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Abstract

In this study, we consider the problems of testing for a mean vector
and testing the equality of two mean vectors with monotone missing data.
We propose new test statistics similar to the simplified Hotelling’s T2-
type test statistic for one-sample and two-sample problems under general-
step monotone missing data. Approximate upper percentiles of this new
statistics are provided by asymptotic expansion along with transformed
test statistics based on Bartlett adjustment. Approximate simultaneous
confidence intervals for pairwise comparisons among mean vectors are also
presented. Furthermore, we investigated the asymptotic behavior of the
proposed statistics using a Monte Carlo simulation, and the approximate
accuracy of the proposed approximations and test statistics are provided
and discussed. Finally, the numerical power of these statistics are given.
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1 Introduction

Statistical data analysis often includes missing values, and various studies have been
conducted on statistical methods to address this issue. Missing data may or may not
exhibit monotone or non-monotone patterns. In particular, for the monotone case, max-
imum likelihood estimators (MLE) of the mean vector and variance-covariance matrix
are given in Anderson and Olkin (1985), Jinadasa and Tracy (1992), and Kanda and
Fujikoshi (1998). For the problem of testing the mean vector in a one-sample case with
monotone missing data, testing using a T>-type test statistic have been discussed by Seko,

Yamazaki, and Seo (2012), Romer and Richards (2013), and Kawasaki, Shutoh, and Seo
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(2018), among others. In contrast, testing using a simplified T%-type test statistic have
been considered in the context of general k-step monotone missing data by Krishnamoor-
thy and Pannala (1999) and Yagi, Seo, and Hanusz (2019). In particular, Yagi et al.
(2019) provided an asymptotic expansion of the null distribution of the test statistic @
by decomposing ) = @)1 + ()2 and giving the asymptotic expansion of )1 and @) for
k = 2. They then used the results to derive an approximate upper percentile of () and
transformation statistics that improve the chi-square approximation. Here, ()1 and )9
are asymptotically independent, but not exactly independent, and this is taken account
to derive the exact null distribution of (). However, for k-step monotone missing data
(k > 3), due to the complexity, they derive the asymptotic expansion of the null distri-
bution of Q(= Zle Q;) when Q;(i = 1,2,... k) are assumed to be independent of each
other.

Therefore, in this study, we propose a new test statistic Qu(= Q1 + Zle R;). Details
are provided in the next section. This Qu replaces Q;(i = 2,3,...,k) in Q(= Zle Q)
by Ri(= Qi(1+ Q;q)"")(i =2,3,...,k) which are independent of Q; and each other. We
obtain its exact distribution and propose an approximate upper percentile and transfor-
mation statistics. The discussion applies equally to the two-sample case. In addition,
we discuss approximate simultaneous confidence intervals based on this statistic for the
two-sample case and pairwise comparisons between mean vectors. Throughout this paper,
we assume that data are missing completely at random (MCAR). Note that @y in one-
and two-sample cases for k = 2 has been discussed in Onozawa, Yagi, and Seo (2020), and
we provide an extension to the general k-step in the present work. Pairwise comparisons
between mean vectors in monotone missing data have been investigated in prior works

such as those by Seko (2012), Yagi and Seo (2017) and so forth.

The remainder of this paper is organized as follows. In Section 2, an asymptotic expan-
sion of the null distribution of a new test statistic similar to the simplified 7 statistic is
derived with three-step monotone missing data and k-step monotone missing data for the
one-sample case. We also propose an approximate upper percentile for () and transformed
test statistics. In Section 3, we describe an extension of the expansion given in Section 2

to the two-sample case. In Section 4, the approximate simultaneous confidence intervals
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for multivariate pairwise comparisons among mean vectors when each dataset has k-step
monotone missing observations are obtained. In Section 5, we describe the results of
simulation studies on the upper percentiles of the proposed test statistics and empirical
type I errors. We also compared the results with the upper percentiles of the statistic
and other statistics given in previous studies. Numerical power for several statistics is

discussed in Section 6. Finally, we conclude this paper in Section 7.

2 Test statistics for one-sample problem

2.1 Three-step case (k = 3)

We first consider the null distribution of a new test statistic similar to the simplified

T? statistic for three-step monotone missing data.

T11 T T1py T1,p1+1 e L1pi+ps Tlpit+pa+l 70 Tlp
Tyl T Lnipy Tny,p1+1 T Lnipi+p2 Lnypi+pa+l " Tmgp
Tny+1,1 T Tny4+1,pq Tni+1,p1+1 " Tni+1l,pi+ps * T *
X — . . . ,
Tny+ng,l T Tnq+na,p1 Tni+na,pi+l " Tnitno,pitpe
Lni4+ne+1,1 " Lny+no+l,py * T *
Tni+na4ns, 1 " Lni4natns,ps * T * * T *

(13 7

where “x” indicates a missing observation, p = p; + p2 + p3, and ny > p. Then, let

P D2 p3
——

X1 X X3 }"1:N1 }N2
X - X21 XQQ E S }n N3
X31 * * }ns

where rows of (X11 X9 X13), (X21 XQQ), and X 3; are distributed as multivariate

M

normal distributions. Further, we suppose that

VeC(X/1(123)) ~ Nmp(VGC(p,].;“), Im ® 2)7
VeC(Xlz(m)) ~ anp(m) (VeC(N(12)1;LQ)> I, ® 312)12),
VeC(Xgl) ~ Npgp, (Vec(l‘l']_]‘:’bg,)’ I,, ®3%4),
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where X105 = (X11 X112 X13), Xoa2) = (X1 X22), paz) = p1 + po,

1
1 ke }pl
1ni frnd . TLZ', 7/ — 17 2, 3, Il, = I,l,2 }p2 — I"l'(12) ,
i [25] }P3 s
and p1 b2 p3
Y X | X3 }pl > 191 i3
2 = 221 222 223 p2 = (12)(12) 223

a1 Mg | Bas ps 331 Bsp | Vs

We define
— 1 / 1 / e =/
T(123)1 = EX(123)11N37 S(123)1 = m {X(123)1X(123)1 - N3$(123)1$(123)1} ’

— 1 / 1 /

Zan = X apaple, S = 7 { X2 X 1202 = NoTaz02 (202 |
_ 1 1 _ _
T1(123) = MXﬁ(m)lNu 51(123) N {X1(123 X1(123) - N1$1(123)$/1(123)} )

where

X1 x. x
X | x X _ 11 12
(123)1 21 (12)(12) (X21 X,
X3

and ]\/'Z = Z;’:l nj, 1= 1, 2, 3. Further, we partition 51(123), 51(123), E(lg)(lg), and 5(12)(12)

as follows.

T1(123) = <

P(12) p3

1(12) )}Puz) S1123) :( Sia23)11 S1123),12 )}P(lz)
13 ’

}P3 51(123)721 51(123),22 }p3 7

8 8l

b1 D2
T(12)(12) = ( ? ) }Pl _ ( 5(12)(12),11 (12)(12),12 ) }m
T\ }Pz S2)a2)21 S2)a2),22 }p2
Consider
Hy:p=pyvs. Hy o p# g, (1)

where p, is known. Without loss of generality, we can assume that g, = 0. Then, we

propose a test statistic
Qmaz) = Q1+ Ry + Rs, (2)
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where
PR PN Q2 Qs
:N IA 5 R == 5 - 9
1 3Than ™ 2 1+ Quy ST 14 Q34
P P ~r Xl

Q2 =NatyAgy Ty, Q3 = NiTj5A33 5,

1

— (N3 —-1)S

N3( 3 ) (123)15

7, =T(12)2 — S(12)(12),215(112)(12),115(12)1v
An == [Suz2.22 = Saz02215 509,15 1202.12)

N, =T3), A=

N3 =T13 — Sl(123),21Sf(llgg),llil(12)7

and

Az = I [51(123),22 - 51(123),21517(1123)71151(123)’12]_
1

To test Hy, we derive the null distribution of Qys1,3). Because ()1, Ry, and R3 are

mutually independent,
Elexp(itQw,3))] = Elexp(itQ1)|E[exp(it Ry )|E[exp(it R3)].

Hence, E[exp(itQ1)], Elexp(itRy)], and E[exp(itR3)] are needed. For large N3, from the
result of Yagi et al. (2019), a stochastic expansion of ); in (2) is given by

2
. _1 1 R _
Elexp(itQy)] = u™ 2P + A jzoﬁj,lu 2T+ O(N; ),

where

1 )
Boq = _Zpl(pl +2), f11=0, Po1=—Po1, u=1-—2it.

Then, we consider the stochastic expansion of Ry and Rs in (2). As a reult, we obtain

2
: _1 1 1y _
Elexp(itRy)] = u™ 272 + A ;’mu 27277 + O(N; %),

2
. 1 1 1 _
Blexp(itRs)] = u™ " + - ]Zomu 2771 1 O(N7?),

where

1 1 1
Yo,2 = —1p2(2p1 +p2+2), 1a= SP1P2; Y22 = sz(pQ + 2),

1 1 1
Y0,3 = —1p3(2p(12) +p3+2), nz= 5]0(12)]937 V2,3 = Zp?)(p?, +2).



For the derivations of the distribution function of Ry and Rs, see the Appendix. Based

on this background, we have the following theorem.

