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Abstract

A sample measure of multivariate kurtosis under monotone missing
data is provided. To test a multivariate normality on the three-step
monotone missing data, test statistics based on multivariate kurtosis are
proposed by the evaluation of the expectation and variance of the sample
measure of multivariate kurtosis. Finally, the normal approximation for
the null distribution of the test statistics is investigated by a Monte Carlo
simulation.
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1 Introduction

The statistical hypothesis testing problem of multivariate normality (MVN) is an im-
portant and difficult problem, and many statistical procedures have been proposed by
many authors (for example, see Henze and Zirkler (1990), Thode (2002), Farrel et al.
(2007), Kollo (2008), Hanusz et al. (2018)). In this paper, we consider the test statistics
used in MVN tests base on multivariate kurtosis, which are defined by Mardia (1970).
The measure of multivariate kurtosis is defines as 82, = E[{(z — pu)"S ' (z — p)}?,
where « be a random vector from a p-variate distribution with expectation g and non-
singular covariance matrix 3, and a subscript T denotes a transpose. Then the sample
measure of multivariate kurtosis is defines as by, = N ™! Zfil{(wl —x) S (x; — x))?,
where @1, ..., &y be observations (a random sample of N) from a p-variate distribution,
Z=N'YN @ and § = N"'SV (x; — F)(x;, — ). In addition, note that multi-
variate kurtosis has other definitions (see, Srivastava (1984), Koziol (1989), Miyagawa et
al. (2011) and so on). The Mardia’s multivariate sample kurtosis has been applied as a
kurtosis test statistic for an MVN test using the expectation and variance of by, under
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multivariate normality. Mardia (1970, 1974) proposed the test statistics Zy = (ba, —
p(p+2))/v/8p(p+2)/N and Z5; = (bap — pna) /om where pg = p(p+2)(N — 1) /(N + 1)
and 03 = 8p(p +2)(N —3)(N —p— (N —p+ 1)/((N + 1)*(N + 3)(N +5)). Note
that the null distributions of Zy; and Z3; are asymptotically a standard normal distribu-
tion. In addition, Henze (1994) discussed the asymptotic distribution of Mardia’s kurtosis
test statistic under nonnormality. An MVN test using a normalizing transformation for
Mardia’s multivariate kurtosis and its improvement were recently given by Enomoto et
al. (2020) and Kurita et al. (2022, 2023). A test for multivariate kurtosis with two-step
monotone missing data was discussed by Yamada et al. (2015) and Kurita and Seo (2022).
In this paper, we give a new definition of multivariate sample measure of kurtosis with
general monotone missing data. Furthermore, we give results for the test statistic and its
null distribution in the case of three-step monotone missing data. Tests of the mean vec-
tors or the covariance matrix were discussed by Hao and Krishnamoorthy (2001), Tsukada
(2014), and Yagi et al. (2019), and so on. By decomposing the multivariate kurtosis, the
sample analogue of multivariate kurtosis with general step monotone missing data can be
defined. After a greate deal of calculation, we derive asymptotic results of the expectation
and the variance under three-step monotone missing data using a perturbation method.
For the perturbation method described in this paper, see Kawasaki and Seo (2016) and
Kawasaki et al. (2018). The rest of this paper is organized as follows. In section 2, we give
the definition of multivariate sample kurtosis for the case of three-step monotone missing
data, as well as the definition of multivariate sample kurtosis for the general case. In
Section 3, we derive the expectation and variance of the sample measure of multivariate
kurtosis in the case of three-step monotone missing data. Using the above results, we
give three test statistics. In Section 4, some simulation results for three-step monotone
missing data are presented to investigate the accuracy of the normal approximation of
the test statistics. Finally, some concluding remarks are given in Section 5.

2 Measure of multivariate sample kurtosis with three-step mono-
tone missing data

Let @1, ...,xN, be N; p-variate random sample vectors, T(12) N 41, -, T(12),N,4+N, De No
(p1 + po)-variate random sample vectors and let @1 n,+n,+1,.-.,Z1n be N3 pi-variate
random sample vectors. Such a dataset has three-step monotone missing data:
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where N = N; + Ny + N3, p = p1 +ps +p3 and “*” indicates a missing observation. Let

@; = (x];, @y, 25;)", i =1,..., N be arandom vector from a p-variate distribution with
expectation p and nonsingular covariance matrix 33, and let x(12); = (aleZ, xy;) ', i = N+
1,..., Ny + Ny be a random vector from a (p; + pe)-variate distribution with expectation
H2) and nonsingular covariance matrix ¥ (i)12). Furthermore, let @y ;, 1 = Ny + Ny +
1,...,N be a random vector from a p;-variate distribution with expectation g, and

nonsingular covariance matrix 3;;,where the decomposition of g and X are
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respectively. Then the sample measure of multivariate kurtosis in the case of three-step
monotone missing data can be defined as
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and
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We note that fty, 311, Hay, Z22.1, Ha.1p, and Xgs.q2 are MLEs of py, 311, pyq, B4, B3,
and 33319, respectively, where

a1 = Mo — B X7y, Mo = Hy — 23(12)2(112)(12)111(12)7
o1 = By — T X' o, Bigiz = Mgz — 23(12)2(_112)(12)2(12)3-

The MLEs of p and X for three-step monotone missing data under multivariate normal

distribution are given by Kanda and Fujikoshi (1998). In this paper, we use the following
definition as a notation.
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where 71, 5 and 73 are constants such that Ny = 7N, No =N, N3=m1N,0< 1 <1,
0 <71 < 1and 0 < 73 < 1.Therefore, the MLEs in (2), (3) and (4) are given by
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In general, we may give the definition in the case of k-step monotone missing data,
that is,
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and for j =2,... k,

* I S m
Uj,i = Uj.1._,j_1,i = (ilfj.1...j—1,i - #’j~1...j71)—r2jj~1...j—1(wj'l---j—lvi - ”j-l...j71)7
~ ~—1
Lj1.5—1,0 — Lji — Ej(l...j 1)2(1 G- 5—1)TA..5-1)i
TR THED R S A TR

A~ ~

2ot = 2j5 — Sjjon) S (Lo j= 1) (Lo 1) (L. j—1)j

The above notation is not simple; for example, U;; for k = 4 is expressed using the
following notations for ; and MLEs of p and 3.
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Note that this result for £ = 2 coincides with the definition for the two-step case given

in Kurita and Seo (2022), and this result for the three-step case coincides with (1). In
the next section, we give the expectation and variance of by, p,p, under multivariate
normality.

3 Test statistics for multivariate kurtosis

In this section, we proposed three test statistics with three-step monotone missing data,
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Note that these test statistics are asymptotically distributed as N(0,1). In order to

derive Zﬁl)v[, Zﬁﬁ and Zl%)\;f*, we consider the first and second moments of by ;,, ,, p, Under
multivariate normality. Using the Mardia (1974)’s result, we have

N -1

E[RY)] = 2) . 8
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Since a discussion of the exact theory is not easy, we give the asymptotic expansion.

We give asymptotic expansions of E[R§3)], j = 2,3 and E[Rﬁ)], 1 <j <k <3 using

the perturbation expansion method, where N; — oo, Ny — oo and N3 — oo with

T1 (: Nl/N) — 61 € (0,1), To (: NQ/N) — 52 € (0,1) and T3 (: N3/N) — 53 € (0,1)



As a result, we obtain
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See Appendix A for details of the derivation.The above results can be obtained by using
the results of the case of two-step monotone missing data. Therefore, the expectation of
bQ,m P2,P3 is given by

0(3) 3

E[bQ,m,m,ps] = p(p + 2) - W + O(Niﬁ)a

where

1 1
® = 2{191 (p1 +2)+ 7_21?2(2101 +p2+2) + 771173(2]91 + 2p2 + p3 + 2)}

71
From this result, as an approximation, we have
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Next, we consider the variance of b, ,, ps, Which is given by
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The variances of Rf’) and Rﬁ) also provide asymptotic results using the same method as
the derivation of the expectation. To summarize these results, variances are given by
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respectively. See Appendix B.2 for details of the derivation. Noting that the covariances

between R](g) and Rﬁ), 1 <j < k<3, are O(N—3/2), the variance of by, , p, 1S given by
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Because the exact variance is given as in (?7) for Rg ), as another approximation, we have

8

Var[blpl,pz,ps] = V12 + (7_1 + TQ)N

p2{2p1 + p2 + T3p1P2 —p% + 2}

8
+ mp:&{?pl + 2ps + p3 + (1 — 71)p1ps + paps + 2}(_ (V(g))2)7 (22)
1

where

(N=3)(N=pi — (N —pi1 +1)
(N +1)2(N 4+ 3)(N +5)

vi = 8pi(p1 + 2)

4 Simulation studies
In this section, the normal approximation for the three test statistics Z](\j)M, Zj(\j)ﬂtf and

Z](S)A’}* in Section 3 is assessed based on a Monte Carlo simulation. For the simulations,
1,000,000 experiments were conducted for certain combinations of parameters. The pa-
rameter settings for the simulation are (p1,p2,p3) =(2, 2, 2), (2, 2, 4), (2, 4, 2), (3, 3,
3), (5, 5, 5), (8, 2, 2), (8, 4, 2) for the dimensions and (Ny, Ny, N3) = (m,n,l), m =20,
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30, 40, 50, 100, 200, 400, 1000, n =10, 20, I =10, 20 for the sample sizes with three-step
monotone missing data. First, Table 1 list the simulated values and theoretical values for
the expectation and variance of by, p, p,. For the theoretical results, two approximations
for the expectation are given. It can be seen from Table 1 that the simulated values and
approximated values converge to p(p + 2), and in particular, the approximate values of
mf)) and mg?’) are highly accurate for all cases. Regarding the variance, Table 1 show that
the simulated values and approximated values of the variance multiplied by N converges
to 8p(p + 2) as N; increases. N(v®)2? is good approximation for the majority of cases.
Next, as shown in Table 2, the empirical expectation, variance, skewness, and kurtosis of
the test statistics, Z](S[)M, ZJ(\S})]C} and Z](S)]\Z* are given. From Table 2, we can see that as
the sample size increases, the expectation, variance, skewness, and kurtosis of any test
statistics converge the corresponding values of the standard normal distribution of 0, 1,
0, and 3, respectively. In particular, it can be seen that the empirical expectation and
variance of Zj(\j)](}* converge to 0 and 1 more quickly than those of ZJ(SI)M and Zj(\j)j}, re-
spectively. Finally, in Table 3, we give upper and lower percentiles and type I error for
the three test statistics, where z(«/2) is the upper 100(«/2) percentile of the standard
normal distribution, o = 0.05. From the results in Table 3, we can see that the empirical
type I errors of test statistics are closer to 0.05, and upper and lower percentiles of test
statistics are closer to 1.96 and —1.96 as N; increases. In particular, it can be seen that

the empirical type I errors of Z](Z)M are closer to standard normal distribution than the

those of Z](S)M and Z](\%Z in most cases. On the other hand, type I error of Z](S)M may be

closer to 0.05 than the others. However, the expectation and variance of Z](\?[)M are far from

(

0 and 1, and upper and lower percentiles also far from 1.96 and —1.96, then the Z ]\3)M is
not necessarily better normal approximation. It can be seen that this result follows the
same trend as Mardia’s Z); and Z;, for the complete data in Enomoto et al. (2020).

5 Conclusion

In this paper, we defined a new sample measure of multivariate kurtosis when the type
of data has three-step and k-step monotone pattern of missing observations. This defi-
nition is based on Mardia’s multivariate kurtosis, and we considered its sample version
by decomposing the multivariate kurtosis. We then developed test statistics for an MVN
test under three-step monotone missing data by asymptotically evaluating the expecta-
tion and variance using an asymptotic expansion procedure. In particular, in first term
of the decomposition of multivariate kurtosis, we also provide the exact expectation and
variance in their sample version. Hence, it was possible to give the test statistic (ZSI)\Z*)
with a better approximation even when the sample size is moderately small. A future
problem will involve extending the method to cases with more than a four-step monotone
pattern and deriving a normalizing transformation statistic for the test statistic given in
this paper.
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Table 1: Expectations and variances of by, p, », Where m§3) and my~ are approximate

values of E[by, p,ps) given in (14) and (15), respectively. For the variance, (¢(¥)? is an
asymptotic variance of NVar[by ,, »,p,) in (21) , and N(v®))? is an approximate variance
in (22) multiplied by N.

