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Abstract

The kick-one-out (KOO) method is a variable selection method based on a model selection criterion.
The method is very simple, and yet it has consistency in variable selection under a high-dimensional
asymptotic framework with a specific model selection criterion. This paper proposes the join-two-
together (JTT) method, which is a clustering method based on the KOO method for group-wise linear
regression with graph structure. The JTT method formulates the clustering problem as an edge se-
lection problem for a graph and determines whether to select each edge based on the KOO method.
We can employ network Lasso to perform such a clustering. However, network Lasso is somewhat
cumbersome because there is no good algorithm for solving the associated optimization problem and
the tuning is complicated. Therefore, by deriving a model selection criterion such that the JTT method
has consistency in clustering under a high-dimensional asymptotic framework, we propose a simple
yet powerful method that outperforms network Lasso.
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1. Introduction

For m groups, suppose we have a dataset (y j,X j) ( j ∈ {1, . . . ,m}), where y j is an n j-dimensional
vector of a response variable, X j is an n j × p matrix of explanatory variables satisfying rank(X j) =
p ≤ n j, and n j is the sample size of the jth group. For such a dataset, we then assume the following
group-wise linear regression model:

y j ∼ Nn j (X jβ j, σ
2In j ), (1.1)
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where β j is a p-dimensional vector of regression coefficients, σ2 is an error variance satisfying
σ > 0, and y1, . . . ,ym are mutually independent. Furthermore, we assume N − 4 > 0, where
N = n−mp and n =

∑m
j=1 n j. A simple method for estimating β1, . . . ,βm is to apply the ordinary least

squares (OLS) or maximum likelihood estimation method group-wise. The group-wise estimator of
β j ( j ∈ {1, . . . ,m}) obtained from either method is as follows:

β̂ j =M−1
j X ′

jy j, M j =X ′
jX j. (1.2)

If m groups have relationships with each other, it would be desirable to utilize an estimation method
that considers those relationships rather than the simple group-wise estimation method given above.
In the present paper, we assume that the relationships among the groups can be formulated as a graph.
That is, we assume that the relationships are given by a graph (V, E) with a vertex set V = {1, . . . ,m}
and an edge set E (⊂ V × V) satisfying (k, ℓ) ∈ E ⇒ k < ℓ. For example, by regarding houses
or areas as groups, we can define E in terms of regional adjacency (e.g., Hallac et al., 2015; Ohishi
et al., 2025). If (k, ℓ) ∈ E, the kth and ℓth groups are related, and if (k, ℓ) < E, they are not related.
As a method for estimating β1, . . . ,βm under such a graph structure, we can consider a penalized
estimation method with the penalty based on differences of regression coefficient vectors for related
groups, i.e., βk−βℓ ((k, ℓ) ∈ E). Specifically, we can use network Lasso (Hallac et al., 2015) to obtain
estimators satisfying βk = βℓ exactly for some (k, ℓ) ∈ E. The network Lasso estimator is obtained
by minimizing the following penalized residual sum of squares:

m∑
j=1

∥y j −X jβ j∥2 + λ
∑

(k,ℓ)∈E
wkℓ∥βk − βℓ∥, (1.3)

where λ (≥ 0) is a tuning parameter adjusting the strength of the penalty against the model fitting
and wkℓ (> 0) is a penalty weight expressing the strength of the relationship between the kth and ℓth
groups. Network Lasso can perform an estimation that considers the relationships among the groups
by shrinking βk − βℓ based on a network structure. Notably, it allows ∥βk − βℓ∥ to be exactly zero.
This implies that βk and βℓ can be estimated as exactly equal. In this case, we can perform clustering
by interpreting that the kth and ℓth groups belong to the same cluster. However, network Lasso is
somewhat cumbersome in practice. One of its problems is the optimization method. If clustering is
not required, then the optimization method is not a problem. For example, we can adopt ∥βk − βℓ∥2

instead of ∥βk − βℓ∥ in (1.3). In this case, we can perform an estimation based on a network structure
and the estimator can be obtained in closed form. However, since the network Lasso estimator cannot
be obtained in closed form, its optimization method is important. Hallac et al. (2015) proposed an
algorithm based on the alternating direction method of multipliers (ADMM; Boyd et al., 2011) to
minimize (1.3). ADMM is a very popular method because it is highly versatile and has good theo-
retical properties, e.g., optimality and convergence. On the other hand, it too has some problems in
practice. We focus here on two problems: the convergence of the algorithm is slow and βk and βℓ can-
not be estimated as numerically and exactly equal for network Lasso. The latter in particular is serious
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because clustering is one purpose of applying network Lasso. In order to overcome these problems
in ADMM, Ohishi et al. (2025) proposed an algorithm based on the block-wise coordinate descent
method (BCDM). BCDM can estimate βk and βℓ as numerically and exactly equal and Ohishi et al.

(2025) reported that BCDM is superior to ADMM in terms of optimization speed and minimization
accuracy. However, since the penalty is not separable with respect to β j, BCDM is not guaranteed
to have the desired theoretical properties, e.g., optimality and convergence. As mentioned above, for
network Lasso, there is not an algorithm with both theoretical and practical goodness. In addition,
since network Lasso requires the selection of λ and wkℓ, network Lasso cannot be said to be easy to
use.

The present paper focuses on clustering based on a graph and considers an approach that is com-
pletely different from continuous optimization methods such as network Lasso. Specifically, we focus
on the kick-one-out (KOO) method (Zhao et al., 1986; Nishii et al., 1988), which is a variable selec-
tion method (the name “kick-one-out” was given by Bai et al., 2018). The KOO method determines
whether to select the jth variable by comparing a model which has all p variables with a model
excluding only the jth variable and the goodness for each model is evaluated by a model selection
criterion, e.g., the Akaike information criterion (Akaike, 1973) or the Cp criterion (Mallows, 1973).
Hence, the KOO method requires only p calculations and is feasible in a large number of variables.
Despite the KOO method being very simple, as just described, it has consistency in variable selec-
tion. For example, for the problem of selecting explanatory variables in multivariate linear regression,
Oda & Yanagihara (2020, 2021) revealed classes of the generalized Cp (GCp) criterion (Atkinson,
1980) and generalized information criterion (Nishii, 1984), respectively, such that the KOO method
has consistency in variable selection under a high-dimensional asymptotic framework, and proposed
specific criteria. Furthermore, Oda & Yanagihara (2020) reported that the KOO method is superior to
adaptive group Lasso (Wang & Leng, 2008), which is a continuous optimization method, in terms of
performance of variable selection and calculation time. Inspired by the KOO method, we propose the
join-two-together (JTT) method, which performs clustering for group-wise linear regression. The JTT
method formulates the clustering problem as the problem of selecting the pairs (k, ℓ) (∈ E) that should
belong to the same cluster. In other words, the clustering problem is formulated as the problem of se-
lecting edges (k, ℓ), where if (k, ℓ) is selected, the kth and ℓth groups are interpreted as belonging to the
same cluster. Specifically, the JTT method determines whether to select the edge (k, ℓ) (i.e., whether
βk = βℓ) by comparing a model in which all regression coefficient vectors are different with a model
in which βk = βℓ only for (k, ℓ). When (V, E) is a complete graph, #(E) achieves the maximum and is

mC2 = m(m − 1)/2. Hence, the JTT method requires a calculation of O(m2). In the present paper, the
GCp criterion is employed to evaluate the goodness of a model. Based on Oda & Yanagihara (2020),
we reveal a class of the GCp criterion such that the JTT method has consistency in the edge selection
under a high-dimensional asymptotic framework and propose a specific criterion. Moreover, we show
that the JTT method is superior to network Lasso through numerical studies.

The remainder of the paper is organized as follows. In Section 2, we describe the JTT method and
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give the asymptotic framework and assumptions to discuss consistency. In Section 3, we describe the
main results: consistency of the JTT method and an estimation method after clustering. In Sections 4
and 5, we numerically compare the JTT method with network Lasso, using simulation data and real
data. Section 6 concludes the paper. Technical details are provided in the Appendices.

