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Abstract

In this paper, we consider the test statistic for multivariate kurtosis and its percentiles of the
null distribution to test for multivariate normality with monotone missing data. In particular, we
formulate a test statistic for which the normal approximation in the case of two-step monotone
missing data is given by the expectation and variance approximated by linear approximation.
Furthermore, we extend this statistic to the case of three-step monotone missing data. Specifically,
we define multivariate sample kurtosis for three-step monotone missing data, and formulate a new
test statistic that uses information approximated by linear interpolation. Finally, we investigate

the accuracy and behavior of the normal approximation by a Monte Carlo simulation.
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1 Introduction

Most inferential procedures in multivariate statistical data analyses are based upon multivariate
normal distributions. Assuming that the observation vectors are independent and have a multivariate
normal distribution, the theoretical properties of the statistical procedures developed under multivari-
ate normality can be considered effective. Therefore, the multivariate normality (MVN) test problem
represents a crucial analytical task. Many studies have previously been concluded on the MVN test
problem: see, for example, Mardia (1970, 1974), Malkovich and Afifi (1973), Srivastava (1984), Koziol
(1989), Henze and Zirkler (1990). Recently, Enomoto et al. (2020) gave a normalizing transformation
statistic for Mardia’s multivariate sample kurtosis test statistic. Furthermore the problem of missing

data is often encountered for various reasons in many practical situations, especially in epidemiology



and biostatistics, leading to the MVN test problem with missing data. In this study, we specifi-
cally examined the with multivariate kurtosis test in the case of monotone missing data. Maximum
likelihood estimators (MLEs) for the mean vector and the covariance matrix in the case of monotone
missing data patterns have previously been obtained as closed-form expressions by Jinadasa and Tracy
(1992) and Kanda and Fujikoshi (1998). Chang and Richards (2009) and Seko et al. (2012) defined
Hotelling’s T2 type statistic in the case of a two-step monotone missing data pattern. Seko et al.
(2012) approximated the upper percentiles of this statistic using linear interpolation based on the
complete data parts. For three-step monotone missing data, refer to the study published by Yagi and
Seo (2015). In the present study, we define sample measures of multivariate kurtosis given two- and
three-step monotone patterns of missing observations in the data. Furthermore, we formulate a test
statistic by applying the linear interpolation approximation to the expectation and variance of the
multivariate sample kurtosis. For two-step monotone missing data, Kurita and Seo (2022) discussed
the multivariate sample kurtosis and approximated its expectation and variance using asymptotic
expansion. Yamada et al. (2015) gave another definition of multivariate sample kurtosis along with
a corresponding test statistic for the case of two-step monotone missing data. The rest of this pa-
per is organized as follows. Section 2 introduces Mardia’s multivariate sample kurtosis and the test
statistic for the complete data case. In Sections 3 and 4, we define measures of multivariate sample
kurtosis with two- and three-step monotone missing data, respectively. Furthermore, we present new
test statistics using the linear interpolation approximation. In Section 5, we investigate the accuracy
and approximate behavior of the normal approximation through a Monte Carlo simulation. Finally,

we conclude the paper in Section 6.

2 Mardia’s multivariate kurtosis

Consider a p-variate random vector x from a multivariate distribution with mean vector p and
positive definite covariance matrix X. Mardia (1970) defined the population measure of multivariate

kurtosis as

Bop =El{(x —p) ' (@ — w)}’].



When p =1, B2, reduces to the ordinary univariate measure, which is invariant under affine transfor-
mation. For the multivariate normal distribution, it is well-known that 2, = p(p+2). Let x1,...,xN
be random sample vectors from a p-variate population with mean vector u and covariance matrix 3.

Then, the sample measure of multivariate kurtosis is defined as
| XN
bay = 3 Sl =) 8 i)

where & = (1/N) SN 2; and S = (1/N) N (2 — &) (z:i — %) 7.
Mardia (1974) obtained the following exact mean and variance of by, for a population N, (u, 3).
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Consequently, the following test statistics were given to test the MVN:
1
N, —plp+2))

{]%fzo(zﬂr?)}é

gr AN+ Dby —p(p+2)(N = DHNV +3)(N + 5)}2
{8p(p+2)(N = 3)(N —p— 1)(N —p+1)}2

M

)

where Zy; and Zy; are asymptotically distributed as N(0,1). See, Mardia (1970, 1974).