(3)
2

Simulation Approximation
3 3
Ni Ny Ny Blbopipops] NVarlbap pope]  mi®  mi (0@ Ne®)
(p1,p2,p3) =(2,2,2)

20 10 10 44.33 352.61 44.13 44.14 746.67 724.69
30 10 10 45.37 361.91 45.28 45.29 629.34 611.02
40 10 10 45.95 368.20 45.89 45.90 569.60 553.91
50 10 10 46.31 370.27  46.28 46.28 533.33 519.61
100 10 10 47.10 377.13  47.10 47.10 459.64 451.21
200 10 10 47.54 380.61 47.53 47.54 422.09 417.35
400 10 10 47.76 382.18 47.76  47.76 403.12 400.59
1000 10 10 47.91 382.60 47.90 47.90 391.67 390.61
20 20 10 44.67 452.17 44.48 44.49 896.00 877.69
30 20 10 45.57 437.67 4549 45.50 729.60 713.91
40 20 10 46.09 428.34 46.04 46.04 645.33 631.61
50 20 10 46.41 423.23 46.38 46.39 594.29 582.10
100 20 10 47.14 406.55 47.13 47.13 490.67 482.85
200 20 10 47.55 396.95 47.55 47.55 437.82 433.27
400 20 10 47.77 390.20 47.77  47.77 411.05 408.57
1000 20 10 47.91 386.73 4791 47.91 394.85 393.81
20 10 20 44.41 494.61 44.21 44.22 949.34 931.02
30 10 20 45.42 479.14 4533 45.34 768.00 752.31
40 10 20 45.98 463.47 4593 45.93 675.20 661.48
50 10 20 46.34 453.87 46.31 46.31 618.67 606.48
100 10 20 47.11 426.25 47.11 47.11 503.27 495.45
200 10 20 47.54 407.16  47.54 47.54 444.19 439.64
400 10 20 47.77 395.83 47.76  47.76 414.24 411.77
1000 10 20 47.91 389.09 47.90 47.90 396.13 395.09
20 20 20 44.72 585.53 44.53 44.54  1088.00 1072.31
30 20 20 45.62 548.56  45.53 45.53 861.87 848.14
40 20 20 46.11 520.45 46.07 46.07 746.67 734.48
50 20 20 46.44 502.97 46.41 46.41 676.57 665.61
100 20 20 47.15 454.69 47.14 47.14 533.33 526.04
200 20 20 47.55 423.54 47.55 47.55 459.64 455.27
400 20 20 47.77 405.10 47.77 4777 422.10 419.67
1000 20 20 47.91 392.00 4791 47.91 399.31 398.27
(pl » D2, p3) :(47272)

20 10 10 74.29 530.06 74.00 74.03 1173.33 1094.46
30 10 10 75.85 551.04 75.71 75.73  1002.67 936.53
40 10 10 76.73 567.06 76.64 76.65 915.20 858.30
50 10 10 77.29 9T7.4T  T7.23  77.24 861.87 811.96
100 10 10 78.54 605.00 78.52 78.53 752.87 722.00
200 10 10 79.24 620.54 79.23 79.23 696.99 679.50
400 10 10 79.61 630.19 79.61 79.61 668.64 659.27
1000 10 10 79.84 634.50 79.84 79.84 651.49 647.58
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Table 1:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

Simulation Approximation
E[b2p1 pops] N Var(bap, ps ps] m(13) mgg) (0(3))2 N(V(S))Q
(plap27p3) :(472a2)
74.92 674.39 74.64 74.66 1376.00 1309.87
76.24 664.36 76.11 76.12 1139.20 1082.30
76.99 657.87 76.91 76.92 1018.67 968.76
77.49 652.19 77.43 77.44 945.37 900.93
78.60 645.49 78.59 78.59 795.73 767.05
79.26 640.70 79.25 79.25 718.84 702.07
79.62 641.90 79.61 79.61 679.70 670.54
79.84 639.09 79.84 79.84 655.95 652.07
74.53 773.08 74.24 74.26 1482.67 1416.53
76.00 747.10 75.87 75.88 1216.00 1159.10
76.84 731.65 76.75 76.76 1078.40 1028.49
77.37 718.80 77.32 77.33 994.14 949.70
78.57 686.43 78.55 78.56 820.95 792.26
79.25 664.20 79.24 79.24 731.58 714.81
79.61 651.66 79.61 79.61 686.09 676.93
79.84 644.90 79.84 79.84 658.51 654.63
75.07 898.87 74.80 74.81 1664.00 1607.10
76.35 841.32 76.22 76.23 1339.73 1289.82
77.08 809.61 77.00 77.01  1173.34 1128.90
77.55 785.36 77.50 77.51  1071.54 1031.50
78.63 722.85 78.62 78.62 861.87 835.09
79.26 684.48 79.26 79.26 752.87 736.77
79.62 663.81 79.62 79.62 696.99 688.04
79.84 650.50 79.84 79.84 662.94 659.10
(p17p27p3) :(87272)

157.05 830.16 156.53 156.63  2218.67 1876.56
159.85 911.82 159.60 159.66 1941.34 1651.06
161.49 975.52 161.33 161.38 1798.40 1546.67
162.56 1022.34 162.46 162.49 1710.93 1488.88
165.01 1145.61 164.98 164.99 1531.34 1392.02
166.42 1230.95 166.41 166.42 1438.78 1359.12
167.18 1281.62 167.18 167.19 1391.69 1348.81
167.67 1319.60 167.67 167.67 1363.15 1345.18
158.46 1087.18 158.00 158.06  2528.00 2237.72
160.76 1110.16  160.53 160.58  2150.40 1898.68
162.12 1135.21 161.98 162.01 1957.33 1735.28
163.03 1154.22 162.94 162.96 1839.54 1640.98
165.18 1218.26  165.14 165.15 1597.87 1468.25
166.47 1270.20 166.46 166.46 1472.87 1396.49
167.20 1302.44 167.20 167.20 1408.99 1367.08
167.67 1323.86 167.67 167.67 1370.14 1352.34
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Table 1:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

Simulation Approximation
E[b2p1 pops] N Var(bap, ps ps] m(13) mgg) (0(3))2 N(V(S))Q
(plap27p3) :(872a2)
157.85 1283.25 157.33 157.40 2741.34 2451.06
160.38 1273.31 160.13 160.18  2304.00 2052.28
161.87 1278.92 161.71 161.75  2076.80 1854.75
162.85 1279.42 162.75 162.77  1937.06 1738.51
165.11 1296.80 165.08 165.09  1648.30 1518.66
166.45 1316.24 166.44 166.45 1498.36 1421.98
167.19 1326.85 167.19 167.19 1421.77 1379.87
167.67 1334.20 167.67 167.67  1375.26 1357.46
158.99 1495.12 158.53 158.58  3008.00 2756.27
161.14 1441.82 160.91 160.95 2487.46 2265.42
162.40 1414.02 162.27 162.29 2218.66 2020.11
163.25 1393.92 163.16 163.18  2053.49 1873.97
165.25 1360.54 165.23 165.24 1710.94 1589.74
166.50 1346.56 166.49 166.49 1531.35 1457.98
167.21 1343.45 167.21 167.21 1438.78 1397.80
167.67 1345.87 167.67 167.67  1382.20 1364.57
(p17p27p3) :(87472)
209.23 1163.29 208.53 208.63 3157.33 2815.23
213.01 1264.72 212.67 212.73 2746.67 2456.39
215.22 1336.67 215.01 215.06 2528.00 2276.27
216.67 1395.49 216.54 216.57 2391.47 2169.41
219.99 1553.17 219.95 219.96 2103.85 1964.53
221.88 1653.29 221.88 221.88 1951.39 1871.73
222.91 1722.71 22291 22291 1872.62 1829.75
223.56 1762.72 223.56 223.56 1824.48 1806.51
211.39 1448.93 210.80 210.86 3440.00 3149.72
214.36 1482.64 214.08 214.12 2944.00 2692.27
216.16 1520.62 215.98 216.01 2682.67 2460.61
217.37 1551.30 217.25 217.27 2519.77 2321.22
220.22 1632.66 220.18 220.19 2174.94 2045.30
221.95 1698.96 221.94 221.95 1989.53 1913.14
222.93 1741.81 222.93 222.93 1892.49 1850.59
223.56 1773.13 223.56 223.56 1832.65 1814.85
210.03 1967.41 209.33 209.40 4106.67 3816.39
213.55 1919.93 213.20 213.24 3424.00 3172.27
215.60 1893.89 215.39 215.43  3056.00 2833.95
216.96 1876.23 216.83 216.85  2824.54 2625.98
220.09 1831.78 220.05 220.06  2332.51 2202.89
221.92 1815.26 221.91 221.91 2069.18 1992.80
222.92 1798.47 222.92 222.92 1932.45 1890.54
223.56 1795.30 223.56 223.56 1848.64 1830.85
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Table 1:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

Simulation Approximation
E[b2p1 pops] N Var(bap, ps ps] m(13) mgg) (0(3))2 N(V(S))Q
(plap27p3) :(874a2)
211.93 2148.29 211.33 211.38 4256.00 4004.27
214.75 2066.55 214.46 214.49 3541.34 3319.28
216.44 2016.74 216.27 216.29 3157.34 2958.78
217.59 1986.97 21747 217.49 2914.74 2735.23
220.31 1906.24 220.27 220.28  2391.47 2270.28
221.98 1851.10 221.97 221.98 2103.85 2030.49
222.94 1823.18 222.94 222.94 1951.39 1910.41
223.56 1804.89 223.56 223.56  1856.65 1839.02
(p17p27p3) :(37353)

91.36 752.63 90.95 90.97  1720.00 1674.69
93.54 763.24 93.35 93.36  1418.00 1380.13
94.75 768.71 94.63 94.64  1264.80 1232.28
95.51 774.67 95.43 95.44  1172.00 1143.52
97.15 782.33 97.13 97.13 984.00 966.45
98.04 787.04 98.04 98.04 888.57 878.65
98.51 792.34 98.51 98.51 840.44 835.13
98.80 792.49 98.80 98.80 811.41 809.20
92.05 1007.18 91.65 91.66  2118.00 2080.13
93.96 954.98 93.78 93.79  1684.80 1652.28
95.03 928.36 94.92 94.93  1466.00 1437.52
95.71 905.67 95.64 95.65 1333.71 1308.38
97.21 855.43 97.20 97.20 1066.00 1049.70
98.07 828.63 98.06 98.06 930.00 920.49
98.52 810.13 98.52 98.52 861.29 856.10
98.81 796.77 98.80 98.80 819.79 817.60
91.53 1129.00 91.10 91.11 2228.00 2190.13
93.64 1063.49 93.45 93.46  1764.00 1731.48
94.81 1023.30 94.70 94.71 1527.60 1499.12
95.56 997.99 95.49 95.49  1384.00 1358.66
97.17 911.01 97.15 97.15  1092.00 1075.70
98.05 858.63 98.05 98.05 943.14 933.63
98.52 827.96 98.51 98.51 867.88 862.69
98.80 805.29 98.80 98.80 822.43 820.23
92.15 1355.40 91.75 91.76  2604.00 2571.48
94.03 1241.39 93.85 93.86  2017.60 1989.12
95.08 1166.38 94.98 94.98  1720.00 1694.66
95.76 1114.29 95.68 95.69  1539.43 1516.63
97.23 983.46 97.22 97.22  1172.00 1156.79
98.07 895.28 98.07 98.07 984.00 974.87
98.52 846.52 98.52 98.52 888.57 883.50
98.81 813.34 98.80 98.80 830.78 828.60

