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Abstract

This paper deals with the GMANOVA model with a matrix of polynomial basis functions
as a within-individual design matrix. The model involves two model selection problems: the
selection of explanatory variables and the selection of the degrees of the polynomials. The two
problems can be uniformly addressed by hierarchically incorporating zeros into the vectors of
regression coefficients. Based on this idea, we propose hierarchical overlapping group Lasso
(HOGL) to perform the variable and degree selections simultaneously. Importantly, when
using a polynomial basis, fitting a high-degree polynomial often causes problems in model
selection. In the approach proposed here, these problems are handled by using a matrix of
orthonormal basis functions obtained by transforming the matrix of polynomial basis func-
tions. Algorithms are developed with optimality and convergence to optimize the method. The
performance of the proposed method is evaluated using numerical simulation.
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1. Introduction

Suppose we have observations at p common time points for n (> p) individuals and define
Y as an n× p matrix of the observations. Let A and X be an n× k (n > k) between-individual
design matrix and a p × q (p ≥ q) within-individual design matrix, respectively. For these
matrices, we consider the following GMANOVA model (Potthoff & Roy, 1964):

Y = 1nµ
′ +AΘX ′ + E, E[E] = On,p, Cov[vec(E)] = Σ ⊗ In, (1.1)

where 1m is an m-dimensional vector of ones, µ = (µ1, . . . , µp)′ is a p-dimensional vector of
location parameters, Θ = (θ1, . . . ,θk)′ is a k × q matrix of regression coefficients, Or,s is an
r × s matrix of zeros, Σ is a p × p covariance matrix, vec(·) represents a vec operator, and ⊗
represents the Kronecker product. Furthermore, suppose that A is centralized (i.e., A′1n = 0k)
and A and X are column full rank (i.e., rank(A) = k, rank(X) = q) and standardized such
that a norm of each column vector is one, where 0m is an m-dimensional vector of zeros.
Note that the GMANOVA model is a generalized version of a multivariate linear regression
model (e.g., Srivastava, 2002, Chap. 9; Timm, 2002, Chap. 4). When p = q and X = Ip,
the GMANOVA model reduces to a multivariate linear regression model. Furthermore, when
p = 1, the GMANOVA model reduces to a univariate linear regression model.

The GMANOVA model is also referred to as the growth curve model (e.g., von Rosen,
1991; Kshirsagar & Smith, 1995) and has aspects of a varying coefficient model (Satoh
& Yanagihara, 2010). Let t1, . . . , tp be common time points of n observations and define
X = (x(t1), . . . ,x(tp))′, where x(t) is a q-dimensional vector of basis functions at time t.
Then, yi, j, the (i, j)th element of Y , can be expressed as the following varying coefficient
model:

yi, j = µ j +

k∑
ℓ=1

ai,ℓβℓ(t j) + εi, j, βℓ(t) = θ′ℓx(t),

where ai, j and εi, j are the (i, j)th elements of A and E, respectively, and ai,ℓ is the ℓth explana-
tory variable of the ith individual. This paper adopts the following vector of polynomial basis
functions:

x(t) =
(
cq−1tq−1, . . . , c1t, p−1/2

)′
, c j =

 p∑
ℓ=1

t2 j
ℓ

−1/2

,

where c j is a constant standardizing column vectors of X . This implies that the time trend for
each explanatory variable is modeled by the following polynomial of degree (q − 1):

βℓ(t) = θℓ,1cq−1tq−1 + · · · + θℓ,q−1c1t + θℓ,q p−1/2, (1.2)
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where θℓ, j is the jth element of θℓ. We consider model selection for the GMANOVA model
(1.1) with the above settings.

As an example of model selection for a GMANOVA model, Fujikoshi & Rao (1991) dealt
with selection of the explanatory variables, while Satoh et al. (1997) and Enomoto et al. (2015)
dealt with selection of the degrees of the polynomial basis functions. Although they are typ-
ical approaches that select the best model from candidates based on a model selection crite-
rion, sparse estimation methods offer a different approach and are popular for model selection.
Sparse estimation methods can perform parameter estimation and model selection simultane-
ously by shrinking the parameters towards zero and allowing some estimates to be exactly
zero. These methods are known to be useful for models with a large number of parameters.
Following the proposal of Lasso by Tibshirani (1996), various specific methods have been of-
fered, e.g., fused Lasso (Tibshirani et al., 2005), group Lasso (Yuan & Lin, 2006), and sparse
group Lasso (Simon et al., 2013).

This paper proposes hierarchical overlapping group Lasso (HOGL) to perform the selection
of the explanatory variables and the selection of the degrees of the polynomial basis functions
simultaneously. Regarding variable selection, for multivariate models such as the GMANOVA
model, the general approach is to select variables that affect at least one response variable (e.g.,
Obozinski et al., 2008; Yanagihara & Oda, 2021). In our model, variable selection means the
selection of column vectors of A where θℓ = 0q implies that the ℓth column vector (i.e., the ℓth
explanatory variable) is removed from the model. Hence, variable selection can be performed
by group Lasso for row vectors of Θ, which can be implemented by penalized estimation with∑k
ℓ=1 ∥θℓ∥. On the other hand, regarding degree selection, by setting, for example, all the co-

efficients of the fourth degree and higher to zero, i.e., θℓ,1 = · · · = θℓ,q−4 = 0, βℓ(t) reduces
to a cubic polynomial. Hence, degree selection can be performed by hierarchically applying
group Lasso to elements of θℓ beginning with higher-order coefficients, and we can consider
employing

∑q
j=1 ∥(θℓ)( j)∥ as a penalty term, where γ( j) is a sub-vector of an m-dimensional

vector γ = (γ1, . . . , γm)′ defined by

γ( j) = (γ1, . . . , γ j)′ ( j ∈ {1, . . . ,m}), (1.3)

and γ(m) = γ holds. Based on the above, we define the HOGL penalty as

Ω(Θ | δ) = δ
k∑
ℓ=1

q∑
j=1

w(0)
ℓ, j∥(θℓ)( j)∥ + (1 − δ)

k∑
ℓ=1

w(0)
ℓ,q∥θℓ∥ =

k∑
ℓ=1

q∑
j=1

wℓ, j(δ)∥(θℓ)( j)∥, (1.4)

wℓ, j(δ) =

δw
(0)
ℓ, j ( j = 1, . . . , q − 1)

w(0)
ℓ,q ( j = q)

, δ ∈ [0, 1],

where δ is a tuning parameter adjusting the balance of the penalties for the variable and de-
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gree selections and w(0)
ℓ, j (> 0) is a penalty weight. With the HOGL penalty, estimations of µ

and Θ and the variable and degree selections are simultaneously performed by minimizing the
following function:

1
2

tr
{
(Y − 1nµ

′ −AΘX ′)′(Y − 1nµ
′ −AΘX ′)S−1

}
+ λΩ(Θ | δ), (1.5)

where λ (≥ 0) is a tuning parameter adjusting the strength of the penalty against model fitting
and S is an unbiased estimator of Σ defined as

S =
Y ′{In − 1n1

′
n/n −A(A′A)−1A′}Y
n − k − 1

.

As a model selection method based on sparse estimation for the GMANOVA model,
weighted least squares estimation with group SCAD penalty (we call it wSCAD here) was
proposed by Hu et al. (2014). wSCAD performs variable selection and degree selection si-
multaneously based on SCAD (Fan & Li, 2001) and is guaranteed to have oracle properties
(Fan & Li, 2001) under specific conditions. One of the main differences between HOGL and
wSCAD is their approach to degree selection. As described above, we can express βℓ(t) as a
cubic polynomial by setting all the coefficients of fourth degree and higher to zero. Whereas
HOGL can set the coefficients to zero simultaneously, wSCAD sets the coefficients to zero
individually. From this, we can expect that HOGL mitigates the risks of both missing the truly
zero coefficients and mistakenly shrinking non-zero coefficients to zero.

