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Abstract

In this study, we consider the sphericity test under monotone missing
data for a multi-sample problem. We derive the likelihood ratio (LR)
and an asymptotic expansion of the likelihood ratio test (LRT) statistic
as well as modified LRT statistic for the null distribution. We also provide
approximate upper percentiles under the null hypothesis. Furthermore,
we propose an unbiased estimator and evaluate estimators using the mean
squared error (MSE). For complete data, we derive a similar result. We
use Monte Carlo simulations to numerically evaluate the actual Type I
error rates for the approximate upper percentiles and estimators. Ad-
ditionally, we provide examples of the LRT statistic and modified LRT
statistic as well as approximate upper percentiles under monotone missing
data.
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1 Introduction

In this study, we consider the sphericity test, a test of variance-covariance matrices under

monotone missing data for a multi-sample problem:

Hy: W =... = %M = 521 vs. H, : not H,

where 02 is unknown parameter and o2 > 0, m € N.

This study assumes that data are missing completely at random (MCAR) and follow

multivariate normal distribution.

Box (1949) introduced a general distribution theory for a class of likelihood criteria,

and Muirhead (1982) and Anderson (2003) discussed its general distribution theory. For
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a one-sample problem, Muirhead (1982) discussed the sphericity test under complete
data and then provided an asymptotic expansion of the modified LRT statistic for the
null distribution using the general distribution proposed by Box (1949). Under two-step
monotone missing data, Chang and Richards (2010) discussed the null moment of the LR.
Sato, Yagi, and Seo (2025) provided an asymptotic expansion of the LRT statistic and
modified LRT statistic for the null distribution under complete data and monotone missing
data. Kanda and Fujikoshi (1998) discussed the maximum likelihood estimators (MLEs)
of the mean vector and variance-covariance matrix provided monotone missing data. For a
multi-sample problem, Mendoza (1980) provided the MLE of 02 under the null hypothesis
and limiting null distribution of the modified LRT statistic under complete data. Tsukada
(2014) discussed equivalence testing for mean vectors and variance-covariance matrices
under two-step monotone missing data, and then derived the LRT statistic and its limiting
null distribution. In addition, Tsukada (2024) provided an asymptotic expansion of the
modified LRT statistic for the null distribution using the general distribution proposed
by Box (1949).

The remainder of this paper is organized as follows. In Section 2, we describe the
LR for the sphericity test (1) under monotone missing data. In Section 3, we derive
an asymptotic expansion of the LRT statistic and modified LRT statistic for the null
distribution by comparing the moments of a random variable proposed by Box (1949)
with the null moment of the LR. Furthermore, we describe the upper percentiles of the
LRT statistic and modified LRT statistic under the null hypothesis and provide some
approximate upper percentiles. In Section 4, we examine estimators of ¢2. In Section
5, we prove that the LR under monotone missing data is affine invariant under the null
hypothesis. Section 6 describes an asymptotic expansion of the LRT statistic and modified
LRT statistic for the null distribution and estimators of ¢? under complete data. In
Section 7, we numerically evaluate the actual type I error rates for the approximate upper
percentiles using Monte Carlo simulation. In Section 8, we present numerical examples
under monotone missing data. Finally, Section 9 concludes the study.

In this study, we examine the sphericity test (1) under two-step and general k-step

monotone missing data, respectively.



2 LR under monotone missing data

Here, we consider the LR in the sphericity test (1) under monotone missing data for a

multi-sample problem.

2.1 Two-step case

We consider the following data matrix X® from the ¢th population (=1,...,m).
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where N = Nl(é) + NZ(K), p=p+ps, Ny’ >pand “x” indicates a missing observation.

Suppose that the data matrix X is multivariate normally distributed as follows.
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Furthermore, we define the sample mean vectors and Wishart matrices as follows.
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Subsequently, the LR of the test (1) under two-step monotone missing data is

)
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where 251) and 222,1 are the MLEs of Eﬁ) and Eg?.l(: Eg? - Egﬁ)Eﬁ) 12%)), respectively,
o2 is the MLE of 02 under H,, and
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Furthermore, the LR A,y can written as
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2.2 k-step case (k> 2)

We extend Section 2.1 to genenal k-step monotone missing data. For j = 1,... k. ¢ =
1,...,m, we assume that the data are multivariate normally distributed as follows.

20 ) iid.

o, L ~
. £) ) ) (18)
(Lok—j+1),Ny )+l (Lk=j+1),N 4

0 0
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where we define N =0 when j =1, and
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Subsequently, the LR of the test (1) under k-step monotone missing data is
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3 Main results

In this section, we derive an asymptotic expansion of the LRT statistic and modified LRT
statistic for the the null distribution using the distribution in Box (1949), and provide an
asymptotic expansion of the upper percentiles when Hy holds. Finally, we provide some

approximate upper percentiles.

3.1 Two-step case

Extending Sato, Yagi, and Seo (2025) to a multi-sample problem, we obtain the following
theorem.
Theorem 1

When Hy holds and v = Ni/N — 6, € (0,1] (N; — oo, N — 0), 7?) = Nl(é)/N N
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59 € (0,1] (NY = 00, N = 00) 4\ = NO/N — 60 € (0,1] (N® = 00, N = 00) for
{=1,...,m, the distribution function of the LRT statistic can be expanded as

Pr(—2log A\py < @) = Gy(x) + Prem {Gria(z) — Gy(2)}

N
Y 2m _

+ o5 Gpaale) = Gyla)} + OV, (2)
where Gy(z) is the distribution function of the x?* distribution with f degrees of freedom
and

1 2
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=1 N1
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m

Vem) = % [(Z %)pl(pl +1)(p1 +2)(p1 + 3)

=1 TN

+ (g #) (Pz(P2 + 1)(p2 +2)(p2 + 3)

+MM«m+mw+m+n+%m+mm+mQ

4

Y

and the distribution function of the modified LRT statistic can be expressed as follows.

V2m)

Pr(—2plog Aoy < @) = Gy(z) + e {Gf+4(x) — Gf(x)} +O(M™?), (3)
where M = pN and
4
—1-
P (mp2 +mp — 2)Nﬁ(2,m)7
* 2 2
Yem) = mpg T mp — 25(27@ + Y@2m)-

For the proof of Theorem 1, see Appendix.A.
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Subsequently, we derive an asymptotic expansion of the upper percentiles. From (2)
and (3), when Hy holds, the upper 100a percentiles of —2log A¢,) and —2plog A¢n) can

be expanded as follows:

1 2B2,m) I 2vem) _
Qm) (@) = XF(@) + N J X)) + mmx?(@){xfe(a) +f+2}+O(N?),
1 27{2»?%) 2

Ga.m () = xj(@) + Wme<O‘){X?‘(O‘> +f+2}+0(M?),

respectively, where Xfc(a) is the upper 100« percentile of the y? distribution with f degrees

of freedom.

3.2 k-step case (k > 2)

In the general k-step case, we have the following theorem.
Theorem 2

Fori=1,...)k, j=2,...,k, {=1,...,m, let%:N,-/N,’yi(f):Ni(g)/N and

VY1 k—j+1) = V1T Ve—jt1

Na..k—ji1
- (Tm — Or—js1 € (0,1] (Na..k—j41) = 00, N = 00),
Y.k = 1,
(©) _ 0 ()
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NO
(1...k—j5+1) 0 0
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Niw = 5 = O € (0,1] (N® = 00, N — o).