14



Table 1:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

Simulation Approximation
E[b2p1 pops] N Var(bap, ps ps] m(13) mgg) (0(3))2 N(V(S))Q
(plap27p3) :(575a5)
235.18 2116.95 234.08 234.13 5346.68 5222.60
240.86 2061.16 240.35 240.38 4263.34 4158.99
243.98 2045.17  243.68 243.70  3716.00 3626.05
245.96 2048.44  245.77  245.78  3385.33 3306.32
250.22 2040.47  250.17 250.18  2717.82 2668.76
252.54 2042.03 252.52 252.52 2380.38 2352.53
253.75 2044.18 253.74 253.74 2210.59 2195.65
254.50 2041.17 254.49 254.49 2108.33 2102.09
236.90 2962.51 235.85 235.88  6830.00 6725.65
241.90 2714.85 241.43 241.45 5256.00 5166.04
244.70 2583.70 244.42 244.43 4463.33 4384.32
246.47 2499.50 246.30 246.31  3985.14 3914.70
250.40 2304.69 250.35 250.35  3020.67 2975.08
252.59 2188.25 252.57 252.57  2532.90 2506.20
253.76 2114.56 253.76 253.76  2287.19 2272.59
254.50 2070.50 254.50 254.50  2139.06 2132.88
235.58 3508.84 234.43 234.46 7113.35 7009.00
241.10 3175.10 240.58 240.60  5460.00 5370.04
244.15 2974.64 243.85 243.86 4622.00 4542.98
246.07 2840.33 245.89 24590 4114.66 4044.23
250.27 2511.68 250.22  250.22 3087.63 3042.04
252.55 2302.97 252.54 252.54  2566.75 2540.05
253.75 2169.69 253.75 253.75  2304.17 2289.57
254.50 2099.73  254.49 25449  2145.86 2139.68
237.15 4261.54 236.08 236.10 8539.98 8450.04
242.09 3750.21 241.60 241.61 6418.66 6339.65
244.82 3468.45 244.54 244.55  5346.66 5276.23
246.58 3268.65 246.39 246.40  4698.29 4634.76
250.43 2773.93 250.38 250.39 3385.34 3342.75
252.60 2438.66 252.59 252.59 2717.81 2692.18
253.77 2249.68 253.76 253.76  2380.38 2366.10
254.50 2127.16  254.50 254.50  2176.53 2170.41
(p17p27p3) :(27472)

74.03 545.69 73.73 73.74  1237.33 1215.35
75.68 570.23 75.55 75.55 1050.67 1032.35
76.62 583.57 76.53 76.54 953.60 937.91
77.21 592.51 77.16 77.16 893.87 880.15
78.52 615.71 78.50 78.50 770.33 761.90
79.23 628.93 79.23 79.23 706.13 701.38
79.61 634.91 79.61 79.61 673.33 670.79
79.84 639.94 79.84 79.84 653.40 652.34
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Table 1:(Continued)

Simulation Approximation
3 3
Ni Ny Ny Elboppops]  NVarlboppp]  mi®  mi? (@2 N@®)
(p1,p2,p3) =(2,4,2)

20 20 10 74.75 687.51 74.48 74.49  1424.00 1405.69
30 20 10 76.13 677.88 76.00 76.00 1177.60 1161.91
40 20 10 76.91 672.64 76.84 76.84 1050.67 1036.95
50 20 10 77.42 667.31 77.38 77.38 972.80 960.61
100 20 10 78.59 655.92  78.57  T78.57 811.73 803.91
200 20 10 79.25 647.74 79.25 79.25 727.56 723.01
400 20 10 79.61 645.56 79.61 79.61 684.27 681.79
1000 20 10 79.84 641.33 79.84 79.84 657.83 656.78
20 10 20 74.13 808.44 73.81 73.82 1610.67 1592.35
30 10 20 75.75 785.02 75.60 75.60 1312.00 1296.31
40 10 20 76.66 765.61 76.57 76.57  1155.20 1141.48
50 10 20 77.24 752.40 7719 77.19  1058.14 1045.94
100 10 20 78.52 708.73 78.51 78.51 855.86 848.04
200 10 20 79.23 679.14 79.23 79.23 749.87 745.32
400 10 20 79.61 661.21 79.61 79.61 695.45 692.98
1000 10 20 79.84 647.33 79.84 79.84 662.31 661.26
20 20 20 74.81 925.14 74.53 74.54  1760.00 1744.31
30 20 20 76.18 876.24 76.04 76.04 1416.53 1402.81
40 20 20 76.94 840.30 76.87 76.87  1237.34 1225.14
50 20 20 77.45 816.63 77.40 77.40 1126.40 1115.43
100 20 20 78.59 748.45 78.58 78.58 893.87 886.57
200 20 20 79.25 700.26  79.25 79.25 770.33 765.96
400 20 20 79.62 669.05 79.61 79.61 706.13 703.71
1000 20 20 79.84 655.51 79.84 79.84 666.70 665.67
(pl » D2, p3) :(27274)

20 10 10 73.31 681.31 72,93 72.94 1578.67 1556.69
30 10 10 75.32 677.00 75.15 75.15 1264.00 1245.69
40 10 10 76.40 672.41 76.29 76.30 1107.20 1091.51
50 10 10 77.06 669.48 77.00 77.00 1013.33 999.61
100 10 10 78.47 658.74 78.46 78.46 826.18 817.76
200 10 10 79.22 650.87 79.21 79.22 732.95 728.20
400 10 10 79.61 645.53 79.60 79.60 686.44 683.90
1000 10 10 79.84 644.04 79.84 79.84 658.57 657.51
20 20 10 73.67 969.05 73.28 73.29  2064.00 2045.69
30 20 10 75.53 895.90 75.36 75.36  1587.20 1571.51
40 20 10 76.53 848.83 76.44 76.44  1349.33 1335.61
50 20 10 77.16 820.22 77.10 T77.11  1206.86 1194.66
100 20 10 78.50 744.40 78.49 78.49 922.67 914.85
200 20 10 79.23 695.28 79.23 79.23 781.09 776.54
400 20 10 79.61 669.76 79.61 79.61 710.48 708.00
1000 20 10 79.84 651.97 79.84 79.84 668.17 667.13
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Table 1:(Continued)

Simulation Approximation
3 3
Ni Ny Ny Elboppops]  NVarlboppp]  mi®  mi? (@2 N@®)
(p1,p2,p3) =(2,2,4)

20 10 20 73.41 980.34 73.01 73.02 2037.34 2019.02
30 10 20 75.37 91241 75.20 75.20 1568.00 1552.31
40 10 20 76.43 868.18 76.33 76.33  1334.40 1320.68
50 10 20 77.10 838.06 77.03 77.03 1194.66 1182.48
100 10 20 78.48 759.08 78.47 78.47 916.36 908.55
200 10 20 79.22 705.74 79.22 79.22 777.90 773.35
400 10 20 79.60 673.07  79.60 79.60 708.88 706.40
1000 10 20 79.84 654.41 79.84 79.84 667.53 666.49
20 20 20 73.72 1263.89 73.33 73.34  2528.00 2512.31
30 20 20 75.57 1131.56 7540 75.40  1894.40 1880.68
40 20 20 76.57 1047.13  76.47 76.47  1578.66 1566.48
50 20 20 77.18 985.58 7713 77.13  1389.72 1378.75
100 20 20 78.52 840.46 78.50 78.50  1013.33 1006.04
200 20 20 79.23 750.63 79.23 79.23 826.18 821.81
400 20 20 79.61 698.36 79.61 79.61 732.95 730.53
1000 20 20 79.84 663.23 79.84 79.84 677.15 676.11

17



Table 2:Expectations, variances, skewness, and kurtosis for the 21(\3)1\47 Z](\j);[, and Z](\f’[);[*
test statistics given in (5), (6), and (7).

Expectation Variance
NN, N ZJ(\Z)M Zj(\j);[ Z](\Z)]\t[ . ZJ(S)M | ZJ(\Z)AZ Zj(\j);[ . Skewness Kurtosis
(p1,p2,p3) =(2,2,2)
20 10 10 -0.849 0.046 0.044 0.472 0.487 0.465 3.392
30 10 10 -0.740 0.026 0.025 0.575 0.592 0.486 3.454
40 10 10 -0.667 0.017 0.016 0.646 0.665 0.485 3.465
50 10 10 -0.611 0.012 0.011 0.694 0.713 0.478 3.465
100 10 10 -0.458 0.004 0.003 0.820 0.836 0.432 3.405
200 10 10 -0.334 0.001 0.001 0.902 0.912 0.343 3.268
400 10 10 -0.240 0.001 0.000 0.948 0.954 0.260 3.145
1000 10 10 -0.153 0.001 0.001 0.977 0.979 0.178 3.072
20 20 10 -0.787 0.045 0.044 0.505 0.515 0.479 3.412
30 20 10 -0.696 0.023 0.022 0.600 0.613 0.484 3.465
40 20 10 -0.630 0.016 0.015 0.664 0.678 0.481 3.456
50 20 10 -0.582 0.011 0.011 0.712 0.727 0.470 3.452
100 20 10 -0.444 0.003 0.003 0.829 0.842 0.420 3.370
200 20 10 -0.327 0.002 0.002 0.907 0.916 0.342 3.252
400 20 10 -0.237 0.002 0.001 0.949 0.955 0.266 3.167
1000 20 10 -0.152 0.001 0.001 0.979 0.982 0.178 3.075
20 10 20 -0.824 0.045 0.044 0.521 0.531 0.452 3.376
30 10 20 -0.720 0.026 0.025 0.624 0.637 0.457 3.405
40 10 20 -0.649 0.017 0.016 0.686 0.701 0.456 3.417
50 10 20 -0.597 0.012 0.011 0.734 0.748 0.450 3.408
100 10 20 -0.451 0.003 0.003 0.847 0.860 0.413 3.378
200 10 20 -0.332 0.001 0.000 0.917 0.926 0.335 3.249
400 10 20 -0.238 0.002 0.002 0.956 0.961 0.263 3.163
1000 10 20 -0.153 0.000 0.000 0.982 0.985 0.171 3.073
20 20 20 -0.770 0.044 0.043 0.538 0.546 0.464 3.401
30 20 20 -0.679 0.025 0.024 0.636 0.647 0.460 3.408
40 20 20 -0.618 0.015 0.014 0.697 0.709 0.458 3.431
50 20 20 -0.570 0.012 0.012 0.743 0.756 0.456 3.446
100 20 20 -0.437 0.004 0.003 0.853 0.864 0.410 3.375
200 20 20 -0.324 0.002 0.002 0.921 0.930 0.336 3.254
400 20 20 -0.237 0.000 0.000 0.960 0.965 0.259 3.143
1000 20 20 -0.153 0.000 0.000 0.982 0.984 0.170 3.074
(p1,p2,p3) =(4,2,2)

20 10 10 -1.054 0.054 0.051 0.452 0.484 0.394 3.258
30 10 10 -0.928 0.031 0.028 0.550 0.588 0.410 3.296
40 10 10 -0.838 0.022 0.019 0.620 0.661 0.418 3.328
50 10 10 -0.773 0.015 0.013 0.670 0.711 0.421 3.349
100 10 10 -0.583 0.006 0.005 0.804 0.838 0.379 3.305
200 10 10 -0.429 0.001 0.001 0.890 0.913 0.307 3.213
400 10 10 -0.309 0.002 0.001 0.942 0.956 0.233 3.115
1000 10 10 -0.199 0.000 0.000 0.974 0.980 0.151 3.052
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Table 2:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

N3

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

Expectation Variance
Zini Zie D Dot Zain Zaing
(p1,p2,p3) =(4,2,2)
-0.969 0.053 0.050 0.490 0.515
-0.863 0.030 0.028 0.583 0.614
-0.789  0.020 0.017 0.646 0.679
-0.731 0.016 0.014 0.690 0.724
-0.565 0.004 0.003 0.811 0.842
-0.421 0.002 0.001 0.891 0.913
-0.305 0.002 0.002 0.944 0.957
-0.198 -0.001 -0.001 0.974 0.980
-1.004 0.054 0.052 0.521 0.546
-0.888 0.030 0.028 0.614 0.645
-0.806  0.021  0.019 0.678 0.711
-0.745 0.015 0.013 0.723 0.757
-0.571 0.004 0.003 0.836 0.866
-0.421 0.003 0.003 0.908 0.929
-0.306  0.002 0.002 0.950 0.963
-0.195 0.003 0.003 0.979 0.985
-0.936 0.051 0.049 0.540 0.559
-0.835 0.028 0.027 0.628 0.652
-0.763  0.020 0.018 0.690 0.717
-0.709 0.015 0.014 0.733 0.761
-0.552  0.005 0.005 0.839 0.866
-0.415 0.002 0.001 0.909 0.929
-0.304 0.001 0.001 0.952 0.965
-0.197  0.000 0.000 0.981 0.987
(p17p27p3) :(872a2)
-1.470 0.070 0.061 0.374 0.442
-1.307 0.041 0.033 0.470 0.552
-1.190 0.028 0.021 0.542 0.631
-1.100 0.020 0.014 0.598 0.687
-0.837 0.008 0.005 0.748 0.823
-0.618 0.003 0.002 0.856 0.906
-0.449 0.000 -0.001 0.921 0.950
-0.289 -0.002 -0.002 0.968 0.981
-1.342  0.064 0.059 0.430 0.486
-1.210 0.037 0.032 0.516 0.585
-1.111  0.027 0.022 0.580 0.654
-1.036 0.019 0.015 0.627 0.703
-0.805 0.010 0.008 0.762 0.830
-0.604 0.004 0.003 0.862 0.910
-0.442 0.001 0.001 0.924 0.953
-0.285 0.001 0.001 0.966 0.979

