) — D(R,Ryy,)].

From Appendix Al,

By — B jrga-(=3)/ Firga-(—j k=2
My n—p+1 Z n—p+1 +O(kn™),

(J1,52)€JNJx

where k; is the number of elements in candidate model M;. Now assume
that the true model is included in a candidate model. Then, J, N J = J,.
For any model M including M, ,

2 2
B, — Z (2 - pjljg-(—j))pj1j2'(_j)

(J1,J2)€INJT n—p+ 1

takes a definite value. Neglecting B, which is not effected by a change
in models, and the remainder term, which is O(k;n~?), we can make the
approximation By, ~ kj/(n —p + 1). Therefore, we propose the model

selection criterion

- k
DICy;, = D(R,Ryy,) + — _pJ+ .
k
2 J
- Z T'j1ja-(—4) + n—p+ 1 (4'2)

(J1,92)€J°¢
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4.2. Derivation of ZIC

In this section, we use the Fisher’s z-transforms instead of the sample partial

correlations. Let (j,;, and z;j,;, be the Fisher’s z-transforms of the population

partial correlation pj, ;,.(—;) and the sample partial correlation r;,;,.—j), i.e.,
1 1+ Pijija-(—3) 1 1+ Tj142-(=3)

Cirjo = = log ——————_ 2, ,, = ~log .
T2 = pieeqy 2T L=

Further, let us denote % = ({j,;,) and Z = (z;,5,). We measure the goodness

of fit between Z and Z by the Frobenius norm given by

| —

D(Z,%) = ~tr(Z — %)*

TN
—

> g — Gin)?

J1=1j2=751+1

(]

p—1 P 2
Z |:1 log L 47515 (—5) _ llog L+ pjijo-(—9)
2 1— Tj142-(—4) 2 1— Pijrjz-(—3)

J1

1j2=71+1

Let M; be the model corresponding to J = {(j1,J2) | Pjijo-(—j) # 0, J1,J2 €
{1,2,...,p}, j1 < ja}. Asan estimator under M, we consider the minimum

distance estimator

min D(Z,%) = D(Z, %y, ).

ZeMy

Here, the estimator takes the following form:

min D(Z, Z) = min Z (ij'z - lejz)z + Z Z]2'1j2

ZeM ZeMy
(J1.52)€d (1.J2)€J°
_ 2
- 2 : 212
(J1,g2)€J°

Letting 2MJ = B = (b;,5,), we have

1 L+ 7, (=5)

1j2

) (jla.j?) € ‘]7
= Tjija-(—3) o
0, (J1,72) & J.
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By the same consideration as in Section 4.1., we measure the goodness of M

from the point of predictive inference. More specifically, we consider
Risky;, = E*E*[D(Z., Z1,)]. (4.3)

Here, we use the same notation as in (4.1).

We propose a model selection criterion by considering an estimator for
Riskys, given in (4.3). Consider the naive estimator D(Z,/Z\,M(,) which is
obtained by replacing Z., by Z, and consider further modifying it. More

precisely, we write Risk,,, as
Risky, = E*E*[D(Z, %,)] + Bu,,
and consider estimating B),,. Here,
By, = BIE[D(Z:. %) = D(Z. %))
From Appendix A2,

k
Bus J

_ -2
Ji—n—p—i—l_'—O(kJn )

It follows that we can approximate the bias term By, by kj/(n —p + 1),
omitting the terms of O(k;n~2). Based on this approximation, we propose

the following model selection criterion:

5 k
ZICy, = D(Z,Zy,) + n_—pJH
I TN k
_ Z (_ log +7’]1]2( .7)) + J . (44)
2 e n—p+1

(J1,J2)€J°

5. Consistency of KOO Methods based on
DIC and ZIC

Define two generalization criteria for DIC and ZIC, which include the
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threshold term d = n?, as follows:

dk
2 J
DICJ’d = Z Tj142-(—34) + W’
(J1,42)€J®
dk
2 J
ZICJ’d - Z Zj142-(~3) + W’
(J1,42)€J¢

where m = n—p. By letting d = 1 and neglecting the term of o(m™'), DIC ;4
and ZIC ;4 coincide with DIC,,, and ZIC,,,, respectively. Let the statistics

Ujijoa and Vj, i, 4 be defined as follows:

Ujljg,d - DICw\y,d — DIde

d
_ .2
= Thg(=3) T
Viijoa = Z1Cw\j,qa — ZICw 4
2 d
=z —.