2. Preliminaries

We first describe the models and framework of the JTT method. Let E∗ be a set of true edges, and
define m∗ as the number of connected components in the graph (V, E∗) and V∗i (i ∈ {1, . . . ,m∗}) as the
vertex set of the ith connected component. That is, m∗ is the number of true clusters and V∗1 , . . . ,V

∗
m∗

are the nonempty and mutually exclusive sets expressing true clusters, where V = ∪m∗
i=1V∗i . The E∗ and

V∗i have the following relationships:

∀k, ℓ ∈ V∗i , (k, ℓ) ∈ E =⇒ (k, ℓ) ∈ E∗, ∀(k, ℓ) ∈ E∗, ∃!i ∈ {1, . . . ,m∗} s.t. k, ℓ ∈ V∗i .

Then, we define the true model as

y j ∼ Nn j (X jβ
∗
j , σ

2
∗In j ) ( j ∈ V), β∗j = ξ∗i ( j ∈ V∗i ; i ∈ {1, . . . ,m∗}),

where β∗j is the p-dimensional vector of the true regression coefficients for the jth group, σ2
∗ is the true

error variance satisfying σ∗ > 0, and ξ∗i is the p-dimensional vector of common regression coefficients
for the groups in V∗i . Thus, ξ∗i expresses the relationships among the groups, and the mean structure
of the true model is equal within the same cluster. We write β∗k = β∗ℓ = ξ∗kℓ when (k, ℓ) ∈ E∗. For
example, when m = 5 and E∗ = {(1, 2), (1, 3), (4, 5)}, we have m∗ = 2, V∗1 = {1, 2, 3}, and V∗2 = {4, 5}.
Furthermore, we have β∗1 = β∗2 = ξ∗12 = ξ∗1. For the true model, we define the base model as (1.1),
in which β1, . . . ,βm are all different and a candidate model as a model with βk = βℓ = ξkℓ only for
(k, ℓ) ∈ E. The candidate model for (k, ℓ) ∈ E is given by

y j ∼

Nn j (X jξkℓ, σ
2
kℓIn j ) ( j ∈ {k, ℓ})

Nn j (X jβ j, σ
2
kℓIn j ) ( j ∈ Vkℓ)

,

where σ2
kℓ is an error variance satisfying σkℓ > 0 and Vkℓ = V\{k, ℓ}. The group-wise OLS estimator

of β j for the candidate model is given by

β̂(kℓ)
j =

M
−1
kℓ X

′
kℓykℓ ( j ∈ {k, ℓ})

β̂ j ( j ∈ Vkℓ)
, Mkℓ =X ′

kℓXkℓ, Xkℓ =

Xk

Xℓ

 , ykℓ =

yk

yℓ

 ,
where β̂ j is the group-wise OLS estimator of β j for the base model given in (1.2). Furthermore, we
define an unbiased estimator s2 of the error variance in the base model and projection matrices P j and
Pkℓ as
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s2 =
1
N

m∑
j=1

y′j(In j − P j)y j, P j =X jM
−1
j X ′

j, Pkℓ =XkℓM
−1
kℓ X

′
kℓ.

Then, the GCp criteria GC(0)
p and GC(kℓ)

p for the base model and the candidate model, respectively, are
defined by

GC(0)
p (α) =

1
s2

m∑
j=1

y′j(In j − P j)y j + αmp,

GC(kℓ)
p (α) =

1
s2

y′kℓ(Inkℓ − Pkℓ)ykℓ +
∑
j∈Vkℓ

y′j(In j − P j)y j

 + α(m − 1)p,

(2.1)

where α (> 0) is a parameter adjusting the strength of the penalty against the model fitting and
nkℓ = nk + nℓ. The GCp criterion expresses a specific criterion by giving the α value, e.g., α = 2
expresses the Cp criterion. Under the models described above, we define the optimal edge set Ê(α)
selected by the JTT method based on the GCp criterion as

Ê(α) =
{
(k, ℓ) ∈ E | GC(kℓ)

p (α) ≤ GC(0)
p (α)

}
. (2.2)

When the goodness of a model is evaluated by a model selection criterion, a model with a smaller
value can be interpreted as being a better model. In our case, we adopt βk = βℓ satisfying
GC(kℓ)

p (α) ≤ GC(0)
p (α) for (k, ℓ) ∈ E. Note that the name “kick-one-out” is derived from consider-

ing a model from which only one variable is excluded as a candidate model. Following this idea, we
have named the proposed method the “join-two-together” method, since a model in which two groups
are joined together is considered as a candidate model. Let q = #(E). Then, q achieves its maximum
when (V, E) is a complete graph. Hence, the JTT method requires a calculation size of q = O(m2),
since q ≤ mC2 = m(m − 1)/2. The purpose of this paper is to present a condition on α such that the
JTT method has consistency in the edge selection, i.e., the probability of Ê(α) = E∗ converges to 1.

Next, we provide an asymptotic framework and some assumptions for discussing the consistency.
Let n0 = min j∈V n j. Herein, we consider consistency under the following high-dimensional asymp-
totic framework:

n0 → ∞,
p
n0
→ p0 ∈ [0, 1),

m
n0
→ m0 ∈ [0,∞). (2.3)

Under this asymptotic framework, n0 always diverges to infinity. In contrast, p, m, and m∗ can be
fixed or diverge to infinity at a speed comparable to or slower than n0. We make the following three
assumptions in preparation.

Assumption A1. E∗ ⊆ E.

Assumption A2. There exists c1 > 0 such that

n−1
0 min

(k,ℓ)<E∗
λmin(MkM

−1
kℓ Mℓ) ≥ c1,

where λmin(A) is the minimum eigenvalue of a square matrix A.
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Assumption A3. There exist c2 > 0 and c3 ≥ 1/2 such that

n1−c3
0 min

(k,ℓ)<E∗
∥β∗k − β∗ℓ ∥2/σ2

∗ ≥ c2.

Assumption A1 is absolutely necessary for considering consistency. Assumption A2 may seem un-
usual. For example, the following might be considered a standard assumption.

Assumption A2’. There exists d > 0 such that

min
j∈V

n−1
j λmin(M j) ≥ d.

Actually, Assumption A2’ is a sufficient condition for Assumption A2. Hence, Assumption A2 is a
relatively weak assumption. Assumption A3 is a weak assumption for the true parameters. Since it is
necessary to determine βk , βℓ for (k, ℓ) < E∗, it would be desirable that ∥β∗k − β∗ℓ ∥2 be sufficiently
large. However, Assumption A3 allows ∥β∗k − β∗ℓ ∥2/σ2

∗ to converge to 0.
Lastly, the asymptotic behavior of a non-centrality parameter is important in model selection. The

non-centrality parameter for (k, ℓ) ∈ E is given by

δkℓ = η∗kℓ
′(Inkℓ − Pkℓ)η∗kℓ/σ

2
∗, η∗kℓ =


Xkℓξ

∗
kℓ ((k, ℓ) ∈ E∗)Xkβ
∗
k

Xℓβ
∗
ℓ

 ((k, ℓ) < E∗)
.

Since PkℓXkℓ =Xkℓ, we know that δkℓ = 0 holds when (k, ℓ) ∈ E∗ and δkℓ > 0 holds when (k, ℓ) < E∗.
Regarding δkℓ, we have the following inequality under Assumptions A1–A3 (the proof is given in
Appendix A.1):

n−c3
0 δmin ≥ c1c2, δmin = min

(k,ℓ)<E∗
δkℓ. (2.4)

3. Main results

3.1. Consistency

We define a class of α of GCp criteria in (2.1) as

A =
{

N
N − 2

+ β

∣∣∣∣∣∣ β > 0,
βp1/2

m1/r1
→ ∞, βp

nc3
0
→ 0

}
(r1 ∈ N), (3.1)

where c3 is the constant given in Assumption A3. A GCp criterion with α inA is referred to as a high-
dimensionality-adjusted consistent GCp (HCGCp) criterion. (This name is based on, e.g., Yanagihara,
2016 and Oda & Yanagihara, 2020.) We have the following theorem on the JTT method based on the
HCGCp criterion (the proof is given in Appendix A.2).
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Theorem 1. Suppose that Assumptions A1–A3 hold. Then, under the asymptotic framework in (2.3),
we have

∀α ∈ A, P
(
Ê(α) = E∗

)
→ 1.

Moreover, the convergence order is given by

P
(
Ê(α) = E∗

)
= 1 −

O
(
m2β−2r1 p−r1 + n2−c3r2

0 + m2−r2 n−r2
0

)
(c3 ≥ 1)

O
(
m2β−2r1 p−r1 + n2+r2−2c3r2

0

)
(1/2 ≤ c3 < 1)

,

where r2 is a natural number satisfying r2 > 2.