Skewness

0.407
0.417
0.417
0.409
0.372
0.294
0.230
0.155

0.378
0.387
0.391
0.383
0.358
0.296
0.233
0.153

0.391
0.390
0.390
0.389
0.349
0.295
0.225
0.150

0.348
0.355
0.357
0.359
0.324
0.260
0.197
0.127

0.349
0.357
0.354
0.348
0.314
0.260
0.203
0.133

Kurtosis

3.287
3.319
3.337
3.323
3.289
3.179
3.119
3.058

3.259
3.277
3.290
3.292
3.272
3.201
3.134
3.054

3.272
3.302
3.296
3.309
3.256
3.193
3.108
3.042

3.184
3.199
3.216
3.228
3.198
3.134
3.075
3.029

3.200
3.210
3.223
3.213
3.181
3.143
3.091
3.038
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Table 2:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

N3

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

Expectation Variance
Zini Zie D Dot Zaie Zaing
(p1,p2,p3) =(8,2,2)
-1.371  0.070 0.065 0.468 0.524
-1.230 0.040 0.034 0.553 0.620
-1.126  0.028 0.023 0.616 0.690
-1.048 0.020 0.016 0.660 0.736
-0.811  0.008 0.006 0.787 0.854
-0.607 0.003 0.002 0.878 0.926
-0.443 0.001 0.000 0.933 0.962
-0.285 0.001 0.001 0.970 0.983
-1.272  0.065 0.061 0.497 0.542
-1.152  0.037 0.033 0.580 0.636
-1.063 0.025 0.022 0.637 0.700
-0.994 0.020 0.016 0.679 0.744
-0.785  0.007 0.005 0.795 0.856
-0.594 0.004 0.003 0.879 0.924
-0.438 0.001  0.000 0.934 0.961
-0.284 0.001 0.001 0.974 0.986
(p17p27p3) :(874a2)
-1.662 0.078 0.071 0.368 0.413
-1.483 0.046 0.040 0.460 0.515
-1.353 0.032 0.026 0.529 0.587
-1.253  0.023 0.018 0.584 0.643
-0.959 0.009 0.007 0.738 0.791
-0.710  0.003 0.002 0.847 0.883
-0.516  0.001  0.000 0.920 0.942
-0.331 0.001  0.000 0.966 0.976
-1.521 0.071 0.066 0.421 0.460
-1.376  0.040 0.036 0.504 0.551
-1.267 0.028 0.024 0.567 0.618
-1.182  0.022 0.018 0.616 0.668
-0.925 0.008 0.006 0.751 0.798
-0.696 0.003 0.002 0.854 0.888
-0.512 -0.001 -0.002 0.920 0.941
-0.330  0.000 0.000 0.968 0.977
-1.541  0.077 0.073 0.479 0.516
-1.384 0.046 0.042 0.561 0.605
-1.271  0.031 0.027 0.620 0.668
-1.184 0.023 0.019 0.664 0.714
-0.924 0.009 0.007 0.785 0.832
-0.695 0.003 0.002 0.877 0.911
-0.510 0.001  0.000 0.931 0.951
-0.330 -0.001 -0.001 0.971 0.981

Skewness

0.320
0.326
0.336
0.329
0.307
0.256
0.198
0.127

0.327
0.333
0.332
0.326
0.301
0.243
0.192
0.132

0.279
0.295
0.308
0.312
0.289
0.238
0.189
0.124

0.294
0.303
0.309
0.307
0.284
0.237
0.187
0.127

0.248
0.263
0.273
0.278
0.263
0.229
0.181
0.127

Kurtosis

3.157
3.175
3.188
3.188
3.183
3.126
3.081
3.036

3.174
3.192
3.204
3.196
3.164
3.111
3.070
3.044

3.108
3.131
3.151
3.169
3.147
3.117
3.070
3.038

3.124
3.143
3.161
3.158
3.152
3.107
3.063
3.030

3.089
3.116
3.132
3.133
3.137
3.105
3.066
3.039
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Table 2:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

N3

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

Expectation Variance
Zini Zie D Dot Zai Zaing
(p1,p2,p3) =(8,4,2)
-1.433 0.071 0.067 0.505 0.536
-1.300 0.041 0.038 0.584 0.623
-1.204 0.027 0.024 0.639 0.682
-1.126  0.022 0.019 0.682 0.726
-0.892  0.010 0.008 0.797 0.840
-0.683 0.002 0.001 0.880 0.912
-0.503 0.002 0.001 0.934 0.954
-0.327 0.001  0.001 0.972 0.981
(p1,p2,p3) =(3,3,3)
-1.165 0.063 0.061 0.438 0.449
-1.025 0.036 0.034 0.538 0.553
-0.926 0.025 0.024 0.608 0.624
-0.853 0.019 0.017 0.661 0.677
-0.647 0.006 0.005 0.795 0.809
-0.478 0.000 0.000 0.886 0.896
-0.344  0.000 0.000 0.943 0.949
-0.220 0.001 0.001 0.977 0.979
-1.068 0.061 0.060 0.476 0.484
-0.951 0.034 0.032 0.567 0.578
-0.868 0.023 0.022 0.633 0.646
-0.807 0.015 0.015 0.679 0.692
-0.623  0.005 0.005 0.802 0.815
-0.465 0.003 0.003 0.891 0.900
-0.340  0.000 0.000 0.941 0.946
-0.218 0.001 0.001 0.972 0.975
-1.119 0.064 0.063 0.507 0.515
-0.989 0.035 0.034 0.603 0.614
-0.896 0.024 0.023 0.670 0.683
-0.828 0.018 0.017 0.721 0.735
-0.632  0.007 0.006 0.834 0.847
-0.470 0.001 0.001 0.910 0.920
-0.341 0.001 0.001 0.954 0.960
-0.221 -0.001 -0.001 0.979 0.982
-1.039 0.061 0.060 0.521 0.527
-0.925 0.034 0.033 0.615 0.624
-0.845 0.023 0.022 0.678 0.688
-0.784 0.018 0.017 0.724 0.735
-0.611 0.006 0.006 0.839 0.850
-0.461 0.000 0.000 0.910 0.918
-0.337  0.001  0.001 0.953 0.958
-0.218 0.001 0.001 0.979 0.982

Skewness

0.262
0.272
0.278
0.279
0.267
0.226
0.184
0.127

0.315
0.339
0.353
0.353
0.336
0.281
0.220
0.145

0.334
0.347
0.356
0.352
0.325
0.279
0.216
0.144

0.299
0.311
0.319
0.328
0.312
0.265
0.214
0.152

0.325
0.325
0.327
0.323
0.307
0.257
0.218
0.147

Kurtosis

3.106
3.120
3.143
3.140
3.135
3.102
3.071
3.030

3.167
3.212
3.229
3.238
3.234
3.169
3.109
3.049

3.192
3.224
3.251
3.254
3.218
3.165
3.098
3.039

3.153
3.167
3.206
3.214
3.214
3.160
3.110
3.044

3.196
3.197
3.219
3.223
3.204
3.135
3.113
3.046
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Table 2:(Continued)

Expectation Variance
N N, N Z](\Z)M Z](\%Z Z](\?[)]\Z* Z](\f})M | Z](\Z)]C} Z](;);; Skewness Kurtosis
(p1,p2, p3) =(5,5,5)
20 10 10 -1.714 0.095 0.093 0.396 0.405 0.183 3.045
30 10 10 -1.531 0.055 0.053 0.483 0.496 0.199 3.052
40 10 10 -1.401 0.037 0.035 0.550 0.564 0.216 3.085
50 10 10 -1.300 0.027 0.026 0.605 0.620 0.229 3.092
100 10 10 -1.005 0.009 0.008 0.751 0.765 0.243 3.122
200 10 10 -0.749 0.004 0.003 0.858 0.868 0.221 3.107
400 10 10 -0.545 0.002 0.002 0.925 0.931 0.176 3.059
1000 10 10 -0.351 0.001 0.001 0.968 0.971 0.124 3.026
20 20 10 -1.549 0.090 0.088 0.434 0.440 0.213 3.077
30 20 10 -1.399 0.050 0.048 0.517 0.526 0.214 3.080
40 20 10 -1.290 0.035 0.034 0.579 0.589 0.221 3.090
50 20 10 -1.209 0.024 0.023 0.627 0.638 0.236 3.108
100 20 10 -0.955 0.010 0.010 0.763 0.775 0.241 3.121
200 20 10 -0.727 0.004 0.004 0.864 0.873 0.214 3.092
400 20 10 -0.539 0.000 0.000 0.925 0.930 0.171 3.047
1000 20 10 -0.350 0.000 0.000 0.968 0.971 0.122 3.025
20 10 20 -1.628 0.096 0.094 0.493 0.501 0.180 3.044
30 10 20 -1.457 0.054 0.052 0.582 0.591 0.181 3.058
40 10 20 -1.336 0.037 0.035 0.644 0.655 0.185 3.057
50 10 20 -1.245 0.025 0.024 0.690 0.702 0.193 3.061
100 10 20 -0.971 0.010 0.010 0.813 0.826 0.210 3.088
200 10 20 -0.734 0.003 0.003 0.897 0.907 0.196 3.084
400 10 20 -0.541 0.000 0.000 0.942 0.948 0.168 3.064
1000 10 20 -0.349 0.001 0.001 0.979 0.981 0.117 3.026
20 20 20 -1.496 0.090 0.089 0.499 0.504 0.197 3.062
30 20 20 -1.348 0.051 0.050 0.584 0.592 0.198 3.063
40 20 20 -1.245 0.034 0.033 0.649 0.657 0.203 3.069
50 20 20 -1.166 0.025 0.024 0.696 0.705 0.204 3.078
100 20 20 -0.929 0.010 0.009 0.819 0.830 0.213 3.100
200 20 20 -0.714 0.003 0.003 0.897 0.906 0.197 3.083
400 20 20 -0.531 0.002 0.001 0.945 0.951 0.167 3.057
1000 20 20 -0.348 0.001 0.001 0.977 0.980 0.118 3.028
(p17p27p3) :(2742)

20 10 10 -1.073 0.054 0.053 0.441 0.449 0.349 3.229
30 10 10 -0.942 0.030 0.029 0.543 0.552 0.372 3.257
40 10 10 -0.848 0.022 0.021 0.612 0.622 0.388 3.297
50 10 10 -0.781 0.015 0.014 0.663 0.673 0.397 3.328
100 10 10 -0.585 0.007 0.007 0.799 0.808 0.366 3.289
200 10 10 -0.431 0.001 0.001 0.891 0.897 0.302 3.189
400 10 10 -0.310 0.001 0.001 0.943 0.947 0.233 3.117
1000 10 10 -0.197 0.001 0.001 0.979 0.981 0.150 3.048
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Table 2:(Continued)