Theorem 1

For large ny, the characteristic function of Qmq,3) can be expanded as

2
1 1 1 .
Blexp(itQuir)] = (1= 2i6) 3 + —— 3" 5(1 = 2it) 49 + O(n; ),
17
J=0

where

1 1 1
S 2 ) 2 2 2
Yo 4{1+T2+T3p1(p1+ )+ 1erm( p1 + P2 + 2) + p3(2pa2) + p3 + )},

1 1
M=z P1P2 + Da2)P3) ¢

2 1—|—7"2
1 1 1 N9 ng
= S——n(p1 +2) + +2) + +2 L
V2 4{1 - Tgpl(pl )+ 7ﬂ2192(pz ) + p3(ps )}, ry= sy Ta= o

and r; is a positive constant. Also, the distribution of Qm,3) @S

2
1
Pr(Qmus < z) = Gp(x) + . Z%’Gmﬂj(m) + O(ny?),
=0

where G ¢(x) is the distribution function of a chi-squared variate with f degrees of freedom.

From the result of Theorem 1, its upper 100a percentiles can be expanded as

o) =33 — [P - 22 ] o),

where Xf)(a) is the upper 100« percentile of chi-squared distribution with p degrees of
freedom. Therefore, an approximation to the upper 100a percentile of Q1,3 is proposed

as follows:

1 2X2(04) V2
2 P 2
QM(1,3)AE(04) = Xp(Oé) - _n1 — Y — P 2Xp(0é) .



2.2 General-step case

Next consider the case of k-step monotone missing data (k > 2):

P1 p2

Pk—
X X1 Xip1 Xu }"1
X1 X9 e Xogo1| ok }nz
X = . . . 9 1a 27
Xk—l,l Xk—1,2 * * }”kfl
Xk:l * cee e * }nk
where X;; is a n; x p; block matrix (i = 1,2,...,k;j = 1,2,...,k —i+ 1), and “*”

indicates a missing part. For the ith step data (i = 1,2,...,k), let

Xi(12...,k—i+l) = (le Xi2 e Xi,k—i+1)-

Then, we assume that the rows of X2, x—i41) are mutually independent and

VeC(Xé(lz...,k—iH)) ~ an‘p(12...,k7i+1)(Vec(l‘l’(12...,k7i+1)1:zi)v I, ® E(12...,k:7i+1)(12‘..,k7i+1))7

1=1,2,...,k,
k—it1
where pa2. k—it1) =D ;-1 Pj»
Ky }pl
KRz k—it1) = F2 }p2
P(12... . k—i+1) X1 . ’
Hy—it1 }pk—i+1
p1 p2 Pk—i+1
u P 21 pit1 I
_ h b DI
212, kit )12, kit 1) = 21 2 2k—it+l }p2
DP(12,....k—i+1) XP(12,... . k—i+1) . .

EkfiJrl,l z)kfiJrl,2 2k7i+1,k7i+1 }Pk—i+1

Further, let

X1 e Xy
X2, k—itn)(12.5) = |

Xpoit11



where X(12...,k—i+1)(12...z‘) is a Nkﬂ#l(: Z?;iﬂ nj) X P(12...4) matrix, and let

_ 1
T(12... k—it+1)(12...0) N 1X(12...,k-¢+1)(12..‘¢)1N,H+1,
—it

1
S(12‘..,k—i+1)(12...i) :m{Xl(ll..,ki+1)(12...i)X(12~~7k_i+1)(12~~-i)
— NkfiJrli(lQ..‘,k—i—i-l)(12...z’)E/(12,,,7k71'+1)(12,,,i)}'

Further, for « = 2,3,... k, we partition

o T (12, k—it1)(12...,i—1) }p(lzu,i—l)
L(12... k—i+1)(12...5) = 5(12 hit1)s }p )
ok—i+1)i i

Pa2...,i—1) pi

S —1 '3 S —1 1 ot —
S 12 keit1)(12.0) = ( (12, k—i4+1)(12...3),11 (12....k—i+1)(12... ),12) }7’(12 n
S (12 k=it 1)(12..0)21 S (12 k—it1)(12...1),22 }pi

Yagi et al. (2019) gave the simplified 7% statistic

k
Q(l,k) = Z Qi7 (3)
i=1
whereas we propose a test statistic for the hypothesis (1) as follows.
k
Qmak = Q1+ ZRi (4)
i=2
where
~—1 Q;
i =Ne—in Ay ny, i=1,2,...k, Rj=—"—,
Q k—i+1T); &8 N 1 +de
~ Ne—iy1 g1 _ _93 i
Qid *mw(12...,kz—i+1)(12...,1’—1) (12, k—i41)(12...0), 1T (12 k=it 1) (12..i=1)y &= 2595+, I,
~ ~ 1
N =T(12.0)1, A= F(Nk —1)Sa2. 01,
k

N =T(12..k—i+1)i — S(12---7k—i+1)(12---i)721S(_112...,k7i+1)(12...i),lli(m---ak—i*’l)(12---7i—1)’
~ Ny —1
Ay A & S (12... k—it1)(12...1),22
k—i+1

— S(12...,k—¢+1)(12...i),215(7112“.7,?_%1)(12“.1),11S(12...,k-i+1)(12...1'),12 , 1=2,3,... k.

The following theorem provides the characteristic function of Qi x)-



Theorem 2

For large ny, the characteristic function of Qi can be expanded as

2
1 ,
Elexp(itQuon)] = (1= 2it) "2+ — > " 3;(1 = 2it) 277 + O(ny?),
nq =0

where p = Zle i,

’y /8]1+Z k"L 1 ,y]'“ j:O7]‘727 ri:_7 i:1)27-.-7k7
(Z] 1 J ] 1+ T]) n1

1
Bog = _Zpl(pl +2), Bi1=0, Bo1=—Po1,

1
_pz(pz+2>7 i:2,3,...,l€,

1
SPa2..i-1)Pis V2,0 = 1

1
Yo, = —=Pi(2pa2.ic1) +0i +2), Y= 5

4

and r; is a positive constant. Moreover, the distribution function of Qi k) 15

Pr(Quap <) =G +—Z% piaj () + O(n7?),

where G ¢(x) is the distribution function of a chi-squared variate with f degrees of freedom.

For the derivations of Theorem 2, see the Appendix. Therefore, its upper 100« per-

centiles can be expanded as

Dary (@) = xi(a) - kS {2;@,(@) {% " XQ(Q)H +0(n?),

nml p p+2°7

where Xf,(a) is the upper 100« percentile of chi-squared distribution with p degrees of

freedom. From the result of Theorem 2, an approximation to the upper 100« percentile

of Qwm( k) is given by

Qa1 pae(e) = Xo(a) — 1 2x(a) {70 S XQ(OZ)} : (5)

ni o p p+277

As another approximate upper 100 percentile of Qui(1,x), We propose

QM(l,k)KP(Oé) = d(l,k)Fp,u(l’k) () (for ny > p+4), (6)

where F,

P, k>( «) is the upper 100a percentile of F-distribution with p and v ) degrees
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of freedom,

di— G an =2 4G = 2+ DGy,
k) = Giap————, Vakr = :
(1K) (1k) V(Lk) (L) pGopy — (0 + 2)G%(1,k)
k
Giap = ElQuan] = E[@1] + Z E[R],
=2
k k k&
G2(1,k) = E[Qi/l(l,k)] = E[Qf] + Z E[Rf] +2 Z E[Ql]E[Rz] +2 Z Z E[Ri]E[RjL
=2 i—2 i—2 j—2
i<
Nip: Ny—is1pi .
BjQ)] = — L RiR) = Ci=2.3. .k
@] N, —p1 —2 7] Ni—iv1 —paz..i) — 2
NZpi(py + 2
BiQ) - ot
(Nk —DP1— 2)(Nk — D1~ 4)
NZ . i (p; + 2
E[RzQ] = kiH»lp (p * ) 1= 2737 . 7k

(Nie—it1 — paz..i) — 2)(Nk—is1 — paz..s) — 4)’
For the two-step monotone missing data case, see Onozawa et al. (2020). This approxi-

mation is based on the approximation of the upper percentile of the simplified 7 statistic

given by Krishnamoorthy and Pannala (1999).

2.3 Transformed test statistic

In this section, to improve the chi-squared approximation of the test statistic Qi1 k)
proposed in Section 2.2, we consider a transformation with Bartlett adjustment based
on Fujikoshi’s approach (2000). Transformations for the simplified 7% statistic Q1 x) (=
Zle (i) were given by Yagi et al.’s work (2019). In the same manner, transformations
of Qmq k) are considered. Because the transformed test statistics of @) and R; (i =

2,3,...,k) with Bartlett correction are given as

1
*: 1—— 2 *: 1_ ) 2 79 .:27 7"'7k7
Q1 { N, (p1 + )} Q1. R; { Nein (Paz2..i) + )} R;, 3

respectively, we propose the following statistic as an improvement of Qi1 k).
k
Quap = @1 + Z R;. (7)
=2

We note that E[Qf] = p1 + O(N,®), B[R] = pi + O(NZyy) and E[Qy ] = p +
O(N;?). Further, we can obtain the transformed test statistics with Bartlett-type correc-
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tions as follows.

1 1 1
le{Nk—E(pl%-Q)}log (1+EQ1) for Nk—ﬁ(p1+2)>0,

1 1
Yim = {Nki+1 - =(2pa2.ic1) +0i + 2)} log (1 + Ri)
2 Ni—it1

1 .
for Ni_ijp1 — 5(29(12.‘.,1'71) +pi+2)>0, i=2,3,... k.

We note that Pr(Y; < z) = G, (z) + O(N;?) and Pr(Yiy < z) = Gy, (z) + O(N 2 ,).

Using Y] and Yy, we propose a transformed test statistic given as

k
p=Yi+> Y. 8)
=2

Further, by using the result of the distribution function of Q1) given in Theorem
1, we propose an exact Bartlett correction QI\/I(L,{:) and an exact Bartlett-type correction

YI\Z(M) of Qwm(i k) as follows.