To implement HOGL, an algorithm for minimizing (1.5) is important. Since A is central-
ized, the estimator of µ is given by µ̂ = Y ′1n/n. Hence, it is sufficient to minimize (1.5)
with respect to Θ. To achieve this, we propose an algorithm with optimality and convergence
based on the MM philosophy (Hunter & Lange, 2004). Importantly, we construct a practical
algorithm by deriving the update equation of a solution in closed form. Recognizing that using
a polynomial basis can result in model unstableness in the case of high-degree polynomials,
which, in turn, can lead to model misspecification in the model selection process, we trans-
form the matrix of polynomial basis functions X to a matrix of orthonormal basis functions.
To choose the number of orthonormal basis functions for selecting the degrees of the original
polynomial basis functions, we apply HOGL. To use HOGL with the matrix of orthonormal
basis functions, we construct an algorithm based on the block-wise coordinate descent method.
Moreover, we discuss an extension of HOGL. As shown in (1.4), a polynomial basis requires
hierarchical overlapping by adding parameters one by one to select the degree of the polyno-
mial. However, this is not necessarily the case for all basis types. For example, a Fourier basis
has pairs sin and cos, and their selection requires hierarchical overlapping by adding param-
eters two by two. To select various types of basis functions, we extend HOGL to a flexible
version of hierarchical overlapping.
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The remainder of the paper is organized as follows. In Section 2, we establish the founda-
tion of our study. In Section 3, we describe the study’s main results. By deriving the update
equation of a solution in closed form, we construct an algorithm to optimize HOGL. We also
describe the transformation of the matrix of basis functions and our extension of HOGL. In
Section 4, we numerically evaluate the performance of the proposed HOGL method. Section
5 concludes the paper. Technical details are provided in the Appendices.

2. Preliminaries

Since A is centralized, the first term of (1.5) can be separated with respect to µ and Θ as

1
2

tr
{
(nµµ′ − Y ′1nµ

′ − µ1′nY )S−1
}
+

1
2

tr
{
(Y −AΘX ′)′(Y −AΘX ′)S−1

}
.

Let U = Y S−1/2 and V = S−1/2X . Then, the second term of the above equation can be
expressed as

RSS(θ) =
1
2
∥u −Zθ∥2 = 1

2
tr

{
(U −AΘV ′)′(U −AΘV ′)

}
, (2.1)

where u = vec(U ′), θ = vec(Θ′) = (θ′1, . . . ,θ
′
k)′, and Z = A ⊗ V . Hence, the estimation

problem of Θ based on minimizing (1.5) is equal to the minimization problem of the following
penalized residual sum of squares (PRSS).

PRSS(θ | δ, λ) = RSS(θ) + λΩ(Θ | δ). (2.2)

To construct an algorithm to minimize (2.2), we define a surrogate function of RSS. Let
L (> 0) be the maximum eigenvalue of Z′Z and r(θ) be a gradient vector of RSS(θ) as

r(θ) =
(
r1(θ)′, . . . , rk(θ)′

)′
=
∂RSS
∂θ

(θ) = Z′Zθ −Z′u.

Using them, we define

RSS+
(
θ | θ̂

)
= L

k∑
ℓ=1

1
2
∥θℓ∥2 −

{
θ̂ℓ −

rℓ(θ̂)
L

}′
θℓ

 + RSS(θ̂) − r(θ̂)′θ̂ +
L
2
∥θ̂∥2,

θ̂ =
(
θ̂′1, . . . , θ̂

′
k

)′ ∈ Rkq.

Then, RSS and RSS+ have the following relationships:

RSS+
(
θ̂ | θ̂

)
= RSS(θ̂), RSS+

(
θ | θ̂

)
≥ RSS(θ). (2.3)

These can be obtained by Taylor expansion of RSS(θ) around θ = θ̂ and RSS+ is a surrogate
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function of RSS.
To solve the optimization problem for HOGL, the essential task is to minimize the following

function:

f (γ) =
1
2
∥γ∥2 − b′γ +

q∑
j=1

λ j∥γ( j)∥, γ = (γ1, . . . , γq)′, (2.4)

where b = (b1, . . . , bq)′ is a q-dimensional vector of constants, λ j is a non-negative constant,
and γ( j) is a sub-vector of γ given by (1.3). A key to minimizing f (γ) is dα, j defined by

dα, j =


0 ( j < α)(
|b j| − λ j

)
+

( j = α)(√
d2
α, j−1 + b2

j − λ j

)
+

(α < j)

(α, j ∈ {1, . . . , q}), (2.5)

where (x)+ = max{x, 0}. Regarding dα, j, we have the following proposition (the proof is given
in Appendix A.1).

Proposition 1. The dα, j in (2.5) satisfies dα, j ≥ dα+1, j.

By putting dα, j into the (α, j)th element, we have the following upper triangular matrix.

(|b1| − λ1)+
(√

d2
1,1 + b2

2 − λ2

)
+

· · ·
(√

d2
1,q−1 + b2

q − λq

)
+

0 (|b2| − λ2)+
. . .

...

...
. . .

. . .
(√

d2
q−1,q−1 + b2

q − λq

)
+

0 · · · 0 (|bq| − λq)+


. (2.6)

Proposition 1 means the elements of the above matrix are monotonically decreasing in each
column.

3. Main results

The minimizer of f (γ) in (2.4) is given by the following theorem (the proof is given in
Appendix A.2).

Theorem 1. Define α∗ as

α∗ =

minA (A , ∅)
q + 1 (A = ∅)

, A =
{
α ∈ {1, . . . , q} | ∀ j ∈ {α, α + 1, . . . , q}, dα, j > 0

}
,
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where dα, j is given by (2.5). Let γ∗ = (γ∗1, . . . , γ
∗
q)′ be the minimizer of f (γ), i.e., γ∗ =

arg minγ∈Rq f (γ). Then, γ∗j is given by

γ∗j =


0 ( j < α∗)

b j

q∏
ℓ= j

dα∗,ℓ
dα∗,ℓ + λℓ

(α∗ ≤ j)
.

Applying Theorem 1 to obtain γ∗ requires searching for α∗. We can obtain α∗ directly by
searching for a row for which all elements are positive in the upper triangle part of the matrix
(2.6). This requires the calculation of O(q2). Fortunately, Proposition 1 makes the search of α∗
efficient. Since Proposition 1, dα+1, j = dα+2, j = · · · = dq, j = 0 holds when dα, j = 0. This fact
provides Algorithm 1. If dα, j is positive, move to the next column in the same row (dα, j+1). If

Algorithm 1 Efficient method for searching α∗
set α← 1
for j = 1, . . . , q do

calculate dα, j
if dα, j = 0 then

set α← j + 1
end if

end for
define α∗ = α

dα, j is zero, since other elements in the same column are all zero, move to the diagonal element
in the next column (d j+1, j+1). By starting from d1,1 and repeating the above procedure, we can
obtain α∗ with the calculation of O(q). With Theorem 1 and Algorithm 1, we construct the
algorithm to solve the optimization problem for HOGL.

3.1. Optimization of hierarchical overlapping group Lasso

To perform the selection of the explanatory variables and the degrees of the polynomial basis
functions simultaneously for the GMANOVA model (1.1), we estimate θ (= vec(Θ′)) based
on minimizing PRSS(θ | δ, λ) in (2.2). For this minimization, we construct an algorithm based
on the MM philosophy. Since (2.3) and strict convexity of PRSS, Razaviyayn et al. (2013)
gives the following theorem.

Theorem 2. Let θ(0) be an initial vector and consider the following update of a solution.

θ(i) = arg min
θ

PRSS+
(
θ | θ(i−1), δ, λ

)
(i = 1, 2, . . .), (3.1)

PRSS+
(
θ | θ̂, δ, λ

)
= RSS+

(
θ | θ̂

)
+ λΩ(Θ | δ).
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Then, θ(i) converges to the minimizer of PRSS(θ | δ, λ).

From the theorem, we can obtain the minimizer of PRSS(θ | δ, λ) by repeatedly solving the
minimization problem of PRSS+(θ | θ̂, δ, λ). Notice that PRSS+(θ | θ̂, δ, λ) is separable with
respect to θℓ (ℓ = 1, . . . , k). Hence, the minimization problem of PRSS+(θ | θ̂, δ, λ) reduces to
that of the following function for each θℓ:

1
2
∥θℓ∥2 −

{
θ̂ℓ −

rℓ(θ̂)
L

}′
θℓ +

q∑
j=1

λℓ, j∥(θℓ)( j)∥, λℓ, j =
λwℓ, j(δ)

L
. (3.2)

It is obvious that this function is essentially equal to (2.4). Thus, we can obtain the minimizer
in closed form by Theorem 1 and Algorithm 1. This is summarized as follows.