T “hge(=3) m

Then, our KOO methods choose the model by
Tpa=1{0152) | Upjoa > 0,1 < i < jo < p},
Jza=A{01,72) | Viijaa > 0,1 < j1 < jo < p}.

Thus, we find that

(n—p)r? iy —d>0 & (ji.j2) € Jpa, (5.1)
1 14700\ L
(n—p) <§log1j;]2(1)> —d>0 < (J1,72) € Jza. (5.2)
= Tjijo-(—3)

We show the high-dimensional consistencies of KOO methods J, p,a and
j\Z,d by using the same derivation as in Section 3.1.. Since the proofs for
7, p,d and 7, 7.4 are quite similar, we only give that for jz,d. High-dimensional

consistency for 7, 7.4 holds if the following two properties are satisfied.

[F3]: P3= > Pr(Vj;a<0)—0.

(J1,92) €T«
[F4]: Pa= > Pr(Vjjpa >0) = 0.

(J1,92) ¢+
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5.1. Proof of [F4]

The following equivalences hold:

2

00 > 254, >d/m
= 1> 7‘]2-1j2,(7j) > tanh®(y/d/m)
1 1

< 00,

<~ <
L —tanh®(\/d/m) 1 =75,
where tanh?(z) = (tanh(x))? and tanh(z) = (e® — e *)/(e* + e~*). When

(J1,J2) & J., we can write (1 — 7“]2-13‘24(—9'))71 = 14+x3/x2,_; from Theorem 2.1,
and therefore we have
Pr (22, >d/m) =Pr ! < !
T 1— tanhz( % d/m) 1- 7’32.1].2_(_3-)
1 Xt
=Pr <1+
1 — tanh®(y/d/m) X%—l)
% tanh?(\/d/m)
=Pr| 5—> 3 :
Xm-1 1 —tanh”(\/d/m)

Using the same derivation as in Section 3.2., we have
—2¢
tanh*(\/d
Pr (2}, > d/m) < o (2 /m) E(U*),
1 — tanh*(\/d/m)

where U = x1/x2,_;. Note that tanh(z)/z — 1 asz — 0. If 0 < § < 1, then
d/m = O(n°~') — 0 as n — oo, and so tanh(y/d/m)/+/d/m — 1. This
implies that

tanh?(/d/m) - B YN —20(5-1)
{ () } =0((d/m)~*) =0(n ).

Recalling that E(U?) = O(n=2%%), we find that

2 tanhg(vd/m) - 20\ —205
Pr (2}, > d/m) < {1 - tanh2(\/d/_m)} E(U*") = O(n™").
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Therefore, by letting ¢ = 4,
Pi= 30 PrlVisa>0) <200 = O™ 0
(J1,92) & T«

for the case 1/4 < 0.

5.2. Proof of [F3]

When (71, j2) € Ji, P3 is a finite sum, and so we shall check the convergence

term-wise as follows:

Pr (27, —d/m <0) — 0. (5.3)

%152

From Section 5.1., we find that 27, — d/m < 0 is equivalent to {1 —
tanh?(y/d/m)}~' > (1 — 2 )~ 1. and so the probability in (5.3) is equal

to

1 1
Pr — <0].
<1 - 7032‘11'2'(*.7') 1 - tanhQ( V d/m) )

By virtue of Theorem 2.1, the convergence (5.3) holds if

1
Pr(1+ A, - <0
( 2D T anh?(y/d)m) )
where Aj ;,.(—;) is defined by (3.4). From Section 3.3., we have that
1

— 0,

L+ Ajjo(g) = > 1.

J1j2+( T 2
1= Pjija-(~3)

From the assumption d = n°, 1/4 < § < 1, we obtain that (1—tanh?(\/d/m))~*

1 as n — oo, and thus

1 Pija(—i
14 Aj (i) — L _Dwed) ., (5.4)

1_tanh2(\/d/m) 1_pj132( —J)
Consequently, the probability convergence in (5.4) implies that the proba-
bility that 1+ A ;. — {1 — tanh*(/d/m)}~! is negative or equals zero

approaches zero.
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6. Simulation Results

In this section, we look at the actual performance of our methods with regards
to finding the sets of nonzero partial correlations. The methods are given
by (2.5), (5.1), and (5.2). We have shown that each of these methods is
asymptotically consistent within a high-dimensional asymptotic framework
(see Section 3 and Section 5).