1
] _ (1 _ = ) 9
QM(M) nlcl QM(Lk)7 (9)
1
YI\JEI(Lk) = (nla + b) 10g (1 + n—laQM(Lk)) (fOI" nia + b > 0)7 (10)
where
k -1
== o+ 2 a:pp—l—Q{ Pipri‘?} )
ka —pilpaz. +2), (p+2) ;mk_m (pi +2)
k
p+2¢1
b = — —{— 2 (3 2 7, 7 2 }
5 p1(p1 + +;mk Hlp P(12....i-1) + Di +2)
k -1
X { pi(pi + 2 }
;mk—iﬂ ( )

Indeed, E[QITVI(LM] =p+O(n;?) and Pr(Y} Mg S @) =Gyz) + O(ny?).

3 Test statistics for two-sample problem

3.1 Test statistic similar to the simplified 7?2 statistic

In this section, we consider the null distribution of a new test statistic similar to the
simplified T2 statistic for the two-sample problem when the datasets have k-step monotone

missing data patterns.
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Suppose two datasets

p1 p2 PE—1 Pk
—— — — =~
‘ ¢ ¢ ¢ ,
T AT
X X22) o Xoko1] ¥ }”y)
X(E) - : : : ) = ]-7 27
w o :
Xl(czl,l Xl(vll,Q * 0 e * }"gfll
Xl(fl) * e e * }ngf)
are independent and distributed as multivariate normal distribution with a common co-
variance matrix, where ng) is a nz@ X p; block matrix (1 = 1,2,...,k;j=1,2,....k —

i+ 1).

As with the one-sample problem in Section 2.2, let

X

() (0) 0
i(12... k—i+1) (X X - Xi,k—i+1>‘

Then, we assume that the rows of Xf582...,k—z‘+1) (1=1,2,...,k) are mutually independent

and that
0y ¢
VeC(XE(iQ...,k—i—&-l)) ~ Nng’v’)p(u_“,,ﬂ_m)(Vec(ﬂgl)z_..,k—ﬁl)1:#))7 Ing@ ® Bao. kit 1)(12.k-i41))s
i=1,2,... k
where
¢
p? \ n
(0) o (0)
Ko k—it1) = H> o
Pa2. k—it+1) X1
¢
[J,](gzi+1 }Pkfwrl
Further, we define
¢ ¢
o X§1) T ng‘)
‘ ) )
X(12...,k—i+1)(12...i) =1 : : 5
(©) )
Xk—i-i—l,l U Xk—i—i—l,i
() 1 0%
L2 k—it1)(12...0) N0 X(12..4,k—z‘+1)(12.‘.¢)1N]if_>l_+1>
k—i+1
5O _ 1 x© x©®
(2 k=it1)(12.9) ~ 3B (12... k—i+1)(12...) <> (12... k—i+1)(12...1)
k—i+1
© =0 (0 .
- Nk—i—i—lw(lQ...,k—i—i—l)(lZ..i)m(lZ...,k—i—l—l)(lQ...i)}7 i=12,...k,
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E(E)
E(é) . ( (12...,k—i+1)( ) }p(12...,i71)
12... k—i+1)(12..5) — (0 )
( +1)( ) T, }pi

2. k—i+1)i
Pa2...,i—1) Di
() (0
(0) (S ; S ; Pazoicl) .
S(12...,ki+1)(12...i)—<sgz sk—i+1)(12...4),11 S(;)z Jk—i+1)(12 >} 12. 1’ i=2.3.. .k
(12...,k—i+1)(12...4),21 (12...,k—i+1)(12...9) }Pz

where N,g )z+1 Z?;jﬂ ng-e).

Then, a test statistic for the hypothesis
Hy:pW =p@ vs. Hy gD £ p®
is given by
k
Qumr = @1 + ZRz‘, (11)
=2

where

N]gl) +1N]£2) i+1 (1) (1) (2)

v ? o /\ / ~ ~ .

Qi ENIEY) (2) </’72 ) Anp@(nz —n; ) 1= 1, 2, ey k,
Nk—i+1+Nk—

it+1
1 + de
N( N(Q) . )
Qid = 1k e ZH (EE1)2 E—i+1)(12...,i—1) EE& k—i+1) i ),W_—l'
ek —1 yi— wnk—i4+1)(12...,i—1) k—i+1,11
ng—)i—&—l + Nk—i—H
(1) 72 L
X (w(12...,k—i+1)(12...,i—1) L(12.. k—it+1)(12... 1))7 1=2,3,...,k,
(0 _—(0) A 1
m’' =z s Al = —
1 (12...k)1 D N(1)+N(2)
Al —zO® 1 =(0)
n; L1, k—it+1)i — Wi W.- i+ 1,11 L (12, k—it1)(12...i—1)
~ 1
Aiipt =— o Whit1221, 1=2,3,...,k,
N N
2
_ (0) (0)
Wy _Z<Nk - 1)S(12 k1>
=1
2
¢ ¢ .
Wiit1jq = Z(ng—)i—&—l_ 1)551)2...,k—i+1)(12...z‘),qu J=12q=1,2,
=1

—1 .
Wi—iv1201 =Wi_iz1,22 — Wk7i+1,21Wk,i+1711Wk7i+1,12a i =2,3,...,k.

Then, as with the one-sample problem, we obtain the following theorem.
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Theorem 3

For large v1, the characteristic function of Q) can be ezpanded as

Elexp(itQuzr))] = (1 — 2it)” Py nyj (1—2it)" "7 + O(v;?),

7=0

where

. 1
Y = 6_7,1 + Z k i+1 i1 i J = 07 1727 50,1 = __pl(pl +4)7
(Z] 155) g L S5) 4

1 1 1
By = BYas By = = (1 +2), 7= —sz‘@p(m...,i—l) +pi+4),
1 1 Vi 2
M, 2p (p( )+ )7 Y2, 4p (p + )7 S Vl’ v ;n@ , 1 y 4y sy vy

and s; is a positive constant. Also, the distribution function of Qmk) 15

1< -
Pr(Quer <) = Gy(z) + " Z’YijJrzj(x) +0(1?),
j=0

where G¢(x) is the distribution function of a chi-squared variate with f degrees of freedom.

The derivation of Theorem 3 is provided in the Appendix. From the result of Theorem

3, its upper 100« percentiles can be expanded as

i (0) = () — — {%(&) L= 2@} + o

1 D p+2°P

where X%(a) is the upper 100« percentile of chi-squared distribution with p degrees of

freedom. Therefore, an approximation to the upper 100a percentile of Qi x) is given by

1 2X2([l{) /2
2 p 2
Q o) — ———— — [0 . 12
QM(Z,k)AE( ) Xp( ) v, {"YO 2Xp( ) ( )

As another approximate upper 100a percentile of Qni(2,k), in the same manner as for

the one-sample problem, we propose
C]M(z,k)YKP(Oé) = donh ,V(g’k)(a> (for 1 > p+5), (13)

where F,

P, k>( «) is the upper 100a percentile of F-distribution with p and vy ) degrees
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of freedom,

Qe = O Viok) — 2 S ApGoga k) — 2(p + Q)G%(Zk)
(2,k) 1(2,k) —V(2J<:) » Y(2,k) PG — (p+ Q)G%(Q,k:) )
k
Gix = E[Quer] = E[Q1] + Z E[Ry],
i=2
k k koK
Gy = ElQiien] = BlQI] + D B[R] +2) E[QIE[R]+2) Y E[RIER)],
=2 i=2 =2 j=2
i<
M.p; My _i11pi
E = ) ER’L: ’ 222737 7k7
[Ql] My —p1—3 [ ] My i1 — Pa2..i) — 3
MZ2py(p1 + 2
B! = e
(Mk —P1— 3)(Mk — D1~ 5)
]\42 . i\ Di 2
E[R}] = ciPilPi+2) i=2,3 ...k

(Mk—i—H —Pa2..i) — 3)(Mk—i+1 — Pa2..i) — 5)’
Onozawa et al. (2020) also proposed the approximation qu2z2)ykp(a) for datasets with
two-step monotone missing data patterns. This approximation is based on the approxi-
mation by Yu, Krishnamoorthy and Pannala (2006).

Yu et al. (2006) and Yagi et al. (2023) discussed the simplified T2 statistic for the

two-sample case as given below.
k
Qe =D Qi (14)
i=1

We describe the results of a Monte Carlo simulation executed to compare the tests Qua,r)

and Q) in Section 5.

3.2 Transformed test statistic
In this section, as with the one-sample problem, we consider transformations of Qy(2x)-
The transformed test statistics of Q1 and R; (i = 2,3, ..., k) with Bartlett correction for

the two-sample problem are given by

1
My —ita

1
@i ={1- g9} Quana i = {1
M,
respectively, where M; = 21?:1 NZ@. Thus, as an improvement of Qn2,), We propose

k
Quep = @1+ Z Ry (15)
i—2

15



We note that E[Q;] = p1 + O(M;?), E[R}] = p; + O(M,>_,) and EQyenl =p+
O(M;?). We can also obtain the transformed test statistics of Q1 and R; (i = 2,3,...,k)

with Bartlett-type corrections as follows.

1 1 1
Y, = {Mk - 5(171 +4)} log (1 + le) for M), — §(p1 +2) >0,

1 1
Yin = {Mk—i-H — = D@2....i-1) + Pi + 4)} log (1 + RZ-)
2 My —it1

1 .
for My_;11 — 5(])(12”_71'_1) +p; + 4) >0, i=2.3,...,k.