Theorem 1 guarantees that the JTT method based on the HCGCp criterion has consistency in the edge
selection. To use this method in practice, we need to determine a specific value of α (∈ A). For
example, α = 2 expressing the Cp criterion and α = log n corresponding to the Bayesian information
criterion (Schwarz, 1978) are often used, but they do not belong toA (e.g., α = 2 belongs toA when
m is fixed and p = O(log n0), and α = log n belongs toA when n = mn0 and p and m are fixed). As a
specific α value satisfying the conditions ofA, we propose

α̂ =
N

N − 2
+ β̂, β̂ = B · m1/4 log n0√

p
, B =

N
√

N + p − 2

(N − 2)
√

N − 4
. (3.2)

If r1 ≥ 4 and c3 > 3/4, then α̂ ∈ A. Hence, the probability that Ê(α̂) is equal to E∗ converges to
1. Notice that B in β̂ does not affect the consistency result because B is of constant order. Based on
Yanagihara (2016), B is incorporated to standardize HCGC(kℓ)

p (α̂) − HCGC(0)
p (α̂) for (k, ℓ) ∈ E∗ (the

details are given in Appendix A.3).
We can obtain another condition for the consistency of the JTT method based on a GCp criterion as

the following theorem (the proof is given in Appendix A.4).

Theorem 2. Suppose that Assumptions A1–A3 hold. Furthermore, we define a class of α in GCp

criteria as

Ǎ =
{
α >

2
1 − r

∣∣∣∣∣∣ αp
log m

→ ∞, αp
nc3

0
→ 0

}
(r ∈ (0, 1)).

Then, under the asymptotic framework in (2.3), we have

∀α ∈ Ǎ, P
(
Ê(α) = E∗

)
→ 1.

Moreover, the convergence order is given by

P
(
Ê(α) = E∗

)
= 1 − O

(
exp

[−αhp {(1 − r1) − 1/α}] + m2
{
exp(−r1N/4) + exp(−c1c2nc3

0 /8) + exp(−hr2N)
})
,

where h = (1 − log 2)/2, r1 ∈ (0, 1), and r2 ∈ [1,∞).
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Although the class of α given in Theorem 2 looks like a relaxed version ofA in (3.1), it is difficult to
determine a specific α value due to the condition α > 2/(1 − r). For example, consider α̌ given by

α̌ = 2 +
m1/4 log n0√

p
.

If p/nc3
0 → 0, then the probability that Ê(α̌) is equal to E∗ converges to 1.

We have already discussed a condition that guarantees consistency of the JTT method. Here, we
will discuss a condition under which it is not consistent. The condition for inconsistency of the JTT
method is given by the following theorem (the proof is given in Appendix A.5).

Theorem 3. Suppose that Assumptions A1–A3 hold. Then given the two conditions

C1 :

α ̸→ ∞ (p: fixed)

lim inf α < 1 (p→ ∞)
, C2 :

αp/δmin → ∞ (δmin/p→ ∞)

lim supα > 1 + c4 (δmin/p→ c4 ∈ [0,∞))
,

under the asymptotic framework in (2.3), for α satisfying either C1 or C2, we have

P
(
Ê(α) = E∗

)
̸→ 1.

For example, α = 2 guarantees inconsistency when p is fixed or there exists c4 ∈ [0, 1) (e.g.,
δmin = d1n0 and p = (d1 + ϵ)n0 for d1 ∈ (0, 1) and ϵ ∈ (0, 1 − d1)), and α = log n guarantees
inconsistency when there exists c4 ∈ [0,∞) (e.g., δmin = d2n0 and p = d3n0 for d2 > 0 and d3 ∈ (0, 1)).

3.2. Post-selection estimation

In this section, we discuss an estimation method for β1, . . . ,βm after obtaining the optimal edge set
Ê(α) selected by the JTT method. One of simplest methods is the cluster-wise OLS method. Let m̂ be
the number of connected components of the graph (V, Ê(α)) and V̂i (i ∈ {1, . . . , m̂}) be a vertex set of
the ith connected component, where V̂1, . . . , V̂m̂ are nonempty and mutually exclusive sets satisfying
V = ∪m̂

i=1V̂i. This notation means that the JTT method produced m̂ clusters and V̂i expresses the ith
cluster. Let ỹi and X̃i (i ∈ {1, . . . , m̂}) be an ñi-dimensional vector and ñi × p matrix constructed by
vertically stacking, respectively, the vectors y j and matrices X j for j ∈ V̂i, where ñi =

∑
j∈V̂i

n j. Then,
the cluster-wise OLS estimator of the regression coefficient vector for the ith cluster is given by

ξ̂i =
(
X̃ ′

i X̃i

)−1
X̃ ′

i ỹi (i ∈ {1, . . . , m̂}).

If Ê(α) = E∗, then ξ̂i is a good estimator of ξ∗i . However, its estimation accuracy may be low when
the sample size within the cluster is small.

We try to improve the estimation accuracy by estimating with information of other clusters. Specif-
ically, in order to maintain the simplicity of the JTT method, a method with low calculation cost is
desirable. To achieve this, we employ a penalized estimation method with a weighted average of con-
nected clusters. Let F̂ be an edge set for the clusters based on the original edge set E. Specifically, F̂
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is the edge set for the vertex set {1, . . . , m̂} and (k, ℓ) ∈ F̂ ⇒ k < ℓ. Given F̂, we define a weighted
average as

bi =

∑
(i,ℓ)∈F̂ wiℓξ̂ℓ +

∑
(k,i)∈F̂ wikξ̂k∑

(i,ℓ)∈F̂ wiℓ +
∑

(k,i)∈F̂ wik
, wkℓ =

∥∥∥ξ̂k − ξ̂ℓ
∥∥∥−1
.

Then, the estimator for the ith cluster is defined by

ξ̂i(λ) = arg min
ξi

{
∥ỹi − X̃iξi∥2 + λ∥ξi − bi∥2

}
=

(
X̃ ′

i X̃i + λIp

)−1 (
X̃ ′

i ỹi + λbi

)
,

where λ > 0 is a tuning parameter. By selecting λ appropriately, we can expect to improve the es-
timation accuracy. Here, we consider selecting λ based on prediction accuracy, i.e., predictive mean
square error (PMSE). Let ̂̃yi(λ) be a vector of fitted values obtained from ξ̂i(λ), i.e., ̂̃yi(λ) = X̃iξ̂i(λ).
Based on Fujikoshi & Satoh (1997), the modified Cp (MCp) criterion is given by

MCp(λ | i) = 1
s2

i

∥ỹi − ̂̃yi(λ)∥2 +
2(ñi − p)
ñi − p − 2

trHi(λ),

s2
i =
∥ỹi − ̂̃yi(0)∥2

ñi − p
, Hi(λ) =

(
X̃ ′

i X̃i + λIp

)−1
X̃ ′

i X̃i,

and we define the optimal tuning parameter for the ith cluster as

λ̂i = arg min
λ

MCp(λ | i).

Notice that MCp(λ | i) is an unbiased estimator of PMSE for ̂̃yi(λ) by regarding wiℓ as a constant.
Hence, we can expect to improve the prediction accuracy by selecting λminimizing MCp(λ | i) (actu-
ally, since wiℓ depends on ỹi, MCp(λ | i) is a naive estimator). On the other hand, because obtaining λ̂i

requires a numerical search and the inverse matrix in MCp(λ | i) depends on λ, this estimation method
seems not to have a low calculation cost. Fortunately, we can avoid calculating the inverse matrix by
using a singular value decomposition of X̃i. Note that X̃i can be decomposed as

X̃i = UiD
1/2
i V ′i , Di = diag(di1, . . . , dip),

where Ui is an ñi × p matrix, Vi is an orthogonal matrix of order p, and the diagonal elements of Di

satisfy di1 ≥ · · · ≥ dip > 0. Then, the MCp criterion can be rewritten as follows (e.g., Yanagihara,
2018):

MCp(λ | i) = ñi − p +
1
s2

i

p∑
j=1

(
λ

di j + λ

)2

(zi j − di jri j)2 +
2(ñi − p)
ñi − p − 2

p −
p∑

j=1

λ

di j + λ

 ,
where zi j and ri j are the jth elements of U ′i ỹi and D−1/2

i V ′i bi, respectively. Since this expression
eliminates the inverse matrix, searching for λ̂i numerical is simpler.
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4. Simulation

In this section, we evaluate the performance of the JTT method proposed in this paper through
Monte Carlo simulation with 1000 iterations. We also compare it with network Lasso. The numerical
calculation programs are executed in R (ver. 4.5.0; R Core Team, 2025) on a computer running the
Windows 11 Pro operating system with an AMD EPYC TM 7763 processor and 128 GB of RAM.
Network Lasso is implemented as R package GGFL (ver. 1.0.2; Ohishi, 2025a), which employs BCDM
(Ohishi et al., 2025). The JTT method is available via R package JTT (ver. 0.1.0; Ohishi, 2025b). Note
that although the JTT package includes some C++ code, the numerical calculation is conducted with-
out the C++ code for a fair comparison of runtime (the GGFL package consists only of R code).