Our simulation dataset has been constructed as follows. Suppose that Z
is distributed as N, (0,3). The covariance matrix is set to be

1 a b

Y =diag(Xy,..., 25 La), Xi=| a a*+1 ab ) (6.1)
b ab bV*+1

Then, the partial correlation matrix of 3J; is obtained as

1 P12:3 P132
pr23 1 0 ;
p1z2 0 1
where
a b

S /7 i L R /e B -

and the partial correlation pos.1 is zero. Such structure is, for example, given

by the following relation:
Zl = €1, €1 ~ N(O, 1),
ZQ = CLZl + €9, €9 v N(O, 1 ) 62L61, 62L63,
Zg = bZl + €3, €3 v N(O, 1), 63J_61, 63J_€2.

~—

In general, it is known that
Pijrest = 0 <= pi‘j =0 (62)

(see, e.g., Fujikoshi et al. (2010), p.84, (4.3.7)). Therefore, the number of
nonzero partial correlations is equal to the number of nonzero off-diagonal

elements of X' = diag(X7",..., 2, ", 1, 3). Note that

a2+ +1 —a —b
¥t = —a 1 0
—b 0 1
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Therefore, the number of nonzero off-diagonal elements is equal to 4k. In this
case, it is assumed that all components of Z = (Zy, ..., Z,) are independent
with mean 0 and variance 1, and X = $'2Z.

We carried out the simulation with 10* repetitions. In accordance with
assumption A4, the threshold is set to d = n% where § is set as § =
1/2,1/3,1/4. Note that 6 € {1/2,1/3} satisfies assumption A4, whereas
d = 1/4 does not. We referred to Fujikoshi (2022) for the candidates of 6.
Keeping the simulation settings simple, we set £ = 1 and a = b, so that all
nonzero partial correlations are equal and are p € {0.3,0.5,0.696}. The set-
tings of the other parameter are as follows: n € {100, 200, 500, 1000, 10000},
p1 = 6, and p, = p—6 € {10,30,60}. The results of the simulation are

shown in Table 1, from which we made the following observations:

e The proportion of the true model, i.e., the proportion of selection for
sets of all nonzero partial correlations, approaches 1 as the sample
size increases for each of the variable selection criteria based on KOO,
((2.5), (5.1), and (5.2)).

— In order to get a good estimator for the set of nonzero partial
correlations, it seems that a very large sample size n is required,

in comparison to the dimensionality p.
— The smaller p, is, the faster the proportion converges to 1.
— The closer the nonzero partial correlation is to 1, the faster the

proportion converges to 1.

e For the case that the proportion is less than 1, the proportion of the
true model for each of (5.1) and (5.2) is larger than the one for (2.5).
This can be checked, for example, for the case in which p = 0.696,
n = 200, po = 60.

e In our simulation setting, the accuracy in selecting the true model is

good for the case in which ¢ = 1/2 among the three settings of ¢.
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e In our simulation setting, consistency seems not to hold numerically
for the case in which § = 1/4.
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Table 1: Proportion of selecting all nonzero partial correlations

p=0.3 d=n'/? d=n'3 d=n'/*
n pr p2|| Joqa JIpa Jza|Jaa JIpa Jza | Jaa JIpa Jza
100 6 10| 0.01 0.00 0.00 | 0.07 0.07 0.07|0.02 0.03 0.03
200 6 101 0.13 0.08 0.11 042 047 0.46|0.11 0.14 0.13
500 6 10091 0.89 091|081 0.83 0831031 0.34 0.33
1000 6 10| 1.00 1.00 1.00 | 0.94 095 0.94]0.51 0.52 0.52
10000 6 10 1.00 1.00 1.00 | 1.00 1.00 1.00|0.94 095 0.94
100 6 301 0.00 0.00 0.00|0.00 0.00 0.00|0.00 0.00 0.00
200 6 301 0.10 0.03 0.04|0.00 0.00 0.00]0.00 0.00 0.00
500 6 301 0.90 0.84 0.86|0.07 0.14 0.13]0.00 0.00 0.00
1000 6 30| 1.00 1.00 1.00 | 0.46 0.52 0.51 1] 0.00 0.00 0.00
10000 6 30| 1.00 1.00 1.00|1.00 1.00 1.00 | 0.51 0.52 0.52
100 6 60| 0.00 0.00 0.00|0.00 0.00 0.00]|0.00 0.00 0.00
200 6 60| 0.01 0.00 0.01]0.00 0.00 0.00|0.00 0.00 0.00
500 6 60| 0.87 0.75 0.79|0.00 0.00 0.00 | 0.00 0.00 0.00
1000 6 60| 1.00 1.00 1.00 | 0.02 0.07 0.07|0.00 0.00 0.00
10000 6 60| 1.00 1.00 1.001|0.99 0.99 0.99|0.06 0.06 0.06