We note that Pr(Y; < z) = Gy, (z) + O(M;?) and Pr(Yiy < z) = Gy, (2) + O(M > ,).
Then, we propose a transformed test statistic as
k
Yrmer = Y1+ Z Yin. (16)
i=2
Further, from the result of the distribution function of Qw1 given in Theorem 3, we
can propose an exact Bartlett correction QJIF\/[(2,k) and an exact Bartlett-type correction
YIJI(M) of Qwm(2,k), which satisfies E[QI\/I(M)] = p+O(M;?) and Pr(Y}; Mg <) = Gp(z) +
O(M;?), where

1
Qh@m::@*‘ﬁzﬁ)QM@m7 (17)
Y1\J51(2,k) = (Mya + b) log (1 + @, )) (for Mya+b>0), (18)
with
k . .
:‘Z S, (Pa2..i) +3), azp(p+2){2—k_i+1 ppi+2)}
Sj i=1 Zj:l Sj
p+2 1
b= 9 { A pl + 4 _'_ Z k Z+1 ey 21 229(12 ,i—1) +pi+ 4)}
Zj 15j §j
k
1 -1
X {Z k—i+1 pl (pl + 2)} .
i=1 Zj:l J

4 Multivariate pairwise comparisons among mean vec-
tors

In this section, we consider the simultaneous confidence intervals for multivariate pair-

wise comparisons among mean vectors when each dataset has k-step monotone missing

16



observations. Let

p1 p2 Pk—1 Pk

— — =
X X X0 X0\
¢ 0 )
B I B |
X = : : : ) (= 1727' , M

© o :
Xl(czl,l Xl(cll 2| * * }”gfll
Xl(fl) * * }ngf)

For other settings, replace ¢ = 1,2 with { =1,2,...,m in Section 3.1.

In Yagi and Seo (2017), for the case of pairwise multiple comparisons, the simultaneous
confidence intervals for ¢'(u@ — u®), Ve € R* — {0}, 1 < a < b < m with the confidence

level (1 — «) are given by

(p@ —p® e @@ —a®) + (2 (a)cffc)%], Vee RP — {0}, 1<a<b<m,

max

where t2_(«) is the upper 100a percentile of 77

max max?

D= max Q. Q= @ — g (@ %)

max- 1 <a<bh<m

a? (¢ = a,b) is MLE of pu®, T is an estimator of Cov(ﬁ(a) — "), and g is an MLE

2

2 ax(@) is needed to construct

of u® when X is known. Then, the upper percentile t
the approximate simultaneous confidence intervals for pairwise comparisons among mean

vectors. Owing to the difficulty in finding it precisely, Yagi and Seo (2017) gave an

2
max

approximation of ¢2 __(a) by linear interpolation. Also, Yagi, Seo, and Hanusz (2018) gave

2
max

an approximation of t2__(a) by decomposing Q®) = Zle anb) and using the asymptotic

expansion of each term.

In the present work, we propose another new approximation. For 1 < a < b < m, as

with the one-sample and two-sample cases considered in previous sections, we define Ql(\jb)

and consider stochastic expansion of each term, where

k
ab ab ab
W=+ YR,
=2
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where

o - Mtaiten o0 g0yg @ g, i1z,
arrorront i
plan __ Q"
b+ QyY
a b
o NN g e ) Ui
NiZivr T NieZin 7 ’ 7 7
X (5@...,k_i+1)(12..‘,¢_1) - EE%.A.,IC—HD(12‘..,1‘—1))v 1=2,3,...,k,

>0 _( (0 ()

_ = -1 =(0)
¢ = L2, k)1 G = Ty kivty — Uk—it1i1Up i

L12. k—it1)(12....i-1) l{=a,b,

), :MikUk, B, = MkiﬂUk_iH,m.l, =23,k
M, :iNZ@, i=1,2,....k U= f:w,g@_ 1Sy o1
/=1 =1
Uk—i+1,jq:Z(Nige—)i+1_ 1)SE?Q...,k—i-i—l)(12...i),jq’ J=12q=12,
/=1
Ui—iv1201=Uk—_it122 — Uk72'+1,21U;;,li+1,11Uk7i+1,127 1 =2,3,...,k.

If we adopt the same approach as in the two-sample problem, the distribution of Ql(\;l[b)

and the upper 100a percentile of Ql(\‘/}b), guag(a) are given by the following theorem,

and we use quagp(ap) as an approximation to tZ. («), where a, = 2a/{m(m — 1)} and

; ,i=1,2,..., k (using Bonferroni’s inequality).

Theorem 4
For large vy, the characteristic function of Ql(\‘/}b) can be expanded as
2
a 1 1 Nl _
Elexp(itQyi”)] = (1= 2it)"2" + — (1 = 2it) 277 + 007 ?),
n~
7=0
where

k
1 1
Yo = 1 Z [(Z:kTpi@p(m...,i—l) +Di + Qm)} )

j=1 $5)

k k
1 1 1 1
n=3 Z - PilPaz.i-y +m— 1)}7 V2= Z{ o Pi(pi +2) |,
2 i=1 (ijf 7) 4 i=1 (ZJ_1+ S5)
Vi (0
Si=—, V= n;’, 221727 7k7
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and s; is a positive constant. Also, the distribution function of Ql(\jb) 1S given as
12
ab _
PO < 0) = Gyla) + -3 Grvas () + 0017
j=0

where G ¢(x) is the distribution function of a chi-squared variate with f degrees of freedom.

From the result of Theorem 4, its upper 100a percentiles can be expanded as

£(0) = x3(a) - — {%2’(“) L= 2] + oo,

2 D p+27°

where Xf)(oz) is the upper 100« percentile of chi-squared distribution with p degrees of

freedom. Therefore, an approximation to the upper 100«;, percentile of Ql(\ib) is given by

1 2x;() g
2 p 2 2
puselay) = x3(an) - 22 Lo - T, (19

which we use as an approximation to t2, (o). Approximate simultaneous confidence
intervals for comparisons with a control can be obtained by replacing «;, in the previous

discussion with ae, where a. = a/(m — 1).

5 Simulation studies

In this section, we describe the procedure and results of simulations conducted to ex-
amine the accuracy of the proposed approximations and the asymptotic behavior of the
statistics and approximate upper percentiles for one- and two-sample problems. For the
pairwise comparisons, we evaluated the accuracy of the approximate upper percentile
(qmagr(ap)) proposed in Section 4 as an approximation of the upper percentile of T2,

For one-sample and two-sample cases, we computed the upper percentiles of the test
statistics Quma k) in (4) and Qmr) in (11) and the transformed test statistics Q&(Z’k),
Y k), QlTvI(z,k) and Y1\T4(e,k) in Section 2.3 (¢ = 1) and Section 3.2 (¢ = 2) with k-step
monotone missing data by Monte Carlo simulation. The simulation was executed 10°
)(O,Ip ), i = 1,2,...k

times using normal random vectors generated from N,

P@a2...4 (12...4)

for selected parameters. The results of the simulations for the upper percentiles of the
test statistics, their approximations, and their empirical type I errors are provided in the
Tables below. The upper 100 percentiles and empirical type I error rates are denoted as

follows.
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(i) qu is the upper 100a percentile of Qe (¢ = 1 or 2) by simulation, and

QN2
1%6 = Pr(Quer > x,(a)) (£=1or2).

(ii) gmaEk is queerae(a) given in (5) (£ =1) or (12) (¢ = 2), and

OMAE
100

= Pr(Quer) > quemae(e)) (=1 or 2).
(iii) gmkp and guykp are gy ke (a) given in (6) and guiz,kyvke (@) given in (13), respec-
tively. Further,

QMKP

100

QMYKP

100

= Pr(Qmax > qu,pke(a)) and — Pr(Quan > Driapye(@)).

(iv) g3 is the upper 100« percentile of Qa(&k) in (7) (¢ = 1) or (15) (¢ = 2) by simulation,

and
*

@ *
00 = Pr(@ien > x3(@)) (€= or2),

(v) q;(/l is the upper 100« percentile of QIT\/I(K,IC) in (9) (¢ =1) or (17) (¢ = 2) by simulation,

and

and

«
WY“(’)I = Pr(Ymer) > X;(a)) ({=1or?2).

(vii) q;M is the upper 100c percentile of Y&(&k) in (10) ({ = 1) or (18) (¢ = 2) by

simulation, and
.I.

Oy, i
Too = PrMier > x(@) (=T or 2).

Further, we compare these upper percentiles and empirical type I error rates with its
counterparts of the simplified T statistics in Yagi et al. (2019, 2023). To save space, only
¢, qxp (0T qvkp), ¢%, Gy, 042, agp (or aykp), o, and ay are listed, where ¢, ¢*, ¢y are
the upper 100« percentile of Q ), Q&,k)’ Yier (€ =1, or 2) by simulation, respectively.
QZ‘M) and Yy (¢ = 1, or 2) are the test statistics @* and Y proposed by Yagi et al.
(2019, 2023). gkp, gyxp are an approximation to the upper 100a percentile of Q1 in
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(3) given by Krishnamoorthy and Pannala (1999) and Q) in (14) given by Yu et al.
(2006), respectively. Further

*

Q2 2 o % 2 ay 2

100 — Pr(Qery > x,(a)), 100 = Pr(Qlur > x, (), 100 = Pr(Yier > x,(a)), £ =1or 2,
QKPpP QOYKP

— =P > d =P > .