Corollary 1. The minimizer of PRSS+(θ | θ̂, δ, λ) is given in closed form following Theo-

rem 1.

The details of the algorithm for minimizing PRSS(θ | δ, λ) are summarized in Algorithm 2.

Algorithm 2 MM algorithm for minimizing PRSS(θ | δ, λ)
Require: δ, λ and an initial vector θ(0)

set i← 0
repeat

set i← i + 1
calculate θ(i) by minimizing PRSS+(θ | θ(i−1), δ, λ) which is minimized by the following procedure
for ℓ = 1, . . . , k do

calculate θ(i)
ℓ

by applying Theorem 1 with Algorithm 1 to the minimization of (3.2) with θ̂ = θ(i−1)

end for
until θ(i) converges

From Theorem 2 and Corollary 1, it is guaranteed that the solution obtained by Algorithm 2
converges to the optimal solution. Note that although a for loop is used in Algorithm 2 to
minimize PRSS+(θ | θ̂, δ, λ), this procedure is parallelizable.

In the implementation of HOGL, since PRSS includes two tuning parameters, δ and λ, se-
lection of the two parameters is required. The search range of δ is [0, 1], while that of λ
is all positive real values. To limit the search range of λ, it is desirable to find λ such that
PRSS(θ | δ, λ) is minimized at θ = 0kq. A sufficient condition for such λ is given by the
following theorem (the proof is given in Appendix A.4).

Theorem 3. Define λmax as

λmax(δ) = max
ℓ∈{1,...,k}, j∈{1,...,q}

|u′zℓ j|
wℓ, j(δ)

,

8



Ohishi, M., Nagai, I., Oda, R. & Yanagihara, H.

where zℓ j = (a1,ℓv
′
j, . . . , an,ℓv

′
j)
′, ai,ℓ is the (i, ℓ)th element of A, and v j is the jth column vector

of V . Then, we have

λ ≥ λmax(δ) =⇒ PRSS(0kq | δ, λ) < PRSS(θ | δ, λ) (∀θ ∈ Rkq\{0kq}).

From the theorem, we should select the optimal λ in [0, λmax].

3.2. Transformation of the matrix of basis functions

In the previous section, we proposed HOGL to select the explanatory variables and the de-
grees of the polynomial basis functions simultaneously. However, we need to consider the
potential problems that can be caused by the degrees of the polynomials. When q, the dimen-
sion of the polynomial basis, increases, tq−1

j diverges to infinity if |t j| > 1 and tq−1
j converges to

zero if |t j| < 1. Hence, fitting high-degree polynomials makes the model unstable and renders
model selection difficult. To address this problem, we consider transformation of the matrix of
basis functions.

Let v1, . . . ,vq be column vectors of V in (2.1). Gram-Schmidt orthogonalization provides
orthonormal basis vectors hq,hq−1, . . . ,h1 from vq,vq−1, . . . ,v1 and define H = (h1, . . . ,hq).
Then, we have V = HQ, where Q is a q × q lower triangular matrix (the details are given in
Appendix A.5). This decomposition implies AΘV ′ = AΞH ′ (Ξ = ΘQ′) and RSS in (2.1)
is rewritten as

RSS†(ξ) =
1
2
∥u −Z†ξ∥2,

where ξ = vec(Ξ′) and Z† = A ⊗H . Hence, we consider the estimation of Ξ instead of Θ.
This transformation means that a model with a polynomial basis is transformed to one with an
orthonormal basis. Then, to select degrees of polynomial basis functions in the original model,
we need to select the number of orthonormal basis vectors. Fortunately, HOGL can be applied
to the selection of the orthonormal basis vectors, and hence we can estimate Ξ by minimizing
the following PRSS:

PRSS†(ξ | δ, λ) = RSS†(ξ) + λ
k∑
ℓ=1

q∑
j=1

wℓ, j(δ)∥(ξℓ)( j)∥, Ξ = (ξ1, . . . , ξk)′.

By applying HOGL for ξℓ, we can perform the selections of the explanatory variables and the
number of orthonormal basis vectors simultaneously. Assume that we have the estimator Ξ̂ of
Ξ by minimizing PRSS†(ξ | δ, λ). Then, the estimator of Θ is given by Θ̂ = Ξ̂(Q′)−1 and
the hierarchical structure in Ξ̂ is inherited by Θ̂ because (Q′)−1 is an upper triangular matrix.
Hence, we can select degrees of the original polynomials via the matrix of orthonormal basis.

Although Algorithm 2 can be applied to the minimization of PRSS†(ξ | δ, λ) because it is
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essentially equal to PRSS(θ | δ, λ), we can directly apply the block-wise coordinate descent
method to the minimization problem by the orthogonality of H . We divide Z† into the blocks
as

Z† =
(
Z†1 , . . . ,Z

†
k

)
, Z†

ℓ
= aℓ ⊗H ,

where aℓ is the ℓth column vector of A. Since ∥aℓ∥ = 1 and H ′H = Iq, we can separate
RSS†(ξ) with respect to ξℓ as

RSS†(ξ) =
1
2
∥ũℓ −Z†ℓ ξℓ∥

2 =
1
2
∥ξℓ∥2 − ũ′ℓZ

†
ℓ
ξℓ +

1
2
∥ũℓ∥2,

ũℓ = u −
k∑

j,ℓ

Z†j ξ j.

Hence, ξℓ is updated by minimizing the following function:

1
2
∥ξℓ∥2 − ũ′ℓZ

†
ℓ
ξℓ +

q∑
j=1

λ†
ℓ, j∥(ξℓ)( j)∥, λ†ℓ, j = λwℓ, j(δ). (3.3)

This function is essentially equal to (2.4), and hence its minimizer is obtained in closed form
by Theorem 1. The details of the algorithm for minimizing PRSS†(ξ | δ, λ) are summarized
in Algorithm 3. Notice that the penalty term of PRSS†(ξ | δ, λ) is separable with respect to

Algorithm 3 Blockwise coordinate descent method for minimizing PRSS†(ξ | δ, λ)
Require: δ, λ and an initial vector ξ(0)

set i← 0
repeat

set i← i + 1
calculate ξ(i) = (ξ(i)

1
′
, . . . , ξ(i)

k
′
)′ by the following procedure

for ℓ = 1, . . . , k do
calculate ξ(i)

ℓ
by applying Theorem 1 with Algorithm 1 to the minimization of (3.3) with ξ j = ξ(i)

j ( j < ℓ) and

ξ j = ξ(i−1)
j ( j > ℓ)

end for
until ξ(i) converges

ξℓ and (3.3) is strictly convex. Hence, Tseng (2001) guarantees that the solution obtained by
Algorithm 3 converges to the optimal solution. Furthermore, similar to Theorem 3, λmax for
PRSS†(ξ | δ, λ) is given by

λmax(δ) = max
ℓ∈{1,...,k}, j∈{1,...,q}

|u′z†
ℓ j|

wℓ, j(δ)
,

where z†
ℓ j = (a1,ℓh

′
j, . . . , an,ℓh

′
j)
′.
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3.3. Extended Hierarchical Overlapping Group Lasso

Thus far, we have discussed hierarchical overlapping by adding parameters one by one to
select the degrees of the polynomials. Here, we extend HOGL to flexible hierarchical over-
lapping. As an example, consider using the following Fourier basis instead of the polynomial
basis (e.g., von Rosen, 2018, Chap. 1):

x(t) = (cos(q − 1)t, sin(q − 1)t, cos(q − 2)t, sin(q − 2)t, . . . , cos t, sin t, 1)′ .

For simplicity, the constants used to standardize the column vectors of X are omitted from the
expression. Then, the varying coefficients in (1.2) are given by

βℓ(t) =
q−1∑
j=1

(cos(q − j)t, sin(q − j)t)θℓ, j + θℓ,q,

where θℓ, j is a two-dimensional vector. To select a pair of basis functions (cos(q − j)t, sin(q −
j)t), we need HOGL with hierarchical overlapping by adding parameters two at a time. To
address the selection of basis functions with group structure, we extend HOGL.