p=0.5 d=n'/? d=n'3 d=n'/*
n pr p2|| Joqa JIpa Jza| Jaa JIpa Jza | Jaa JIpa Jza
100 6 101 0.83 0.82 083026 0.39 0.35]0.05 0.10 0.09
200 6 101 0.99 1.00 0.99|0.53 0.60 0.58 | 0.14 0.19 0.18
500 6 10| 1.00 1.00 1.00|0.82 0.84 083|035 038 0.37
1000 6 10| 1.00 1.00 1.00 | 094 0.95 095]0.53 054 0.54
10000 6 10 1.00 1.00 1.00 | 1.00 1.00 1.00|0.94 094 0.94
100 6 30| 0.05 0.36 0.33 ] 0.00 0.00 0.00|0.00 0.00 0.00
200 6 30| 0.80 0.95 0.92]0.00 0.00 0.00|0.00 0.00 0.00
500 6 30| 1.00 1.00 1.00 | 0.08 0.15 0.13|0.00 0.00 0.00
1000 6 30| 1.00 1.00 1.00 | 0.46 0.53 0.52 ] 0.00 0.00 0.00
10000 6 30| 1.00 1.00 1.00|1.00 1.00 1.001|0.52 0.53 0.53
100 6 601 0.00 0.01 0.010.00 0.00 0.00]|0.00 0.00 0.00
200 6 60| 0.08 0.80 0.71]0.00 0.00 0.00|0.00 0.00 0.00
500 6 601 0.98 1.00 1.00 | 0.00 0.00 0.00|0.00 0.00 0.00
1000 6 60| 1.00 1.00 1.00 | 0.02 0.07 0.07|0.00 0.00 0.00
10000 6 60 1.00 1.00 1.00 [ 0.99 0.99 099 | 0.06 0.07 0.07
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p = 0.696 d=n'/? d=n'3 d=n'*
n p1 p2|| Jaa JIpa Jzal| Jea JIpa Jza| Jaa JIpa Jza
100 6 10092 0.97 095034 045 042]0.09 0.16 0.14
200 6 101 0.99 099 0.99|0.59 0.65 0.63]0.20 0.24 0.23
500 6 101 1.00 1.00 1.00|0.85 0.86 0.86 | 0.42 0.44 043
1000 6 10| 1.00 1.00 1.00|0.95 095 0.95]0.58 0.60 0.59
10000 6 10 1.00 1.00 1.00 |1.00 1.00 1.00 | 0.95 095 0.95
100 6 301 0.07 0.69 0.53|0.00 0.00 0.00]0.00 0.00 0.00
200 6 301 0.81 095 0.93|0.00 0.01 0.00]0.00 0.00 0.00
500 6 30| 1.00 1.00 1.00 | 0.09 0.16 0.15|0.00 0.00 0.00
1000 6 30| 1.00 1.00 1.00 | 0.47 0.54 0.53 | 0.00 0.00 0.00
10000 6 30| 1.00 1.00 1.00|1.00 1.00 1.001|0.52 0.53 0.53
100 6 601 0.00 038 0.12|0.00 0.00 0.00|0.00 0.00 0.00
200 6 60| 0.08 0.83 0.73|0.00 0.00 0.00|0.00 0.00 0.00
500 6 60| 098 1.00 1.00 | 0.00 0.00 0.00|0.00 0.00 0.00
1000 6 60| 1.00 1.00 1.00 | 0.03 0.08 0.07|0.00 0.00 0.00
10000 6 60| 1.00 1.00 1.00 [ 0.99 0.99 099 | 0.07 0.07 0.07

7. Applications

This section presents two real examples, and we apply our variable selection
based on the KOO method. The first example regards the scores on an
examination covering five subjects and comes from Mardia et al. (1979).
The second example regards Kaggle housing data, which are available at

“https://www.kaggle.com/c/house-prices-advanced-regression-techniques”.