100 T(Q(l,k) QKP), an 100 T(Q(z,k) C]YKP)

Tables 1-4 present the results in the case of k =3,5;¢=1,2withp; =2,i =1,2,... k.
It may be noted from the tables that the value of ¢y;, converged to the upper percentile
of the chi-squared limiting distribution very rapidly. In addition, the values of gukp and
guykp were very good approximations for most cases. In particular, for £ = 1,2, Yy,
became conservative when the sample size was very small, whereas Yyi(, ) exhibited very
good approximation accuracy even when the sample size was very small. The values of
QMy2; OMAE, OMKP (0T oaviykp), Qi oleVI, Qyy, a{,M, a2, agp (or aykp), o, and ay in
each row of Tables 1-4 that are closest to 5 are in bold. We experimented with several
other parameters, and found similar trends, which are not listed here for brevity.

For pairwise comparisons, random numbers were generated from a normal distribution
as in the one- and two-sample problems. In Table 5, for & = 0.05, k = 3, (p1,p2,p3) =
(2,2,2), n\V =nl = ... =pl™ = n; i =1,2,3, m = 3,6,10, ny = 10(10)100, 200, 400,

ne = ny/2, ng = ngy, the upper percentiles are denoted as follows.

i. Gmax() is the upper 100« percentile of T2, by simulation.

max

ii. qon(ap) is the simulated upper 100a, percentile of the Q@ statistic by simulation.
iii. gmar(ap) is given in (19).

iv. gar(ap) and gyst(ay,) are approximate upper percentile points of 72, proposed in

Yagi et al. (2018) and Yagi and Seo (2017), respectively.

In each row of Table 5, among gmar(®p), ¢gar(ay), and gysw(ay), the conservative values
and those closest t0 gmax(«) values are shown in bold. When m = 3, the approximation
accuracy of gysr (o) was good when the sample size was quite small, and the approx-
imation accuracy of gag(ap,) was good for slightly larger sample sizes. It can be seen
that the approximation accuracy of guar(ap) was good for larger sample sizes. When
m = 6, 10, the approximation accuracy of gysr(c,) and gag(a;) was good when the sam-

ple size was relatively small, and the approximation accuracy of gyar(a;) was good when
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the sample size was slightly larger. We also conducted numerical experiments for other
parameters, but overall, we found the proposed approximate upper percentile gag (o)
to be conservative, and it exhibited good approximation accuracy for reasonably large

sample sizes.

Table 1: Upper percentiles of test statistics and empirical type I errors
for a one-sample case with (p1,p2,p3) = (2,2,2) and « = 0.05.

n1M2=n3 M GMAE  MKP a qf:/[ vy qI/M q gKP q* qy

(oniy2) (amap) (anxp) (o) (o) (avy) (@) (a2) (axp)  (a)  (ay)
15 7 21.81 17.26 22.49 13.63 14.95 12.57 13.69 29.26 29.37 12.36 11.86

(22.38) (10.26) (4.52) (6.60) (854) (4.97) (6.91) (31.52) (4.95) (4.70) ( 3.87)
20 10 18.06 16.05 18.23 13.30 13.85 12.60 13.11 21.73 21.42 13.06 12.45
(15.88) (7.63) (4.83) (6.17) (7.05) (5.02) (594) (21.89) (524) (5.70) (4.76)
30 15 15.62 14.90 15.67 13.00 13.19 12.58 12.78 17.36 17.08 13.09 12.66
(11.09) (6.06) (4.94) (5.71) (6.04) (4.99) (534) (14.39) (5.32) (5.81) (5.12)
40 20 14.70 14.32 14.72 12.89  12.99 12.60 12.69 15.83 15.60 13.00 12.70
(9.17) (5.58) (4.98) (553) (569) (5.01) (519) (11.39) (5.29) (5.71) (5.19)
50 25 14.21 13.98 14.21 12.83  12.89 12.60 12.66 15.03 14.85 12.94 12.69
(815) (5.37) (5.00) (5.42) (5.52) (5.01) (5.12) (9.78) (5.25) (5.60) (5.18)
100 50 13.32 13.28 13.34 12.69 12.70 12.58 12.59 13.67 13.60 12.76 12.65
(6.39) (5.06) (4.97) (5.18) (5.19) (498) (5.00) (7.06) (511) (5.30) (5.11)
200 100 12.95 12.94 12.95 12.65 12.65 12.60 12.60 13.12 13.07 12.69 12.63
(5.68) (5.03) (5.01) (5.11) (511) (5.01) (5.01) (6.00) (5.08) (5.18) (5.08)
400 200 12.75 12.76 12.77 12.60 12.60 12.58 12.58 12.83 12.83 12.62 12.60
(5.29) (4.98) (4.97) (5.02) (5.02) (4.97) (4.98) (543) (5.01) (5.06) (5.01)
800 400 12.68 12.68 12.68 12.60 12.60 12.59 12.59 12.71 12.71 12.61 12.60
(5.15) (4.99) (4.99) (5.02) (5.02) (4.99) (4.99) (5.22) (5.01) (5.03) (5.01)
15 15 20.84 16.63 21.65 13.45 15.13 12.58 14.03 27.79 28.34 12.09 11.77
(20.29) (110.00) (4.43) (6.39) (8.86) (4.98) (7.46) (29.30) (4.74) (4.31) (3.70)
20 20 17.47 15.62 17.69 13.19 13.88 12.60 13.25 20.79 20.79 12.83 12.33
(14.58) (7.49) (4.77) (5.99) (7.12) (5.01) (6.16) (20.33) (5.00) (5.37) (4.57)
30 30 15.28 14.61 15.33 1294 13.18 12.59 12.83 16.83 16.69 12.94 12.58
(10.33) (5.99) (4.93) (561) (6.02) (4.99) (5.44) (13.39) (5.16) (5.58) (4.98)
40 40 14.46 14.11 14.47 12.85 12.97 12.59 12.72 15.46 15.32 12.90 12.64
(8.61) (554) (4.98) (5.45) (5.66) (5.00) (5.24) (10.63) (5.19) (5.53) (5.08)
50 50 14.00 13.80 14.02 12.78  12.85 12.59 12.66 14.73 14.63 12.84 12.64
(7.75) (5.33) (4.97) (5.34) (547) (4.99) (5.13) (9.23) (5.15) (545) (5.09)
100 100 13.24 13.20 13.25 12.67 12.69 12.58 12.60 13.55 13.50 12.72 12.62
(6.21) (5.06) (4.98) (515) (5.18) (4.97) (5.01) (6.81) (5.08) (523) (5.05)
200 200 12.91 12.89 12.91 12.64 12.64 12.59 12.60 13.05 13.02 12.66 12.62
(5.59) (5.02) (5.00) (5.09) (509) (5.00) (5.01) (585) (5.05) (5.13) (5.05)
400 400 12.74 12.74 12.75 12.60 12.61 12.58 12.59 12.80 12.80 12.62 12.60
(5.27) (4.99) (4.98) (5.03) (5.03) (498) (4.99) (5.40) (5.01) (5.05) (5.01)
800 800 12.68 12.67 12.67 12.61 12.61 12.60 12.60 12.71 12.69 12.62 12.61
(5.16) (5.02) (5.02) (5.04) (5.04) (5.02) (5.02) (5.22) (5.03) (5.05) (5.03)
15 30 20.26 16.11 21.06 13.35 15.40 12.59 14.41 26.88 27.61 11.87 11.67
(18.74) (9.95) (4.42) (6.20) (9.18) (4.99) (8.02) (27.55) (4.66) (3.98) (3.55)
20 40 17.00 15.23 17.25 13.09 13.94 12.59 13.40 20.11 20.28 12.65 12.24
(1356) (7.44) (4.73) (5.85) (7.23) (5.00) (6.44) (18.99) (4.86) (5.09) (4.41)
30 60 14.97 14.35 15.05 12.89 13.18 12.60 12.88 16.38 16.35 12.83 12.54
(9.67) (596) (4.90) (5.51) (6.03) (5.01) (5.54) (12.48) (5.04) (5.40) (4.90)
40 80 14.23 13.91 14.26 12.79  12.95 12.58 12.74 15.12 15.07 12.80 12.57
(819) (5.52) (4.95) (5.36) (5.64) (4.98) (529) (9.98) (5.07) (5.35) (4.97)
50 100 13.85 13.65 13.86 12.76  12.85 12.60 12.69 14.50 14.44 12.78 12.61
(7.44) (5.33) (4.99) (5.30) (547) (5.03) (5.18) (8.74) (5.10) (5.33) (5.03)
100 200 13.14 13.12 13.17 12.64 12.66 12.57 12.59 13.40 13.40 12.67 12.59
(6.03) (5.03) (4.95) (5.09) (5.13) (4.95) (4.99) (6.56) (5.00) (5.14) (5.00)
200 400 12.86 12.86 12.87 12.62  12.63 12.58 12.59 12.98 12.97 12.63 12.60
(5.50) (5.00) (4.98) (5.05) (507) (4.98) (5.00) (5.74) (5.01) (5.08) (5.01)
400 800 12.72 12.72 12.73 12.61 12.61 12.59 12.59 12.79 12.78 12.62 12.60
(5.24) (5.00) (5.00) (5.03) (5.04) (5.00) (5.00) (5.35) (5.01) (5.04) (5.01)
800 1600 12.66 12.66 12.66 12.60 12.60 12.59 12.59 12.69 12.68 12.61 12.60
(5.12) (5.01) (5.01) (5.02) (5.02) (5.00) (5.01) (5.17) (5.01) (5.03) (5.01)
Note. x2(0.05) = 12.59.