When Hy holds, the distribution functions of the LRT statistic and modified LRT statistic

can be expanded as

Pr(—2log \!) < 0) = Gyla) + 25 (G (o) - Gp())

m N
+ B Gpra(a) = (o)} + OV, )
Pr(—2plog AEQ) <z)=Gyp(z)+ %{wa(x) — Gya)} +O(M7?), (5)

respectively, where we define pq..j—1) = 0 when j =1, and

1
f= §(mp2 +mp — 2),



M = pN,
m k
Biem) = 55 {Z Z {p; (20} + 9p; +11) + 6pa..i—1yp; (P(1..j) +3)}
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- — (3m?p? + 6mp + 2)]

27(1...k7j+1)p3
j=1

Vkam) = 75 [ZZ (pj(Pj+1)(Pj+2)(pj+3)
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4
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For the proof of Theorem 2, see Appendix.B. From (4) and (5), when Hj holds, the
upper 100« percentiles of —2log )\Efg) and —2plog )\gg) are, respectively,

2 m 2 1 2 ,m 2 2 —
ey (@) = X3 (0) + @‘J’? D) + Ry g DG @)+ S+ 2} + O ),

2 1 2 k,m -3
Gk (@) = X3(0) + 773 ﬁ 2(){\2(0) + [ +2} + O(M®).

Finally, we propose ¢;(a), ¢2(«), g3(«) for the approximate upper 100« percentiles of
—2log )\EQ) and q1(a),¢'(a) for the approximate upper 100a percentiles of —2plog )\gﬁz),

where

0(0) = X (a), )
(o) = X(0) + 12 ) )
0e) = (@) + 5 G 0) + @b+ fr2



2 *km 2 2
/() = x3H0) + g HeHha) + 1 +2). ©)

Note that ¢ (), g2(v), gs(x) split qem (@), and i (), q'(c) split qzkhm)(oz), respectively.

4 Estimators of o2

In this section, we provide the MLE of 02 under H, and propose an unbiased estimator

of o%. Furthermore, we evaluate which estimator is ideal using the MSE.

4.1 Two-step case

The MLE of 02 under Hy can be written as

~ 1 " (

2 @) () @)

0" = ——m— E tr(W + W + tr W )
N(p1 + 71p2) P ( (1 (2)11) (1)22

The expectation of &2 is

~ mp 2
E[5?%] = (1——)0,
o] N(p1 + 711p2)
2

where N(p; + y1p2) — mp > 0. Therefore, we propose an unbiased estimator of o as

follows:

—1
~9 mp ~9
(o m_— ]_ _ - g .
v ( N(p: + %pg))

4.2 k-step case (k > 2)

The MLE of 2 under H can be written as

k -1 m k
N 0)
=1 '

The expectation of 52 can be expressed as
k -1
E[o7] = {1 — mp <NZ’Y(1.~k—j+1)Pj) } o’
j=1
where N (Z?Zl Ya..k—j+1)P;) — mp > 0. Therefore, we propose an unbiased estimator of

o2 as follows:
“1

k 1
ol = {1 — mp(NZ'Y(l...k—j—i-l)pj) } o’

J=1
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The MSEs of 5% and 2 are, respectively,

i
2 {N (Z '7(1...k—j+1)pj) - mp} +m?p?
=1

MSE[5?] = — ; ot
(NZ’Y(I.‘.kj#l)pj)
j=1

2
MSE[62] = ot.

k
N(Z 7(1...k—j+1)pj> —mp
j=1

Considering the relationship between MSE[6%] and MSE[¢2] in terms of the magnitude,

we obtain the following.

{MSE[52] < MSE[6?] if mp < 4, (10)

MSE[6?] > MSE[63] if mp > 4,
where the equality relations are satisfied at N px—j41) — 00, N — o00. For details on
these inequalities, see Appendix.C.

Therefore, o2 is a better estimator than o2 when mp < 4, and &2 is a better estimator
than 2 when mp > 4. Furthermore, when Na. k—j1) — 00, N — 00, o2 approaches 72

owing to the convergence property of (1. x—j4+1) in Theorem 2.

5 Affine transformation

In this section, we consider the affine transformation of the LR and derive the following
theorem.
Theorem 3

The LR of the sphericity test (1) is invariant under Hy for the affine transformation.

This theorem extends Sato, Yagi, and Seo (2025). We prove Theorem 3 under two-step

and k-step monotone missing data.

5.1 Two-step case

In the ¢th population (¢ = 1,...,m), let A(lel), A(f; be a p1 X p1,pa X py positive definite

symmetric matrices, Ag? a pg X p; matrix, and let uﬁf),ug) a pp X 1,ps X 1 vectors,
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respectively. Subsequently, we consider the following affine transformation:

a}([) ;C(Z.) y,
i | =A0CO () v =1 N
Laj Lo
2] = ADal) + 0 =N 1, N,
where
) )
A(f) _ (All O(Z)) C(E) _ (I@}) (0] I/(Z) _ I/%Z) ‘
O A22 ’ A21 Ip2 7 v,
The LR A7 | after the affine transformation is
(m)
N ﬂ
H N® (W(l)ll +W(2)11> N(e)W(1)22-1
* . /=1 1
(m) — ) m Np1+Nips ’
_ o o ©)* 2
{Npl + Nipso Z (tr(w(l)ll + W(2)11) + tl"‘/V(1)22>}
=1
where
N(z) . NI(Z) N
7l O O 0
$ Zmlj » Py T N()Zw% ’ N( Z wu ,
1 j=1 2 j= N(£>+1
N®
o _ O O YN (= Ok
W(l)ll B Z(wlj o m(l)l)(mlj - $(1)1)/a
j=1
N{®
o _ @O* \r _ O O\ O —(OF
W(1)12 = (W(1)21)/ = Z(wlj 33(1)1)(‘”2;‘ - 517(1)2)/7
j=1
N®
0 _ (O _ =0 N (O =0
W(1)22 - Z($2j B m(1)2>(m2j o "B(l)z)/’
j=1
() = (0 (0 (0 (0 NN =0 () () (¢
* * . * * * 1 2 * . * .
Wi = Z (@] —Z))(wy; — w(2)1)l + W( W1~ Ty (T — Ty
j=N{"41
o _ o Oh (0 =1y O*
W(l 221 W(1)22 W(1)21(W(1)11) W(1)12

Subsequently, we can write

(O
(2)11

Y4
W( gl)a

[4
= A11 (W( )11 + W(2)11)A
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O _ AOAOyxr(0) (ONG (0) () (0)
W oo = Mg Aot W ()11 Mgy Ay + ASJAS; W(1)12A

£) £ £
+AY nglA AS) + AW ,AL,
0 _ 0)
W(1)221 A22W 1)22- 1A

We consider the mean vector @ and variance-covariance matrix %" after the affine

transformation, where
p, — A f)C(f O 4 V() O A(@c(ﬂ)g(ﬁ)(A(f)C(ﬁ)){

Let v and AYC® be

=

AY o L s 2 o
= —AYCYu A0CY = <A(£)11§(€) A0 ] =) 1t S
22 1Ao1 22 0 2 (w0 0”2
—Egz)-l Eél)zgl) 252).1
respectively. Thereafter, u®" = 0 and " = 52T »- Therefore, consider
(0) (0 ()
W= () =0= (50 5 )
25 Yol Xy
we can assume p = 0 and =0 = o2 » without loss of generality in deriving the

null distribution of —2log A,y and —2plog A(,,,) by transforming using ADCY . Because
A =1, AY) =1, AY) = O under H,,

Ok e _ (€ )
Won+Weon =Waon +Woun
o _ )

W 2s = W)

o _ @)

W a2 = Wit

Therefore, X(*m) = Am)-
From the above, the LR ) is invariant under Hj for the affine transformation, and

this completes the proof.