Here, we divide the parameter vector θℓ (ℓ ∈ {1, . . . , k}) as

θℓ =
(
θ′ℓ,1, . . . ,θ

′
ℓ,q

)′
,

where θℓ, j is an m j-dimensional vector and θℓ is an m =
∑q

j=1 m j-dimensional vector. Fur-
thermore, for m-dimensional block vector γ = (γ′1, . . . ,γ

′
q)′, we extend the sub-vector in (1.3)

to

γ( j) =
(
γ′1, . . . ,γ

′
j

)′
, (3.4)

where γ j is an m j-dimensional vector. Since this notation naturally extends the HOGL penalty
in (1.4), we call the approach extended HOGL (EHOGL). When m1 = · · · = mq = 1, EHOGL
reduces to HOGL. To solve the optimization problem for EHOGL, the essential task is to min-
imize the following function:

f (γ) =
1
2
∥γ∥2 − b′γ +

q∑
j=1

λ j∥γ( j)∥, γ =
(
γ′1, . . . ,γ

′
q

)′
, (3.5)

where b = (b′1, . . . , b
′
q)′ is an m-dimensional block vector and b j is an m j-dimensional vector

of constants. To minimize f (γ), we extend dα, j in (2.5) to

dα, j =


0 ( j < α)(
∥b j∥ − λ j

)
+

( j = α)(√
d2
α, j−1 + ∥b j∥2 − λ j

)
+

(α < j)

(α, j ∈ {1, . . . , q}). (3.6)

11
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Then, the minimizer of f (γ) is given by the following theorem (the proof is given in Ap-
pendix A.2).

Theorem 4. Define α∗ as

α∗ =

minA (A , ∅)
q + 1 (A = ∅)

, A =
{
α ∈ {1, . . . , q} | ∀ j ∈ {α, α + 1, . . . , q}, dα, j > 0

}
.

Let γ∗ = (γ∗1
′, . . . ,γ∗q

′)′ be the minimizer of f (γ) in (3.5), i.e., γ∗ = arg minγ∈Rm f (γ). Then,

γ∗j is given by

γ∗j =


0m j ( j < α∗)

q∏
ℓ= j

dα∗,ℓ
dα∗,ℓ + λℓ

b j (α∗ ≤ j)
.

Similar to Proposition 1, dα, j in (3.6) satisfies dα, j ≥ dα+1, j. Hence, α∗ in Theorem 4 can be
obtained by Algorithm 1.

4. Numerical study

In this section, we evaluate the performance of the proposed HOGL using Monte Carlo sim-
ulation with 1000 iterations, and compare the performance of HOGL with that of wSCAD and
a third method using sparse group Lasso. The numerical calculation programs are executed
in R (ver. 4.5.0; R Core Team, 2025) on a computer running the Windows 11 Pro operating
system with an AMD EPYC TM 7763 processor and 128 GB of RAM. HOGL is available via
R package HOGLgmanova (Ohishi, 2025).

We first describe the setting of the simulation. The simulation model is defined by

Y ∼ Nn×p(AΘX ′,Σ ⊗ In),

A = A0Ψ
1/2, Ψ = R1/2

k Ωk(0.5)R1/2
k , Σ = R1/2

p Ωp(0.5)R1/2
p ,

where A0 is an n× k matrix with elements identically and independently distributed according
to U(−1, 1), Rk = diag(1, . . . , k), and Ωk(ρ) is a k × k autocorrelation matrix with the (i, j)th
element ρ|i− j|. Furthermore, X is a p×q matrix of polynomial basis functions of degree (q−1)
and the j (∈ {1, . . . , p})th time point is given by t j = 2( j − 1)/(p − 1) − 1, where t j is the jth of
the points obtained by uniformly dividing [−1, 1]. The Θ is defined by

12
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Θ =

 Ok∗,q−6 Θ∗

Ok−k∗,q−6 Ok−k∗,6

 , Θ∗ = ν



0 0 0 0 −3 0.5
0 0 0 4 1 −2
0 0 6 −2 −4 2
0 12 3 −12 −3 1.5
−12 −1 15 1 −1 −0.5


,

where ν is a parameter adjusting the signal-to-noise ratio (SNR). The number of true explana-
tory variables is k∗ = 5, and the true degree of varying coefficient βℓ(t) (ℓ ∈ {1, . . . , k∗}) in (1.2)
is ℓ. Figure 1 shows the shapes of βℓ(t). Furthermore, SNR is defined by

−1.0 −0.5 0.0 0.5 1.0
time points

β1
β2
β3
β4
β5

Figure 1. Shapes of varying coefficients βℓ(t)

SNR =
1
p

p∑
j=1

Var[a′Θx j]

σ2
j

=
1

3p

p∑
j=1

x′jΘ
′ΨΘx j

σ2
j

,

and ν is defined such that SNR = 1, where a = Ψ1/2a0, a0 is a k-dimensional vector with
elements identically and independently distributed according to U(−1, 1), x j is the jth row
vector of X and σ2

j is the jth diagonal element.
Under the setting described above, we determine the selection probabilities of the true vari-

ables and degrees, as well as the mean squared errors (MSEs) and the runtime. Selection
probabilities are based on the percentage (%) of the time that the true variables or degrees are
selected over 1000 iterations. MSEs are defined for the matrices of the fitted values Ŷ and the
estimators of the regression coefficients Θ̂, as shown below:

MSEf

[
Ŷ

]
=

1
np

E
[
tr

{(
Ŷ −AΘX ′

)′ (
Ŷ −AΘX ′

)
Σ−1

}]
,

MSEc

[
Θ̂

]
=

1
kq

E
[
tr

{(
Θ̂ −Θ

)′ (
Θ̂ −Θ

)}]
,
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where expectation is evaluated by Monte Carlo simulation with 1000 iterations. The methods
used in this simulation are as follows.

• HOGL1: proposed method with V using Algorithm 2.

• HOGL2: proposed method with H using Algorithm 3, where H is obtained by trans-
forming V as described in Section 3.2.

• SGL: penalized estimation method with sparse group Lasso penalty instead of HOGL
penalty in (1.4).

• wSCAD: method proposed by Hu et al. (2014).

Based on adaptive Lasso (Zou, 2006), penalty weights in HOGL penalty are defined by

w(0)
ℓ, j =


∥∥∥∥(θ̃ℓ)( j)

∥∥∥∥−1
(HOGL1)∥∥∥∥(ξ̃ℓ)( j)

∥∥∥∥−1
(HOGL2)

, θ̃ℓ = Θ̃′eℓ, ξ̃ℓ = Ξ̃′eℓ,

where Θ̃ and Ξ̃ are the ordinary least squares estimators of Θ and Ξ, respectively, defined by

Θ̃ = (A′A)−1A′UV (V ′V )−1, Ξ̃ = Θ̃Q′ = (A′A)−1A′UH ,

and eℓ is a k-dimensional unit vector with the ℓth element one. Regarding the two tuning pa-
rameters δ and λ, we set 10 and 100 candidates for δ and λ, respectively, and select the best pair
using a grid search based on minimizing the extended GCV (EGCV) criterion (Ohishi et al.,
2020) defined by

EGCV(δ, λ | α) =
tr{(Y − Ŷδ,λ)′(Y − Ŷδ,λ)S−1}

(1 − dfδ,λ /np)α
,

where Ŷδ,λ is a matrix of fitted values under given δ and λ, dfδ,λ is the number of correspond-
ing non-zero parameters, and we set α = log(np). Similar to HOGL, we incorporate penalty
weights into SGL and select two tuning parameters. Regarding wSCAD, we define 10 candi-
dates for each of the three tuning parameters and select the best pair by grid search based on
minimizing the BIC as proposed by Hu et al. (2014). Then, wSCAD is guaranteed to have the
oracle properties under a large sample asymptotic framework (i.e., only n diverges to infinity).
Note that α = log(np) in the EGCV criterion corresponds to the BIC in Hu et al. (2014). This
simulation considers the following four cases as n increases: (1) p = k = 10, (2) p/n = 0.4,
k = 10, (3) p = 10, k/n = 0.4, and (4) p/n = 0.2, k/n = 0.4.