Table 2: Upper percentiles of test statistics and empirical type I errors
for a one-sample case with (p1, p2,p3, p4,p5) = (2,2,2,2,2) and a = 0.05.

nyne=---=n5 qM qMAE ~ gMKP 0, ’11]:/1 Qv qTYM q qKP q* qy
(oniy2) (omap) (anxp) (k) (ad)  (avy) () )  (oy2) (axp) (0*)  (ay)
18 9 33.59 24.30 35.23 19.42 23.74 18.33 22.12 57.29 58.40 14.70 15.44
(30.80) (14.69) (4.19) (6.53) (12.07) (5.08) (10.53) (50.48) (4.75) (1.90) ( 2.06)
20 10 29.92 23.70 30.74 19.22 22.02 18.32 20.87 45.70 45.93 16.06 16.37
(25.91) (12.03) (4.48) (6.31) (10.15) (5.02) (887) (43.11) (4.92) (2.72) (2.78)
30 15 23.79 21.90 23.84 18.82 19.60 18.33 19.09 29.17 28.50 18.41 17.99
(15.18) (7.39) (4.95) (5.77) (6.93) (5.04) (6.21) (24.41) (552) (5.12) (4.57)
40 20 21.87 21.00 21.92 18.63 18.98 18.28 18.65 24.99 24.52 18.63 18.30
(11.48) (6.14) (4.93) (547) (6.02) (4.97) (552) (17.26) (5.46) (5.44) (4.98)
50 25 21.00 20.46 21.00 18.57 18.78 18.31 18.52 23.18 22.78 18.68 18.41
(9.75) (5.73) (4.99) (539) (573) (5.01) (5.34) (13.81) (5.44) (5.52) (5.15)
100 50 19.49 19.39 19.50 18.42 18.46 18.30 18.34 20.35 20.18 18.54 18.41
(6.97) (5.15) (4.98) (5.16) (523) (4.98) (5.05) (849) (5.23) (5.34) (5.15)
200 100 18.87 18.85 18.87 18.36 18.37 18.30 18.31 19.25 19.18 18.43 18.37
(591) (5.03) (5.00) (5.08) (5.10) (4.99) (5.01) (6.56) (5.12) (5.19) (5.11)
400 200 18.59 18.58 18.58 18.35 18.35 18.31 18.32 18.78 18.73 18.38 18.35
(5.45) (5.03) (5.02) (506) (5.07) (5.01) (5.02) (575) (5.08) (5.12) (5.07)
800 400 18.43 18.44 18.44 18.31 18.31 18.29 18.29 18.52 18.51 18.33 18.31
(520) (4.98) (4.98) (5.00) (5.00) (4.98) (4.98) (5.34) (5.01) (5.03) (5.01)
18 18 31.90 23.26 33.73 19.19 24.11 18.31 22.78 53.84 55.72 14.77 15.57
(26.93) (14.14) (4.10) (6.24) (1250) (5.00) (11.29) (45.93) (4.59) (1.80) (2.10)
20 20 28.53 22.77 29.42 19.02 22.27 18.31 21.33 42.86 43.86 15.93 16.36
(22.63) (11.55) (4.41) (6.05) (10.41) (5.00) (9.40) (38.96) (4.67) (2.50) (2.71)
30 30 22.92 21.28 23.05 18.69 19.56 18.29 19.17 27.54 27.34 18.16 17.86
(13.39) (7.14) (486) (556) (6.88) (4.98) (6.32) (21.47) (5.16) (4.80) (4.38)
40 40 21.32 20.54 21.36 18.57 18.98 18.30 18.72 23.95 23.70 18.45 18.19
(10.37) (6.08) (495) (5.39) (6.03) (4.99) (564) (1527) (5.26) (5.21) (4.83)
50 50 20.56 20.09 20.57 18.53 18.76 18.32 18.56 22.42 22.16 18.54 18.33
(892) (5.66) (4.99) (534) (569) (5.02) (5.39) (12.31) (5.30) (5.35) (5.03)
100 100 19.31 19.20 19.30 18.41 18.46 18.31 18.37 20.01 19.90 18.47 18.37
(6.66) (5.16) (5.01) (5.16) (523) (5.01) (5.00) (7.91) (516) (5.26) (5.11)
200 200 18.76 18.75 18.78 18.34 18.35 18.30 18.30 19.08 19.04 18.39 18.34
(5.73) (5.01) (4.98) (505) (5.06) (498) (5.00) (625) (5.06) (5.12) (5.05)
400 400 18.53 18.53 18.54 18.33 18.33 18.31 18.31 18.68 18.66 18.35 18.33
(536) (5.01) (5.00) (5.03) (5.04) (5.00) (5.00) (5.60) (5.04) (5.07) (5.03)
800 800 18.41 18.42 18.42 18.31 18.31 18.29 18.29 18.48 18.48 18.32 18.31
(5.15) (4.98) (4.98) (5.00) (5.00) (4.98) (4.98) (5.27) (5.00) (5.02) (5.00)
18 36 30.74 22.40 32.70 19.03 24.51 18.29 23.42 51.73 53.87 14.72 15.59
(24.22) (113.89) (4.05) (6.01) (12.88) (4.98) (11.94) (42.58) (4.53) (1.63) (2.05)
20 40 27.55 21.99 28.51 18.90 22.52 18.28 21.77 41.16 42.43 15.77 16.32
(2021) (11.41) (4.36) (5.85) (10.74) (4.97) (9.95) (35.58) (4.58) (2.27) (2.62)
30 60 22.34 20.76 22.45 18.63 19.62 18.32 19.31 26.45 26.48 18.00 17.80
(12.10) (7.08) (4.88) (5.50) (6.95) (5.02) (6.52) (19.24) (4.98) (4.58) (4.27)
40 80 20.89 20.15 20.93 18.54 18.99 18.33 18.78 23.18 23.07 18.34 18.14
(9.49) (6.04) (4.96) (535) (6.05) (5.03) (5.75) (13.71) (5.12) (5.06) (4.75)
50 100 20.18 19.78 20.23 18.44 18.71 18.28 18.55 21.73 21.66 18.37 18.21
(820) (556) (4.93) (520) (5.62) (4.96) (5.38) (11.07) (5.08) (5.10) (4.85)
100 200 19.17 19.04 19.14 18.41 18.47 18.33 18.40 19.76 19.66 18.44 18.35
(6.39) (5.19) (5.05) (5.16) (526) (5.04) (514) (7.40) (5.14) (5.20) (5.07)
200 400 18.70 18.68 18.70 18.34 18.36 18.31 18.32 18.97 18.93 18.37 18.33
(5.63) (5.04) (5.00) (5.06) (5.08) (5.00) (5.02) (6.07) (5.05) (5.09) (5.04)
400 800 18.49 18.49 18.50 18.32 18.32 18.30 18.31 18.62 18.60 18.34 18.32
(529) (5.00) (5.00) (5.02) (503) (499) (5.00) (549) (5.02) (5.04) (5.02)
800 1600 18.42 18.40 18.40 18.33 18.33 18.32 18.32 18.48 18.45 18.34 18.33
(5.17) (5.03) (5.03) (504) (5.04) (5.02) (5.03) (5.25) (5.03) (5.04) (5.03)

Note. x3,(0.05) = 18.31.
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Table 3: Upper percentiles of test statistics and empirical type I errors

for a two-sample case with (p1,p2,ps3) = (2,2,2) and a = 0.05.
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Table 4: Upper percentiles of test statistics and empirical type I errors

for a two-sample case with (p1,p2, ps3, pa,05) = (2,2,2,2,2) and « = 0.05.
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Note. x3,(0.05)
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Table 5: Simulated and approximate values for pairwise comparisons with (p1,pa,p3) = (2,2, 2)

and a = 0.05.

ni n2=n3 gmax () qBon (@) qmaE(ap) qag(ap) gysw(op) Xz (ap)

m=3
10 5 23.77 24.48 19.36 20.28 23.74 15.51
20 10 18.47 18.88 17.44 17.89 18.74 15.51
30 15 17.21 17.56 16.79 17.10 17.52 15.51
40 20 16.67 16.99 16.47 16.70 16.97 15.51
50 25 16.36 16.67 16.28 16.46 16.65 15.51
60 30 16.17 16.46 16.15 16.30 16.45 15.51
70 35 16.05 16.35 16.06 16.19 16.31 15.51
80 40 15.92 16.19 15.99 16.10 16.20 15.51
90 45 15.83 16.08 15.93 16.04 16.12 15.51
100 50 15.78 16.08 15.89 15.98 16.06 15.51
200 100 15.50 15.78 15.70 15.74 15.78 15.51
400 200 15.38 15.63 15.60 15.63 15.64 15.51
800 400 15.31 15.54 15.55 15.57 15.57 15.51

m==06
10 5 24.90 25.89 22.92 23.50 25.60 19.55
20 10 21.56 22.12 21.23 21.52 22.15 19.55
30 15 20.67 21.21 20.67 20.87 21.21 19.55
40 20 20.23 20.75 20.39 20.54 20.77 19.55
50 25 20.02 20.54 20.22 20.34 20.51 19.55
60 30 19.85 20.33 20.11 20.21 20.34 19.55
70 35 19.72 20.17 20.03 20.11 20.23 19.55
80 40 19.68 20.10 19.97 20.04 20.14 19.55
90 45 19.59 20.03 19.92 19.99 20.07 19.55
100 50 19.55 20.06 19.88 19.94 20.02 19.55
200 100 19.33 19.82 19.72 19.74 19.78 19.55
400 200 19.20 19.58 19.63 19.65 19.66 19.55
800 400 19.18 19.59 19.59 19.60 19.60 19.55

m =10
10 5 26.31 27.12 25.26 25.65 27.16 22.21
20 10 23.76 24.33 23.73 23.93 24.42 22.21
30 15 23.02 23.58 23.22 23.35 23.63 22.21
40 20 22.66 23.26 22.97 23.07 23.26 22.21
50 25 22.48 23.02 22.82 22.89 23.04 22.21
60 30 22.33 22.87 22.71 22.78 22.90 22.21
70 35 22.24 22.71 22.64 22.70 22.80 22.21
80 40 22.18 22.70 22.59 22.64 22.72 22.21
90 45 22.15 22.63 22.54 22.59 22.66 22.21
100 50 22.07 22.58 22.51 22.55 22.62 22.21
200 100 21.90 22.37 22.36 22.38 22.41 22.21
400 200 21.81 22.40 22.28 22.29 22.31 22.21
800 400 21.75 22.30 22.24 22.25 22.26 22.21

Note. o, =2-0.05/{m(m —1)}.