3 Two-step monotone missing data

(2)

3.1 Multivariate sample kurtosis b,

Let x1,...,zN, be Ny p-variate random sample vectors and @1 n,+1,...,%1,nv be No pi-variate

random sample vectors. Two-step monotone missing data can then be expressed as follows:
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where x; = (mii,m;i)T, i = .,N1, N = N1+ Na, p = p1 + p2, and “x” indicates a missing
po-dimensional vector. We assume that the data are missing completely at random (MCAR). Fur-

thermore, we assume a multivariate normal distribution for the two-step monotone missing data, i.e.,

t.4.d. t.4.d.
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The following notation is used for preparation: pig.; = g — 2o 21_11;11 and Yo9.1 = Yogg — 22121_11212.

where

The sample measure of multivariate kurtosis is defined by Kurita and Seo (2022) as follows:
by = Ry + RS + RYY.

where
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L2.1,4 = 332,1'*221211 L1, K1, 211, Ho.1, and 222.1 are MLEs of M1, 211, Ho.1, and 222.1, respectlvely.
The MLEs of p and ¥ are given by Kanda and Fujikoshi (1998). We then use the following notation

for some definitions:

L3 (wam) S = 13— 01— )T < Swa Stz )
1) = r;, =\ _ 1) = r; — I r; — I = y
(1 N, p Ty ) e N, s (1) (1) Swar Sy
N N
1 1 T
@~ N, ;lew So =5, %:H(w“ —Ze) (@i —T)
1=1INV1 1=1V1
N N
T = izmlzv ST—iZ(mlz o) (@ wT)T
N i=1 7 N =1 7 7

Then we note that
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Furthermore, T and St can be written as
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respectively, where 71 is a constant such that Ny = m N, 0 < 7 < 1. By substituting these MLEs

into Uy ; and Us.1;, we can write

Uri = (1, — 1) S7' (215 — ®1),

Usai = {x2i —T(1)2 — 5(1),2153,11(1131,1 —Z1)1)} (Sq)22 — 5(1),215(71%7115(1),12)_1

X {2 —T(1)2 — 5(1),215(1§711($1,i —ZT)1)}

respectively.

3.2 Kurtosis test statistic

Because the two-step monotone dataset is between the complete data (N1 x p) and the complete
data (N xp), the linear interpolation can be approximated, assuming that the expectation and variance
for the two-step monotone missing data fall within the same range, where we assume that missing
elements of the complete data (N x p) are filled in (See Figure 1). Then, the approximate expectation

and variance of bgi)) are given by
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Figure 1. Approximate expectation and variance of multivariate sample kurtosis b,
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We note from Figure 1 that m(LQ) and (l/£2))2 may fall between my, VJQV and mpy,, 1/]2\[1, respectively,

where
B N-1 B (N=3)(N—p—1)(N—-p+1)
N =P+ 2) S =S ) e s (Vs
Ny —1 (N1 =3)(N1 —p—1)(N1 —p +1)

mpy, =p(p+2) 8p(p + 2)
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Therefore, we propose a new test statistic given by

(2) (2)
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where Zﬁl)\/m is asymptotically distributed as N (0, 1).

4 Three-step monotone missing data

4.1 Multivariate sample kurtosis )

2,p
Let @1,...,xN, be Ny p-variate random sample vectors, & 12y Ny 415 - - - Z(12),N, 4N, Pe N2 (p1+p2)-
variate random sample vectors, and 1 n,4+Ny,+1,---, %18 be N3 pi-variate random sample vectors.

Such a dataset has three-step monotone missing data:
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T T T
T1N, LoNy P3Ny

T T

L1 Ny +1 Lo Ny +1 *

T T
ml,N1+N2 x27N1+N2

T
xl,N1+N2+1 *
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where N = Ny + No + N3, p = p1 + p2 + p3, and “*” indicates a missing vector. Let x; =

(a{i, :1:;@-, m;i)T, i =1,..., N1 be a random vector from a p-variate distribution with expectation p
and positive definite covariance matrix X, and let x(19); = (m]—i,az;)T, i=Ni+1,...,Ni + Ny

be a random vector from a (p; + p2)-variate distribution with expectation K12y and positive definite
covariance matrix X(j9y(12). Furthermore, let ®1;, ¢ = N1+ N2 +1,..., N be a random vector from
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a pp-variate distribution with expectation p; and positive definite covariance matrix 317, where the

decompositions of p and 3 are

251
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respectively. In addition to the notation in Subsection 3.1, we define pi5.19 = p5 — 23(12)2(12)(12)u(12),
33312 = Y33 — M3(12)% (12)(12)2(12) . Then, the sample measure of multivariate kurtosis in the case

of three-step monotone missing data can be defined as
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I<k
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We note that pi55 and $i33.12 are MLEs of WUs3.19, and X33.12, respectively. We also note that the
definitions of Uy ; and Us.1; are equivalent to those for the two-step case in Section 3. The MLEs of

p and X for the three-step case were defined by Kanda and Fujikoshi (1998). First, we define the



following notation:
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where 7, 79, and 13 are constants such that Ny = N, No =N, N3=13N,0< 1 <1,0< 1 <1,

and 0 < 73 < 1. By substituting these MLEs into Uy ;, U2.1,4, and Us.12,;, we can write