Table 1 summarizes the selection probabilities of the true variables and degrees when q = 6,
i.e., fitting a polynomial of degree five. We can see that HOGL2 performed very well in both
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Table 1. Selection probability (%) when q = 6

Variable Degree

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 14.4 79.2 15.4 2.8 4.5 51.1 3.2 0.0
300 10 10 36.9 93.0 31.2 23.2 17.5 78.8 7.0 12.6
500 10 10 54.1 97.3 39.6 81.8 25.7 88.0 9.8 68.4

100 40 10 2.8 58.6 2.8 2.4 1.9 37.1 1.0 0.0
300 120 10 35.0 86.9 32.7 49.1 16.5 73.0 3.3 36.8
500 200 10 61.4 92.5 58.4 90.8 26.2 80.3 5.2 79.1

100 10 40 8.4 60.3 2.1 0.0 0.9 42.7 3.7 0.0
300 10 120 21.5 89.8 9.0 0.0 3.7 70.6 9.0 0.0
500 10 200 27.9 94.3 18.3 0.4 5.5 82.6 7.5 27.4

100 20 40 3.7 47.8 0.7 0.0 1.3 39.3 1.8 0.0
300 60 120 11.7 87.5 4.3 2.2 2.6 71.3 6.5 0.3
500 100 200 28.8 90.9 10.9 78.1 5.8 84.3 5.2 86.9

variable selection and degree selection. Although wSCAD also performed well, the perfor-
mance declined when k increased. It can be considered that the theoretical properties of wS-
CAD appear in the results. The performances of HOGL1 and SGL were not good; in particular,
degree selection was quite poor.

Table 2. MSE when q = 6

MSEf MSEc

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 0.070 0.043 0.071 0.125 0.625 0.253 0.548 1.210
300 10 10 0.020 0.012 0.021 0.044 0.153 0.059 0.176 0.368
500 10 10 0.011 0.007 0.013 0.029 0.074 0.030 0.108 0.231

100 40 10 0.028 0.022 0.031 0.022 1.738 0.840 2.720 3.652
300 120 10 0.005 0.004 0.005 0.003 0.492 0.219 1.097 1.167
500 200 10 0.003 0.002 0.003 0.001 0.285 0.124 0.707 0.344

100 10 40 0.291 0.063 0.154 0.616 0.634 0.099 0.232 0.523
300 10 120 0.102 0.015 0.075 0.270 0.087 0.007 0.035 0.042
500 10 200 0.063 0.008 0.052 0.118 0.030 0.002 0.015 0.017

100 20 40 0.159 0.041 0.089 0.299 0.995 0.184 0.384 0.708
300 60 120 0.026 0.006 0.020 0.123 0.227 0.020 0.092 0.138
500 100 200 0.009 0.003 0.008 0.012 0.062 0.006 0.041 0.048
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Table 2 summarizes the MSEs of the fitted values and coefficients when q = 6. Regarding the
MSE of the coefficients, HOGL2 was always superior. We can consider that this was caused by
the high performances of variable selection and degree selection. HOGL2 also performed well
with respect to the MSE of the fitted values. However, in the case in which n and p increase
and k is fixed, wSCAD performed best, although differences among the four methods became
small. It can be guessed that this setting represents a desirable situation in which sample size
and number of time points are sufficiently large for the number of explanatory variables and
the dimension of the polynomial basis. In addition, since the tuning parameters are selected
according to prediction accuracy, the MSE of the fitted values may be good even when the
performances of variable selection and degree selection are poor.

Table 3. Selection probability (%) when q = 10

Variable Degree

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 0.9 74.8 20.7 0.8 0.0 31.6 0.0 0.0
300 10 10 1.1 91.6 24.7 0.4 0.0 65.1 0.0 0.0
500 10 10 0.4 95.8 28.5 0.3 0.0 80.2 0.0 0.0

100 40 10 0.9 53.2 16.5 1.0 0.0 19.7 0.0 0.0
300 120 10 0.1 87.0 42.1 1.0 0.0 61.1 0.0 0.0
500 200 10 0.0 92.4 50.6 1.3 0.0 76.1 0.0 0.1

100 10 40 0.0 52.4 5.1 0.0 0.0 20.6 0.0 0.0
300 10 120 0.2 85.7 13.3 0.0 0.0 49.6 0.0 0.0
500 10 200 0.1 89.8 11.8 0.0 0.0 67.2 0.0 0.0

100 20 40 0.1 41.3 4.6 0.0 0.0 20.6 0.0 0.0
300 60 120 0.0 83.5 9.7 0.0 0.0 53.7 0.0 0.0
500 100 200 0.1 89.4 13.0 4.5 0.0 74.3 0.0 0.0

Table 3 summarizes the probabilities of selecting the true variables and degrees when q = 10,
i.e., fitting a polynomial of degree nine. Comparing results with the case in which q = 6,
HOGL2 maintained its high performance; however, the performances of the other methods de-
clined. It can be considered that fitting a high-degree polynomial rendered the model unstable,
which made identification of the basis vectors difficult. Figure 2 shows the basis functions
when n = 500, p = 10, k = 10, and q = 10; the left and right panels show the column vec-
tors of V and H , respectively. From the figure, we can see that although identification of the
basis functions of the original polynomial basis is difficult, basis function differences became
very clear when transforming the polynomial basis to an orthonormal basis. Hence, we can
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V H

−1.0 −0.5 0.0 0.5 1.0 −1.0 −0.5 0.0 0.5 1.0
time points

Figure 2. Standardized polynomial basis functions (left) and transformed basis functions (right)

conclude that the performances of HOGL1, SGL, and wSCAD, which use V , declined, while
HOGL2, which uses H , was not affected by high-degree polynomials.

Table 4. MSE when q = 10

MSEf MSEc

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 0.334 0.049 0.216 0.670 2616.288 0.857 3518.354 884.144
300 10 10 0.043 0.013 0.053 0.071 1245.160 0.056 1142.321 1267.022
500 10 10 0.026 0.007 0.030 0.036 733.753 0.027 672.788 753.098

100 40 10 0.050 0.024 0.049 0.076 1696.813 2.101 1569.357 1271.156
300 120 10 0.008 0.004 0.007 0.005 858.507 0.425 743.454 646.727
500 200 10 0.004 0.002 0.003 0.002 576.993 0.134 489.744 431.723

100 10 40 0.987 0.074 0.511 0.790 34.732 0.106 737.015 0.703
300 10 120 0.734 0.018 0.366 0.774 1.505 0.008 106.320 2.961
500 10 200 0.627 0.009 0.306 0.743 0.734 0.002 41.426 2.731

100 20 40 0.397 0.047 0.274 0.523 5.060 0.164 163.205 12.746
300 60 120 0.126 0.006 0.061 0.365 2.409 0.021 58.196 10.226
500 100 200 0.076 0.003 0.033 0.242 1.322 0.005 27.600 10.187

Table 4 summarizes the MSEs for the fitted values and coefficients when q = 10. As can
be seen here, the MSE values for the coefficients clearly reflect the performances of variable
and degree selections, while the MSEs for the fitted values are barely affected. Table 5 and
Figure 3 show one example of estimation results when n = 500, p = 200, k = 10, and q = 10,
where the estimation errors of the matrices of fitted values Ŷ and the estimates of regression
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Table 5. Example of estimation results

Estimation error Estimated degrees

Fitted values Coefficients β1 β2 β3 β4 β5 β6 β7 β8 β9 β10

HOGL1 0.003 580.863 9 9 9 9 9 0 9 9 9 9
HOGL2 0.002 0.050 1 2 3 4 5 0 0 0 0 0

SGL 0.003 398.871 9 9 9 9 9 0 0 0 0 0
wSCAD 0.001 359.984 1 9 9 9 9 0 8 9 9 0

SGL wSCAD

HOGL1 HOGL2

−1.0 −0.5 0.0 0.5 1.0 −1.0 −0.5 0.0 0.5 1.0

−3

0

3

−3

0

3

time points

β1
β2
β3
β4
β5
β6
β7
β8
β9
β10

Figure 3. Example of estimated varying coefficients

coefficients Θ̂ are given by tr{(Ŷ −AΘX ′)′(Ŷ −AΘX ′)Σ−1}/np and tr{(Θ̂−Θ)′(Θ̂−Θ)}/kq,
respectively, and βℓ is given by (1.2). In this example, only HOGL2 was able to perfectly se-
lect the true variables and degrees, and the estimation error for the coefficients was very small.
On the other hand, since the other methods were unable to make similarly accurate selections,
the estimation errors of the coefficients were much larger. However, the differences among the
estimation errors for the fitted values were relatively small, as can be seen in Figure 3. The
figure shows that the shapes of the varying coefficients do not exhibit large differences even
when the true degrees were not selected, which would explain why the incorrect selection of
the true degrees did not materially affect the estimation error of the fitted values. Nevertheless,
correct selection of the true degrees is important to properly and concisely interpret a model.