5.2 k-step case (k > 2)

In the ¢th population (¢ = 1,...,m), let Ag»? be p; x p; positive definite symmetric
k, AL

(j—1) be p; X pq..j—1) matrices for j = 2,...,k, and let I/S-E)

matrices for 7 =1,...

be p; x 1 vectors for j = 1,..., k, respectively. For j =1,... &, we consider the following
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affine transformation.

Ok _ A0~ () © - _ ar® (0
T kg = D CH@Taa—jn: TV 1= Ny H L N,
where CEQ) =1, and
. I, O O
¢ ‘
£) All 0 O ) Ag].) IPZ O O
AY =1 o o) ,CY = . ,
() o (4)
o O Ak—j+1,k—j+1 ()
Ak —j+1(1...k—j) ka7j+1
)
© _ .
Vi = (@1
ViZjt
The LR )\Ef,z) after the affine transformation is
. M i N((f,’_.,;,jﬂ)
5)* (4)*
H N(é [klll H N [k G111
AR =1 =2 [V (1. k—j+1)
o) 1 m k ; (1...k—j+1)Pj
{PIURERINES v A S
(=1 j=1
where for a,b,g=1,....k—j+1;5=1,... k,{=1,...,m
N
o _ 1 0 10 (00"
Tie = NO D Ty By, = o NUBq e+ NTEG,),
T ()
()" ()"
o T o ()1
il (56)* " T)g = (56)* ,
l1lg L(j)g
0 " (0 () (0 ()
* * _ * * _ * /
Wi = > (@0 kg1~ Zom—n) Eanjins ~ Tp—gn)
Z:N((ll.)“j ntl
N NO
(L= o (0" ()" (0" /
TG ~@Gn-g40 T B up-g0) @on-ge T Tigp-gen)
(L5)
Ok Ok
W(j)ll o W(J Lk—j+1
(O ©*
W(j)k—j+1,1 W(a k—j+1,k—j+1
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i WEQ—*;H)(l J=1)(1...j—1) WE?—*ﬁl)(l...j—l)j
WEQ—]’H) , 1=2,...,k,
WE? JH1) (1. 5—1) ng —j+1)jj
Wff])ab - Wg))a T W(] ab’
Wfﬁ)jjﬂ}jj.l,,,j,l - W[(ﬁjjﬂm
_Wfli —j+1)5(1...5—1 {W[k —+1)(1...5—1)( 1...j—1)} IWl?*j—‘rl](l J=1)5°
j=2,...,k.
Subsequently, we can write
Wi = AW, A,
Wfl?*]-‘rl A@A (1...j— l)WEl?—j—H](l...j—l)(l J-1) A(€1 - 1)A(Z)
AN WL A+ AW AL oA
+ AW A =2k,
WEI?*]-FHJJI g1 A(@W[(k) GG 1ej— 1A§J)’ Jj=2k

The mean vector u®” and variance-covariance matrix 3" after the affine transformation

can be expressed

0 _ Al ~@) (¢ ©) 0* _ AW ~O) (2 ) ~(2)
p = AGCHRY v, BT = AL CHEO(AGC)
respectively. Let I/E?) and AEf)C ) be
0 _  A@~O, (0
vy = A Com,
AY o o
AS) A(Z A O
) () 22 4321 22 0
A1)C(1 =
(0) «
AkkA k(L...k—1) Akk)
1
N2
i o o
072 () w) ! 02
_ (02)% _252)‘1 ngzgl) z]g2).1 o 0)

1
2 () -t 0
— X ke 1Ek(1...k 1)2(1 k—1)(1..k—1) Xkt k-1

N |+
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respectively, where

@) ()

50 [ D =0y "

(1..5)(L..j) — 2(4) ‘ E(g) y J = 4y, KL
j(1...5—1) i

Thereafter, u®" = 0 and " = ¢2I »- Therefore, considering

o _ 0 0 _ ()
pl = K gy =0 = 2(1...k)(1...k)7

we can assume p® = 0 and £® = ¢2I, without loss of generality in deriving the null
r P g Yy g

distribution of —2log )\82) and —2plog )‘E]:rz) by transforming using Ag?)CE?) As A%) =

T A(f)

pio Ay = O under H,, the Wishart matrices after the affine transformation can be

expressed as follows:

o _ )
Wi = Wi
W(Z)* _ W(f)
(k—j+1]75 (k—j+1]55°
W(f)* W(f)

k—j+1]gj 11— YV [k—j+1]jj1...5-1"

Therefore, )\E:}L; = )\Eg).

From the above, the LR /\&)) is invariant under H, for the affine transformation,

completing the proof of Theorem 3.

6 Complete data

To compare the approximation accuracy of the approximate upper percentile under mono-
tone missing data and complete data, we discuss the sphericity test (1) under complete
data for a multi-sample problem. For the ¢th population (¢ = 1,...,m), let zcge), e w%)(z)
be independently distributed as Np(u(f), 2(5)), and N > p. Subsequently, we have the
following theorem using the distribution in Box (1949).

Theorem 4
When Hy holds and ) = n® /n — o e (0,1] (n®® — oo,n — 00), the distribution

functions of —2log Aeimy and —2plog )\z(m) can be expanded as

Pr(~2l0g Xy < ) = Gyla) + (G ofa) — Gy ()

16



LG poala) = Gylw)} + O, 1)

*

Pr(=2plog Ay, < x) = Gy(r) + %{G]Urzl(l') — Gf(x)} +O(v™?), (12)

respectively, where )\:(m) is the LR of the sphericity test (1) with replacing N by n(®

and N by n under complete data for a multi-sample problem, and

n(®
T L ol ?
H n® N® N®
Niwy = ==, m WO =3 (@ - 2@ -2, 3 - Z 2,
1 2 =1
—S uaw® !
(Y
n® = NO 1N =3 N0 n=3"nO,
/=1 /=1
f= 5 (mp® +mp - 2),
v = pn,
Bm) L{(ii> P*(2p* +3p—1) —4}
m) T YA Y
24p =1 77(1)
1 (&K1
Ym) = 13 Y | 0= Dplp+ D +2)
(=1 In
4
=1 m)s
P (mp? +mp — Q)nﬂ( )
* 2 2
Yom) = T Fomp — 25(m) +Ym)