Uri = (w1, — @) S7' (21, — Z1),
~ Ta L ~
Uz1i = (21,0 — Haq) Bog(T21i — Haq),

~ o1 ~
Usaz2,i = (x3.12, — M3-12)T233-12(m3-12,i — H3.12);

where
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w312 = T30 — 5(1)312)5 (1) 12)12) L1200 H312 = T(1),3 — 5(1)3012)5 1), (12)(12)T(1),(12)>
o010 = S1(12),22 — ST(12),2155(112),115T(12),127 Sa310 = S1)33 — 5(1),3(12)5(_1;(12)(12)5(1),(12)3-

4.2 Kurtosis test statistic

3) 3)

By approximating a linear interpolation, the expectation m;”’ and variance (v’ )2 of bg?) are given
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Figure 2. Approximate expectation and variance of multivariate sample kurtosis b3
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Therefore, a new test statistic is given by

3 3
WD) —

NORN

where ZIS/?I)\/[L is asymptotically distributed as N (0, 1).

5 Simulation study

We investigated the accuracy of the normal approximation for the test statistics Zﬁl)\/IL and ZI%)VIL

via Monte Carlo simulation. In the case of two-step monotone missing data, we compared the normal

approximation for our test statistic with the corresponding Mardia’s type test statistic given by

2 2
Z(2)** o bg,z)j - m; )
MM — V(Q) ’

where

2 2 2
mg ) =plp+2)— N+ 1]91(]91 +2) - mﬁz@m +p2 +2),

ST TR A e 2 42

(@)% = 8py(p1 +2)

This result can be attributed to Kurita and Seo (2022). Computations were carried out for the fol-

lowing cases:

Case I: Two-step monotone missing data
(p1,p2) = (2,2),(3,3),(5,5), (10,10), (2,4), (4,2), (2,8), (8,2), (16,4), (4,16)

N; = 20,50, 100, 200, 500, 1000, i = 1, 2.

Case II:Three-step monotone missing data
(p17p21p3) = (27 2> 2)1 (37 35 3)7 (47 47 4)) (57 57 5)7 (41 2a 2)7 (47 47 2)

N1 = 20, 50, 100, 200, 500, 1000, N2 = N3 = 10, 20, 50, 100.

For each parameter, we conducted 10° simulated trials based on two- and three-step monotone missing
data. For the two-step monotone missing data (Case I), the simulation results related to the expec-
Z(Q)**

tation and variance of the test statistics Zﬁl)vm and Zy5; , along with their Type I errors for normal

approximation, are summarized in tables. Specifically, we selected the case of (p1,p2) = (2,2) in Table

10



1, the case of (p1,p2) = (2,4) in Table 2, and the case of (p1,p2) = (4,2) in Table 3. Furthermore, Ta-

bles 1-3 list the simulation results and approximations for E[bgzz))] and NV Var[bg?g], where mf) and mg)

are two approximations of E[bg;], and N (V£2))2 and N(v)? are two approximations of N Var[bg;].
In this case, we compared the ZIE/?I)\/IL and Zﬁl)\;’f* tests using their Type I errors defined by
(2) (2)*x*

OvML (2) Ovm (2)%x
W = PI'(|ZMML| > Z‘;), W = Pr<|ZM1\;Ik | > Z‘;),

where z, /5 is the upper 100(« /2) percentile of the standard normal distribution. It may be noted

from Tables 1-3 that mg) and mg) converge to p(p+2) as the sample size Nj increases. In particular,

(2)

my ~ is closer to the simulated value than to m

mg), and mg) are almost the same when the sample size N; is larger than the sample size N.

(2)

For variances, Tables 1-3 also show that in all cases, (v;)? is an underestimate while (v(?)? is an

f) for all cases. Furthermore the simulated value,

overestimate. Furthermore, the simulation results show a tendency for the values of (V£2))2 to be

better approximations when Ny is small, and for the values of (1/(2))2 to be better approximations

when N is large. For Zﬁl)vm and Zﬁﬁ*, the tables indicate that as the sample size N; increases,

their expectation (]\415421)\/[L7 MI%)\I "), variance ((01(\/2[1)\/&)2’ (Uﬁf\z*)Q), and empirical Type I error (aﬁ%vm,

aﬁﬁ*) approach 0,1, and 5, respectively, corresponding to values of the standard normal distribution.

The upper and lower percentiles of Z&)\/IL and Zl%)\;[k* (Ul(\i%vm, Ll(vﬂ/m and Uﬁﬁ*, Ll(\iﬁ*) are also given
in Tables 1-3. In particular, the simulation results also show that for each of the test statistics, the
Type I error is closer to 5 with the variance closer to 1 than with the expectation closer to 0. In
conclusion, the actual Type I error for the test statistic using linear interpolation tends to be close to

5 when the sample size N; is large, Ny is small, and the dimension p; exceeds ps.