Table 6 summarizes runtime. The table shows that HOGL2 has advantages not only in terms
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Table 6. Runtime (sec.)

q = 6 q = 10

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 135.6 5.0 10.5 15.8 127.0 7.5 6.8 18.3
300 10 10 127.5 4.6 10.1 15.1 140.6 6.8 7.4 18.1
500 10 10 116.7 4.4 10.5 14.6 150.4 6.6 7.9 18.5

100 40 10 148.2 5.3 9.5 14.4 165.8 7.3 6.3 18.6
300 120 10 119.7 5.0 16.7 14.5 171.5 6.8 24.1 19.6
500 200 10 95.4 6.3 43.1 17.1 183.9 7.6 66.9 20.5

100 10 40 1272.5 35.5 137.6 67.9 1638.8 56.2 76.6 87.6
300 10 120 5485.4 102.8 909.2 405.1 15193.4 165.7 662.8 1064.8
500 10 200 8617.4 166.6 2656.5 1339.6 44570.6 273.2 2064.3 4726.5

100 20 40 1325.8 36.3 97.0 60.4 1996.5 53.8 40.5 79.3
300 60 120 5413.2 85.0 946.5 361.5 17647.3 130.9 530.2 917.0
500 100 200 5899.0 121.4 3610.8 1212.9 49388.0 180.8 2715.4 4149.9

of model selection and MSE but also in calculation speed. In contrast, HOGL1 is particularly
slow. Thus, we can say that transformation of the matrix of basis functions affects not only the
performance of model selection but also the calculation speed.

5. Concluding remarks

This paper proposed hierarchical overlapping group Lasso (HOGL) to perform the selections
of the explanatory variables and the degrees of the polynomial basis functions simultaneously
in the GMANOVA model. By hierarchically applying group Lasso to coefficients, beginning
with higher-order coefficients, HOGL can uniformly address both selection problems. Algo-
rithms with optimality and convergence that can be used to solve the optimization problem for
HOGL were also proposed, based on the MM philosophy and the block-wise coordinate de-
scent method in which the update equation of a solution is given in closed form. In a numerical
simulation comparing the proposed method with several existing methods, HOGL was shown
to have advantages in terms of both variable section and degree selection, as well as MSE
and calculation speed. Notably, HOGL was able to maintain high performance even when fit-
ting high-degree polynomials by transforming the matrix of the polynomial basis functions. It
should be noted, however, that all the methods examined have the potential for improvement.

While wSCAD is guaranteed to have oracle properties under specific conditions, appropriate
candidates and search ranges for its three tuning parameters are not provided. In the simulation,
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we selected the three tuning parameters from 1000 sets of candidates. Although we would ex-
pect improvements in performance if more candidates are included, runtime requirements may
render this impractical. The two tuning parameters of HOGL were selected from 1000 pairs
of candidates. Although HOGL showed good numerical performance by selecting the opti-
mal pair of tuning parameters using the EGCV criterion with α = log(np), theoretical reasons
were not offered. The two tuning parameters of SGL were also selected from 1000 pairs of
candidates using the EGCV criterion with α = log(np). However, the choice of α produced a
large difference in performance, particularly for SGL. The choice of α involved a clear trade-
off between model selection performance and MSE. For example, α =

√
np improved model

selection but worsened MSE, while α = log(np) was good for MSE.
Moreover, the true model in the simulation depended on SNR. SNR can be interpreted as the

difficulty of model selection: a larger SNR value implies that model selection is easier. In fact,
we found that the performances of all the methods improved and that the differences among
the methods became small by setting SNR = 3 (the results are given in Appendix A.6). At the
same time, it is a great advantage that HOGL performed well in the setting where SNR = 1,
which corresponds to the more difficult setting. As future work, we plan to investigate theoret-
ical characteristics such as oracle properties and develop methods using other penalty versions
(e.g., SCAD) of HOGL.
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Appendix

A.1. Proof of Proposition 1

Notice that it is obvious when j ≤ q − 2 ∧ j + 1 ≤ α ≤ q − 1 and 1 ≤ j = α ≤ q − 1. Hence,
we prove the following two cases:

dα, j − dα+1, j =


(√

d2
α,α + b2

α+1 − λα+1

)
+
− (|bα+1| − λα+1)+ (C1: 2 ≤ α + 1 = j ≤ q)(√

d2
α, j−1 + b2

j − λ j

)
+
−

(√
d2
α+1, j−1 + b2

j − λ j

)
+

(C2: 3 ≤ j ∧ α ≤ j − 2)
.

When C1, since (d2
α,α + b2

α+1)1/2 ≥ |bα+1|, we have dα,α+1 ≥ dα+1,α+1. Regarding C2, given the
result for C1, it follows for j = α + 2 that

dα,α+2 =

(√
d2
α,α+1 + b2

α+2 − λα+2

)
+
≥

(√
d2
α+1,α+1 + b2

α+2 − λα+2

)
+
= dα+1,α+2.

Suppose that dα, j0 ≥ dα+1, j0 holds for j = j0 ∈ {α + 2, α + 3, . . . , q − 1}. Then, we have

dα, j0+1 =

(√
d2
α, j0
+ b2

j0+1 − λ j0+1

)
+
≥

(√
d2
α+1, j0

+ b2
j0+1 − λ j0+1

)
+
= dα+1, j0+1.

Hence, mathematical induction leads to dα, j ≥ dα+1, j for C2; consequently, Proposition 1 is
proved.
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A.2. Proofs of Theorems 1 and 4

We prove Theorem 4. The proof of Theorem 1 follows by setting m1 = · · · = mq = 1. We
define a set of block vectors as

Rm1+···+mq =
{
x =

(
x′1, . . . ,x

′
q

)′ ∈ Rm | x j ∈ Rm j ( j = 1, . . . , q)
}
.

Note that although Rm = Rm1+···+mq holds, we use the notation Rm1+···+mq to emphasize the sizes
of each block. For a block vector x ∈ Rm1+···+mq , we define sub-vector x[a:b] ∈ Rma+···+mb as

x[a:b] =
(
x′a,x

′
a+1, . . . ,x

′
b

)′
(1 ≤ a ≤ b ≤ q).

Note that x( j) = x[1, j] holds, where x( j) is a sub-vector of x given by (3.4). The following
lemma is a key to proving the theorem (the proof is given in Appendix A.3).

Lemma A.1. Consider the following system of equations for γ ∈ Rm1+···+mq .1 + q∑
ℓ= j

λℓ
∥γ(ℓ)∥

γ j = b j (γ1 , 0m1 ; j = 1, . . . , q). (A.1)

A necessary and sufficient condition such that the system of equations has a real root is given

by

∀ j ∈ {1, . . . , q}, d j > 0,

and the real root is given by

γ j =

q∏
ℓ= j

dℓ
dℓ + λℓ

b j, d j =


∥b1∥ − λ1 ( j = 1)√

d2
j−1 + ∥b j∥2 − λ j ( j = 2, . . . , q)

.

We redefine f in (3.5) as

f (γ | b,λ) =
1
2
∥γ∥2 − b′γ +

q∑
j=1

λ j∥γ( j)∥, λ = (λ1, . . . , λq)′,

and define two sets of block vectors as

Bm1+···+mq
q =

{
x ∈ Rm1+···+mq | x1 , 0m1

}
, Rm1+···+mq

q,α =
{
x ∈ Rm1+···+mq | x[1:α] = 0m1+···+mα

}
.