Ny

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

20
30
40
50
100
200
400
1000

No

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

N3

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

Expectation Variance
Zini Zie D Dot Zaie Zaing
(p1,p2,p3) =(2,4,2)
-0.984 0.051 0.050 0.483 0.489
-0.874 0.029 0.028 0.576 0.583
-0.798 0.019 0.018 0.640 0.649
-0.739 0.013 0.012 0.686 0.695
-0.566  0.006 0.006 0.808 0.816
-0.423 0.001 0.001 0.890 0.896
-0.306  0.001 0.001 0.943 0.947
-0.198 0.000 0.000 0.975 0.976
-1.035 0.055 0.054 0.502 0.508
-0.909 0.032 0.031 0.598 0.606
-0.822  0.022 0.021 0.663 0.671
-0.759 0.014 0.014 0.711 0.719
-0.576  0.005 0.005 0.828 0.836
-0.425 0.002 0.002 0.906 0.911
-0.308  0.000 0.000 0.951 0.954
-0.199 -0.001 -0.001 0.977 0.979
-0.958 0.051 0.050 0.526 0.530
-0.849 0.031 0.031 0.619 0.625
-0.777 0.019 0.019 0.679 0.686
-0.720 0.015 0.014 0.725 0.732
-0.557  0.005 0.005 0.837 0.844
-0.416 0.003 0.003 0.909 0.914
-0.302  0.003 0.003 0.947 0.951
-0.199 -0.002 -0.002 0.983 0.985
(p17p27p3) :(272a4)
-1.065 0.060 0.058 0.432 0.438
-0.931 0.034 0.033 0.536 0.543
-0.839 0.024 0.023 0.607 0.616
-0.774 0.015 0.015 0.661 0.670
-0.582  0.007 0.006 0.797 0.806
-0.429 0.001 0.001 0.888 0.894
-0.308 0.002 0.002 0.940 0.944
-0.199 -0.001 -0.001 0.978 0.980
-0.985 0.061 0.060 0.470 0.474
-0.868 0.034 0.033 0.564 0.570
-0.790 0.021 0.021 0.629 0.636
-0.731 0.014 0.014 0.680 0.687
-0.562  0.005 0.004 0.807 0.814
-0.419 0.002 0.002 0.890 0.895
-0.305 0.001  0.001 0.943 0.946
-0.196 0.001 0.001 0.976 0.977

Skewness

0.380
0.390
0.397
0.390
0.365
0.298
0.226
0.154

0.332
0.352
0.353
0.361
0.342
0.288
0.223
0.153

0.354
0.358
0.365
0.364
0.336
0.286
0.224
0.156

0.319
0.348
0.359
0.367
0.355
0.299
0.229
0.155

0.344
0.342
0.351
0.358
0.342
0.285
0.223
0.155

Kurtosis

3.274
3.297
3.316
3.319
3.282
3.196
3.108
3.054

3.205
3.247
3.256
3.274
3.254
3.185
3.101
3.051

3.230
3.255
3.270
3.284
3.254
3.179
3.108
3.062

3.170
3.225
3.258
3.270
3.284
3.190
3.112
3.054

3.206
3.215
3.245
3.270
3.253
3.176
3.108
3.058
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Table 2:(Continued)

Expectation Variance
NN, N Z](\Z)M Z](\%Z Z](\?[)]\Z* Z](\?[)M | Z](\Z)]C} Z](;);; Skewness Kurtosis
(p1,p2,p3) =(2,2,4)

20 10 20 -1.033 0.062 0.061 0.481 0.486 0.326 3.194
30 10 20 -0.906 0.033 0.032 0.582 0.588 0.324 3.187
40 10 20 -0.818 0.023 0.022 0.651 0.657 0.342 3.247
50 10 20 -0.751 0.018 0.018 0.702 0.709 0.343 3.250
100 10 20 -0.571 0.007 0.006 0.828 0.835 0.330 3.235
200 10 20 -0.424 0.002 0.002 0.907 0.913 0.286 3.184
400 10 20 -0.308 0.000 0.000 0.949 0.953 0.225 3.117
1000 10 20 -0.197 0.001 0.001 0.980 0.982 0.154 3.054
20 20 20 -0.967 0.060 0.059 0.500 0.503 0.342 3.208
30 20 20 -0.852 0.032 0.032 0.597 0.602 0.340 3.224
40 20 20 -0.772 0.023 0.023 0.663 0.668 0.340 3.225
50 20 20 -0.717 0.015 0.015 0.709 0.715 0.343 3.246
100 20 20 -0.552 0.006 0.006 0.829 0.835 0.324 3.228
200 20 20 -0.413 0.003 0.003 0.909 0.913 0.274 3.169
400 20 20 -0.304 0.000 0.000 0.953 0.956 0.222 3.115
1000 20 20 -0.197 0.000 0.000 0.979 0.981 0.150 3.050
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)*

Table 3:Empirical type I error of the Z](\S’I)M, Z](\E’IM, and Z](\E’I)J\Z* test statistics given in (5),
(6), and (7) for a = 0.05.

Ny

20
30
40
20
100
200
400
1000

20
30
40
30
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

Empirical type I error Percentiles
No Ns Zyhe Ziy Zaing Zyin Zyini Zyins
Lower Upper Lower Upper Lower Upper
(p17p27p3) :(27272)
10 10 0.037 0.008 0.009 -2.056  0.65 -1.15 1.54 -1.17  1.56
10 10 0.039 0.013 0.015 -2.06  0.91 -1.29  1.68 -1.31  1.70
10 10 0.040 0.018 0.019 -2.06  1.09 -1.38  1.77 -1.40  1.79
10 10 0.041 0.021 0.022 -2.06  1.20 -1.44  1.83 -1.46  1.85
10 10 0.044 0.031 0.032 -2.06  1.49 -1.59  1.96 -1.61  1.97
10 10 0.047 0.039 0.040 -2.04  1.68 -1.71  2.01 -1.72 2.02
10 10 0.048 0.044 0.045 -2.03  1.79 -1.79  2.03 -1.79  2.04
10 10 0.049 0.047 0.047 -2.01  1.87 -1.86  2.02 -1.86  2.02
20 10 0.033 0.010 0.010 -2.02  0.76 -1.19  1.60 -1.20 1.61
20 10 0.037 0.015 0.016 -2.04  0.99 -1.32 1.71 -1.34  1.73
20 10 0.039 0.019 0.020 -2.06 1.14 -1.40  1.79 -1.42  1.81
20 10 0.040 0.022 0.023 -2.06  1.25 -1.46 1.84 -1.48  1.86
20 10 0.044 0.032 0.033 -2.06  1.52 -1.61  1.96 -1.62  1.98
20 10 0.046 0.039 0.040 -2.04  1.68 -1.71  2.01 -1.72 2.02
20 10 0.048 0.044 0.045 -2.03  1.79 -1.79  2.03 -1.80  2.04
20 10 0.049 0.047 0.048 -2.01  1.87 -1.86  2.02 -1.86  2.03
10 20 0.043 0.010 0.011 -2.08 0.74 -1.22 1.61 -1.23  1.62
10 20 0.044 0.016 0.017 -2.10  0.99 -1.35  1.74 -1.37  1.76
10 20 0.045 0.020 0.022 -2.10  1.14 -1.43  1.81 -1.45  1.83
10 20 0.046 0.024 0.025 -2.10  1.26 -1.49  1.87 -1.51  1.88
10 20 0.047 0.033 0.034 -2.08  1.52 -1.63  1.98 -1.64  1.99
10 20 0.048 0.040 0.041 -2.06  1.69 -1.73  2.03 -1.74  2.04
10 20 0.049 0.044 0.045 -2.03  1.80 -1.79  2.04 -1.80  2.04
10 20 0.050 0.048 0.048 -2.02  1.87 -1.86  2.02 -1.87  2.03
20 20 0.037 0.011 0.012 -2.06  0.82 -1.23  1.64 -1.24  1.65
20 20 0.041 0.017 0.018 -2.07  1.05 -1.37  1.75 -1.38  1.77
20 20 0.043 0.021 0.022 -2.08 1.19 -1.45  1.82 -1.46 1.84
20 20 0.044 0.024 0.025 -2.08  1.29 -1.50  1.88 -1.51  1.89
20 20 0.047 0.034 0.035 -2.08 1.54 -1.64  1.98 -1.65  2.00
20 20 0.048 0.041 0.042 -2.06  1.70 -1.73  2.03 -1.74  2.04
20 20 0.049 0.045 0.046 -2.04  1.80 -1.80  2.04 -1.81 2.04
20 20 0.050 0.048 0.048 -2.02  1.87 -1.86  2.02 -1.87  2.02
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Table 3:(Continued)

N, N, N

20
30
40
50
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

Empirical type I error Percentiles
3) (3)* (3] 3) (3= (3]
Zyniv Lt Znim Zyim Znim Znim

Lower Upper

(p17p27p3) :(47272)

0.077 0.006 0.008 -2.24  0.38
0.069 0.011 0.013 -2.24  0.66
0.065 0.015 0.018 -2.23 0.8
0.062 0.019 0.022 -2.22  0.99
0.056 0.029 0.032 -2.18 1.33
0.053 0.038 0.040 -2.15 1.55
0.051 0.043 0.045 -2.11 1.70
0.050 0.047 0.048 -2.06 1.81

0.066 0.008 0.010 -2.20  0.53
0.063 0.013 0.015 -2.21  0.78
0.061 0.017 0.019 -2.21 094
0.059 0.020 0.023 -2.20 1.0
0.055 0.030 0.033 -2.18  1.35
0.053 0.038 0.040 -2.14  1.56
0.052 0.044 0.045 -2.11 171
0.050 0.047 0.047 -2.06  1.81

0.082 0.010 0.011 -2.29  0.54
0.075 0.015 0.017 -2.28  0.78
0.071 0.019 0.022 -2.27  0.96
0.068 0.022 0.025 -2.26  1.07
0.060 0.032 0.035 -2.21  1.37
0.055 0.040 0.042 -2.16  1.58
0.052 0.044 0.045 -2.11 1.71
0.051 0.047 0.048 -2.06 1.81

0.070 0.011 0.012 -2.24  0.64
0.067 0.016 0.017 -2.25  0.86
0.065 0.020 0.022 -2.24  1.01
0.063 0.023 0.026 -2.23  1.12
0.058 0.033 0.035 -2.20  1.39
0.055 0.039 0.042 -2.15  1.58
0.052 0.044 0.045 -2.11 1.71
0.051 0.048 0.048 -2.07  1.81

Lower Upper

-1.14
-1.28
-1.37
-1.43
-1.60
-1.71
-1.80
-1.87

-1.18
-1.32
-1.40
-1.45
-1.61
-1.72
-1.80
-1.86

-1.23
-1.36
-1.44
-1.50
-1.64
-1.74
-1.80
-1.86

-1.25
-1.38
-1.46
-1.51
-1.64
-1.74
-1.81
-1.87

1.49
1.62
1.71
1.78
1.92
1.98
2.01
2.01

1.55
1.67
1.75
1.80
1.92
1.98
2.01
2.01

1.59
1.70
1.78
1.83
1.95
2.00
2.02
2.01

1.62
1.72
1.80
1.85
1.94
2.00
2.01
2.01

Lower Upper

-1.18
-1.33
-1.41
-1.47
-1.63
-1.74
-1.81
-1.87

-1.21
-1.35
-1.44
-1.49
-1.64
-1.74
-1.81
-1.87

-1.26
-1.40
-1.48
-1.54
-1.67
-1.76
-1.81
-1.87

-1.28
-1.41
-1.49
-1.54
-1.67
-1.76
-1.82
-1.88

1.54
1.67
1.77
1.83
1.96
2.01
2.02
2.01

1.59
1.71
1.79
1.84
1.96
2.00
2.03
2.01

1.63
1.74
1.82
1.87
1.98
2.02
2.03
2.02

1.65
1.75
1.83
1.88
1.97
2.02
2.02
2.02
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Table 3:(Continued)

N, N, N

20
30
40
50
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

Empirical type I error Percentiles
3) (3)* (3] 3) (3= (3]
Zyniv Lt Znim Zyim Znim Znim

Lower Upper

(p17p27p3) :(87272)

0.217 0.003 0.006 -2.56  -0.18
0.170 0.006 0.010 -2.53  0.15
0.145 0.010 0.015 -2.51  0.38
0.128 0.013 0.019 -248  0.54
0.091 0.024 0.031 -2.40  0.98
0.071 0.034 0.039 -2.32 1.31
0.061 0.041 0.044 -2.24 1.52
0.055 0.046 0.048 -2.16 1.70

0.173 0.005 0.008 -2.52  0.05
0.145 0.009 0.012 -2.49  0.32
0.127 0.012 0.017 -2.48  0.50
0.116 0.015 0.020 -2.46  0.64
0.087 0.025 0.032 -2.39 1.04
0.070 0.035 0.040 -231  1.33
0.061 0.041 0.044 -2.24  1.53
0.054 0.046 0.047 -2.15 1.70

0.198 0.007 0.009 -2.60  0.07
0.162 0.010 0.015 -2.57  0.34
0.141 0.014 0.020 -2.54  0.53
0.126 0.017 0.023 -2.51  0.67
0.092 0.028 0.034 -2.42  1.05
0.073 0.036 0.041 -2.33  1.34
0.062 0.042 0.045 -2.24 1.54
0.055 0.047 0.048 -2.16  1.71