(3)], respectively, along with their approxi-

Tables list the simulated values for E[bg’;] and NVarby,

mate values expressed as mf’) and N (V£3)>2 for three-step monotone missing data (Case II). They also

list results for the expectation(MIE/%zAL), the Variance((al(\il)vm)?), and the upper and lower percentiles

of Z&)\/IL(UIE/&L, Ll(\?[%vm), as well as the actual Type I error, computed as

(3)
@ (3)
. Pr(\ZMML] > z)

Specifically, we selected the case of (p1,p2,p3) = (2,2,2) in Table 4, the case of (p1,p2,p3) = (3,3,3)

11



in Table 5, and the case of (p1,p2,p3) = (4,2,2) in Table 6. It is apparent that approximations
)

of the expectation and variance of ZSML converge to 0 and 1, respectively, as the sample size N}
increases. In particular, aﬁ%\/m can be seen to depend upon (al(\il)v[L)2; that is, if (al(\/gl)%\/[L)Q < 1.15, then
5.0 < al(\i%vm < 6.5. Regarding the null distribution of ZIE/?I)\/IL to a normal approximation, when Ny

and N3 are small while N; is large, the values of aﬁ%\/m are close to 5, indicating that le/?l)v[L has the

)

better approximation. In other words, the proposed ZSML can be useful when relatively few data are

missing. We can observe that this result does not depend upon dimensionality.

6 Concluding Remarks

We employed the test statistics for multivariate kurtosis to test for the multivariate normality
with two- and three-step monotone missing data. In particular, we formulated a new test statistic for
two-step monotone missing data by using the linear interpolation to the approximate expectation and
variance of multivariate sample kurtosis. For the three-step monotone missing data case, multivariate
sample kurtosis was defined as an extension of sample kurtosis in the case of two-step monotone
missing data as defined by Kurita and Seo (2022). A new statistic was accordingly designed to test for
multivariate kurtosis with three-step monotone missing data. Finally, we investigated the accuracy
and behavior of the normal approximation by a Monte Carlo simulation. As a result, we found that

the proposed test statistics (Zﬁl)vIL and Zﬁl)vm) are more accurate when relatively few data are missing.
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2,p’
percentiles of test statistics (Zﬁl)v[L, Zﬁl)v}k*), (p1,p2) = (2,2)

Table 1. Expectation and variance of b and expectation, variance, empirical Type I error, and

Simulation Approximation
2 2 2 2 2 2 2) 2 2)ik 2 9 [ U U
E[bé’;] NVar[béy;] m£) m(2) N(VIE ))2 N(V(2))2 ALSM\)qL ]\/[151131 (Ulsxllz/IL)z (01<\11)w )2 (’41(\41>wL a1<\11)w (L(I%ML) (L?zi)%)
MML MM
M Ny = 20
266 1.63
20 2211 18292 2227 2201 12221 36202 -0.10 003 150 o051 9901 117 395 103
50 2315 189.53  23.19 2313 150.15 25508 -0.03 001 119 074 652 257 g2 M9
100 2355 190.04 2356 23.55 173.90 221.98 -001 0.00 109 086 566 340 2o 20
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100 2358 24217 23.60 2357 20011 28116 -0.02 0.00 121 0.8  6.95 347 o5
500 2391 20339 2391 23.91 193.66 209.25 000 0.00 105 097 550 464 g 3%
1000 2395 19746  23.95 23.95 192.80 20057 000 000 102 098 524 480 2o 20
Ny =100
20 2238 63133 22.66 22.27 27750 114358 0.8 0.04 228 055 1878 146 ooy ob
50 23.27 43425 23.37 2325 27224 569.16  -0.07 001 160 076 1119 268  S4a 18
100 23.60 32830 2364 23.60 241.98 37880 -0.04 0.00 136 087 865 353 500 oo
500 2391 22189 2391 23.91 20316 22861 000 0.00 109 097 593 458 8 200
1000 2395 207.06  23.95 23.95 19759 21022 000 000 105 098 549 479 o0 20
Ny = 500
20 2248 283445 22.81 22.37 94561 4989.94 024 004 300 057 2582 158 o0 T4
50 2335 1640.95 23.49 23.33 78465 211005 -0.11 001 209 078 1678 278 o5 190
100 23.66 1009.34 23.72 23.65 550.38 1150.21 -0.07 0.00 180 088 1376 363 555 293
500 23.92 37208 2393 23.92 27811 38292 -0.01 000 134 097 886 464 o3 20
1000 23.96 28248  23.96 23.96 235.67 28728 -0.01 000 120 098 726 479 o 9
Ny = 1000
20 2250 5587.18  22.83 2238 1768.04 9790.94 -0.25 004 316 057 2715 161 oo 109
50 2336 3147.26  23.51 23.34 141567 4030.97 -0.13 001 222 078 1816 281 Ser %0
100 23.67 1856.71 2374 23.67 949.77 211102 -007 0.00 195 088 1544 3.64 335 o
:
500 23.93 55002 23.94 23.93 370.82 57528 -0.02 000 151 097  10.86 466  oa a9
1000 23.96 37861  23.96 23.96 283.01 38346 -0.01 000 134 099 890 483 oo 203