For all γ ∈ Rm1+···+mq
q,α , we have

f (γ | b,λ) =
1
2
∥γ[α+1:q]∥2 − b′[α+1:q]γ[α+1:q] +

q−α∑
j=1

λα+ j∥(γ[α+1:q])( j)∥

= f (γ[α+1:q] | b[α+1:q],λ[α+1:q]).
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Furthermore, f is differentiable for γ ∈ Bm1+···+mq
q and its partial derivative is given by

∇ j f (γ | b,λ) =
∂ f
∂γ j

(γ | b,λ) = γ j − b j +

q∑
ℓ= j

λℓ
∥γ(ℓ)∥

γ j =

1 + q∑
ℓ= j

λℓ
∥γ(ℓ)∥

γ j − b j.

For all α ∈ {1, . . . , q}, f (γ[α:q] | b[α:q],λ[α:q]) is differentiable for γ[α:q] ∈ Bmα+···mq

q−α+1 . Let sα be
a root of the following system of equations when γ[α:q] ∈ Bmα+···+mq

q−α+1 :

∇ j f (γ[α:q] | b[α:q],λ[α:q]) = 0m j ( j = α, α + 1, . . . , q).

Lemma A.1 tells us whether sα exists and sα is given in closed form if it exists. Notice that f

is a strictly convex function. Hence, we have
sα ∈ Bmα+···+mq

q−α+1 exists =⇒ sα = arg min
γ[α:q]

f (γ[α:q] | b[α:q],λ[α:q])

sα ∈ Bmα+···+mq

q−α+1 does not exist =⇒ arg min
γ[α:q]

f (γ[α:q] | b[α:q],λ[α:q]) ∈ Rmα+···+mq

q−α+1,1

.

Thus, the condition such that sα exists is given by

∀ j ∈ {α, α + 1, . . . , q}, dα, j > 0,

where dα, j is given in (3.6). If sα does not exist, we check the existence of sα+1, which is the
minimizer of f (γ[α+1:q] | b[α+1:q],λ[α+1:q]), by the same procedure. By repeating the procedure
for α = 1, 2, . . ., we haves1 ∈ Bm1+···+mq

q exists =⇒ γ∗ = s1

s1 ∈ Bm1+···+mq
q does not exist =⇒ γ∗ ∈ Rm1+···+mq

q,1

,

γ∗ ∈ Rm1+···+mq

q,α−1 and

sα ∈ B
mα+···mq

q−α+1 exists =⇒ γ∗ =
(
0′m1+···+mα−1

, s′α
)′

sα ∈ Bmα+···mq

q−α+1 does not exist =⇒ γ∗ ∈ Rm1+···mq
q,α

.

Consequently, Theorems 1 and 4 are proved.

A.3. Proof of Lemma A.1

Since γ1 , 0m1 ⇔ ∥γ( j)∥ , 0 holds for all j ∈ {1, . . . , q}, (A.1) exists. We first derive γ

satisfying (A.1). When j = 1, from ∥γ(1)∥ = ∥γ1∥, (A.1) implies1 + q∑
ℓ=2

λℓ
∥γ(ℓ)∥

+
λ1

∥γ1∥

 ∥γ1∥ = ∥b1∥ ⇐⇒
1 + q∑

ℓ=2

λℓ
∥γ(ℓ)∥

 ∥γ1∥ = d1 > 0.

When j = j0 (∈ {1, . . . , q − 2}), we suppose

24



Ohishi, M., Nagai, I., Oda, R. & Yanagihara, H.1 + q∑
ℓ= j0+1

λℓ
∥γ(ℓ)∥

 ∥γ( j0)∥ = d j0 > 0. (A.2)

Notice that ∥γ j+1∥2 + ∥γ( j)∥2 = ∥γ( j+1)∥2. Hence, squaring (A.1) for j = j0 + 1 and (A.2) and
adding the results yields1 + q∑

ℓ= j0+1

λℓ
∥γ(ℓ)∥

2

∥γ( j0+1)∥2 = d2
j0 + ∥b j0+1∥2.

By taking the square root of both sides in the above equation, it follows from the same proce-
dure when j = 1 that1 + q∑

ℓ= j0+1

λℓ
∥γ(ℓ)∥

 ∥γ( j0+1)∥ =
1 + q∑

ℓ= j0+2

λℓ
∥γ(ℓ)∥

 ∥γ( j0+1)∥ + λ j0+1 =

√
d2

j0
+ ∥b j0+1∥2

⇐⇒
1 + q∑

ℓ= j0+2

λℓ
∥γ(ℓ)∥

 ∥γ( j0+1)∥ = d j0+1 > 0.

Hence, mathematical induction gives1 + q∑
ℓ= j+1

λℓ
∥γ(ℓ)∥

 ∥γ( j)∥ = d j > 0, (A.3)

for j = 1, . . . , q − 1. Furthermore, the same procedure with (A.1) for j = q and (A.2) for
j0 = q − 1 yields (

1 +
λq

∥γ∥

)
∥γ∥ =

√
d2

q−1 + ∥bq∥2.

From the results above, we have

∥γ( j)∥ =


1 + q∑

ℓ= j+1

λℓ
∥γ(ℓ)∥

−1

d j ( j = 1, . . . , q − 1)

dq ( j = q)

.

Furthermore, this result implies

∥γ( j)∥ =
1 + q∑

ℓ= j+1

λℓ
∥γ(ℓ)∥

−1

d j =

1 + q∑
ℓ= j+2

λℓ
∥γ(ℓ)∥

+
λ j+1

∥γ( j+1)∥

−1

d j,1 + q∑
ℓ= j+1

λℓ
∥γ(ℓ)∥

 = d j

∥γ( j)∥
,
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for j = 1, . . . , q − 2 and ∥γ(q)∥ = dq. Hence, for j = 1, . . . , q − 1, we have

∥γ( j)∥ =
(

d j+1

∥γ( j+1)∥
+
λ j+1

∥γ( j+1)∥

)−1

d j =
d j

d j+1 + λ j+1
∥γ( j+1)∥.

Since ∥γ[1:q]∥ = dq, the above equation implies

∥γ( j)∥
d j
=

d j+1

d j+1 + λ j+1

∥γ( j+1)∥
d j+1

=
d j+1

d j+1 + λ j+1

d j+2

d j+2 + λ j+2

∥γ[1: j+2]∥
d j+2

= · · · =
q∏

ℓ= j+1

dℓ
dℓ + λℓ

∥γ[1:q]∥
dq

=

q∏
ℓ= j+1

dℓ
dℓ + λℓ

.

Hence, we have

∥γ1∥ = d1

q∏
ℓ=2

dℓ
dℓ + λℓ

= (d1 + λ1)
q∏
ℓ=1

dℓ
dℓ + λℓ

= ∥b1∥
q∏
ℓ=1

dℓ
dℓ + λℓ

,

∥γ j∥ =
√
∥γ( j)∥2 − ∥γ( j−1)∥2 =

√
∥γ( j)∥2 −

(
d j−1

d j + λ j

)2

∥γ( j)∥2 =
∥b j∥

d j + λ j
∥γ( j)∥

= ∥b j∥
d j

d j + λ j

∥γ( j)∥
d j
= ∥b j∥

q∏
ℓ= j

dℓ
dℓ + λℓ

( j = 2, . . . , q).

Moreover, it follows from (A.1) that

∥γ j∥ =
1 + q∑

ℓ= j

λℓ
∥γ(ℓ)∥

−1

∥b j∥,

and we have 1 + q∑
ℓ= j

λℓ
∥γ(ℓ)∥

−1

=

q∏
ℓ= j

dℓ
dℓ + λℓ

.

Thus, γ satisfying (A.1) is given by

γ j =

q∏
ℓ= j

dℓ
dℓ + λℓ

b j ( j = 1, . . . , q).

Next, we give a necessary and sufficient condition for a root of (A.1) existing. As described
above, we have the following sufficient condition:

∀ j ∈ {1, . . . , q}, d j > 0 =⇒ ∃γ ∈ Rm1+···+mq s.t. (A.1) holds.