0.164 0.008 0.010 -2.54  0.21
0.141 0.012 0.016 -2.52 045
0.126 0.016 0.020 -2.50  0.62
0.115 0.019 0.024 -248  0.74
0.089 0.028 0.034 -2.40  1.09
0.071 0.036 0.041 -2.32 1.3
0.061 0.042 0.045 -2.25 1.54
0.055 0.047 0.048 -2.16 1.71

Lower Upper

-1.02
-1.18
-1.29
-1.36
-1.55
-1.70
-1.79
-1.87

-1.11
-1.25
-1.34
-1.40
-1.57
-1.70
-1.79
-1.87

-1.16
-1.30
-1.38
-1.45
-1.60
-1.72
-1.80
-1.87

-1.21
-1.33
-1.41
-1.47
-1.61
-1.73
-1.81
-1.87

1.36
1.50
1.59
1.66
1.83
1.93
1.97
1.99

1.45
1.56
1.64
1.70
1.85
1.94
1.98
1.99

1.51
1.61
1.69
1.74
1.87
1.95
1.98
1.99

1.55
1.64
1.71
1.75
1.88
1.95
1.98
2.00

Lower Upper

-1.13
-1.30
-1.40
-1.47
-1.63
-1.75
-1.82
-1.88

-1.19
-1.34
-1.43
-1.49
-1.64
-1.75
-1.82
-1.88

-1.24
-1.39
-1.47
-1.53
-1.67
-1.77
-1.83
-1.88

-1.27
-1.40
-1.49
-1.54
-1.67
-1.77
-1.83
-1.89

1.47
1.61
1.71
1.77
1.92
1.98
2.00
2.00

1.54
1.65
1.74
1.79
1.93
1.99
2.01
2.00

1.59
1.70
1.78
1.83
1.95
2.00
2.01
2.01

1.61
1.72
1.79
1.83
1.95
2.00
2.01
2.01
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Table 3:(Continued)

Empirical type I error Percentiles
N NN A A Al P 7, 7

Lower Upper Lower Upper
(p17p27p3) :(87472)

20 10 10 0.325 0.003 0.004 =277 -0.40 -1.03 1.34

30 10 10 0.249 0.006 0.008 -2.72  -0.07 -1.19  1.46

40 10 10 0.205 0.009 0.012 -2.67  0.18 -1.29  1.56

50 10 10 0.178 0.012 0.016 -2.64  0.35 -1.36  1.63

100 10 10 0.118 0.023 0.028 -2.52 0.84 -1.56  1.81
200 10 10 0.085 0.033 0.037 -2.41 1.20 -1.70 191
400 10 10 0.068 0.041 0.043 -2.31 1.45 -1.79  1.97
1000 10 10 0.057 0.046 0.047 -2.20  1.65 -1.87  1.98

20 20 10 0.258 0.004 0.006 -2.70  -0.16 -1.11  1.43
30 20 10 0.209 0.008 0.010 -2.66  0.11 -1.25  1.53
40 20 10 0.180 0.011 0.014 -2.63  0.31 -1.34 1.61
50 20 10 0.159 0.014 0.017 -2.60  0.47 -1.40  1.67
100 20 10 0.112 0.024 0.029 -2.51  0.89 -1.57  1.82
200 20 10 0.083 0.034 0.037 -2.40  1.22 -1.70  1.92
400 20 10 0.068 0.041 0.043 -2.31  1.45 -1.80  1.96
1000 20 10 0.057 0.046 0.047 -2.20 1.66 -1.87  1.99

20 10 20 0.282 0.006 0.008 -2.81  -0.10 -1.20  1.51
30 10 20 0.226 0.010 0.013 -2.76  0.17 -1.33  1.60
40 10 20 0.193 0.014 0.018 -2.711  0.37 -1.41  1.68
50 10 20 0.171 0.017 0.021 -2.67  0.52 -1.47  1.73
100 10 20 0.119 0.027 0.032 -2.55  0.92 -1.62  1.85
200 10 20 0.087 0.036 0.040 -243 1.24 -1.73 1.94
400 10 20 0.068 0.042 0.044 -2.32 1.46 -1.81  1.97
1000 10 20 0.058 0.046 0.048 -2.20  1.66 -1.87  1.99

20 20 20 0.235 0.008 0.010 -2.74  0.05 -1.23  1.55
30 20 20 0.196 0.012 0.014 -2.70  0.30 -1.35  1.64
40 20 20 0.172 0.015 0.018 -2.67  0.47 -1.44  1.70
20 20 20 0.155 0.019 0.022 -2.63  0.60 -1.49  1.75
100 20 20 0.113 0.028 0.032 -2.53  0.97 -1.63  1.87
200 20 20 0.085 0.036 0.040 -2.42 1.25 -1.74 1.94
400 20 20 0.068 0.042 0.045 -2.31 148 -1.81  1.98
1000 20 20 0.058 0.047 0.048 -2.20  1.66 -1.87  1.99

Lower Upper

-1.10
-1.26
-1.36
-1.43
-1.61
-1.74
-1.81
-1.88

-1.17
-1.31
-1.40
-1.46
-1.63
-1.74
-1.82
-1.88

-1.25
-1.38
-1.47
-1.53
-1.67
-1.76
-1.83
-1.88

-1.27
-1.40
-1.49
-1.54
-1.67
-1.77
-1.83
-1.88

1.41
1.54
1.64
1.70
1.87
1.95
1.99
1.99

1.49
1.59
1.68
1.74
1.88
1.95
1.99
2.00

1.56
1.66
1.74
1.78
1.90
1.97
1.99
2.00

1.59
1.69
1.75
1.80
1.92
1.97
2.00
2.00
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Table 3:(Continued)

N, N, N

20
30
40
50
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

Empirical type I error Percentiles
3) (3)* (3] 3) (3= (3]
Zyniv Lt Znim Zyim Znim Znim

Lower Upper

(p17p27p3) :(37373)

0.108 0.005 0.006 -2.36  0.23
0.093 0.010 0.011 -2.35  0.53
0.083 0.014 0.015 -2.32  0.73
0.078 0.018 0.019 -2.31  0.87
0.065 0.028 0.030 -2.26 1.24
0.058 0.037 0.038 -2.20  1.49
0.054 0.043 0.044 -2.15 1.66
0.052 0.047 0.048 -2.09 1.79

0.090 0.007 0.008 -2.31  0.39
0.081 0.012 0.012 -2.30  0.64
0.076 0.016 0.016 -2.29  0.82
0.072 0.019 0.020 -2.29 094
0.062 0.029 0.030 -2.24  1.27
0.057 0.038 0.039 -2.19 151
0.054 0.043 0.044 -2.14  1.66
0.051 0.047 0.047 -2.08  1.78

0.114 0.008 0.009 -2.41  0.37
0.098 0.013 0.014 -2.39 0.6
0.090 0.018 0.019 -2.38  0.83
0.084 0.022 0.023 -2.36 097
0.069 0.032 0.033 -2.29  1.29
0.060 0.040 0.041 -2.22 1.52
0.055 0.045 0.045 -2.16  1.67
0.052 0.047 0.048 -2.09  1.79

0.093 0.009 0.010 -2.34 048
0.086 0.015 0.015 -2.34 0.73
0.080 0.019 0.020 -2.33  0.90
0.077 0.022 0.023 -2.32 1.01
0.067 0.032 0.033 -2.28 1.31
0.059 0.039 0.040 -2.21  1.52
0.055 0.044 0.045 -2.15 1.68
0.052 0.047 0.047 -2.09  1.79

Lower Upper

-1.13
-1.29
-1.37
-1.44
-1.60
-1.72
-1.80
-1.87

-1.18
-1.32
-1.40
-1.46
-1.61
-1.73
-1.80
-1.86

-1.23
-1.37
-1.46
-1.52
-1.65
-1.75
-1.82
-1.87

-1.24
-1.38
-1.47
-1.52
-1.66
-1.75
-1.81
-1.87

1.46
1.59
1.68
1.75
1.89
1.96
2.00
2.01

1.52
1.63
1.71
1.76
1.90
1.98
2.00
2.00

1.56
1.67
1.75
1.81
1.93
1.99
2.01
2.01

1.58
1.69
1.76
1.81
1.93
1.98
2.01
2.01

Lower Upper

-1.15
-1.30
-1.39
-1.46
-1.62
-1.73
-1.81
-1.87

-1.19
-1.33
-1.42
-1.48
-1.63
-1.74
-1.81
-1.87

-1.24
-1.39
-1.47
-1.53
-1.67
-1.76
-1.82
-1.87

-1.25
-1.39
-1.48
-1.53
-1.67
-1.76
-1.82
-1.87

1.47
1.61
1.70
1.77
1.91
1.98
2.01
2.01

1.53
1.64
1.73
1.78
1.91
1.99
2.01
2.00

1.57
1.68
1.76
1.83
1.94
2.00
2.02
2.01

1.59
1.70
1.78
1.82
1.94
1.99
2.02
2.01
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Table 3:(Continued)

Empirical type I error Percentiles
N NN A A Al P 7, 7

Lower Upper Lower Upper
(p17p27p3) :(57575)

20 10 10 0.357 0.003 0.003 -2.89  -0.43 -1.08  1.38

30 10 10 0.275 0.006 0.006 -2.83  -0.10 -1.24  1.48

40 10 10 0.230 0.009 0.010 -2.78  0.13 -1.34  1.56

50 10 10 0.201 0.013 0.014 -2.74  0.31 -1.41 1.64

100 10 10 0.133 0.024 0.025 -2.61  0.79 -1.59  1.81
200 10 10 0.094 0.034 0.035 -247  1.16 -1.72 1.91
400 10 10 0.072 0.041 0.042 -2.35 1.42 -1.80  1.97
1000 10 10 0.059 0.046 0.047 -2.22 1.64 -1.87  1.99

20 20 10 0.273 0.005 0.005 -2.77  -0.19 -1.13 1.45
30 20 10 0.221 0.008 0.008 -2.74  0.08 -1.29  1.53
40 20 10 0.191 0.011 0.012 -2.70  0.28 -1.38  1.60
50 20 10 0.172 0.014 0.015 -2.67 043 -1.44  1.66
100 20 10 0.122 0.025 0.026 -2.57  0.86 -1.60  1.82
200 20 10 0.091 0.035 0.036 -2.46  1.19 -1.73  1.92
400 20 10 0.072 0.041 0.042 -2.35 142 -1.81  1.96
1000 20 10 0.059 0.046 0.046 -2.22 1.63 -1.87  1.98

20 10 20 0.327 0.007 0.007 -2.94  -0.20 -1.22 1.53
30 10 20 0.260 0.011 0.012 -2.88  0.10 -1.37  1.61
40 10 20 0.221 0.015 0.016 -2.84  0.31 -1.47  1.68
50 10 20 0.197 0.019 0.020 -2.79  0.46 -1.52  1.73
100 10 20 0.136 0.030 0.031 -2.65  0.88 -1.67  1.87
200 10 20 0.098 0.038 0.039 -2.50 1.21 177 1.94
400 10 20 0.074 0.043 0.044 -2.37 1.44 -1.83 1.98
1000 10 20 0.061 0.047 0.047 -2.23  1.64 -1.88  1.99

20 20 20 0.262 0.007 0.008 -2.81  -0.05 -1.23 1.54
30 20 20 0.214 0.011 0.012 -2.77 0.22 -1.37  1.62
40 20 20 0.189 0.016 0.016 -2.75 041 -1.47  1.69
50 20 20 0.171 0.019 0.020 -2.72 0.55 -1.53 1.74
100 20 20 0.126 0.031 0.032 -2.61  0.94 -1.68  1.88
200 20 20 0.094 0.038 0.039 -248  1.23 -1.77 1.95
400 20 20 0.074 0.044 0.044 -2.36 1.45 -1.83  1.98
1000 20 20 0.060 0.047 0.047 -2.23  1.64 -1.88  1.99

Lower Upper

-1.10
-1.26
-1.36
-1.43
-1.61
-1.73
-1.81
-1.87

-1.15
-1.30
-1.39
-1.45
-1.61
-1.74
-1.81
-1.87

-1.23
-1.39
-1.48
-1.54
-1.68
-1.77
-1.83
-1.89

-1.24
-1.38
-1.48
-1.54
-1.69
-1.77
-1.83
-1.88

1.40
1.50
1.58
1.65
1.82
1.93
1.97
1.99

1.45
1.54
1.62
1.68
1.84
1.93
1.97
1.99

1.54
1.62
1.69
1.74
1.88
1.95
1.99
2.00

1.55
1.63
1.70
1.75
1.89
1.96
1.99
2.00
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Table 3:(Continued)