Note. (i) MIE/?I)\/IL and Mﬁl)\/*l* expectation of ZI%VIL and Zl(\/QIi\j[*v (i) (Ul(\/QIi\/IL)z and (‘71(\/2[%\/{)2 : variance of ZI%\AL

and Zl%\jl*’ (iii) al(\/QI)ML and 0‘1(\31)1\71 empirical Type I error, (iv) Ul(\gl)ML and Ul(\i)l{z*: upper 100(«/2) percentile of

Zﬁ%\/IL and Zl(\/ZI%\/I’ (v) Li\i)ML and Lﬁ)ﬁ*: lower 100(cr/2) percentile of Zﬁ%\/IL and Zl(\/QIi\/I
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(2).

2,p’
percentiles of test statistics (Zﬁl)v[L, Zﬁl)v}k*), (p1,p2) = (2,4)

Table 2. Expectation and variance of b and expectation, variance, empirical Type I error, and

Simulation Approximation
2 2 2 2 2 2 2)x 2 2)sx 2 2+ [ UL U
E[bé’;] NVar[béy;] m£) m(2) N(VIE ))2 N(V<2))2 ZV[I&II&IL ]\/[15/11\)4 (Ul(mzm)z 0'1(\41)\1 )2 al(\/llz/IL 041<v11)\/1 (LM)ML) (L%\zd)l\f*)
MML MM
N Ny = 20
20 4384 413.09 4417 4361 20114 93802 015 005 205 044 1709 062  Sor 1
50 4621 406.96  46.20 4617 30402 60068 -0.04 001 134 068 854 194 oo 13
100 47.07  398.31 4710 47.07 34238 490.78 002 000 116 081 662 302 250 199
500 47.81 38842 4781 47.81 37521 40498 000 0.00 104 096 534 450 g6 1%
1000 47.91 38557  47.90 47.90 37957 39446  0.00 000 102 098 515 472 290 202
N2 = 50
20 44.02 89201 4450 4377 32334 1810.28 -0.22 005 276 049 2423 091 o35 14T
50 46.27 672.85  46.43 4624 40650 95004  -0.08 001 166 071 1232 216 399 13
100 47.10 55047 4715 47.00 40652 665.16 -0.03 0.00 135 083 888 315 370 1go
500 47.81 42060  47.81 4781 39014 439.65 0.00 000 108 096 584 448 bt 202
1000 47.90 40355  47.91 47.90 38T.14 41177 000 000 104 098 545 474 205 202
Ny =100
20 4412 168647 44.60 43.87 505.35 325558 028 0.05 334 052 2015 109 ooh 182
50 46.33 111350 46.53 4629 56884 152016 -010 001 196 073 1575 232 390 159
100 4713 80126  47.21 47.12 510.61 95480 -0.05 0.00 157 084 1139 325 390 1
500 47.81 477.20  47.82 4781 414.96 49741 0.0 000 115 096 666 449 320 202
1000 47.91  432.13  47.91 4791 399.76 44062  0.00 000 108 098 591 476  ea 102
Ny = 500
20 4424 809593 44.80 43.97 186227 1478190 -0.35 0.05 435 055 3605 129  aa 47
50 4641 4670.14  46.69 46.37 181120 6142.05 -0.15 0.0l 258 076 2217 256 o0 1oy
100 4718 2817.35 47.31 47.17 131593 326221 -0.09 0.00 214 086  17.82 352 500 1o
500 47.82 92449  47.84 4T.82 61182 95892  -0.02 000 151 0.96 1098 458 a3 a9
1000 47.91  657.90  47.91 4791 50039 67128 -0.01 000 131 098 868 474 5ot 20
Ny = 1000
20 44.26 16080.80 44.92 43.98 3538.53 20182.90 -0.36 005 455 055 3715 131 yoa 155
50 4643 909176  46.71 46.38 3349.24 1190300 -0.16 0.01 271 076 2344 260  yor 15
100 47.20 533254  47.34 47.19 231250 614302 -0.10 0.0l 231 087 1951 353  oei 1o
500 47.83 148479 47.85 47.83 856.36 153528 -0.03 0.00  L73 097 1355 461 o0 IO
1000 4791 94217  47.92 4791 62576 95046 001 0.00 151 098 10.96 477 330 300
Note. (i) MIE/?I)\/IL and Mﬁl)\/*l* expectation of ZI%VIL and Zl(\/QIi\j[*v (i) (Ul(\/QIi\/IL)z and (‘71(\/2[%\/{)2 : variance of ZI%\AL
and Zl%\jl*’ (iii) al(\/QI)ML and 0‘1(\31)1\71 empirical Type I error, (iv) Ul(\gl)ML and Ul(\i)l{z*: upper 100(«/2) percentile of