The LR )\’c‘(m) satisfies Theorem 3. The limiting null distributions for —2log )\’c‘(m) and
—2plog A}, are provided by Mendoza (1980). From Egs.(11) and (12), when Hy holds,
the upper 100 percentiles of —2log )\:(m) and —2plog )\Z(m) can be asymptotically ex-
panded as follows:

2 2 L 290m -3
ey (@) = X3(@) 3 =G @)+ 55 P0G (@) + S +2) + 0,

@) = x2(@) + 202 ) 1 f 42} 1 0@
Qe(m) = Xf Qf(f+2) Xrlox )

respectively. Finally, using the same method as in Section 3.2, we can provide the ap-

proximate upper 100 percentiles of —2log A7, G, (@), ey (@), qes (), and approximate

17



e(m)

upper 100« percentiles of —2plog \*. . : q., (), ¢l (), where

i () = X300, (13)
() = XH@) + 3 ), (1)
9 1206(m) » 1 2vm 9 9
() = 3(0) + L) 4 g @G @) + 2L (019
2 *
dl(0) = x3l0) + S5 7 s HO G @) + f +2) (16

As in Section 4, we present estimators of 02 and evaluate them. The MLE of o2 under

H, was provided by Mendoza (1980) as follows.

The expectation of &2 is

where N —m > 0. Therefore, we propose an unbiased estimator of o2 as follows:
m\ "L
5U = <1 — N) 52.

2N +m?p — 2m
g
N2p ’
~2 2 4
MSE[UU] = mg y

The MSEs of 52 and 72 are

MSE[6?] =

respectively. Considering the relationship between MSE[6?] and MSE[6?] in terms of the

magnitude, we obtain the following.

MSE[6?] < MSE[62] if mp < 4,
MSE[6?] > MSE[62] if mp > 4,

where the equality relations are satisfied at N — oco. The evaluation of those inequalities

is the same as that in Section 4.2.
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7 Simulation studies

This section numerically evaluates the actual type I error rates for the approximate upper

percentiles using Monte Carlo simulation (10° runs). Let

o = Pr{—2log \(")) > gi(a)},i = 1,2,3,

2 = Pr{—2plog )\gnz > q1(a)},
= Pr{—2plog \(1), > ¢'(a)},

e, = Pr{=2log A\{,) > ¢, ()}, i=1,2,3,
2 _Pr{ 2plog Aoy > qe (@)},

PI‘{ 2p10g)\c(m >qc( )}

Q1(a)7 Q2(Oé), QB(&>7 qT(Oé), e, (a)a ey (CY), es (Oé) and QI(@) are denoted by (6>7(7)7<8>7(9)7(13)a
(14),(15) and (16), respectively. In Tables 1-8, we provide the simulated upper 100« per-

centiles and approximate upper 100« percentiles of the LRT statistic and modified LRT
statistic and actual type I error rates for o = 0.05. Additionally, we provide the expecta-
tions and MSEs of 62 and 2. We assume 02 = 1 because the LR is invariant under H,
for the affine transformation and independent of o? under Hy. In Tables 1-8, we set the

population sizes as well as dimensions and sample sizes as follows.

e Table 1: Complete data for a two-sample problem
m=2p=238 N9 =10,20,40, 50,80, 100, 200, 400.

e Table 2: Complete data for a two-sample problem with missing parts removed from

two-step monotone missing data for a two-sample problem
m =2, (p1,p2) = (8,0), (N9, N?) = (¢,0), ¢ = 10, 20, 40, 50, 80, 100, 200, 400.

e Table 3: Two-step monotone missing data for a two-sample problem

m = 2,
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(p17p2) = (17 1)7
(N, NPy = (¢,),¢ = 10, 20, 40, 50, 80, 100, 200, 400,

(pl,p2> = (4, 4)7

(t, 1),
(N, NSOy = L (¢,2t), ¢ = 10, 20, 40, 50, 80, 100, 200, 400,

(t,t/2).

Table 4: Two-step monotone missing data for a two-sample problem

m = 27 <p17p2) - (27 6)7 (67 2)7
(N NSOy = (¢,1), ¢ = 10,20, 40, 50, 80, 100, 200, 400.

Table 5: Two-step monotone missing data for a three-sample problem

m = 37 <p17p2) - (474)7
(N, NSOy = (¢,1),¢ = 10,20, 40, 50, 80, 100, 200, 400.

Table 6: Two-step monotone missing data for a five-sample problem

m = 57 <p17p2) - (474)7
(N NSOy = (¢,1),¢ = 10,20, 40, 50, 80, 100, 200, 400.

Table 7: Three-step monotone missing data for a three-sample problem

m = 3) (p17p27p3) - (47474)7
(N NSO NEDY = (¢4, 8), t = 20,40, 50, 80, 100, 200, 400.

Table 8: Five-step monotone missing data for a two-sample problem

m = 27 (p17p27p37p47p5) = (4747 47 47 4)7
(N NSO NSO NSO NDY = (8¢, t,¢,1),t = 30,40, 50,80, 100, 200, 400.

Table 1 satisfies N(V = N® and Tables 2-8 satisfy N]Q) == ](m) fory =1,... k.

The smaller value between MSE[0?] and MSE[62] in each row is in bold.
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Tables 1-8 show that the simulated values are closer to the upper percentile of the y?
distribution when the sample size increases. In addition, under complete data, by com-
paring the actual type I error rates av,, v, , Oy, Qey2, al, the accuracy of the approximate
upper 100« percentile ¢f(a) is the best. Under monotone missing data, by comparing
the actual type I error rates Oél,CYQ,Oég,OdX2,OéT, the accuracy of the approximate upper
100c percentile ¢() is ideal. Furthermore, comparing the approximation accuracy of
the upper 100a percentile ¢f(a) in Table 1 when p = 8 and that of ¢(a) in Table 2, no
significant differences are observed. For the estimators of o2, E[5%] approaches o2 as the
sample size increases, and E[02] is always o2. Moreover, only in Table 1 when p = 2 and
in Table 3 when (p;,p2) = (1,1), we have MSE[5?] < MSE[¢2]; in all other cases in the
Tables, MSE[6?] > MSE[o2]. As the sample size increases, MSE[c?] = MSE[5?].
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Table 1: The simulated values for —2 log )\2(2), —2plog /\:(2) and approximate values for
—2log )\Z(Q), —2plog /\z(2) and actual type I error rates a,, ac,, i, , 0y and o,

the expectations and MSEs of 6% and 2 for o = 0.05,m = 2,02 =1

Sample size Upper percentile Type I error rate Expectation Mean squared error

N® Geg (@) ges () 7210g)\*(2) qz(a) f2plog/\z(2> Qep Oy Oy Qg2 az E[5?] E[g7] MSE[7?] MSE[E%}

c

p=2
10 12.12  12.26 12.26 11.09 11.10 .075 .053 .050 .051 .050 .900 1.000 .0550 .0557
20 11.57 11.60 11.60 11.07 11.08 .061 .051 .050.050.050 .950 1.000 .0262 .0263
40 11.31 11.32 11.32 11.07 11.08 .055 .050.050.050.050 .975 1.000 .0128 .0128
50 11.26 11.27 11.27 11.07 11.08 .054 .050.050.050.050 .980 1.000 .0102 .0102
80 11.19 11.19 11.19 11.07 11.07 .052 .050.050.050.050 .987 1.000 .0063 .0063
100 11.17 11.17 11.17 11.07 11.08 .052 .050.050.050.050 .990 1.000 .0050 .0050
200 11.12 11.12 11.11 11.07 11.06 .051 .050.050.050.050 .995 1.000 .0025 .0025
400 11.09 11.09 11.08 11.07 11.06 .050.050.050.050.050 .997 1.000 .0013 .0013

p=2_8

10 120.55 135.65 161.11  101.99 110.35 915 .475 .242 .266 .113 .900 1.000 .0212 .0139
20 105.35 108.74  109.68 93.17 93.31 .300 .083 .056 .063 .051 .950 1.000 .0084 .0066