Empirical type I error Percentiles

No No Ny Zyy Zie Zawt Zyn Zyin Zying

Lower Upper Lower Upper Lower Upper
(p17p27p3) :(27472)

20 10 10 0.081 0.006 0.006 -2.27  0.33 -1.14  1.46 -1.15 1.47
30 10 10 0.073 0.010 0.011 -2.26  0.63 -1.28  1.60 -1.30  1.61
40 10 10 0.067 0.014 0.015 -2.24  0.82 -1.37  1.69 -1.38  1.71
50 10 10 0.063 0.018 0.019 -2.23  0.96 -1.43  1.76 -1.44 177
100 10 10 0.056 0.029 0.030 -2.19 1.31 -1.60  1.91 -1.61 1.92
200 10 10 0.053 0.038 0.038 -2.14  1.55 -1.71 1.98 -1.72 1.99
400 10 10 0.051 0.043 0.044 -2.11 1.70 -1.80  2.01 -1.80  2.01
1000 10 10 0.051 0.047 0.047 -2.07 181 -1.87  2.01 -1.87  2.01
20 20 10 0.069 0.008 0.008 -2.22  0.50 -1.19  1.53 -1.20 1.54
30 20 10 0.064 0.012 0.013 -2.22  0.75 -1.32 1.65 -1.33  1.66
40 20 10 0.062 0.016 0.017 -2.22  0.92 -1.40  1.73 -1.41 1.74
50 20 10 0.060 0.020 0.020 -2.21 1.03 -1.46  1.78 -1.47  1.79
100 20 10 0.055 0.030 0.030 -2.18 1.34 -1.60  1.92 -1.61 1.92
200 20 10 0.053 0.037 0.038 -2.14  1.55 -1.72 1.98 -1.72 1.98
400 20 10 0.052 0.043 0.043 -2.11 1.70 -1.80  2.00 -1.80  2.01
1000 20 10 0.050 0.047 0.047 -2.06  1.81 -1.86  2.01 -1.87  2.01
20 10 20 0.088 0.008 0.009 -2.31  0.46 -1.22 1.55 -1.23  1.56
30 10 20 0.077 0.014 0.014 -2.30  0.73 -1.36  1.67 -1.37  1.68
40 10 20 0.072 0.018 0.018 -2.28  0.90 -1.44  1.75 -1.45 1.76
50 10 20 0.069 0.021 0.022 -2.27  1.03 -1.50  1.80 -1.51 1.81
100 10 20 0.060 0.031 0.032 -2.22 1.35 -1.64  1.93 -1.64  1.94
200 10 20 0.055 0.039 0.040 -2.16  1.57 -1.74  2.00 -1.74  2.00
400 10 20 0.052 0.044 0.045 -2.12 1.71 -1.81  2.01 -1.81  2.02
1000 10 20 0.051 0.047 0.047 -2.06  1.81 -1.87  2.01 -1.87  2.01
20 20 20 0.073 0.010 0.010 -2.26  0.58 -1.25 1.59 -1.26  1.60
30 20 20 0.069 0.015 0.015 -2.26  0.82 -1.38  1.70 -1.39 1.71
40 20 20 0.066 0.019 0.020 -2.25  0.98 -1.45 1.77 -1.46  1.78
50 20 20 0.064 0.023 0.023 -2.25 1.09 -1.51 1.83 -1.52 1.83
100 20 20 0.059 0.032 0.033 -2.21 1.38 -1.65 1.94 -1.66  1.95
200 20 20 0.055 0.040 0.040 -2.16  1.58 -1.74  2.00 175 2.01
400 20 20 0.052 0.044 0.044 -2.11 1.71 -1.80  2.01 -1.81  2.02
1000 20 20 0.052 0.048 0.048 -2.07  1.82 -1.87  2.02 -1.87  2.02
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Table 3:(Continued)

N, N, N

20
30
40
50
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

20
30
40
20
100
200
400
1000

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

10
10
10
10
10
10
10
10

10
10
10
10
10
10
10
10

20
20
20
20
20
20
20
20

20
20
20
20
20
20
20
20

Empirical type I error Percentiles
3) (3)* (3] 3) (3= (3]
Zyniv Lt Znim Zyim Znim Znim

Lower Upper

(p17p27p3) :(27274)

0.077 0.005 0.005 -2.25  0.32
0.069 0.010 0.010 -2.25  0.62
0.065 0.014 0.015 -2.24  0.82
0.062 0.018 0.018 -2.23  0.96
0.056 0.029 0.029 -2.19 1.31
0.052 0.037 0.038 -2.14 1.55
0.051 0.043 0.043 -2.10 1.70
0.051 0.047 0.047 -2.07 181

0.067 0.007 0.007 -2.22  0.46
0.063 0.011 0.012 -2.22 0.72
0.060 0.015 0.016 -2.21  0.89
0.059 0.019 0.020 -2.21  1.02
0.055 0.030 0.030 -2.18  1.34
0.052 0.037 0.038 -2.15  1.55
0.051 0.043 0.044 -2.11 170
0.050 0.047 0.047 -2.06  1.81

0.082 0.007 0.007 -2.28  0.43
0.075 0.012 0.013 -2.28  0.70
0.069 0.017 0.017 -2.27  0.89
0.066 0.021 0.021 -2.26 1.02
0.059 0.031 0.032 -2.21  1.35
0.055 0.039 0.040 -2.16  1.57
0.052 0.044 0.044 -2.11 1.71
0.051 0.048 0.048 -2.07  1.81

0.070 0.008 0.008 -2.24  0.53
0.066 0.013 0.014 -2.24  0.78
0.063 0.018 0.018 -2.24  0.95
0.062 0.021 0.022 -2.23  1.07
0.057 0.032 0.032 -2.20  1.37
0.054 0.040 0.040 -2.16  1.58
0.053 0.044 0.045 -2.12 1.71
0.051 0.048 0.048 -2.07  1.81

Lower Upper

-1.13
-1.28
-1.37
-1.44
-1.60
-1.71
-1.79
-1.87

-1.17
-1.32
-1.40
-1.47
-1.62
-1.72
-1.80
-1.86

-1.19
-1.34
-1.43
-1.49
-1.64
-1.74
-1.81
-1.87

-1.21
-1.36
-1.44
-1.50
-1.64
-1.75
-1.81
-1.87

1.44
1.59
1.68
1.75
1.90
1.98
2.01
2.01

1.51
1.62
1.70
1.77
1.91
1.97
2.00
2.01

1.53
1.64
1.73
1.79
1.93
1.99
2.01
2.01

1.56
1.67
1.75
1.80
1.93
1.99
2.01
2.01

Lower Upper

-1.14
-1.29
-1.38
-1.45
-1.61
-1.72
-1.80
-1.87

-1.18
-1.33
-1.41
-1.47
-1.62
-1.73
-1.80
-1.87

-1.20
-1.35
-1.44
-1.50
-1.64
-1.74
-1.81
-1.87

-1.21
-1.36
-1.45
-1.51
-1.65
-1.75
-1.82
-1.87

1.45
1.60
1.69
1.76
1.91
1.98
2.01
2.01

1.52
1.63
1.71
1.77
1.91
1.98
2.00
2.01

1.53
1.65
1.74
1.80
1.93
2.00
2.02
2.01

1.56
1.67
1.75
1.81
1.93
2.00
2.02
2.01
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Appendix A. Derivation of E[bs, ,, p.]

We derive asymptotic expansions of E[R ] and E[R3 ] using the perturbation method as
follows. To avoid the dependency between x;; and Ty and between x;; and Sp, we use

(] 1 K3 3
) = g 2 e 51 = g 2@ —E )@ — 7)),
a=1 a=1
a#i aFi
” 1 N1+N2
T(12) — N+ Ny — 1 ; L(12),a>
aFi
0 1 - 0 0
i —(i —() T
ST(12) N T N2 1 Z (m(12),a - mT(lZ))(mOQ)va - mT(lQ)) .
=1
aFi
For:=1,..., Ny, we can then write

1 i
Ti; — T = <1 - N) (1 — w(T))

_ 1 (1)
L(12),i — LT2) = <1 - Ny, + N2) (w(12),i - mT(12))’
1 i)y —
st = (14 3 )59

1 7))\ — — (% —(2 1)\ — —
- S e - e - )T 0,00,

1 .
-1 _ () -1
ST(12) - (]‘ + Nl +N2)<ST(12))

1 % — — (7 —(2 i — —
TN+ N, (Sg’(m )@z, — mgrzw))(m(l?)ﬂ - w'frzm))T(S'frzm)) L+ Op(NTY),

Then, a:T , S(T)7 ng (12) and 55212) can be written as

@ Ni—1 =00 Ny N3 _
e e O R e Ol v O
o_M-leny  NM-1_w o0 o7, N
St =N 1%wu Ty 1< 01~ 2 )&y, —Tr) + N o[ @u
N — —(1 — (3 N
N - 1 (@@= )@ —Ty) |+ N - 15
N G NP
+ v 1(®@e - ) (@ — Ty,
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@ . M-1 _ n Ny _
Lrag) = N+ N, —1 1%1).02) Ni+Ny—1 1%

@ _ M-1 L NM—-1 6 _6) =) =) \T
Stz = N+ N, —1 15(1),(12)(12) + N+ Ny—1 (T 12) — Traoy) (T 12) — Trag)
Na Ny ) Nm =) T
N TN 1S+ N TN, - 1 (@@~ Tr2) (@) — Try)

Herein, we use the perturbation method to expand the statistic U; ;. Without a loss of
generality, we can assume that = 0 and ¥ = I,,. Let

] I, 0 0 ] Qi Q2 Qi3
:(1_]\/1_1) {( 8 I, O )‘i‘ﬁ( Qo1 gy N3 )},

5131 s232 5233

where

R L (0
=) _ (& _ _ =0 _ =@NT
:13( ) = Nl — 1 ;wo” S(l) - Nl _ 1 QZ(:B@ €T ))(:Ua w( ))

aF#i aFi



Then, Uy;,i=1,..., Ny, in (??) can be expanded as

1 1
Ui = JJL«’BM - —=A+ =

T e O,(N7%), (23)

where

A1 = \/771(2:1:11,21 + mIiﬂnmu) + \/7_2(2$I2Z4 + :1317Z-<I>11m1,i) + \/7_3(2131'—,12;6 + mIin17i),

Ay = 2531T,¢5'31,i — (:cszw“)Q —( Iiz1)2 — (%T,@'ZDQ — (wIiz6)2 + Tl{zle + (wIizl)Q

+ 2z Q21 + wLQflwu} + 72{21—24 + (] ,24)° + 2] 1124 + mIi@flazM}
+ Tg{zg—ZG + (mIizG)Q + ZmIing + wIiWle,i} + \/ﬁ{QZIZzL + 2z ,;®1121
+ 22 Quza + 2] (2124 + 2a2] + QuPu + ‘1311911)331,1} + \/TT;),{QZIZG

+ 221 Q126 + QwIinl + wii(zlzg + zgle + QW + Wﬂll)mu}

+ \/ﬁ{2z1z6 +2x, Wz + 23:1T7i<1>11z6 + :clTZ (z4z;5r + szI

+ P W + W(I’H)zcu}

Next, we consider a stochastic expansion of Uy ; in (??7). Expanding in the same way
as the perturbation expansion of U ;, we obtain as

1 1
Usa,i = mgTZiBQz — ﬁBl + NBQ + Op<N_%)7 (24)
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where

1
T T T
B, = {v 71(2m2ﬂ-z2 + 233177;912:”2,2' + 1’271-922$2,i)
T+ T2
+ /72 2z 2 ®yxy; + x4y, Bors;
72(22, ;25 + Ty ;P22 + Ty, 22T2;) }
1
_ T T T T T 2 T T
By = (1 + 7)? 7'1(5172,1‘132,1' + 2y 20 — 2@ ;1T ;X2 — (wg,ﬂh,i) —2my ;2425 X2

— (x4 2Z5) + 2z, Qo + 2z 12Qopmy; + ) 1912921931 i @y 1921912CB2 §
+ w27iﬂ§2$27i + 2Z1 912:1;271- + 2(E27Z~Q22252 + 2%171{212252)
+ Tg(w;iwg,i + 2] 25 — ZmIiwlyiw;’im% — (w;wgz)2 — QmIizlz;mm — (w;izQ)Q
+ 2@ (@11 P 1o, + 2] [ B1Pors; + @] Pr12Poi Ty + Ty Poy Prow; + ), P,T
-+ 2$;—7iq)21Z4 + 233;:7;@2225 + 2{61&@1225)
+ 7172(22325 + 2wIizlz;w2,i + 2m1T7iz4z2T:B27i + 2m;iz2z;w27i + 2:1:11911(1)12:13271-
+ 2$1T,i‘1’11912$2,i + 221 ;[ Q12Pooy; + leiq)lzﬂmwzi
+ fBLle‘I’mel,i + iEL‘I’QOCELi + w;iﬂmfﬁlzwu + $2T,i‘1’21912932,i
-+ w;iﬂggq)ggwg,i + w;i¢22922w27i + 2:13;:1-'1)21251 + 2.’13;:1«@2222 + Z:IZqu)lQZQ

+ Qm;i921z4 + 233;;922255 + 2(13]—71»912,25)}.