Zﬁ%\/IL and Zl(\/ZI%\/I’ (v) Li\i)ML and Lﬁ)ﬁ*: lower 100(cr/2) percentile of Zﬁ%\/IL and Zl(\/QIi\/I
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(2).

2,p’
percentiles of test statistics (Zﬁl)v[L, Zﬁl)v}k*), (p1,p2) = (4,2)

Table 3. Expectation and variance of b and expectation, variance, empirical Type I error, and

Simulation Approximation
2 2 2 2 2 2 2)x 2 2)sx 2 2+ [ UL U
E[bé’;] NVar[béy;] m£) m(2) N(VIE ))2 N(V<2))2 ZV[I&II&IL ]\/[15/11\)4 (Ul(mzm)z 0'1(\41)\1 )2 al(\/llz/IL 041<v11)\/1 (LM)ML) (L%\zd)l\f*)
MML MM
N Ny = 20
20 4458 31861 4492 4443 20147 62513 -015 004 158 051 1149 105 591 19
50 46.30 344.57 4647 4636 285.62 46200 -0.04 001 121 075 694 250 oo 9
100 4713 35911 4715 47.12 32681 41713 002 000 110 086 585 343  2as 200
500 47.81 37825  47.8147.81 370.58 389.20 000 000 102 097 517 464 9 203
1000 47.91  380.57  47.91 4791 37713 38649  0.00 000 101 098 507 48 g 20
N2 = 50
20 4510 62698  45.57 44.92 20528 113409 -0.23 004 212 055 1814 128 350 150
50 46.59 506.83  46.74 4656 35240 667.56 -0.08 0.0l 144 076 971 258 5% 18
100 47.21 44962  47.26 4720 365.60 51889 -0.03 0.00 123 087  7.35 350 o0 200
500 47.82 39679  47.82 47.82 37853 40881  0.00 0.00 105 097 549 462 b 103
1000 4791  390.13  47.91 47.91 38105 39620 000 000 102 098 524 48 o0 203
Ny =100
20 4539 112518 45.95 45.20 40829 195313 -0.30 0.05 276 058 2475 143 a5 LT
50 46.75 77244 46.95 4672 44676 99889 -012 001 173 077 1318 270 55 18
100 47.20 59640  47.36 47.28 424.64 68485 -0.05 0.00 140 087 947 35 315 190
500 47.82 42876 47.83 47.82 391.63 44139 0.0 000 109 097 601 463 o2 03
1000 47.91  406.26  47.91 4791 38756 41237  0.00 000 105 099 551 479 oo T3
Ny = 500
20 4569 501832 46.35 45.51 111410 837640 045 0.05 450 060 37.67 159 o 403
50 4698 2830.76  47.26 46.95 1089.05 3576.81 -0.19 0.0l 260 079 2249 284 oy 1%
100 4745 174574  47.58 4744 84212 1977.39 011 0.00 207 088 1711 360 351 290
500 47.86 68053  47.87 47.86 49317 700.01  -0.02 000 138 0.7 942 466 o9 294
1000 47.92 53379 47.93 47.92 430.02 54133  -0.01 000 122 099 751 48 a9 22
Ny = 1000
20 45.74 986055 46.41 4555 1956.61 16380.10 -0.49 005 504  0.60 4059 163 335 13
50 47.02 5384.66 47.31 46.99 186210 6780.20 -0.22 0.0l 236 079 2516 286 59y oo
100 4748 3173.68 47.63 47.48 134398 358037 -0.13 0.00  2.36 089 2008 372 oo 200
500 47.87 99446 47.80 4T.87 617.00 102133 -0.03 000 161 097 1205 460 2 302
1000 47.93  691.62  47.94 47.93 50249 70199 -0.02 000 138 099 942 481 o0 204
Note. (i) MIE/?I)\/IL and Mﬁl)\/*l* expectation of ZI%VIL and Zl(\/QIi\j[*v (i) (Ul(\/QIi\/IL)z and (‘71(\/2[%\/{)2 : variance of ZI%\AL
and Zl%\jl*’ (iii) al(\/QI)ML and 0‘1(\31)1\71 empirical Type I error, (iv) Ul(\gl)ML and Ul(\i)l{z*: upper 100(«/2) percentile of