40 98.33 99.14 99.17 91.97 91.96 .126 .056 .050 .052 .050 .975 1.000 .0037 .0032
50 96.97 97.48 97.45 91.85 91.81 .105 .053 .050 .051 .050 .980 1.000 .0029 .0026
80 94.96 95.16 95.16 91.74 91.75 .080 .051 .050 .051 .050 .988 1.000 .0017 .0016
100 94.30 94.42 94.40 91.71 91.70 .073 .051 .050.050.050 .990 1.000 .0013 .0013
200 92.98 93.01 93.05 91.68 91.72 .061 .051.050.050.050 .995 1.000 .0006 .0006
400 92.32 92.33 92.38 91.67 91.72 .055 .050.050.050.050 .998 1.000 .0003 .0003

Note. The closest to a from among a.,, ae,, Qcs, 2 and al of each row is in bold.

cx
e, (@) = x2(0.05) = 11.07 for p = 2, ¢, (@) = x%,(0.05) = 91.67 for p = 8.

Table 2: The simulated values for —2 log )\8;, —2plog /\g; and approximate values for

—2log )\g;, —2plog AE;; and actual type I error rates ay, as, asz, a2 and af,

the expectations and MSEs of 6% and 2 for o = 0.05,m = 2,0 =1

Sample size Upper percentile Type I error rate Expectation Mean squared error

N N ga(e) gsla) —210gA3) gi(a) —2plogAy) a1 as a3 a. of E[3?] E[5}] MSE[5?] MSE[5}]

(p1,p2) = (8,0)

10
20

0 126.83 145.96 178.98 101.99  110.33 1972 .592 .300 .266 .113 .900 1.000 .0213 .0139
0 109.25 114.03 115.44 93.17 93.30 414 .098 .059 .063 .051 .950 1.000 .0084 .0066
40 0 100.46 101.66 101.74 91.97 91.98 .164 .059 .050 .052 .050 .975 1.000 .0037 .0032
50 0 98.70  99.47 99.50 91.85 91.86 .131 .056 .050 .051 .050 .980 1.000 .0028 .0025
80 0 96.07 96.36 96.41 91.74 91.78 .093 .052 .050 .051 .050 .988 1.000 .0017 .0016
100 0 95.19 95.38 95.34 91.71 91.68 .082.051 .050.050.050 .990 1.000 .0013 .0013
200 0 93.43 93.48 93.41 91.68 91.62 .064.050.050.050.050 .995 1.000 .0006 .0006
400 0 92.55 92.56 92.59 91.67 91.70 .057.050.050.050.050 .998 1.000 .0003 .0003

Note. The closest to a from among a1, az, as, a2 and al of each row is in bold.
q1(a) = x2,(0.05) = 91.67.
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Table 3: The simulated values for —2log )\gg, —2plog )\g; and approximate values for
—2log )\g;, —2plog /\8; and actual type I error rates aq, as, as, a,2 and al,

the expectations and MSEs of 6% and o2 for a = 0.05,m = 2,02 =1

Sample size Upper percentile Type I error rate Expectation Mean squared error

Nl(Z> NQM) g2(a)  g3(e) —210g)\8§ qt () —2plog)\g; al az a3z o2 ol E[6?] E[g3] MSE[5?] MSE[53]

(p1,p2) = (1,1)

10 10 12.94 13.39 13.38 11.14 11.12 .103 .057 .050 .051 .050 .933 1.000 .0355 .0357
20 20 12.01 12.12 12.11 11.08 11.09 .072 .052 .050.050.050 .967 1.000 .0172 .0172
40 40 11.54 11.57 11.58 11.07 11.09 .060 .051 .050.050.050 .983 1.000 .0085 .0085
50 50 11.44 11.46 11.46 11.07 11.07 .058.050.050.050.050 .987 1.000 .0068 .0068
80 80 11.30 11.31 11.31 11.07 11.07 .055.050.050.050.050 .992 1.000 .0042 .0042
100 100 11.26  11.26 11.26 11.07 11.07 .054.050.050.050.050 .993 1.000 .0033 .0033
200 200 11.16 11.17 11.17 11.07 11.08 .052.050.050.050.050 .997 1.000 .0017 .0017
400 400 11.12 11.12 11.13 11.07 11.08 .051.050.050.050.050 .998 1.000 .0008 .0008

(p1,p2) = (4,4)

10 10 123.82 141.47 174.33 103.38  113.19 .958 .578 .304 .308 .125 .933 1.000 .0122 .0089
20 20 107.74 112.16 113.65 93.49 93.72 377 .096 .059 .066 .052 .967 1.000 .0051 .0043
40 40 99.71 100.81 100.92 92.04 92.07 .151 .059 .051 .053 .050 .983 1.000 .0023 .0021
50 50 98.10 98.81 98.80 91.90 91.87 .123 .055 .050 .051 .050 .987 1.000 .0018 .0017
80 80 95.69 95.96 95.99 91.75 91.78 .089 .052 .050 .051 .050 .992 1.000 .0011 .0011
100 100 94.88  95.06 95.07 91.72 91.73 .079 .051 .050.050.050 .993 1.000 .0009 .0008
200 200 93.28 93.32 93.30 91.68 91.66 .063.050.050.050.050 .997 1.000 .0004 .0004
400 400 92.47 9248 92.46 91.67 91.65 .056.050.050.050.050 .998 1.000 .0002 .0002

10 20 122.88 140.27 173.27 104.09  114.28 .955 .577 .307 .324 .127 .950 1.000 .0084 .0066
20 40 107.27 111.62 113.15 93.63 93.89 .365 .095 .060 .068 .052 .975 1.000 .0037 .0032
40 80 99.47 100.56 100.61 92.07 92.05 .147 .058 .050 .053 .050 .987 1.000 .0017 .0016
50 100 97.91 98.61 98.65 91.92 91.93 .120 .055 .050 .052 .050 .990 1.000 .0013 .0013
80 160 95.57 95.84 95.86 91.76 91.78 .087 .052 .050 .051 .050 .994 1.000 .0008 .0008
100 200 94.79  94.96 94.99 91.73 91.75 .078 .051 .050 .051 .050 .995 1.000 .0006 .0006
200 400 93.23 93.27 93.30 91.68 91.71 .063 .051 .050.050.050 .998 1.000 .0003 .0003
400 800 92.45 92.46 92.44 91.67 91.66 .056.050.050.050.050 .999 1.000 .0002 .0002