6 Power comparison

In this section, we show the results of a numerical power comparison of the test using
statistic (1) Qmer), (i) Yamer), (iil) Qe k), and (iv) Y(ex) with three-step monotone missing
data pattern for one-sample and two-sample cases (k = 3;¢ = 1,2). The powers of (i), (ii),

(iii), and (iv) were compared using corresponding simulated upper 100a percentiles under
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the null distribution for some parameter settings. As in the simulation detailed in the
previous section, the simulation was executed 10° times using standard normal random
vectors. The powers were computed with various values of §; = pip,; (i = 1,2,3) for the
one-sample problem and §; = (ugl) — ugz))/( 51) — ugz)) (¢ = 1,2,3) for the two-sample
problem. Simulations for power computation of ((22) and Y(22) were conducted by Yagi
et al. (2023), and we also experimented in the same manner. Tables 6 and 7 show the
power of four tests for one- and two-sample cases, respectively, for (p1,p2,p3) = (2,2,2)
and a = 0.05. From Table 6, it may be observed that the power of Y(; 3y was high when
0y = 03 = 0. Further, when 0, = d3 = 0, it may be observed that the power of Y(; 3) was
high when the value of d, was small, and the power of Yy 3) was high when the value of
02 was large. Furthermore, when 6; = d; = 0, it may be noted that the powers of Qni(1,3)

and ()1 3) were almost equal and high. The results for the two-sample problem are shown

in Table 7, and the same tendency as that of the one-sample problem was observed.
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Table 6: Power comparison of (i), (ii), (iii), and (iv) for the one-sample problem.

o1 02 d3 () (ii) (iii) (iv)
(nl, na, TLg) = (20, 10, 10)
0.0100 0 0 0.0588  0.0644  0.0582 0.0659
0.0625 0 0 0.1245 0.1610 0.1161 0.1717
0.2500 0 0 0.4774  0.5800 0.4266 0.6041
0.5625 0 0 0.8900 0.9357  0.8475 0.9435
1.0000 0 0 0.9948  0.9980 0.9895 0.9983
1.5625 0 0 1.0000 1.0000 0.9999 1.0000
2.2500 0 0 1.0000 1.0000 1.0000 1.0000
0 0.0100 0 0.0579  0.0595 0.0577 0.0600
0 0.0625 0 0.1079  0.1181 0.1039 0.1204
0 0.2500 0 0.3662 0.3964  0.3382 0.3998
0 0.5625 0 0.7599 0.7825 0.7195 0.7814
0 1.0000 0 0.9640 0.9687 09493 0.9678
0 1.5625 0 0.9981 0.9984 09966  0.9983
0 2.2500 0 1.0000 1.0000 0.9999 1.0000
0 3.0625 0 1.0000 1.0000 1.0000 1.0000
0 0 0.0100 0.0570 0.0546 0.0570 0.0536
0 0 0.0625 0.0957 0.0808 0.0947 0.0721
0 0 0.2500 0.2699 0.2019 0.2647  0.1575
0 0 0.5625 0.5642 0.4368 0.5568  0.3320
0 0 1.0000 0.8297 0.7094 0.8271 0.5742
0 0 1.5625 0.9584 0.8973 0.9600 0.7976
0 0 2.2500 0.9934 0.9755 0.9947 0.9316
0 0 3.0625 0.9992 0.9959 0.9996 0.9841
0 0 4.0000 0.9999 0.9995 1.0000 0.9975
0 0 5.0625 1.0000 0.9999 1.0000 0.9997
(nl, na, ng) = (30, 15, 15)
0.0100 0 0 0.0687 0.0734  0.0673 0.0747
0.0625 0 0 0.2049 0.2366 0.1932 0.2444
0.2500 0 0 0.7628 0.8056  0.7327 0.8128
0.5625 0 0 0.9919 0.9948  0.9886 0.9951
1.0000 0 0 1.0000 1.0000 1.0000 1.0000
0 0.0100 0 0.0650  0.0668  0.0644 0.0662
0 0.0625 0 0.1633 0.1699 0.1584 0.1714
0 0.2500 0 0.6130 0.6224 0.5912 0.6195
0 0.5625 0 0.9548 0.9560 0.9465 0.9541
0 1.0000 0 0.9992 0.9992 0.9988  0.9991
0 1.5625 0 1.0000 1.0000 1.0000 1.0000
0 0 0.0100 0.0612  0.0589 0.0613 0.0579
0 0 0.0625 0.1295 0.1124 0.1301 0.1037
0 0 0.2500 0.4337 0.3637 0.4332  0.3225
0 0 0.5625 0.8149  0.7409 0.8150 0.6865
0 0 1.0000 0.9759  0.9530 0.9767 0.9310
0 0 1.5625 0.9989  0.9967 0.9991 0.9940
0 0 2.2500 1.0000 0.9999 1.0000 0.9998
0 0 3.0625 1.0000 1.0000 1.0000 1.0000

Note. The highest value of each row is shown in bold.
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Table 7: Power comparison of (i), (ii), (iii), and (iv) for the two-sample problem.

o1 d2 d3 () (ii) (iii) (iv)
(n$? n n{?y = (20,10,10), £ = 1,2

0.0100 0 0 0.0565  0.0576 0.0563 0.0582
0.0625 0 0 0.0947  0.1031  0.0927 0.1052
0.2500 0 0 0.2869  0.3183 0.2746 0.3246
0.5625 0 0 0.6332 0.6728 0.6109 0.6787
1.0000 0 0 0.9048  0.9228 0.8915 0.9248
1.5625 0 0 0.9894  0.9924  0.9867 0.9926
2.2500 0 0 0.9995 0.9997 09993 0.9997
3.0625 0 0 1.0000 1.0000 1.0000 1.0000
0 0.0100 0 0.0545 0.0550 0.0544  0.0549
0 0.0625 0 0.0838 0.0859  0.0831 0.0863
0 0.2500 0 0.2217 0.2281 0.2159  0.2280
0 0.5625 0 0.4938 0.5019 0.4805 0.4995
0 1.0000 0 0.7850 0.7895 0.7712  0.7856
0 1.5625 0 0.9486 0.9497 0.9421 0.9475
0 2.2500 0 0.9934 0.9935 0.9921 0.9931
0 3.0625 0 0.9996 0.9996 0.9994  0.9995
0 4.0000 0 1.0000 1.0000 1.0000 1.0000
0 0 0.0100 0.0535 0.0527 0.0534  0.0524
0 0 0.0625 0.0742  0.0699 0.0745 0.0680
0 0 0.2500 0.1647  0.1444 0.1655 0.1354
0 0 0.5625 0.3428  0.2962 0.3435 0.2738
0 0 1.0000 0.5853  0.5197 0.5856 0.4851
0 0 1.5625 0.8039 0.7464 0.8043 0.7116
0 0 2.2500 0.9343 0.9015 0.9346 0.8798
0 0 3.0625 0.9850 0.9733 0.9855 0.9645
0 0 4.0000 0.9977  0.9949 0.9978 0.9927
0 0 5.0625 0.9998 0.9994 0.9998 0.9990
0 0 6.2500 1.0000 0.9999 1.0000 0.9999
(ngé),ng),ny)) = (30,15,15), £ = 1,2
0.0100 0 0 0.0608  0.0620 0.0604 0.0622
0.0625 0 0 0.1284  0.1364 0.1258 0.1380
0.2500 0 0 0.4593  0.4833 0.4473 0.4868
0.5625 0 0 0.8596  0.8740 0.8496 0.8751
1.0000 0 0 0.9897 0.9916 0.9881 0.9916
1.5625 0 0 0.9998 0.9999 0.9998 0.9999
2.2500 0 0 1.0000 1.0000 1.0000 1.0000
0 0.0100 0 0.0581 0.0583 0.0580 0.0585
0 0.0625 0 0.1080  0.1093 0.1071 0.1096
0 0.2500 0 0.3491 0.3523 0.3433 0.3511
0 0.5625 0 0.7255 0.7272 0.7170  0.7241
0 1.0000 0 0.9498 0.9498 0.9464 0.9484
0 1.5625 0 0.9968 0.9967 0.9963  0.9965
0 2.2500 0 0.9999 0.9999 0.9999 0.9999
0 3.0625 0 1.0000 1.0000 1.0000 1.0000
0 0 0.0100 0.0554  0.0546 0.0555 0.0544
0 0 0.0625 0.0886  0.0836 0.0891 0.0819
0 0 0.2500 0.2402 0.218 0.2418 0.2099
0 0 0.5625 0.5231 0.4822 0.5245 0.4640
0 0 1.0000 0.8075 0.7711 0.8084 0.7536
0 0 1.5625 0.9559  0.9407 0.9562 0.9326
0 0 2.2500 0.9947 0.9916 0.9948 0.9899
0 0 3.0625 0.9997 0.9994 0.9997 0.9992
0 0 4.0000 1.0000 1.0000 1.0000 1.0000