We first describe the setting of the simulation model. Let (V, E), which expresses the relationships
among the m groups, be a complete graph, and define sets V∗i (i ∈ {1, . . . ,m∗}), which express the true
clusters, for m∗/m ∈ {0.3, 0.6} (m ∈ {20, 50}), where V = {1, . . . ,m}. Although the definition of each
V∗i is omitted, they are available in the JTT package and the definition for m = 20 is the same as that
in Ohishi et al. (2021). Then, the simulation model is defined by

y j ∼ Nn0 (X jβ
∗
j , In0 ) ( j ∈ V), β∗j = ξ∗i = νi1p ( j ∈ V∗i ; i ∈ {1, . . . ,m∗}),

where X j = (1n0 ,Z jΨ(0.5)1/2), Z j is an n0 × (p − 1) matrix with elements identically and indepen-
dently distributed according to U(−1, 1), Ψ(ρ) is a matrix of order p − 1 with (i, j)th elements ρ|i− j|,
ν is a constant adjusting the signal-to-noise ratio (SNR), and 1p is a p-dimensional vector of ones.
Here, SNR is defined by

SNR =
1

#(F∗)

∑
(k,ℓ)∈F∗

Var[x′(ξ∗k − ξ∗ℓ )]
(p − 1)σ2

∗
=

1
3(p − 1)#(F∗)

∑
(k,ℓ)∈F∗

(θ∗k − θ∗ℓ )′Ψ(0.5)(θ∗k − θ∗ℓ ),

where F∗ is the edge set for the vertex set {1, . . . ,m∗} of the true clusters, x = (1,Ψ(0.5)1/2z′)′, z
is a (p − 1)-dimensional vector with elements identically and independently distributed according to
U(−1, 1), σ2

∗ = 1, and θ∗k is the vector obtained by removing the first element from ξ∗k . As described
in Assumption A3, the difference of the true regression coefficient vectors for two groups is important
for guaranteeing the consistency of the JTT method. Hence, SNR is defined based on this difference.
Furthermore, to slow down the increase in SNR as p increases, SNR is standardized by p − 1. In this
simulation, ν is defined to satisfy SNR = 3.

Under the setting described above, we evaluate clustering accuracy, mean square error (MSE), and
runtime. Clustering accuracy here means the rate (%) at which the true clusters are selected over 1000
iterations. MSEs are defined for a vector of fitted values y† = (y†1

′
, . . . ,y†m

′
)′ and an estimator of

regression coefficient vector β† = (β†1
′
, . . . ,β†m

′
)′, respectively, as

MSEf[y†] =
1
n

E

 m∑
j=1

∥X jβ
∗
j − y

†
j ∥

2

 , MSEc[β†] =
1

mp
E

 m∑
j=1

∥β∗j − β
†
j ∥

2

 ,
10
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where expectation is evaluated by Monte Carlo simulation with 1000 iterations. In the simulation,
MSEs for y†j = X jβ

†
j and β†j = β̂ j are given by MSEf[y†] = mp/n = p/n0 and MSEc[β†] =∑m

j=1 tr(M−1
j )/mp, respectively, where β̂ j is the group-wise OLS estimator of β j given in (1.2). The

methods used in this simulation are the JTT method and network Lasso. The HCGCp criterion with α̂
in (3.2) is used in the JTT method. Furthermore, the cluster-wise OLS method and the penalized esti-
mation method described in Section 3.2 are applied as an estimation method after clustering, denoted
as JTT1 and JTT2, respectively. Network Lasso is implemented with the GGFL package under default
settings. The penalty weights are thus given by wkℓ = ∥β̂k − β̂ℓ∥−1, and tuning parameter λ is selected
based on minimizing the following extended GCV (EGCV) criterion (Ohishi et al., 2020):

EGCV(λ | α) =

∑m
j=1 ∥y j − ŷλ, j∥2

(1 − dfλ /n)α
,

where ŷλ, j is the vector of fitted values obtained from the network Lasso estimator, dfλ is the number
of unique parameters, and α = log n. We denote network Lasso as NL in the presented results.

Table 1. Clustering accuracy (%) for fixed p

p = 20 p = 40

m∗/m = 0.3 m∗/m = 0.6 m∗/m = 0.3 m∗/m = 0.6

m n0 JTT NL JTT NL JTT NL JTT NL

20 50 100.0 0.0 0.0 0.0 100.0 0.0 0.3 0.0
100 100.0 30.3 95.0 10.8 100.0 2.6 100.0 1.4
200 100.0 76.9 100.0 35.6 100.0 71.8 100.0 45.6
500 100.0 93.6 100.0 80.5 100.0 97.9 100.0 94.0

1000 100.0 99.2 100.0 98.0 100.0 100.0 100.0 99.1

50 50 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
100 0.0 0.0 0.0 0.0 1.1 0.0 0.0 0.0
200 97.7 0.1 0.0 0.0 100.0 0.0 0.0 0.0
500 100.0 8.7 0.0 0.6 100.0 9.1 89.7 2.5

1000 100.0 23.0 100.0 8.2 100.0 30.6 100.0 18.2

Tables 1 and 2 summarize clustering accuracy for fixed p and p/n0, respectively. In these tables,
bold font indicates the higher clustering accuracy. As shown in Table 1, for fixed p, the JTT method
performed better than network Lasso in clustering, with its accuracy reaching 100% at a much smaller
n0. For m = 50 and m∗/m = 0.6, neither method could select the true clusters for smaller n0. Actu-
ally, min(k,ℓ)<E∗ ∥ξ∗k − ξ∗ℓ∥2/σ2

∗ is extremely small, making the determination of the true clusters very
difficult. In this situation, the JTT method unified all groups into one cluster in most cases. Network
Lasso behaved differently. For example, for m = 50, m∗/m = 0.6, and n0 = 100, 200, network Lasso
determined that every group defines its own cluster. Although network Lasso could not determine the
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true clusters like the JTT method, it performed a conservative selection by selecting the smallest λ.
However, the JTT method was able to select the true clusters for sufficiently large n0. One the other

Table 2. Clustering accuracy (%) for fixed p/n0

p/n0 = 0.4 p/n0 = 0.8

m∗/m = 0.3 m∗/m = 0.6 m∗/m = 0.3 m∗/m = 0.6

m n0 JTT NL JTT NL JTT NL JTT NL

20 50 100.0 0.6 0.0 0.0 100.0 0.0 1.3 0.0
100 100.0 1.7 100.0 1.3 100.0 0.0 99.9 0.0
200 100.0 14.2 100.0 22.5 100.0 0.0 100.0 0.0
500 100.0 72.8 100.0 92.8 100.0 0.0 100.0 0.0

1000 100.0 100.0 100.0 100.0 100.0 4.1 100.0 20.3

50 50 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
100 1.4 0.0 0.0 0.0 10.1 0.0 0.0 0.0
200 100.0 0.0 0.0 0.0 100.0 0.0 0.0 0.0
500 100.0 0.0 100.0 0.0 100.0 0.0 100.0 0.0

1000 100.0 7.8 100.0 0.0 100.0 0.0 100.0 0.0

hand, when p increases with n0, as shown in Table 2, the JTT method maintained high clustering
accuracy, whereas network Lasso was not able to select the true clusters, particularly for large p or m.