On the other hand, if j exists such that d j ≤ 0 holds, (A.3) does not hold, and hence a real root
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of (A.1) does not exist. This implies

∃ j ∈ {1, . . . , q} s.t. d j ≤ 0 =⇒ ∀γ ∈ Rm1+···+mq , (A.1) does not hold.

The contrapositive of this leads to the following necessary condition:

∃γ ∈ Rm1+···+mq s.t. (A.1) holds =⇒ ∀ j ∈ {1, . . . , q}, d j > 0.

Thus, we have the necessary and sufficient condition. Consequently, Lemma A.1 is proved.

A.4. Proof of Theorem 3

We set λ j = λw j/L for f in (2.4). Theorem 1 implies a sufficient condition such that f is
minimized at γ = 0q as

∀ j ∈ {1, . . . , q}, d j, j = 0⇐⇒ λ ≥ max
j∈{1,...,q}

L|b j|
w j
. (A.4)

With this condition, we derive the condition for λ such that PRSS(θ | δ, λ) is minimized at
θ = 0kq. Notice that the optimality of Algorithm 2 means that we can obtain the optimal solu-
tion for an arbitrary initial solution. Hence, it is sufficient to consider the condition such that
PRSS+(θ | 0kq, δ, λ) is minimized at θ = 0kq. At the minimization of (3.2), a sufficient condi-
tion for λ such that (3.2) is minimized at θℓ = 0q when θ̂ = 0kq follows (A.4). Consequently,
Theorem 3 is proved.

A.5. Details of the transformation of the matrix of basis functions

Let Fq be a q × q anti-diagonal matrix with anti-diagonal elements ones. Then, the QR de-
composition yields (vq,vq−1, . . . ,v1) = V Fq = H0Q0, where H0 is a p × q matrix satisfying
H ′

0H0 = Iq and Q0 is a q × q upper triangular matrix. From FqFq = Iq, this decomposition
implies V =H0FqFqQ0Fq and we have H =H0Fq and Q = FqQ0Fq.

A.6. Simulation results for SNR = 3

This section shows the simulation results described in Section 4 when SNR = 3. In compar-
ison with SNR = 1, we can see that all the methods performed better.
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Table A.1. Selection probability (%) when q = 6

Variable Degree

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 28.2 91.6 19.5 6.9 12.9 72.7 4.7 0.9
300 10 10 70.8 97.7 55.9 85.4 40.8 92.4 14.2 75.2
500 10 10 82.9 98.2 69.5 95.2 52.6 95.1 23.0 85.2

100 40 10 9.5 70.1 9.5 4.4 8.1 54.9 2.0 0.1
300 120 10 64.7 89.1 59.2 91.2 36.3 82.3 7.4 83.5
500 200 10 84.0 93.1 81.6 98.8 51.7 85.6 15.8 96.2

100 10 40 17.8 82.7 6.0 0.1 7.1 68.9 5.5 0.1
300 10 120 29.0 94.6 12.5 16.5 16.8 89.7 10.3 83.4
500 10 200 62.8 97.5 21.7 14.3 22.2 94.2 6.7 92.7

100 20 40 7.3 69.7 2.0 0.5 5.3 63.2 4.0 0.0
300 60 120 36.4 91.5 11.2 82.6 9.9 86.2 4.0 93.9
500 100 200 76.8 92.5 34.8 87.9 26.1 93.0 5.6 97.3

Table A.2. MSE when q = 6

MSEf MSEc

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 0.061 0.037 0.064 0.086 0.438 0.176 0.619 1.273
300 10 10 0.017 0.011 0.020 0.035 0.096 0.044 0.171 0.248
500 10 10 0.009 0.006 0.011 0.013 0.048 0.023 0.095 0.091

100 40 10 0.027 0.020 0.030 0.018 1.317 0.644 2.828 3.623
300 120 10 0.005 0.004 0.005 0.001 0.409 0.184 1.055 0.462
500 200 10 0.003 0.002 0.003 0.000 0.247 0.113 0.632 0.131

100 10 40 0.197 0.046 0.147 0.622 0.469 0.060 0.222 0.439
300 10 120 0.061 0.012 0.059 0.126 0.042 0.004 0.032 0.052
500 10 200 0.031 0.007 0.035 0.036 0.011 0.001 0.012 0.010

100 20 40 0.118 0.032 0.087 0.219 0.812 0.121 0.389 0.805
300 60 120 0.016 0.005 0.015 0.030 0.105 0.014 0.087 0.127
500 100 200 0.005 0.003 0.005 0.003 0.025 0.005 0.030 0.017
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Table A.3. Selection probability (%) when q = 10

Variable Degree

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 0.8 88.0 18.3 0.4 0.0 57.6 0.0 0.0
300 10 10 0.4 97.6 32.8 0.4 0.0 88.3 0.0 0.0
500 10 10 0.1 98.1 38.2 0.3 0.0 92.7 0.0 0.0

100 40 10 0.4 67.6 22.4 0.6 0.0 40.1 0.0 0.0
300 120 10 0.1 89.5 47.1 0.9 0.0 78.0 0.0 0.1
500 200 10 0.0 93.5 60.5 1.8 0.0 84.0 0.0 0.2

100 10 40 0.4 75.3 13.8 0.0 0.0 50.6 0.0 0.0
300 10 120 0.3 92.8 9.0 0.0 0.0 81.5 0.0 0.0
500 10 200 0.1 95.7 7.4 0.0 0.0 90.1 0.0 0.0

100 20 40 0.3 65.0 5.7 0.0 0.0 46.9 0.0 0.0
300 60 120 0.0 90.1 13.6 1.5 0.0 79.4 0.0 0.0
500 100 200 0.0 92.7 17.1 0.3 0.0 90.3 0.0 0.0

Table A.4. MSE when q = 10

MSEf MSEc

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 0.127 0.040 0.162 0.266 4276.068 0.826 4004.717 4310.401
300 10 10 0.041 0.011 0.049 0.065 1262.396 0.034 1129.817 1271.469
500 10 10 0.025 0.007 0.029 0.030 741.832 0.018 661.475 751.059

100 40 10 0.049 0.021 0.048 0.048 1737.444 1.019 1579.390 1339.786
300 120 10 0.008 0.004 0.007 0.004 861.548 0.266 739.860 632.382
500 200 10 0.004 0.002 0.003 0.001 577.077 0.101 483.212 427.223

100 10 40 2.155 0.052 0.915 2.352 31.219 0.071 1056.697 98.678
300 10 120 1.431 0.013 0.550 2.309 6.919 0.004 133.269 7.512
500 10 200 1.022 0.007 0.410 2.011 2.401 0.001 49.203 3.439

100 20 40 0.648 0.035 0.339 1.028 20.777 0.113 259.949 148.508
300 60 120 0.163 0.005 0.064 0.099 6.517 0.011 65.318 94.937
500 100 200 0.083 0.003 0.030 0.045 3.109 0.004 28.790 48.901
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Table A.5. Runtime (sec.)

q = 6 q = 10

n p k HOGL1 HOGL2 SGL wSCAD HOGL1 HOGL2 SGL wSCAD

100 10 10 138.8 4.9 10.9 17.6 148.3 7.0 7.2 20.0
300 10 10 112.2 4.3 10.4 15.8 167.4 6.2 7.7 19.3
500 10 10 94.5 4.1 10.7 14.3 175.3 5.9 8.2 20.0

100 40 10 137.2 4.9 9.9 16.4 168.2 6.8 6.8 19.7
300 120 10 95.3 4.4 16.8 14.4 189.8 5.8 23.7 18.4
500 200 10 77.9 5.8 43.5 16.1 194.1 7.3 66.9 26.2

100 10 40 1203.6 33.0 133.0 76.8 1678.3 45.8 83.4 94.3
300 10 120 3533.1 85.9 872.9 455.0 14674.1 122.9 680.3 1090.2
500 10 200 4775.6 132.1 2538.0 1561.1 42591.9 193.5 2091.8 4737.2

100 20 40 1183.6 30.6 93.0 72.0 1954.3 43.1 44.5 83.0
300 60 120 3011.6 62.2 936.3 412.1 17813.8 104.8 534.7 1044.1
500 100 200 2874.1 87.4 3410.7 1277.9 47408.6 125.6 2769.9 4189.2
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