Zﬁ%\/IL and Zl(\/ZI%\/I’ (v) Li\i)ML and Lﬁ)ﬁ*: lower 100(cr/2) percentile of Zﬁ%\/IL and Zl(\/QIi\/I
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(3).
2,p°

percentiles of Z{{ . (p1,p2,p3) = (2,2,2)

Table 4. Expectation and variance of b and expectation, variance, empirical Type I error, and

Simulation Approximation ZIEZ’I)ML
Elbs,)  NVar)]  mi NP My (ow)®  otne Line Ul
Ny Ny = N3 =10
20 44.33 352.21 44.54 201.30 -0.10 1.75 13.42  -2.40  2.77
50 46.31 372.27 46.38 294.82 -0.03 1.26 7.60 -1.99 241
100 4711 378.51 47.13 334.59 -0.01 1.13 6.24 -1.89  2.28
200  47.54 380.79 4754  357.56 -0.01 1.06 5.59 -1.87 218
500  47.81 383.09 47.81 372.90 0.00 1.03 523 -1.88 209
1000 4791 382.58 47.91 378.35 0.00 1.01 512  -1.89  2.06
Ny = N3 =20
20 44.72 586.67 44.93 276.22 -0.10 2.12 1735 -2.63  3.07
50 46.43 501.39 46.53 352.24 -0.05 1.42 9.54 -2.14 253
100  47.14 452.84 47.18 369.20 -0.02 1.23 734 -1.99 235
200  47.55 422.01 47.56 376.14 -0.01 1.12 6.24 -1.93 223
500  47.81 399.74 47.82 380.53 0.00 1.05 551  -1.90 212
1000 4791 392.36 47.91 382.18 0.00 1.02 0.053 -1.90  2.07
Ny = N3 =50
20 45.19 1224.59 45.32 456.82 -0.07 2.68 22.50 -2.92 349
50 46.65 865.31 46.74 507.80 -0.05 1.70 12.89 -2.36  2.76
100  47.24 667.30 47.29 467.63 -0.03 1.43 9.73  -2.17 251
200  47.58 541.42 47.60  430.60 -0.02 1.26 7.85  -2.06 2.34
500  47.82 450.49 47.82 403.29 -0.01 1.12 6.30 -1.97 218
1000 4791 418.21 47.91 393.66 -0.00 1.06 0.057 -1.94 210
Ny = N3 =100
20 45.44 2239.19 45.50 723.50 -0.03 3.09 25,70 -3.08 3.81
50 46.80 1420.88 46.87 749.42 -0.04 1.90 1490 -2.48 292
100 47.31 994.27 47.37  624.04 -0.04 1.59 11.69 -2.31  2.63
200  47.62 726.39 47.64 519.01 -0.02 1.40 9.52  -2.19 245
500  47.83 532.15 47.84  440.92 -0.01 1.21 734 -2.06 225
1000  47.91 461.91 47.91 412.74 -0.01 1.12 0.063 -2.00 2.14

Note. (i) MSK/IL: expectation of Zﬁ%\/m, (i) (01(\/?;1)\/&)2: variance of ZISZ)I)\/ILv (iii) O‘SI%\/IL: empirical Type 1

error, (iv) USK/IL: upper 100(«/2) percentile of ZIE/:I))l)\/ID (v) L%VIL : lower 100(/2) percentile of Zl(\il)v{L'
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(3).
2,p°

percentiles of Z{py, (p1,p2,p3) = (3,3,3)

Table 5. Expectation and variance of b and expectation, variance, empirical Type I error, and

Simulation Approximation ZIEZ’I)\/IL
Elbs,)  NVar)]  mi NP My (ow)®  otne Line Ul
Ny Ny = N3 =10
20 91.33 749.40 91.87  300.41 -0.20 2.49 21.87 -3.04 3.23
50 95.50 773.88 95.66 539.01 -0.06 1.44 9.88 -2.21 248
100 97.15 784.36 9720  650.24 -0.02 1.21 720  -2.00 230
200 98.04 788.18 98.06 715.84 -0.01 1.10 6.06 -1.93 219
500 98.61 790.63 98.61 759.96 0.00 1.04 542  -1.91  2.09
1000 98.80 793.06 98.80 775.68 0.00 1.02 523 -1.92 205
Ny = N3 =20
20 92.15 1358.93 92.66 422.24 -0.19 3.22 2789 -3.43  3.59
50 95.75 1112.78 95.97  649.18 -0.08 1.71 13.28 -2.45  2.67
100 97.23 981.42 97.32 719.77 -0.04 1.36 9.08 -2.15 242
200 98.07 896.07 98.10 753.83 -0.02 1.19 7.08 -2.02 225
500 98.61 833.38 98.62 775.68 0.00 1.07 581  -1.94 212
1000 98.81 813.77 98.81 783.59 0.00 1.04 538 -1.93  2.06
Ny = N3 =50
20 93.10 3074.12 93.47  686.59 -0.15 4.48 35.62 -3.95  4.32
50 96.17 2061.26 96.40  939.64 -0.09 2.19 1846 -2.79  3.01
100 97.41 1540.14 97.53 915.11 -0.06 1.68 1291 -2.44 265
200 98.13 1206.40 98.18 864.65 -0.03 1.40 9.55  -2.22 241
500 98.63 972.00 98.64  822.50 -0.01 1.18 7.09 -2.06 221
1000 98.81 885.00 98.81 807.25 0.00 1.10 6.10 -1.99 212
Ny = N3 =100
20 93.62 5779.95 93.84  1044.32 -0.10 5.53 40.43 -4.33  4.89
50 96.46 3532.06 96.66  1380.43 -0.09 2.56 2191 -3.01  3.26
100 97.56 2399.26 97.69  1221.71 -0.06 1.96 16.02 -2.65 2.84
200 98.20 1690.45 08.26  1043.38 -0.04 1.62 12.25 -2.41  2.58
500 98.65 1188.24 98.66 899.72 -0.01 1.32 8.74 -2.18 233
1000 98.81 996.55 98.82 846.55 -0.01 1.18 7.05 -2.07 219