Table 3. Relative MSE (%) for p = 20

m∗/m = 0.3 m∗/m = 0.6

RMSEf RMSEc RMSEf RMSEc

m n0 JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL

20 50 30.0 24.6 286.7 20.6 13.8 58.6 921.0 921.7 104.0 176.2 162.4 98.7
100 30.3 26.1 144.4 25.7 19.1 37.3 62.0 46.9 159.7 55.7 31.9 58.8
200 30.9 28.0 87.9 28.3 23.0 30.2 60.6 48.6 129.8 58.0 38.1 42.0
500 32.4 30.7 56.4 29.8 26.4 27.3 62.3 53.9 93.9 59.7 45.1 39.7

1000 34.9 33.8 46.8 30.7 28.5 27.9 64.5 58.3 78.3 60.3 49.1 41.9

50 50 6159.5 6159.5 3708.9 857.4 857.4 542.7 6600.9 6600.9 3561.4 866.7 866.6 507.8
100 2259.5 2260.5 146.0 429.9 425.0 97.4 12752.5 12752.5 100.1 2324.6 2324.6 99.6
200 31.0 25.6 287.1 28.0 19.7 69.8 21107.2 21107.5 100.7 4314.9 4314.4 99.9
500 29.9 26.0 166.1 29.3 23.0 45.8 297.5 290.0 180.6 101.0 87.7 58.0

1000 29.9 26.8 110.7 29.5 24.7 35.6 65.1 56.4 156.8 60.7 45.7 47.7

Tables 3–6 summarize MSE for both the fitted values and estimator of regression coefficients of
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which values are relative MSE (RMSE; %) based on MSE obtained from the group-wise OLS estima-
tor

RMSEf[y†] = 100 × MSEf[y†]
mp/n

, RMSEc[β†] = 100 × MSEc[β†]∑m
j=1 tr(M−1

j )/mp
.

An RMSE value smaller than 100 means that the method is superior to the group-wise OLS method in
estimation accuracy. In these tables, bold font indicates the minimum value, if any value is less than
100. Notice that under the true clusters, MSE for the fitted values of JTT1 is m∗p/n. Hence, RMSE
for the fitted values of JTT1 is m∗/m if the clustering accuracy of the JTT method is 100% (since the
values in the tables are approximations from Monte Carlo simulation, they do not coincide exactly
with m∗/m even when the clustering accuracy is 100%). In the tables, we can see that JTT2 had the
best estimation accuracy for both fitted values and regression coefficients for most cases. Recall that
JTT2 employs a simple penalized estimation method. Nevertheless, it improved MSE compared to
JTT1 for most cases. Although we can see that RMSEf of JTT1 when p is fixed got worse as n0

increased, this is a problem not of the estimation accuracy but the approximation accuracy of Monte
Carlo simulation, because MSEf gets smaller as n0 increases. The same behavior was not observed
for p/n0 fixed, because MSEf remained constant as n0 increased. Moreover, when clustering accuracy
was extremely low, i.e., it was difficult to determine the true clusters, the JTT method and network
Lasso showed different tendencies. For instance, for m = 50, m∗/m = 0.6, and n0 = 100, 200 in

Table 4. Relative MSE (%) for p = 40

m∗/m = 0.3 m∗/m = 0.6

RMSEf RMSEc RMSEf RMSEc

m n0 JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL

20 50 29.9 23.6 4919.4 7.7 4.7 246.0 1132.0 1142.8 5248.8 77.3 63.9 266.5
100 30.0 25.4 212.6 20.7 14.8 41.2 59.8 43.3 211.1 50.4 26.0 67.2
200 30.3 27.1 102.6 25.8 20.6 29.4 60.2 47.1 149.2 55.9 35.0 42.4
500 31.2 29.4 56.3 28.6 25.0 25.7 61.1 51.8 89.8 58.6 42.9 36.4

1000 32.4 31.3 43.5 29.6 27.2 26.3 62.2 55.4 70.1 59.4 47.5 39.1

50 50 5843.6 5844.1 6041.4 248.1 247.9 256.5 6018.1 6018.1 6018.1 264.0 264.0 264.0
100 169.3 164.8 199.6 38.7 31.2 101.6 12353.1 12353.2 112.4 1649.7 1649.5 101.6
200 30.0 24.0 343.9 26.0 17.6 70.8 11738.4 11743.1 100.2 2101.1 2095.6 99.7
500 30.0 25.7 188.7 28.4 21.9 45.7 62.8 50.4 225.2 59.0 38.8 63.0

1000 30.0 26.6 115.6 29.2 24.1 33.3 62.5 52.9 161.6 59.9 43.7 44.6

Table 4, RMSE of the JTT method is extremely large, whereas that of network Lasso is close to 100.
This difference of RMSE can in turn be explained by the difference of clustering behaviors. Since the
JTT method unifies all groups into one cluster, MSE gets much worse (in this case, MSEs of JTT1
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and JTT2 are equal). In contrast, when network Lasso selects the smallest λ and no groups are joined
together, the estimator is close to the group-wise OLS estimator and so RMSE is close to 100.

Table 5. Relative MSE (%) for p/n0 = 0.4

m∗/m = 0.3 m∗/m = 0.6

RMSEf RMSEc RMSEf RMSEc

m n0 JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL

20 50 30.1 24.4 285.6 20.3 13.3 49.0 536.0 532.9 118.0 110.4 91.2 95.1
100 29.9 25.3 216.7 20.5 14.6 39.8 59.8 43.2 199.4 50.7 25.9 69.3
200 29.9 26.4 151.7 20.5 16.1 32.3 59.8 45.5 207.2 50.6 29.2 46.3
500 29.9 27.8 84.8 20.6 17.6 23.8 59.9 49.2 122.0 50.9 34.3 37.9

1000 30.0 28.6 52.2 20.6 18.7 20.3 59.9 51.8 76.6 50.9 37.7 33.9

50 50 5875.2 5875.3 5043.5 845.6 845.5 738.7 5846.1 5846.1 2241.9 867.8 867.8 384.7
100 220.2 216.2 265.6 45.5 38.2 101.5 12518.2 12518.2 99.9 1609.1 1609.1 99.9
200 30.0 23.7 571.7 21.3 13.8 88.0 2906.6 2909.7 99.9 407.6 395.2 99.9
500 30.0 25.2 295.3 21.3 15.7 47.0 60.0 46.0 259.1 51.6 30.3 81.4

1000 30.0 26.2 338.0 21.3 16.9 55.8 60.0 48.8 272.5 51.6 34.0 52.6

Table 6. Relative MSE (%) for p/n0 = 0.8

m∗/m = 0.3 m∗/m = 0.6

RMSEf RMSEc RMSEf RMSEc

m n0 JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL

20 50 30.0 23.8 3348.4 7.6 4.8 164.1 586.9 586.6 5105.2 51.7 38.9 242.7
100 30.0 24.9 7885.0 7.9 5.4 372.9 60.0 42.6 11216.0 36.2 11.9 546.0
200 29.9 26.2 897.8 8.0 6.1 65.2 60.0 44.9 20216.5 36.1 14.6 1028.5
500 30.0 27.7 272.1 8.1 6.8 25.5 60.0 48.2 53670.8 36.2 17.6 2481.2

1000 30.0 28.5 144.6 8.1 7.3 16.8 60.0 50.7 73500.7 36.4 21.1 3718.0

50 50 5989.4 5989.8 6053.9 245.9 245.7 245.7 5997.2 5997.2 5934.3 255.1 255.1 250.3
100 134.6 129.4 12369.6 14.6 9.8 502.3 12436.0 12436.2 12531.6 530.7 530.6 534.9
200 30.0 23.4 20950.9 9.4 5.3 940.8 2652.1 2662.7 24446.2 139.1 127.2 1055.8
500 30.0 25.0 57578.4 9.5 6.2 2489.3 60.0 45.2 61407.8 38.2 15.5 2607.4

1000 30.0 26.0 565.5 9.6 6.8 43.2 60.0 47.8 122132.5 38.1 18.1 5155.1

Tables 7 and 8 summarize runtime, with bold font indicating the smallest value. As shown, JTT1
was much faster than network Lasso. Furthermore, we can see that the penalized estimation in JTT2
does not affect runtime much. Since the JTT method requires repeated calculation of the inverse of a
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Table 7. Rutime (sec.) for fixed p

p = 20 p = 40

m∗/m = 0.3 m∗/m = 0.6 m∗/m = 0.3 m∗/m = 0.6

m n0 JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL

20 50 0.1 0.1 21.0 0.1 0.1 22.7 0.1 0.2 31.8 0.1 0.1 42.0
100 0.1 0.1 16.1 0.1 0.1 19.1 0.1 0.1 21.4 0.1 0.1 30.2
200 0.1 0.1 14.1 0.1 0.1 17.2 0.1 0.2 16.6 0.1 0.2 21.4
500 0.1 0.1 12.4 0.1 0.2 14.6 0.1 0.3 14.3 0.1 0.3 17.3