7.1. Scores on five subjects

Consider the scores on an examination covering five subjects for n = 88
students given in Mardia et al. (1979). The five scores are X; (mechanics),
X, (vectors), X3 (algebra), X, (analysis), and X5 (statistics). The partial
correlation coefficients between X; and X given the remaining three variables

are given in Table 2. From these coefficients, one may conjecture the following
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Table 2: Partial correlation matrix of five subjects

Xy -
X2 033 —
X31023 028 —

X4 1000 008 043 —
X5 1002 002 036 025 -—

model:

M: P14.(—{2,3,5}) = P24-(—{1,3,5}) = P15-(—{2,3,4}) = P25-(—{1,3,4}) — 0, (7-1)

which is equivalent to

X1 Xy | (Xo, X3, X5), Xi1 X5 | (Xo, X3, Xy),
Xol Xy | (X1, X3, X5), Xol X5 | (X1, X3, Xy).

Here, the notation X; 1X; | (Xk,, Xk,, Xk,) indicates the conditional inde-
pendence of X; and X, under the condition that (Xj,, Xj,, Xi,) is given.

Based on the simulation results, the methods based on GIC, DIC, and
Z1C have almost the same precision for selecting the true model; thus, we
use (5.1) for this dataset. For comparison, we perform a hypothesis test for
the null hypothesis that Hy : pj j,.(—j) = 0. The likelihood ratio statistic is

based on
Tjrjo-(—5) VTV — D — 2

2
1= lejz'(—j)

T =

Under null hypothesis Hy, T follows a t distribution with n —p— 2 degrees of
freedom, and so Hj is rejected at significance level « if the observed value of
|T'| is larger than the upper /2 percentile of the ¢ distribution. We computed
statistics for 7" and Uj, ;, 4 based on the values in Table 2 to construct Table
3. The p-values for testing Hy are also shown. The  columns give the values
of Uj

p-values less than 0.05. We observed that the result of variable selection with

Lja.d for d =n°/(n — p). Values in bold are non-negative statistics with

0 = 1/3 matches the ones of testing H, with significance level 0.05.
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Table 3: Variable selection and hypothesis testing results for scores on five
subjects

Tj1ja-(— ) T p-value | 6=1/2 §=1/3
X3-X4 0.43 | 4.313 0.000 0.071 0.131
X3-X; 0.36 | 3.494 0.001| 0.016 0.076
X1-Xo 0.33 | 3.166  0.002 -0.005 0.055
Xo-X3 0.28 | 2.641 0.010 | -0.035 0.024
X4-X5 0.25 ] 2338 0.022 | -0.051 0.008
Xo-Xy 0.08 | 0.727 0.469 | -0.107  -0.048
Xi1-X5 0.02 | 0.181 0.857 | -0.113  -0.054
Xi-X5 0.02 | 0.181 0.857 | -0.113  -0.054
X1-Xy 0.00 | 0.000 1.000 | -0.114  -0.054

7.2. Kaggle housing data

The Kaggle housing dataset, which was obtained at “https://www.kaggle.com/c/house-
prices-advanced-regression-techniques”, consists of p = 37 observations for

n = 2930 houses. Here, observations are, for example, “SalePrice”, “MS.SubClass”,
and “Lot.Frontage”. We applied our model selection method jD,d to this

dataset. Of p(p — 1)/2 = 666 partial correlations, 246 partial correlations

were observed to be nonzero when § = 1/2 and 345 partial correlations were

observed to be nonzero when 6 = 1/3.

8. Discussion

In this study, we considered the Gaussian concentration graph selection prob-
lem, i.e., the problem for selecting partial correlation under normality. We
proposed a knock-one-out (KOO) method based on a general information cri-
terion (GIC). In addition, we proposed two alternative KOO methods based
on two distance criteria (DIC, ZIC). Consistency was shown for each of the
KOO methods. Based on a simulation study, the KOO methods in this paper

have good precision for selecting the true model.
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In this paper, we do not consider how to select the ¢ in the threshold
d = n%. It is important to determine ¢ so that the true model shall be se-
lected. It is also important to study high-dimensional consistency properties
of the model selection criteria when the size of the true model is large. More

precisely, we want to examine such problems when
p/n—c € (0,1), #J.=0(p).

These are left as future problems.