10 5 124.80 142.83 175.69 102.78  112.20 .963 .579 .302 .293 .122 .920 1.000 .0156 .0109
20 10 108.23 112.74 114.17 93.36 93.54 .387 .095 .059 .065 .051 .960 1.000 .0064 .0052
40 20 99.95 101.08 101.20 92.01 92.06 .155 .059 .051 .052 .050 .980 1.000 .0028 .0025
50 25 98.30  99.02 99.05 91.88 91.89 .125 .055 .050 .052 .050 .984 1.000 .0022 .0020
80 40 95.81 96.09 96.11 91.75 91.77 .090 .052 .050 .051 .050 .990 1.000 .0013 .0013
100 50 94.98 95.16 95.14 91.72 91.70 .080 .051 .050.050.050 .992 1.000 .0011 .0010
200 100 93.33 93.37 93.34 91.68 91.66 .063.050.050.050.050 .996 1.000 .0005 .0005
400 200 92.50 92.51 92.46 91.67 91.62 .056.050.050.050.050 .998 1.000 .0003 .0003

Note. The closest to a from among a1, az, as, a2 and al of each row is in bold.
1 (@) = x3(0.05) = 11.07 for (p1,p2) = (1,1).
q1(a) = x2,(0.05) = 91.67 for (p1,p2) = (4,4).
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Table 4: The simulated values for —2log )‘87 —2plog /\83 and approximate values for
—2log )\g;, —2plog )\8; and actual type I error rates oy, ag, a3, a2 and af,

the expectations and MSEs of 6% and 2 for o = 0.05,m = 2,02 =1

Sample size Upper percentile Type I error rate Expectation Mean squared error

Nl(e) NQ(Z) g2(a)  g3(@) —210g)\g; qt(a) —2plog)\g; al a2 a3z e ol E[6?] E[¢3] MSE[62] MSE[¢3]

(p1,p2) = (2,6)

10 10 126.27 145.21 178.12 102.55  110.90 970 .591 .301 .276 .113 .920 1.000 .0156 .0108
20 20 108.97 113.70 115.18 93.27 93.45 .408 .098 .059 .064 .051 .960 1.000 .0064 .0052
40 40 100.32 101.50 101.59 91.99 92.01 .161 .059 .051 .053 .050 .980 1.000 .0028 .0026
50 50 98.59 99.35 99.36 91.87 91.86 .129 .056 .050 .051 .050 .984 1.000 .0022 .0020
80 80 95.99 96.29 96.35 91.74 91.80 .093 .052 .050 .051 .050 .990 1.000 .0013 .0013
100 100 95.13  95.32 95.34 91.72 91.74 .082.051 .050 .051 .050 .992 1.000 .0011 .0010
200 200 93.40 93.45 93.46 91.68 91.70 .064.050.050.050.050 .996 1.000 .0005 .0005
400 400 92.54 92.55 92.56 91.67 91.69 .057.050.050.050.050 .998 1.000 .0003 .0003

(p1,p2) = (6,2)

10 10 118.48 132.17 161.52 101.34  114.27 1902 .493 .278 .314 .156 .943 1.000 .0100 .0076
20 20 105.08 108.50 109.79 93.33 93.73 .300 .086 .058 .066 .053 .971 1.000 .0043 .0037
40 40 98.37 99.23 99.30 92.02 92.04 .129 .057 .050 .053 .050 .986 1.000 .0020 .0018
50 50 97.03 97.58 97.56 91.89 91.85 .107 .054 .050 .051 .050 .989 1.000 .0015 .0014
80 80 95.02 95.24 95.30 91.75 91.82 .081 .052 .050 .051 .050 .993 1.000 .0009 .0009
100 100 94.35 94.49 94.47 91.72 91.70 .073 .051 .050.050.050 .994 1.000 .0007 .0007
200 200 93.01 93.05 93.06 91.68 91.70 .061.050.050.050.050 .997 1.000 .0004 .0004
400 400 92.34 92.35 92.32 91.67 91.65 .055.050.050.050.050 .999 1.000 .0002 .0002

Note. The closest to a from among a1, az, as, a2 and at of each row is in bold.
q1(a) = x2,(0.05) = 91.67 for (p1,p2) = (2,6), (6,2).

Table 5: The simulated values for —2log )\g;, —2plog )\g; and approximate values for

2 and af,

the expectations and MSEs of 6% and 2 for a = 0.05,m = 3,02 = 1

—2log )\g;, —2plog /\g; and actual type I error rates aq, as, az, o

Sample size Upper percentile Type I error rate Expectation Mean squared error

Nl([) N2(Z) ¢ () g3(e) 7210g)\g§ ¢ (o) 72p10g)\g§ al az a3z «
(p1,p2) = (4,4)

10 10 178.31203.15 249.46 148.68 162.31 .992.710 .386 .386 .144 .933 1.000 .0096 .0059
20 20 155.23161.44 163.56 134.71 134.99  .481.107 .061 .070.052 .967 1.000 .0038 .0029
40 40 143.69145.24 145.35 132.67 132.66 .182.060 .051 .053 .050 .983 1.000 .0016 .0014
50 50 141.38142.37 142.38 132.47 13243 .143.056 .050 .052 .050 .987 1.000 .0013 .0011
80 80 137.92138.30 138.31 132.26 132.27  .099 .052 .050 .051 .050 .992 1.000 .0008 .0007
100 100 136.76137.01 137.05 132.22 132.26 .087.052.050 .051 .050 .993 1.000 .0006 .0006
200 200 134.45134.51 134.47 132.16 132.13 .066.050.050.050.050 .997 1.000 .0003 .0003
400 400 133.30133.31 133.29 132.15 132.13 .057.050.050.050.050 .998 1.000 .0001 .0001

w2 ol E[6?] E[g] MSE[5%] MSE[57]

Note. The closest to a from among a1, az, as, a2 and al of each row is in bold.
q1(a) = x307(0.05) = 132.14.
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Table 6: The simulated values for —2log )\gg, —2plog )\% and approximate values for
—2log )\g;, —2plog /\g; and actual type I error rates aq, az, ag, ay2 and af,

the expectations and MSEs of 6% and o2 for a = 0.05,m = 5,02 = 1

Sample size Upper percentile Type I error rate Expectation Mean squared error

Nl(z) NQM) g2(a) g3(a) —210g/\g§; qt(a) —2p10g)\g; alp oz a3 a2 ot E[6?] E[3] MSE[5?] MSE[53

(p1,p2) = (4,4)

10 10 284.79323.54 395.58 237.09 257.79 1.000 .867 .523 .517.176 .933 1.000 .0076 .0036
20 20 248.00257.69 261.22 215.24 215.72 .650 .128 .065 .075.052 .967 1.000 .0027 .0017
40 40 229.61232.03 232.23 212.04 212.01 .238 .063 .051 .054 .050 .983 1.000 .0011 .0008
50 50 225.93227.48 227.57 211.72 211.72 .181 .058 .050 .052 .050 .987 1.000 .0008 .0007
80 80 220.41221.02 221.02 211.40 211.39 .116 .053 .050 .051 .050 .992 1.000 .0005 .0004
100 100 218.57218.96 218.95 211.33 211.32 .099 .052.050.050.050 .993 1.000 .0004 .0003
200 200 214.90214.99 215.04 211.25 211.29 .071 .051.050.050.050 .997 1.000 .0002 .0002
400 400 213.06213.08 213.11 211.22 211.26 .060 .050.050.050.050 .998 1.000 .0001 .0001

Note. The closest to a from among a1, ag, s, a,2 and al of each row is in bold.
q1(a) = x344(0.05) = 211.22.