1000 0.1 0.2 11.9 0.1 0.3 13.8 0.3 0.4 13.5 0.2 0.5 16.2

50 50 0.2 0.2 290.6 0.2 0.2 344.2 0.3 0.3 496.8 0.3 0.3 532.8
100 0.3 0.3 257.8 0.3 0.3 317.8 0.3 0.4 336.3 0.3 0.3 418.6
200 0.2 0.3 220.7 0.3 0.3 288.2 0.3 0.5 286.7 0.3 0.4 369.6
500 0.3 0.5 178.7 0.3 0.5 252.7 0.4 0.7 213.7 0.5 0.8 317.0

1000 0.4 0.7 158.1 0.3 0.7 222.8 0.6 1.1 183.3 0.6 1.2 268.9

Table 8. Runtime (sec.) for fixed p/n0

p/n0 = 0.4 p/n0 = 0.8

m∗/m = 0.3 m∗/m = 0.6 m∗/m = 0.3 m∗/m = 0.6

m n0 JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL JTT1 JTT2 NL

20 50 0.1 0.1 20.6 0.1 0.1 23.8 0.1 0.1 32.3 0.1 0.1 34.6
100 0.1 0.1 22.5 0.1 0.1 28.1 0.1 0.2 42.6 0.1 0.2 91.8
200 0.1 0.3 23.5 0.1 0.3 32.2 0.4 0.8 53.3 0.4 0.9 79.4
500 0.8 2.4 41.7 0.8 2.6 55.9 3.6 10.2 175.4 3.6 10.9 309.2

1000 5.0 19.1 110.1 4.7 18.1 174.7 26.0 99.6 726.1 26.5 90.7 1976.2

50 50 0.3 0.3 303.7 0.2 0.2 335.6 0.3 0.3 594.0 0.3 0.3 641.8
100 0.3 0.4 345.1 0.3 0.3 399.2 0.5 0.7 725.8 0.5 0.6 1081.6
200 0.7 1.0 426.5 0.6 0.9 504.9 1.7 3.0 950.6 1.7 2.8 1205.5
500 3.4 7.2 640.2 3.5 8.1 828.7 16.6 33.2 1782.7 17.1 35.3 3602.5

1000 19.6 54.9 1105.8 20.5 60.4 1883.5 128.3 465.5 6051.2 147.0 519.6 10601.3

p × p matrix, its runtime greatly increases as m or p increases. However, this is not as major an issue
as with network Lasso. We have some instances of the impossible result that JTT2 is faster than JTT1,
but this result is caused by numerical error from runtime being extremely short. Overall, the results
of the simulation allow us to conclude that the JTT method has excellent performance compared to
network Lasso in terms of clustering accuracy, estimation accuracy, and runtime.
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5. Real data example

In this section, we compare the JTT method with network Lasso through an application to real
data. Settings and implementation environment are the same as in the previous section. The dataset
used is Ames Housing Data (De Cock, 2011) obtained from R package modeldata (ver. 1.5.1; Kuhn,
2025). We regard a variable Neighborhood, which indicates a location of housing, as a group, and
define the edge set E by regional adjacency. In this application, small sample groups are merged
with other groups in advance. Let the response variable be Sale Price (USD), which is housing price,
and the remainder be explanatory variables. Category variables among the explanatory variables are
transformed to binary dummy variables with value 1 corresponding to the most frequent category.
Furthermore, some variables are removed from the model to guarantee full column rank of the matrix
of explanatory variables for each group. In the end, we apply the JTT method and network Lasso to
Ames Housing Data with n = 2930, p = 34, m = 19, and #(E) = 31, where the group-wise sample
sizes are as summarized in Table 9.

Table 9. Group-wise sample sizes

Group 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
Sample size 496 268 239 194 214 166 193 151 131 125 151 108 113 93 74 71 51 48 44

Group JTT Network Lasso

Figure 1. Initial 19 groups, and clustering results

Figure 1 shows the initial 19 groups and the clustering results for the JTT method and network
Lasso, which produced 9 and 4 clusters, respectively. Table 10 summarizes the results of leave-one-
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Table 10. Results of leave-one-out cross-validation

Fitting

Prediction accuracy (USD) R2 Clusters Runtime (sec.)

JTT1 JTT2 NL JTT1 JTT2 NL JTT NL JTT1 JTT2 NL

30588.0 28669.1 36500.2 0.91 0.90 0.80 8.999 3.954 0.044 0.102 104.906

out cross-validation, in which prediction accuracy is measured as
√∑n

i=1(y⋆i − ŷ⋆i )2/n, where y⋆i and
ŷ⋆i are the ith test data and the predicted value, respectively, and other values are averages of the coef-
ficients of determination, numbers of estimated clusters, and runtimes of fitting results for the training
data. From the table, we can see that the JTT method is much faster and has higher prediction accu-
racy than network Lasso. Moreover, the penalized estimation method in JTT2 was able to improve
prediction accuracy relative to JTT1.

6. Conclusion

For group-wise linear regression, we proposed the join-two-together (JTT) method for group clus-
tering when the relationships of the groups are given by a graph. By formulating the clustering prob-
lem as the edge selection problem in the graph, we were able to formulate a simple method based
on the KOO method. The performance of the JTT method depends on the model selection criterion
used to evaluate the goodness of a model. This paper presented a condition such that the JTT method
based on a GCp criterion has consistency in the edge selection under a high-dimensional asymptotic
framework, and proposed a specific criterion. Furthermore, to implement the JTT method, R package
JTT was developed.

Simulation demonstrated that the JTT method has consistency. Furthermore, we found that a simple
penalized estimation method can improve MSEs for the fitted values and the estimator of regression
coefficients. Moreover, the JTT method performed much better than network Lasso in terms cluster-
ing accuracy, MSE, and runtime, in both simulation and an application to real data. Although network
Lasso was implemented under the default settings of R package GGFL, its performance may be im-
proved by changing the model selection criterion to select the tuning parameter and penalty weights.
However, since we cannot expect significant improvement in calculation speed in that way, the supe-
riority of the JTT method can be considered invariant. The present paper focused on group clustering,
but selection of explanatory variables is also important. By adding a penalty for variable selection,
network Lasso can be extended to perform group clustering and variable selection simultaneously.
However, needless to say, its optimization becomes more complex and it requires more computation
time. On the other hand, when using the JTT method to perform clustering, variable selection can
be carried out using the KOO method. In that case, consistent variable selection becomes possible
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with the number of calculations increasing by only p (or mp). Furthermore, the KOO method does
not require additional calculation of inverse matrices. Hence, clustering and variable selection can be
performed at high speed.

However, the JTT method requires a sufficiently large sample size for each group to guarantee
consistency. Similar to the Ames Housing Data utilized in Section 5, it is plausible that some small
sample groups appear in practical scenarios. Therefore, we need to consider a method for coping with
this problem.

Acknowledgment The authors thank Prof. Hirokazu Yanagihara of Osaka Metropolitan Uni-
versity for his many helpful comments and FORTE Science Communications (https://www.
forte-science.co.jp/) for English language editing. This work was partially supported by JSPS
KAKENHI Grant Numbers 25K17296 and 25K21159.

References

Akaike, H. (1973). Information theory and an extension of the maximum likelihood principle. B. N.
Petrov & F. Csáki, eds, 2nd International Symposium on Information Theory. Akadémiai Kiadó.
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Appendix

A.1. Proof of equation (2.4)

Let Akℓ = MkM
−1
kℓ Mℓ. Since Mkℓ = Mk +Mℓ, using the identity A − A(A + B)−1A =

A(A + B)−1B for nonsingular matrices A and B, the coefficient matrix of the quadratic form
δkℓ ((k, ℓ) < E∗) for (β∗k

′,β∗ℓ
′)′ can be expressed as X ′

k Op,nℓ

Op,nk X ′
ℓ

 (Inkℓ − Pkℓ)

 Xk Onk ,p

Onℓ ,p Xℓ


=

Mk −MkM
−1
kℓ Mk −MkM

−1
kℓ Mℓ

−MℓM
−1
kℓ Mk Mℓ −MℓM

−1
kℓ Mℓ

 =  Akℓ −Akℓ

−Akℓ Akℓ

 ,
where On,p is an n × p matrix of zeros. Since Akℓ is a symmetric matrix, for γkℓ = β∗k − β∗ℓ , we have

σ2
∗δkℓ =

(
β∗k
′,β∗ℓ

′)  Akℓ −Akℓ

−Akℓ Akℓ

 β∗k
β∗ℓ

 = β∗k
′Akℓβ

∗
k − 2β∗k

′Akℓβ
∗
ℓ + β

∗
ℓ
′Akℓβ

∗
ℓ = γ′kℓAkℓγkℓ

≥ λmin(Akℓ)∥γkℓ∥2.