Finally, we consider a stochastic expansion of Us.o; in (77).

where

1
01 = _{233;—,1"23 + 2&7;—’1-93(12)33(12)72' + JI;nggw&i}

VT

1
Cr = T_{Z:;FZS - 2$(T12),im(12),i$;im3,i - (73;5331)2 + 2a:;i933z3 + 2:1;?:,-93(12)2(12)
1

+ 233(T12),i9(12)3z3 + 2$(T12),i9(12)(12)9(12)35183,1' + Qmag),iﬂ(lz)sﬂ%m:a,i
+ w;iﬂ3(12)ﬂ(12)3$3,i + w(le),iQ(w)sQ?,(m)33(12),i + 33;933513:“}

Calculating the expectations of the expansion of Uy, ; and U3 ,; by (24) and (25), and
each of the two products of expanded results in (23), (24) and (25) with respect to y,
o, T34, 25, ] =1,2,3,4,5, &, W and €2, we obtain (9)~(13) in Section 3.

36



6 Appendix B Derivation of Var|bs,, p, ;]

First, for ¢ # j, the second moments of Ré?’), Rgg), R%), Rg) and Ré? can be written as

1 1
E(3)2: E4, 1_—E242, 2
[(R2 ) ] N1 4 N2 [UZ-L’L] + N1 4 N2 [UQ-l,lUQ-l,]]7 ( 6)
1 1
E[(Rgg))2] - EE[U?%-H,@] + (1 - E)E[U;m,iljgmg]a (27)
4
E[(RY)] = ———E[U2,U2, ] +4(1 - ——— |E[U1;Us.1,U1 ;Us1 2
(R9P) = B0+ 4 (1= g Bt Ot (29
4 1
E[(RY)Y) = —E[U2U 1, +4( 1 — — |E[U1Us12:U1,jUs12,], (29)
Ny Ny
4 1
E[(R$)?) = FE[U;l,z‘Ungi] + 4<1 - ﬁ)E[U2-1,iU3-12,iU2-1,jU3~12,j]- (30)
1 1

For first terms on the right side of (26) ~ (30), we obtain

[U211] = pa(p2 +2)(p2 +4)(p2 +6) + O(N 1),

E[Us15,] = ps(ps +2)(ps +4)(p3 +6) + O(N ),
[U11U211] = pipa(p1 + 2)(p2 +2) + O(N ),
E[UF,Uz12,] :plps(Pl +2)(ps +2) + O(N7Y),
E[U211U3121] = paps(p2 + 2)(ps +2) + O(N ).

Furthermore, in the second terms on the right side of (26) ~ (30), to avoid dependence
among random variables, let

N N
1 7 —7:’.
3 > @, S8 = N 5 Z T — Fp) ) (@10 —Fp)T

a=1 a
aFij o Zig
—id) 1 N1+N2
2, .
Tr(19) = N+ N, —2 Z L(12),a
oz;éz 7
N1+ N-
S(i,j) _ 1 122(58 —E(i’j) )z —E(i’j) )T
T(12) T N, + Ny — 2 (12),cx T(12)/\*(12),a T(12)/ -
a=1
aFij
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That is, azgf’] ) and ng’] ) are the sample mean vector and sample covariance matrix with
x1; and x; ; removed from x; 1,...,x; . Therefore, we can write

ij 1 G
1 — B = a1 — Ty — N(mn +xy ;- 2@7)),
_ ; 1 [ i o e
ST = (1+ )S( - N{Sgﬂ) l(wu - mgﬂ’]))(azu - :B(T’J))TS( J)-1
+ S5 @y — B (1, — T )TSg’j)_l} + O(N7?),

R () I S . ()
L(12),; — LT(12) = L(12),i wT(12) Ni+ N, (13(12),1 L(12),j wT(lz))a

2
-1 _ (4,5)—1
Sra2) = (1 + N, N2>S 7(12)

1 ('Lv - P —Z, >
- ST(]1)2) (T2) — m(T(J1)2))(m(12)ﬂ' . J12))TS ]12)
N1+ Ny
, 1 , —(, 7,
+ ST(Jl)Q (w(12) w&(ﬁé))(w(m)d z, ]12))TS( 12) } + O(N )
Furthermore, Ty, ng’(?z), S{7 and S ’]12 can be written as
) _ M =2 a5 No N; _
Trt = N oW T N T@1 Ty 5Te)»
i Ny — i Ni—2 _g, , ii) (i
S(TJ) N 551)111 + 5 (wgl)J) _ ‘B(T]))(wg1)3)1 _ w(TJ))T
N N. ;
+ S T s (@ - ) @) — 2 )"
3 N3 , — —(1,
V55wt 5@ — 7))@ — 7))
i) __ MNM—2 Ny
Tr(2) = N, Ny — 20002 TN N, — 22
. Ny —2 Ni—2 i) (19) \(m(id) (i)
S(w) _ S(w (4.4 _ i,j _ =
T02) T N, N, — 2° (1).(2)(12) + N, + Ny — 2<w(1) (12) wT(12))(w(1),(12) wT(m))
Ny Ny i) \(m (i.9)
+ N+ N, —2°® + N+ Ny — 2(5”(2) - wT(]12))(w(2) C'3T(J12))
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and by using

)
) [
=067) =(i.j _
() = T2 | TN =2 | 2|
i .
(4.4) (4.4) (4.4)
| Sgli)u Sgli)w Sgli)w
W
Sa Sz Si)ss
1 I, 0 0 1 Wy, Uy WPy
:(1_N1—2) < 0 I, 0 >+ N_2<‘I’21 Wy W3
0 0 I, ' Wy Wi W
where
1 Ny 1 Ny
=(6J) _ (@3) _ () _ = (BINT
0 = N3 ; o S N 2 QZ:: (Ta =25 ) (@a —23)")
aF#ij aFi,j

Ui, Uz, and Us.qa,; are expanded as

where

D1 = \/7'_1(2331211;1 + a:;r,i\:[lllwl,i) + \/F2(2$I2Z4 + ZDIiQHwLi)
+ \/7_3(2331T,iz6 + wIile,i),
Dy = 3w ;@1 — 2| ;@15 — (2] 1) — (2],215)° — (2] 1) — (2] ,24)°
— (a:lT,iz6)2 + 7 (ulTul + (wIiul)Z + QwIi\Ilnul + a:lTZ\Ilfla:“)
T T _\2 T T §2 T T N2
+ To(zy 24 + (wl,iz4) + 25'31,i(I)11z4 + wl,iq)llwl,i) + 73(26 26 + (wl,izG)

T T 2 T T T T, T
+ 2z Wze+ x| Wx ;) + V117222, wi + 22, jui 2, 1 + Ty 1240, T

T T T T T T
+ 2w17i\1111z4 + 2.’,13177;(1)1111,1 + 22U17Z-\I’11¢111B17Z’) + ‘/7—17—3(22"6 u, + 2(13172-111126 wl,i

=+ 2wIZW’U,1 + QwIi\Ilnzﬁ =+ QCCIT’Z-W‘I’HCCLi) + \/TQTQ,(Q»ZIZﬁ

T T T T T
+ 2%y ;2426 1 + 22 Wzy + 22, ;P11 26 + 2] WP T ,),
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1

By = {\/771(23322‘“2 + 2z ;Wioxo; + :13271":[’2258271-)
1+ T
+ \/F2(2$;:2Z5 + 2w1i¢12$2,i —+ m;iQQQwQ,i)}y
1
Bz = (11 + 72)2 {7'1(2:1:;;33272- - 233;,1“327]‘ + Uy Uy — (w;izsf - (w;iazg,j)Q — ($;Z$21)2

— 2m1iw17iw;ia)2,i — 258;1-.’131’]'58;]-.’13271‘ — 2w;iz5z1w1,i + QCCIZ-\IJH'UQ + 2.’13;#4\1/21’11,1

+ 2$2T,i‘1’22u2 + w;’i\:[lggwli + 2$qu’11q’12w2,i + 2513qu’12‘1]22332,@' + iﬂlT,i‘I’m‘I’zlfBl,i

+ w;iqlzlqjlng’i) + 7'2(258;1-.’132’1‘ — 258;1-1132’]' + Z;Z5 — (.’B;’i’l,bg)2 — (w;i$27j>2

— (w;iwg,i)Q — QLUIiCCl’Z'fB;iCCQJ — 2:1:;:614:13;]-:13271- — 2:1:1T’iu1u2Tzc27i + 2.’.312@1225

+ 2.’.3;&@2124 + 2w;i<1322z5 + w;iq)%x% + 2$qu)11q)12.’132’i + 2561T7iq)12¢22$2’i

+ wli@u@glml,i + w;iéglq)lg.’ﬁgﬂ') + \/7'17'2(211/;,’55 + QwIiulz;wg,i + 2.’B1¢Z4U2T.’132’i
+ 2$;iUQZ;rCU27i + 2$;i¢21’ul + 258;2-‘1/21,24 -+ Qw;i¢)22u2 + ZLUIi(I)lQ’U,Q + QCCIZ-\IIHZ{)

T T T T
+ 2@y Worzs + 221 ;W11 Pr2®2; + 22 ;P11 WiaX2; + 22 ;P12 Wy,

+ 2-’BL~‘I’12¢'22332,¢ + 2$;im21¢12$2,¢ + 2$Ii‘1’12¢21$1,i + 2372T,Z-‘I’22‘I’22=’B2,i)},

1
F = —{QiB?T,iu:s + CB:L"I’33$3,¢ + 2$;im3(12)$(12)7i}’

VT
1
T T T T 2 T 2 T T
Fy = — ®3,®30 — 203,35 + Ug Uy — (T3,%33)" — (X3,%3,)" — 203,34% 1) T (12)4
1

- 2513;,#3,;‘51’3?12),]-50(12),@' + 2w;iW33u3 + 2:13;1-‘1’3(12)%12) + 2502;_2)71'\11(12)311’3

+ w;i‘l’3(12)‘1’(12)3$3,i + w(le),i‘I’(12)3‘I’3(12)33(12),1' + 2$;i‘1133\113(12)w(12),i

+ 233;:@\1’3(12)lI’(lQ)(lQ)w(H),i}-

Therefore, since the expectation of the second terms on the right side of (26) ~ (30) can all
be represented by random vectors and random matrices that are mutually independent,
the following results can be obtained by calculating their expectation.

3
E[U22-1,iU22-1,j] = p3(p2 +2)° — pa(p2 +2)° + O(N~2),

(11 + 12)N
4 . 3
E[U:??.lQ,iU??.m,j] = p%(pg + 2)2 — ——ps(ps + 2)3 + O(N™2),

TlN
E[Uy U ;Us1,iUs1 j] = pips — 3p P = pPpy(2pa + 1) + O(N " 2)
1,iY1,7;V2.1,4V 215 1M2 N 172 (7_1 + 7_2)N 172 2 )
2 2 :
E[Ul,iU?)-lZ,iUl,jU3-12,j] = p?pﬁ - —Plp:%, - —p%pg(ng +1) + O(Nig)a
N TlN

9 9 :
P2ps(2ps +1) + O(N"2).

E[Us4,U312,U21,;Us12] = pap; — mpng TN

To summarize these, we obtain (16) ~ (20).
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