Table 7: The simulated values for —2log )\g;, —2plog /\Eg; and approximate values for

—2log )‘%v —2plog Ag and actual type I error rates oy, as, asz, a2 and af,

the expectations and MSEs of 6% and 2 for o = 0.05,m = 3,0% =1

Sample size Upper percentile Type I error rate Expectation Mean squared error

Nl(z) NQ(Z) N:,EZ) g2(a) g3(a) —2log)\g§ qt(a) —2plog)\8; al az a3z e ol E[6?] E[¢3] MSE[62] MSE[¢3]
(p1,p2,p3) = (4,4,4)

20 20 20 326.73347.45 363.80 282.05 286.72 .931.310 .125 .163.071 .975 1.000 .0020 .0014
40 40 40 298.17303.35 304.47 272.03 272.22 .382.080 .054 .062.051 .987 1.000 .0008 .0007
50 50 50 292.46295.77 296.33 271.08 271.21  .277.067 .052 .057.051 .990 1.000 .0007 .0006
80 80 80 283.89285.18 285.33 270.15 270.21  .156 .056 .051 .053 .050 .994 1.000 .0004 .0003
100 100 100 281.03281.86 281.88 269.94 269.94 .126 .054 .050 .051.050 .995 1.000 .0003 .0003
200 200 200 275.32275.53 275.58 269.69 269.74 .081.051 .050 .051.050 .998 1.000 .0001 .0001
400 400 400 272.46272.52 272.54 269.63 269.65 .064.050.050.050.050 .999 1.000 .0001 .0001

Note. The closest to a from among a1, ag, ag, a,2 and at of each row is in bold.
q1(0.05) = x235(0.05) = 269.61.
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Table 8: The simulated values for —2log )\g;, —2plog /\g; and approximate values for
—2log )\Eg;, —2plog AE;; and actual type I error rates ay, as, asz, a2 and af,

the expectations and MSEs of 6% and 2 for o = 0.05,m = 2,0? =1

Sample size Upper percentile Type I error rate Expectation Mean squared error

NN NS N NS ga(a) gs(e) —21080(3) gf(a) —2plog ) @1 a2 as a2 of E[F? E[53] MSE[5?] MSE[5}]

(p17p21p37p47p5) = (4747 4, 474)

30 30 30 30 30 551.27581.33 610.75 488.94 501.65 .979 .418 .172 .255.100 .989 1.000 .0007 .0006
40 40 40 40 40 530.38547.30 556.32 478.46 481.79  .800.172 .080 .113.061 .992 1.000 .0005 .0004
50 50 50 50 50 517.85528.68 532.56 474.19 475.49  .598 .110 .062 .081.054 .993 1.000 .0004 .0003
80 80 80 80 80 499.05503.28 504.03 470.04 470.27 .295.067 .052 .059 .051 .996 1.000 .0002 .0002
100 100 100 100 100 492.79495.49 495.94 469.16 469.36 .218.061 .051 .056 .051 .997 1.000 .0002 .0002
200 200 200 200 200 480.26480.93 480.99 468.07 468.10 .110.052.050 .051.050 .998 1.000 .0001 .0001
400 400 400 400 400 473.99474.16 474.13 467.81 467.78 .075.050.050.050.050 .999 1.000 .0000 .0000

Note. The closest to o from among ay, ag, a3, a2 and al of each row is in bold.
q1(0.05) = x314(0.05) = 467.73.

8 Numerical examples

This section provides instances of the test statistics (—2 log /\E':,Z), —2plog /\E’;z)) and approx-
imate upper percentiles (qi(a), ¢2(a), gs(a), ¢"(«)) under two-step and three-step mono-
tone missing data for a two-sample problem. We employ the part of the data provided
in Flury (1997). Flury (1997) provides head dimentions of 200 young Swiss men and 59

young Swiss women, age 20.

8.1 Two-step case

We use the data that consist of the first 10 men and women obtained by Flury (1997),
with the sixth variable removed and the fifth variable partially missing. The parameters

are
m =2, (p1,p2) = (4,1), NV, N) = (6,4), (NP, NPy = (7,3).

Subsequently, —2log )‘%7 —2plog )\% and the approximate upper 5 percentiles are, re-

spectively,
—2log Ag — 62.43, —2plog Ag; = 35.42,
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¢1(0.05) = 42.56, ¢(0.05) = 60.97, ¢3(0.05) = 75.09, ¢'(0.05) = 57.05.

Therefore, Hy is rejected when —2log /\gg and ¢;(0.05) or —2log )\gg and ¢2(0.05) are

compared, but Hy is not rejected in all other cases.

8.2 Three-step case

We use the data consisting of the first 10 men and women obtained by Flury (1997),
with the sixth variable removed and the fourth and fifth variables partially missing. The

parameters are
m = 27 <p17p27p3) = (37 17 1)7 (N1(1)7 N2(1)7 N?El)) = (67 37 1)7 (N1(2)7 2(2)7 N?EQ)) = (77 27 1)

Subsequently, —2log )\83, —2plog )\gg and the approximate upper 5 percentiles are, re-

spectively,

—2log (3 = 69.07, —2plog \3) = 44.30,

¢1(0.05) = 42.56, ¢5(0.05) = 57.82, ¢5(0.05) = 66.36, ¢' (0.05) = 47.55.

Thus, Hy is not rejected when —2p log )\g; and ¢7(0.05) are compared, but Hy is rejected

in all other cases.

9 Conclusions

In this study, we discuss the sphericity test under monotone missing data for a multi-
sample problem. Specifically, we asymptotically expanded the distribution functions and
upper percentiles of the LRT statistic and modified LRT statistic under Hy. Furthermore,
we provided approximate upper percentiles. The simulation results show that modifying
the LRT statistic improves the approximation accuracy. Furthermore, the approximate
upper 100« percentile ¢'(«) is effective even when the sample size for each step is small.
In the estimation of o2, we derived the MLE &2 of ¢ under H, and proposed an unbiased
estimator o2 of o2. It is ideal to use o2 rather than 52 in most cases, especially when the

sample size for each step is small. Finally, we provided instances of the LRT statistic and

modified LRT statistic.
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Appendix. A
Proof of Theorem 1

We consider a random variable Z (0 < Z < 1) with moments.
1L
m g2

lz
(=1 1=1

h

m g1
[I11-7
/=1 i=1

q1 m  q2

w6 [T o el

(=1 i=1 (=1 i=1

H I'yy (1 + h) + ]

where
m q1

g=1 (=1 i=1

A3
{=1 i=1

and K is a constant such that E[Z°] = 1. Moreover, y, = a,N, z

(17)