Hence, Assumptions A2 and A3 imply

n−c3
0 δmin ≥ n−c3

0 min
(k,ℓ)<E∗

λmin(Akℓ)∥γkℓ∥2/σ2
∗

≥
{

n−1
0 min

(k,ℓ)<E∗
λmin(Akℓ)

}{
n1−c3

0 min
(k,ℓ)<E∗

∥γkℓ∥2/σ2
∗

}
≥ c1c2,

and (2.4) is proved.
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A.2. Proof of Theorem 1

We prove the theorem with the following lemma given in Oda & Yanagihara (2020).

Lemma A.1. Let u1, u2, and v be random variables distributed according to χ2(p), χ2(p, δ), and

χ2(N), respectively, where u1 and u2 are independent of v and N = n−mp. Then, for N−4r > 0 (r ∈ N),
the following expressions are true for N → ∞.

E
[(u1

v
− p

N − 2

)2r
]
= O(prn−2r),

E
[(u2

v
− p + δ

N − 2

)2r]
= O

(
max

{
(p + δ)rn−2r, (p + δ)2rn−3r

})
.

From (2.2), the probability of Ê(α) = E∗ can be evaluated as follows:

P
(
Ê(α) = E∗

)
= P


 ⋂

(k,ℓ)∈E∗

{
GC(kℓ)

p (α) ≤ GC(0)
p (α)

}⋂ ⋂
(k,ℓ)<E∗

{
GC(kℓ)

p (α) > GC(0)
p (α)

}


≥ 1 −
∑

(k,ℓ)∈E∗
P
(
GC(kℓ)

p (α) > GC(0)
p (α)

)
−

∑
(k,ℓ)<E∗

P
(
GC(kℓ)

p (α) < GC(0)
p (α)

)
.

Hence, under the asymptotic framework in (2.3), it is sufficient to show that∑
(k,ℓ)∈E∗

P
(
GC(kℓ)

p (α) > GC(0)
p (α)

)
= o(1),

∑
(k,ℓ)<E∗

P
(
GC(kℓ)

p (α) < GC(0)
p (α)

)
= o(1). (A.1)

The difference of GCp criteria in (2.1) is given by

GC(kℓ)
p (α) −GC(0)

p (α) =
1
s2

y′kℓ(Inkℓ − Pkℓ)ykℓ −
∑
j<Vkℓ

y′j(In j − P j)y j

 − αp

= N
y′kℓ{diag(Pk,Pℓ) − Pkℓ}ykℓ∑m

j=1 y
′
j(In j − P j)y j

− αp,

where diag(A,B) indicates the block diagonal matrix with A and B as the diagonal blocks. Let
ukℓ = y′kℓ{diag(Pk,Pℓ)−Pkℓ}ykℓ/σ

2
∗ and v =

∑m
j=1 y

′
j(In j −P j)y j/σ

2
∗. Then ukℓ and v can be rewritten

as quadratic forms for y = (y′1, . . . ,y
′
m)′. Their coefficient matrices are idempotent and their product

is On,n. Hence, Cochran’s theorem gives that ukℓ and v are independent and that ukℓ ∼ χ2(p, δkℓ) and
v ∼ χ2(N). Recall that δkℓ = 0 holds when (k, ℓ) ∈ E∗. Hence, we have

GC(kℓ)
p (α) −GC(0)

p (α) =


u0N
v
− αp ((k, ℓ) ∈ E∗)

ukℓN
v
− αp ((k, ℓ) < E∗)

, (A.2)

where u0 is independent of v and u0 ∼ χ2(p).
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We first show (A.1) when (k, ℓ) ∈ E∗. Regarding the first equation in (A.1), we have∑
(k,ℓ)∈E∗

P
(
GC(kℓ)

p (α) > GC(0)
p (α)

)
= q∗ P

(u0

v
>
αp
N

)
= q∗ P

(u0

v
− p

N − 2
> ρ

)
≤ q∗ P

(∣∣∣∣∣u0

v
− p

N − 2

∣∣∣∣∣ ≥ ρ) ,
where q∗ = #(E∗), ρ = βp/N, and β = α − N/(N − 2). For r1 ∈ N, it holds from Markov’s inequality
and Lemma A.1 that

P
(∣∣∣∣∣u0

v
− p

N − 2

∣∣∣∣∣ ≥ ρ) ≤ ρ−2r1 E
[(u0

v
− p

N − 2

)2r1
]
= O(β−2r1 p−r1 ).

Since q∗ = O(m2) and βp1/2/m1/r1 → ∞, we have∑
(k,ℓ)∈E∗

P
(
GC(kℓ)

p (α) > GC(0)
p (α)

)
= O(m2β−2r1 p−r1 ) = o(1). (A.3)

Regarding the second equation in (A.1), when (k, ℓ) < E∗, we have∑
(k,ℓ)<E∗

P
(
GC(kℓ)

p (α) < GC(0)
p (α)

)
=

∑
(k,ℓ)<E∗

P
(ukℓ

v
<
αp
N

)
=

∑
(k,ℓ)<E∗

P
(ukℓ

v
− p + δkℓ

N − 2
< ρ − δkℓ

N − 2

)
.

Since (2.4) and βp/nc3
0 → 0 imply ρ − δkℓ/(N − 2) < 0 for sufficiently large N, we have

P
(ukℓ

v
− p + δkℓ

N − 2
< ρ − δkℓ

N − 2

)
≤ P

(∣∣∣∣∣ukℓ

v
− p + δkℓ

N − 2

∣∣∣∣∣ ≥ δkℓ
N − 2

− ρ
)
.

Furthermore, for r2 ∈ N, it holds from Markov’s inequality and Lemma A.1 that∑
(k,ℓ)<E∗

P
(∣∣∣∣∣ukℓ

v
− p + δkℓ

N − 2

∣∣∣∣∣ ≥ δkℓ
N − 2

− ρ
)
≤

∑
(k,ℓ)<E∗

(
δkℓ

N − 2
− ρ

)−2r2

E
[(ukℓ

v
− p + δkℓ

N − 2

)2r2
]

≤ (q − q∗) max
(k,ℓ)<E∗

(
δkℓ

N − 2
− ρ

)−2r2

E
[(ukℓ

v
− p + δkℓ

N − 2

)2r2
]
,

E
[(ukℓ

v
− p + δkℓ

N − 2

)2r2
]
= O

(
max

{
(p + δkℓ)r2

n2r2
,

(p + δkℓ)2r2

n3r2

})
.

Notice that the following inequalities hold for sufficiently large N:(
N − 2
δkℓ

)2r2 ( p + δkℓ
n2

)r2

≤
(

1 + p/δmin

δmin

)r2

,

(
N − 2
δkℓ

)2r2 ( p + δkℓ
n3/2

)2r2

≤
(

1 + p/δmin

n1/2

)2r2

.

Hence, we have

(q − q∗) max
(k,ℓ)<E∗

(
δkℓ

N − 2
− ρ

)−2r2
{

(p + δkℓ)r2

n2r2
+

(p + δkℓ)2r2

n3r2

}
≤ (q − q∗)

(
1 − ρ(N − 2)

δmin

)−2r2

(

1 + p/δmin

δmin

)r2

+

(
1 + p/δmin

n1/2

)2r2


= O
(
m2δ−r2

min

)
+ O

(
m2 pr2δ−2r′

min

)
+ O

(
m2n−r2

)
+ O

(
m2 p2r2 n−r2δ−2r′

min

)
= O

(
n2−c3r2

0 + n2+r2−2c3r2
0 + m2−r2 n−r2

0 + m2−r2 nr2−2c3r2
0

)
. (A.4)
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If r2 > 2 and c3 > (r2 + 2)/2r2, then (A.4) converges to 0. Since r2 is arbitrary and (r2 + 2)/2r2 > 1/2
holds for r2 > 2, it follows that c3 > (r2 + 2)/2r2 is equivalent to c3 ≥ 1/2. Hence, we have∑

(k,ℓ)<E∗

P
(
GC(kℓ)

p (α) < GC(0)
p (α)

)
= o(1).