Appendix Al. Reduction of By, in Section 4.1
The bias term B, can be expressed as follows:

B, = EXEX[D(R., Ry,) — D(R, Ras,)]
1 ~ 1 -
— EZE; §tr(RZ — 9{]\/[J)2 — Qtr(R — %MJ)Z}

1 o~ 1 3
= EzE; §trR§ — trRzmMJ — itrRz + trRmMJ:|

— E'E’ [~trR. My, + trRs?tMJ]
—E [trQA%MJ(R - \Ir*)} .
Here, ¥* = (¢ . ), where

JiJ2

?,U}‘m = E*(lejé-(*j))
2 [(re=))’
= n—p+t1 F<n,p+1> Pjija-(=3)

111
X 2F3 (— Sn—p+1)+ 1;p?m-<—j>) :

[\

2'2'9

Note that % ;. = 0 for (ji,j2) ¢ Ji. In general, it is known that the distri-
butional results on partial correlations are obtained from the ones on ordinal

correlations by transforming n to n — p + 1. For the above expression for
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% > See, for example, Muirhead (1982). Therefore, we have

trmMJ<R - o) = Z Tj1j2~(—j)<7‘j1j2~(—j) - w;ljZ) + Z T?lj?(*j)‘

(J1.d2)€JNJx (j1.g2)€JNJE

Then, we have

E* [trz)?tMJ(R - \II*)]

* * 2 *
= Z [E ( Tj1g2-(— J)) o (wﬁjz) } + E ( T g2 (— .7))
(J1,d2)€JNJ (J1.d2)€JNJ¢
= [V:(leji(—j))} + Z r]lJZ )
(J1,42)€JINJx (J1.42)€JNJ¢

Note (see, e.g., Muirhead (1982)) that for (ji,72) € J,

n—p

B0n) =10 T

J1j2-(—3)

1
2 . _ - 02
(1=p2 1, i))2 P (1, Lsn—p+1)+1; Pj1j2-<—j)> :

These imply that when n,p — oo, p/n — ¢; € (0,1),

X (1—=p2; .(_'))2 _
vx(rjljz'(*j)) - n _j;:_ f +O(n 2)
2 2
_ 1-(2- 'Ojljz'(*j))pjljz'(*j) + O(n—2)'
n—p+1

On the other hand, when (j1,j2) € Js, pjijo-(—j) = 0 and hence

1
2 _
E(rj1j2'( J)) T n— p+1
From the above, we have
E* [trs,%MJ(R . \1;*)]
= > Vi) + B (o)
(J1.92)€JINJx (J1.42)€JNJ¢

(2 -

2 2
pj1j2'(—j))pj1j2'(—j) -2
O(k
n—p+1 Ok,

kg
T 2

(J1,g2)€JINJx

where k; is the number of elements in a candidate model M.
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Appendix A2. Reduction of ), in Section 4.2

The bias term B, can be expressed as follows;

B, = BXEXD(Z., %) — D(Z,Z,)]

1 ~ 1 ~
= EE; §tr(22 — Zpg,)? — 5tr(z — zM")ﬂ

-1 = 1 A~
— E'E* 5trzg —trZ, 2y, — §trZ2 + trZZMJ]

~ EE; |-6Z.%u, + 2%,

—E [triMJ(z - M*)] .

Here, M* = (p7,;,), where

* * 1
Wi = E(z) = 5B [log (1 + 7j1jo-(—j)) = Log(1 = 110 (—5))] -
Therefore, we have
trZn, (Z — M*) = 2152 (Zings — N;1j2>’
(J1,92)€J

It follows that
E* [triMJ(z - M*)}
- Z [E*(2321J2) - (M;lj2)2:|

(J1.g2)€Jd

*
E: Vi (Zija)-

(J1.52)€J

From Hotelling (1953), under assumption Al, we find that
Higs = B(21,3,) = Gy + 5225 O(n2),
2(n—p+1)
2
1 + 8- Pjvga-(~3)
n—p+1 4n—p+1)>?

E[(2j,5, — C]l]2) | = + O(n_3).
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These imply that

Vi(zim) = Eil(zj5e — i)l — (5 — Coi)
* 2
1 4— (pj1j2'(_j)>

= O -3
n—p—i—1+ 2(n—p+1)? +0n),

and so it holds that

k.

A -2
n_p+1+0(kJn ),

B (0%, (Z - M) = D Vil =

(J1,92)€J

where k; is the number of elements in candidate model M.
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