(18)

= by N,

where ag, bg? and bzi are constants and NN is the asymptotic variable. Subsequently, the

cumulant generating function of —2plog Z (0 < p < 1) can be denoted by

\I/(t):—%flog(l—%t)+2wu(p) 1—2it)™ =1} + O(N—*71),

u=1

where

= —2{7”25124-7”2521 an—— Q1+Q2)—7‘)}
wulp) = 1)vt! (iz utl 511 +§1z ijz u+1 ﬁgz +§2z)

=1 i=1 qu (=1 i=1

28

(19)

(20)



_ Z u+1 59 + 779 (21>

By+1(a) is the Bernoulli polynomial of degree u + 1 and BS) =(1- p)zg), éf) (1—

p)zéf), eg = (1 = p)y,. By employing (18),(19),(20) and (21), the distribution functions of
—2log Z and —2plog Z can be asymptotically expanded as

Pr(—2log Z < z) = G4() + wi(1){Gria(z) — Gy(z)}
+wa(D{Gpra(x) = Gy(a) } + O(NT), (22)

Pr(~2plog Z < z) = Gy(a) + walp){Crralx) — Gy(x)} + O(N®),  (23)

respectively, where

1 m q1 . 1 m q2 . 1
- (g e )+ S A (8-

=1 =1 /=1 =1
—~ _ 1
—Zyg1<n§—ng+6)},
g=1

1 m  q1 (f)—Q X 3 ) 1 m Qg2 (2)—2 5 3 ) 1
1) =- 6 Z TN Bt 5511' + 5511' + Z zo | & — §£2i + 5521
(=1 i=1 =1 0=

Eelr-dae )

p=1-— ;wl(l),
L1 e
wa(p) = — ;(;wlm 2<1>).

Subsequently, we discuss the following theorem, which we have derived.

Theorem 5

For h =0,1,2,..., the h-th null moment of the LR X, 1is

(Np1+Nip2)h
B[\ ] = (Np1 + Nip2) 2
(m) m NOpih m Nl(E)p2h
H N© 2 HNl(e) 2
=1 =1
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1 1
p1 [g(N(Z)h + N©O — 1)] Lp, [5(1\71(4)’1 + N —p - 1)]

mF
<11 1 1
=, awe -, |

2(N1(€) — D1 — 1)1

r B{(N —m)p1+ (N1 — m)pz}]

Y

© |G {V =+ (8 = mpe) + 5 (Vs + Nt

where Ty [a] is the multivariate gamma function and

o =7 ﬁf[a——z—l)} (24)

This theorem extends Chang and Richards (2010). Transforming the h-th null moment

of A(m) the same form as (17) using (24), we obtain the following expression.

- _
1 Np1+Nip2
2
{§(NP1 + N1p2>}
h _

Ty (] @)\ 2 1T (L oo 2

IIII(5Y [T (5™
L (=1 i=1 (=1 i=1 ]
m  p1 1 1 m  p2 1 (f)

L =NO1+h) == L'|=N"(14+h)—=
gg{2<+> f TILTr |50+ = 5t
r |:§(Np1 + Nip2)(1+h) — §mp}
where

P LA =i+ (3, - m»»}}

ifie [ i o]

/=1 =1 /=1 i=1

By setting Z = A¢) and comparing (25) with (17), we obtain the following equations.

r=1,¢q1 = p1,q2 = pa,

1 1
(Z) = _N(E)agli = _§Z7Z = 17 <.y D1,
1 1. .
Zéf) = §N1(Z)a§2i = _§<Z +p1)72 = ]-a -y P2,
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1 1
Y1 = Q(Npl + Nip2),m = _§mpa

where the above equations satisfy (18). By substituting the equations into (22) and

(23), respectively, an asymptotic expansion of —2log A¢,,) and —2plog Ay

for the null

distribution yield (2) and (3). Therefore, this completes the proof of Theorem 1.

Appendix.B
Proof of Theorem 2

We consider a random variable Z (0 < Z < 1) with moments.

qj

r 1" m ok
Hygg [TTITIr |00+ m) +

B[Z" = K =1 j= 1‘1 1 |
m qj
HHHZ@ﬂ TIT s (1 + 1) +my)
| (=1 j=1 i=1 g=1
where
r m k q;
(©)
PEDIDIPIL
g=1 =1 j=1 i=1
and K is a constant such that E[Z°] = 1. Moreover, y, = a,N, z](f) = b(f)N, where q,

and b%) are constants and N is the asymptotic variable. Subsequently, the distribution

functions of —2log Z and —2plog Z (0 < p < 1) can be expanded as

Pr(—2log Z < z) = Gy(z) + wi(1){Gria(z) — Gy(z)}
+wa(D{Gra(x) = Gy(a) } + O(NT),
Pr(—2plog 7 < ) = Gy(2) + wn(p){Grrala) — Gy(a)} + O(ND),

respectively, where



m k
wo(l) = — %{ZZ ' z](.f)_z( jgz _ gf?z + %sz‘) Zyg < 779 + ;ng) }

=1 j=1 i=1
p= 1-— ;wl(l)a
1/1
) == (;m(l) - w2<1>)

Next, we discuss the following theorem that we have derived.

Theorem 6

For h=0,1,2,..., the h-th null moment of the LR )\82) 18

k
k %(Z N(1.4,k7j+1)pj)h
(Z N(l...k—j+1)pj) =t
~N© - \Pjh
(6)2 (1...k—j41)¥7
LTIV s
=1

) ©
m kL. |:_(N(1...kg+1)h+N(1 k—j+1) — Pa.j-1) — 1)1

0)
Q(N(l k—j+1) — Pj-1) _1)]

where we define p.. j—1) = 0 when j =

This theorem is an extension of Theorem 5. The h-th null moment of )\Eg) can be

transformed as follows.

_ X ~h




m pj
1 1
[TIT11r {ézv(g,__k_jﬂ)u “h)- 10 +p(1...j_1>>}

k bl
1 1
I [5 (; N(l...kj+1)pj) (1+h)— 5777/29]

(30)

where

- S S I N
TIITITT [0 s =m0 =)
By comparing (30) with (26), we obtain the following equations.
Forj=1,....k,{=1,...,m,

o 1 I ‘
r= 17 q; = Py, Z](z) = §N((1,)“k7j+1)a€ji = _E(Z +p(1...j71))7 L= 17 -y Dy
k
1 1
n=3 ; Na. k—j+1)Pj, T = —5mp;

where the above equations satisfy (27). By substituting these equations into (28) and
(29), the proof of Theorem 2 is complete.

Appendix.C

Subtracting MSE[6?] from MSE[c?] yields the following result.

k
mp {mp(mp —2)— (mp—4N>_ 7(1...k—j+1)2?j}
MSE[52] — MSE[#?] = = o,

k k 2
{N(Z '7(1...k—j+1)pj) - mp} (NZ'Y(l...k—ﬂ-l)pj)
j=1 j=1

where MSE[?2] — MSE[6?] tends to zero as N(1._j—;+1) and N tend to infinity. Therefore,

we obtain (10) and establish the equality relations.
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