As discussed above, (A.1) holds and the probability of Ê(α) = E∗ converges to 1. Moreover, we
have the convergence order from (A.3) and (A.4), and consequently Theorem 1 is proved.

A.3. Details of B in (3.2)

Based on Yanagihara (2024), we explain how B, which is included in β̂ in (3.2), standardizes the
differences of HCGCp criteria. Based on (A.2), we define Dkℓ(α) as

Dkℓ(α) =
ukℓ

v
=

1
N

{
HCGC(kℓ)

p (α) − HCGC(0)
p (α) + αp

}
.

Notice that E[Dkℓ(α̂)] = µ = p/(N − 2) and Var[Dkℓ(α̂)] = τ2 = 2pB2/N2 from ukℓ ∼ χ2(p) and
v ∼ χ2(N) when (k, ℓ) ∈ E∗. Hence, we have N−1{HCGC(kℓ)

p (α̂) − HCGC(0)
p (α̂)} = Dkℓ(α̂) − µ −

τm1/4 log n0/
√

2. This expression implies

P
(
HCGC(kℓ)

p (α̂) − HCGC(0)
p (α̂) > 0

)
= P

(
Dkℓ(α̂) − µ
τ

>
m1/4 log n0√

2

)
,

and we can see that B standardizes the difference of HCGCp criteria with α = α̂.

A.4. Proof of Theorem 2

We use the following lemma to prove the theorem (e.g., Imori et al., 2014).

Lemma A.2. Let z, u1, and u2 be random variables distributed according to N(0, 1), χ2(p), and

χ2(p, δ), respectively. Then, we have

P(|z| > r) ≤ exp(−r2/2),

P(u1 > (1 + r)p) ≤ exp(−hrp) (r ∈ [1,∞), h = (1 − log 2)/2),

P(u1 < (1 − r)p) ≤ exp(−rp/4) (r ∈ [0, 1)),

P(u2 < r) ≤ P(|z| > t) + P(u1 < r − δ + 2
√
δt) (t ≥ 0).

Similar to the proof of Theorem 1, it is sufficient to show (A.1). We first evaluate the probability
for (k, ℓ) ∈ E∗ for r1 ∈ (0, 1) as∑

(k,ℓ)∈E∗
P
(
GC(kℓ)

p (α) > GC(0)
p (α)

)
= q∗ P

(
u0

v
>

(1 − r1)αp
(1 − r1)N

)
≤ q∗ P(u0 > (1 − r1)αp) + q∗ P(v < (1 − r1)N). (A.5)
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Regarding the first term in (A.5), since (1 − r1)α = 1 + {(1 − r1)α − 1}, it holds from Lemma A.2 that

q∗ P(u0 > (1 − r1)αp) ≤ q∗ exp[−h{(1 − r1)α − 1}p] = O(m2 exp[−h{(1 − r1)α − 1}p]),

for α ≥ 2/(1 − r1). Hence, we have

m2 exp[−h{(1 − r1)α − 1}p] = exp
(
−αp

[
−2 log m
αp

+ h
{

(1 − r1) − 1
α

}])
= o(1),

from (1 − r1) − 1/α > 0 and αp/ log m → ∞. On the other hand, regarding the second term in (A.5),
it holds from Lemma A.2 that

q∗ P(v < (1 − r1)N) ≤ q∗ exp(−r1N/4) = O
(
m2 exp(−r1N/4)

)
= o(1).

Hence, we have ∑
(k,ℓ)∈E∗

P
(
GC(kℓ)

p (α) > GC(0)
p (α)

)
= o(1).

Looking at (k, ℓ) < E∗, for r2 ∈ [1,∞), we have∑
(k,ℓ)<E∗

P
(
GC(kℓ)

p (α) < GC(0)
p (α)

)
≤

∑
(k,ℓ)<E∗

P(ukℓ < (1 + r2)αp) + (q − q∗) P(v > (1 + r2)N). (A.6)

Regarding the first term of the RHS in the above expression, for z ∼ N(0, 1) and t (≥ 0), it holds from
Lemma A.2 that

P(ukℓ < (1 + r2)αp) ≤ P(|z| > t) + P
(
u0 ≤ (1 + r2)αp − δkℓ + 2

√
δkℓt

)
.

Since αp/nc3
0 → 0, (2.4) and Lemma A.2, for t = {c1c2nc3

0 − (1 + r2)αp}/2
√

c1c2nc3
0 and sufficiently

large n0, we have∑
(k,ℓ)<E∗

P(ukℓ < (1 + r2)αp) ≤
∑

(k,ℓ)<E∗

P(|z| > t) ≤
∑

(k,ℓ)<E∗

exp
(
−t2

)
= (q − q∗) exp

−c1c2nc3
0

8

{
1 − (1 + r2)αp

c1c2nc3
0

}2
= O

(
m2 exp(−c1c2nc3

0 /8)
)
= o(1).

On the other hand, regarding the second term of the RHS in (A.6), it holds from Lemma A.2 that

(q − q∗) P(v > (1 + r2)N) ≤ (q − q∗) exp(−hr2N) = O(m2 exp(−hr2N)) = o(1).

Hence, we have ∑
(k,ℓ)<E∗

P
(
GC(kℓ)

p (α) < GC(0)
p (α)

)
= o(1).

Consequently, (A.1) holds and Theorem 2 is proved.
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A.5. Proof of Theorem 3

We define (k1, ℓ1) ∈ E∗ and (k2, ℓ2) < E∗ such that, respectively,

(k1, ℓ1) ∈ E∗ s.t. P
(
GC(k1ℓ1)

p (α) < GC(0)
p (α)

)
̸→ 1,

(k2, ℓ2) < E∗ s.t. P
(
GC(k2ℓ2)

p (α) > GC(0)
p (α)

)
̸→ 1.

Then, we have

P
(
Ê(α) = E∗

)
= P


 ⋂

(k,ℓ)∈E∗

{
GC(kℓ)

p (α) ≤ GC(0)
p (α)

}⋂ ⋂
(k,ℓ)<E∗

{
GC(kℓ)

p (α) > GC(0)
p (α)

}


≤
 P

(
GC(k1ℓ1)

p (α) < GC(0)
p (α)

)
P
(
GC(k2ℓ2)

p (α) > GC(0)
p (α)

)  ̸→ 1.

Hence, it is sufficient to show that either (k1, ℓ1) or (k2, ℓ2) exists.
From (A.2), for all (k, ℓ) ∈ E∗, we have

P
(
GC(kℓ)

p (α) < GC(0)
p (α)

)
= P

(u0

v
<
αp
N

)
.

Notice that v/N converges to 1 in probability, and (u0/p)/(v/N) also converges to 1 in probability as
p→ ∞. Hence, we have

p: fixed and α↛ ∞ =⇒ P
(u0

v
<
αp
N

)
= P

(
u0

v/N
< αp

)
̸→ 1

p→ ∞ and lim inf α < 1 =⇒ P
(u0

v
<
αp
N

)
= P

(
u0/p
v/N

< α

)
̸→ 1

.

Let (k2, ℓ2) = arg min(k,ℓ)<E∗ δkℓ. Then we have

P
(
GC(k2ℓ2)

p (α) > GC(0)
p (α)

)
= P

(uk2ℓ2

v
>
αp
N

)
.

When δmin/p→ ∞, it holds from Markov’s inequality and αp/δmin → ∞ that

P
(uk2ℓ2

v
>
αp
N

)
≤ N
αp
· p + δmin

N − 2
= O(δmin/αp) = o(1).

On the other hand, when δmin/p → c4 (∈ [0,∞)), since E[uk2ℓ2/p] = 1 + δmin/p → 1 + c4 and
Var[uk2ℓ2/p] = 2/p + 4δmin/p2 → 0, uk2ℓ2/p converges to 1 + c4 in probability. Hence, since v/N
converges to 1 in probability and lim supα > 1 + c4, we have

P
(uk2ℓ2

v
>
αp
N

)
= P

(
uk2ℓ2/p
v/N

> α

)
̸→ 1.

Consequently, Theorem 3 is proved.
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