Note. (i) MSK/IL: expectation of ZIS/:I?\/IL» (i) (01(\/?1)\/&)2: variance of ZISZ)I)\/ILv (iii) O‘SI%\/IL: empirical Type 1
error, (iv) USK/IL: upper 100(«/2) percentile of ZIE/:I))l)\/ID (v) L%VIL : lower 100(/2) percentile of Zl(vi)vm.
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(3).
2,p°

percentiles of Z{{y . (p1,p2,p3) = (4,2,2)

Table 6. Expectation and variance of b and expectation, variance, empirical Type I error, and

Simulation Approximation ZIEZ’I)\/IL
Elbs,)  NVar)]  mi NP My (ow)®  otne Line Ul
Ny Ny = N3 =10
20 74.30 531.42 74.70 278.22 -0.15 1.91 15.60 -2.59 281
50 77.29 576.38 77.42 444.82 -0.05 1.30 8.14  -2.07 239
100 78.54 603.53 78.58 527.23 -0.02 1.14 6.47 -1.93  2.26
200 79.24 620.79 79.25 578.27 -0.01 1.07 570 -1.89 217
500 79.69 632.26 79.69 613.72 0.00 1.03 529 -1.89  2.09
1000 79.84 633.55 79.84  626.56 -0.00 1.01 512 -1.90 2.04
Ny = N3 =20
20 75.08 898.24 75.50  380.72 -0.17 2.36 20.35 -2.89  3.12
50 77.54 783.20 7772 523.87 -0.07 1.50 10.56 -2.25  2.54
100 78.63 723.85 78.70 574.27 -0.03 1.26 781  -2.06 235
200 79.27 685.85 79.29 602.94 -0.01 1.14 6.46  -1.96  2.22
500 79.69 660.18 79.70  623.56 0.00 1.06 5.62  -1.92 212
1000 79.84 648.59 79.84  631.44 -0.00 1.03 531  -1.92  2.06
Ny = N3 =50
20 75.97 1874.92 76.32 589.03 -0.15 3.18 2723 -3.33  3.66
50 77.97 1338.11 78.16 722.32 -0.09 1.85 1470 -2.54 280
100 78.81 1052.39 78.91 702.71 -0.05 1.50 10.67 -2.27  2.52
200 79.33 868.61 79.37  673.92 -0.03 1.29 8.26  -2.11 233
500 79.71 738.87 79.71 652.79 -0.01 1.13 6.47  -2.00 2.17
1000 79.85 691.55 79.85 646.02 -0.00 1.07 577  -1.96  2.10
Ny = N3 =100
20 76.44 3356.73 76.69 856.40 -0.13 3.92 32.16  -3.63  4.12
50 78.26 2155.48 78.43  1011.61 -0.08 2.13 1774 272 299
100 78.97 1540.31 79.07  898.68 -0.06 1.71 13.25 -2.45  2.68
200 79.40 1149.31 79.45 786.56 -0.03 1.46 1032  -2.27 247
500 79.72 865.09 79.74 700.73 -0.01 1.23 769 -2.10 225
1000 79.85 755.75 79.86 670.19 -0.01 1.13 6.48 -2.02 215

Note. (i) MSK/IL: expectation of ZIS/:I?\/IL» (i) (01(\/?1)\/&)2: variance of ZISZ)I)\/ILv (iii) O‘SI%\/IL: empirical Type 1

error, (iv) USK/IL: upper 100(«/2) percentile of ZIE/:I))l)\/ID (v) L%VIL : lower 100(/2) percentile of Zl(vi)vm.
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