Note. The highest value of each row is shown in bold.
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7 Concluding remarks

In this paper, we have considered the problems of testing for a mean vector and testing
the equality of two mean vectors with monotone missing data. We proposed new test
statistics similar to the simplified Hotelling’s T%-type test statistic for one- and two-sample
problems under general-step monotone missing data, approximate upper percentiles of this
new statistics by asymptotic expansion, and transformed test statistics based on Bartlett
adjustment. The results of Monte Carlo simulation show that the proposed transformed
test statistics Yamex) (€ = 1,2) were useful even for very small sample sizes. We have
also presented approximate simultaneous confidence intervals for pairwise comparisons
among mean vectors. We have given an approximation of the upper percentile, which is
necessary when constructing approximate simultaneous confidence intervals for pairwise
comparisons, and we have also evaluated the accuracy of the approximation by Monte
Carlo simulation. The proposed approach was found to be useful for reasonably large

sample sizes.
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Appendix

A.1. Proof of Theorem 1 and Theorem 2

We consider the case of k-step monotone missing data (Theorem 2). As the distribution
of Qi(i = 1,2,...,k) is given in Yagi et al. (2019), Quax = @1 + Zf:2 R; and R; =
Qi(1+ Qi)' (1=2,3,...,k) (from (4)), in essence, we need only focus on (1 + Qq)".
Let

_ 1 _ 1
L(12..k—i+1)(12...5—1) = ﬁz(lz...,iq), L(12... k—it+1)i = ﬁzm
1

S12.. k—it1)(12..4) = Ip(12mi) + Wv(lzmi)

Then, assigning

P@2...,i-1) p;

‘/'(12 Z,): Vll V12 }p(12...,z‘71)
V21 V22 }pi ’

and letting z(12. ;1) = z1 and z; = 29, Qi(1 = 2,3,...,k) is expanded as follows (see

Yagi et al. (2019)).

1 1 _3
i =2529 + A+ Ay + Op(N, 2 10),
Qi =232 YR A p(Ne2i1)
where
Al = — 22/2V2121 — ZIQVQQZQ,

Ag :2(2/2V21V11251 + Z/2V22V2121) + Z;V12V21Z1 + 2/222 —+ Z/2V21V12Z2 + ZIQVEQZQ.

Given that (14 Qq) " is expanded as

1 _3
(1+Qu)™ =1 = =iz + 0N 50),

we can expand R;(= Q;(1 + Q;q)™') as follows.

1 1 _3
VNi—i1 Ni_it1 (A2 = z1212522) + Op(Ni 5 1)-

Therefore, the characteristic function of R; can be expressed as

!/
R =252 +

Elexp(itR;)] =E[exp(itQ;)] — itE |2 212522 exp(itzhzs) | + O (N %)

k—i+1
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and

Elexp(1tQ); = u 2P 4 iU —2Pii 4 O ; i=2,3,...,k,
[exp(it Q)] N ZHZBJ (NZi),
where v = 1 — 2¢t and

1 1
Boi = —=Di (Pi +4pa2..i-1) + 2)7 Bri = P(i2...i-1)Pi, Bo;i = pz(pz +2).

4
When ¢ =1,
2
1 .
Elexp(it@4)] = w4 — Zﬁj AL O(N ),
Ny, = ’
where
1
Bor=—-pi(p1 +2), Bi1=0, Ba1=—Fo1
4
Furthermore,

/ / N / -1 i_l
E|ziz12529 eXp(ZtZQZQ):| = paz..i—npu 2P

Thus, the characteristic function of R;(i = 2,3,... k) is

1
Elexp(itR;)| =u 2pl+ 3P + O
lexp(it ;)] N vy Z% (N2 z+1)

where
1 1 1
Yoi =~ Pi (219(12...,2‘—1) +pi+ 2), My = 5Pa2.i=)Ph V2 = Zpi(pi +2).
Because ()1 and R;(i = 2,3,..., k) are mutually independent, the characteristic function

of @m( k) can be obtained by computing

Elexp(itQwm1k))] = Elexp(itQ1)] H Elexp(itR;)].

Then, inverting this, we obtain the distribution function of QM(M). For Theorem 1, the

proof can be obtained by setting k£ = 3. O]

A.2. Proof of Theorem 3 and Theorem 4

Consider the proof of Theorem 4. For 1 < a < b < m, we first consider anb). Let

1
Eg)z k)1 l-l’(le)—i_ z?), (=ab(l1<a<b<m)
N(Z
¢ 1 ¢
Sglé...k)lzIm"‘—zvg), (=1,2,...,m
NO -1



b)

Under p(® = p®, we can expand Q" as

a 1 1 m 2
Qg ? =z121 — —mZ£V1Z1 + N, (zllvle + 7z'1z1> + Op(N ?),

where

1 m
_ (_Tal )( 1 @__1 (b)) v =N Vo
= (ram A TR ) Vi v

N©O
TZZ%’ €:1a27"'7m’ Nlil):N]“ TZZT[
Nk /=1

We note that z; ~ N, (0, I'). Therefore, the characteristic function of anb) can be written

as

Elexp(itQ\™)] =Elexp(itz21)] +

1
\/ME [(—it)z’lVlzl exp(itz’lzl)]
1
+ F{E [itzﬁV%zl exp(itz’lzl)] +E [z’t%z’lzl exp(itz’lzl)]
k

3

i E[%(it)Q(zllvlzl)Q exp(itz'lzl)] } + O(N,, %),
where i = v/—1. Using the expectations described in Yagi et al. (2023, p.516), we obtain
E[exp(ithab))] —uTP 4 — Zﬁg T O(N;?),

where u = 1 — 2it and

1 1 1
Boa = _Epl(pl +2m), P = §p1<m —1), Bo1 = 4—7,171(271 +2).

Next, we consider R\ (i =2,3,...,k). Let

(

—(0) (0 1 (0

L. k—it1)(12..,i-1) — P@2..,i-1) n Z(12...i—1)

k—it1
1
Blipiry =M+ ===, [=ab(1<a<b<m)
Nk i+1
() _ 1 @) _

St k—irnaz.sy = Ipasy T Too Vi £=12,...,

\ NpZipn =1

As with the one-sample problem, we divide V(12 ;) as follows.

P@2...,i-1) p;

£) 0)
V(Z) _ V§1 V }P(m Li—1)
12...4 :
o vl v i
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Then, under ' = u®, we can expand anb) (1=2,3,...,k) as

1 1 s
anb) =z 2+ By + B, + 0O ]
w VN1 P N p(Ne i)
where
By = =220V 121 — 2,V2s,
By = 2(25VauVinizi + 25V Var21) + 21 Vs V21 + 25V Vinzy
m
+ Ezéz? + zl2V§2Z27
o _( qap )2( 1 L@ _Lz(b) >
L Qo + Qb \/% (12...,i-1) \/% (12...i-1) |
z_(QaQb >2< 1 L@ 1zb))
2 = R
qa + Qb Va Vb
P@12...,i-1) p;
S qe S |
V. Z \/_V 12 i)’ V. = ( Vi Vi >}p(12w—1>7
! Vo Vi ) o
and
N}ge). . " .
QK: (1_)7«+ s E:l 2 m Nk i+l Nk—’i+17 q:qu
NeZiia —

We note that z; ~ NN

P@a2...,i—1)

Q" (i =2,3,...,k) can be written as

(0,I) and z3 ~ N,,(0,I). The characteristic function of

Elexp(itQ\"")]

1
= Elexp(itzhz2)] +

VNL—iv1
E |:it{2(z/2V21V1121 —+ Z/2V22V2121) + Z/1V12V2121

E |:(—’it)<2Z,2V21Z1 + z/2V22z2) exp(itzgzg)]

+

k—i+1

+ Z2V21V1222 -+ —2222 + 22V 222} exp(itz'QZQ)

1, .
+ §(lt> {4(,2/2‘/2121) + 4(Z,2V21Z1>(Z,2V22Z2) + (Z/2V22z2)2} exp(ztzgzg)}

w

+ O( k— H—l)

After some calculations using the expectations described in Yagi et al. (2023, p.518),

we obtain the characteristic function of anb) as

2
| |
S B L O(N2,)), =23, k,

E[exp(it@l(-ab))] — 2P +
Ni—it1 =
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where

1 1
Boi = —4—qpi(4p(12..‘,¢—1) +pi+2m), P = q pi(2paa..ic1) +m — 1),
1
Bai = —pi(pi +2).

4q
Further, B (= Q" (1 + Q\%"”)~1) can be expanded as

1 1 1 3
R™ =2lzy + ——B) + ———(By — ~2,212}25) + O
2t R T N 2 T 22+ 0N

Therefore, the characteristic function of Rz(ab) can be expressed as

Elexp(itR\"")] =Eexp(itQ\"")] —

1 1 .
k_intaE[z'lzlz'ng exp(itzhz2) | +O(N, 2. y).

Thus, as with the one-sample problem case, the characteristic function of Rl(ab)

2

1
Elexp ztR( —y 3P 4 § U ~3Pi=i 4 O Z
[ ( )] Ne i1 < V3, ( . +1)
where
! (2 +pi+2 ) ! (pi+m—1) L (i +2)
i = — 7 Pi i— i m/, i = 5 eyi— i T — 1), i — 7 Pi\Pi .
o, 4qp P@2...i-1) TP M, 2qP(12 i—1) D V2, 4qp p

Because E[exp(thM )] = Eexp(itQ\")] [T-, Elexp(itR\“")], we can obtain the char-
acteristic function and distribution function of Q%\Z}(ﬂ,k)- For Theorem 3, the proof can be

obtained by setting m = 2. O
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