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Abstract

This paper introduces a penalized least squares method using the group exponential (GEXP) penalty to
simultaneously perform variable selection and estimation of the coefficient regression matrix in multivariate
linear regression models intended to show the relationship between multiple response variables and multiple
explanatory variables. The GEXP penalty is a continuous approximation of the ¢y penalty, which, despite
its simple form, avoids the drawbacks of £y, penalized estimation methods that arise from the discontinuity
of the ¢y penalty and thereby provides more stable estimation. We show that the estimator possesses the
oracle properties under a high-dimensional asymptotic framework in which the sample size goes to infinity,
and both the number of response variables and the number of explanatory variables can go to infinity.
We also apply the EGCV criterion as a model selection criterion to choose the two tuning parameters
required for the GEXP penalized estimation and show that the EGCV criterion maintains variable selection
consistency under certain assumptions. Through numerical experiments, we confirm that the performance
of the proposed method is comparable to existing methods.

Keywords: Multivariate linear regression; High-dimensional asymptotic framework; Penalized least squares method;
Oracle properties; Variable selection; EGCV criterion; Coordinate descent method

1 Introduction

The multivariate linear regression model is a fundamental multivariate model describing the relationship between
multiple response variables and multiple explanatory variables. As such, it is a topic covered in many books (e.g.,
[29, 31]). To define the model, let Y be the n X p response matrix consisting of p variables, X be the n x k explanatory
matrix consisting of k variables, and n be the sample size. The multivariate linear regression model can then be defined
as follows:

Y = XO" +ex'/? (1)

where ®™ is a k X p true regression coefficients matrix, 3 is a p X p true unknown positive definite covariance matrix,
and £ = (e1,...,€,) is an n x p error matrix, for which &1, ...,e, are independent and identically distributed as an
error term e that satisfies E[e] = 0,, Cov[e] = I,. Without loss of generality, we assume that ¥ and X are centered
(i.e., Y'1, = 0, and X'1,, = 04 hold), where 0, is the p-dimensional vector of zeros, 1, is the n-dimensional vector of
ones, and I, is the p-dimensional identity matrix. In multivariate linear regression models, it is often desirable to select
the explanatory variables affecting the response variables from & available ones. This is determined by checking whether
the regression coeflicient vector corresponding to the j-th column of the explanatory matrix X, that is, the j-th row of
®*, is the zero vector. Consequently, this type of variable selection in multivariate linear regression models is regarded
as a variable selection problem with a group structure.

In an empirical context, it is not just selecting the explanatory variables for the model that is important; of equal
importance is estimating the regression coefficients. To accomplish both tasks, penalized estimation methods offer an
attractive approach. Among such methods, the most basic are penalized estimation methods using the ¢y penalty, such
as Mallows’ C), [21], AIC [1], and BIC [26]. These methods enable variable selection by imposing a penalty based on
the number of non-zero regression coefficients, regardless of the magnitude of the coefficient values. However, penalized
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estimation methods using the ¢y penalty are known to have two major drawbacks. First, the discontinuity of the ¢o
penalty at the origin leads to instability in the resulting estimators [6]. Second, £y penalized estimation is NP-hard,
requiring a computation time that increases exponentially with the number of explanatory variables to find the optimal
variable set [33]. In recent years, algorithms for penalized estimation methods that directly employ the ¢y penalty
under a given number of nonzero coefficients have been studied. In [3], the estimation methods have been formulated
as a mixed integer optimization (MIO) problem, and an algorithm for deriving the approximate solution. In [36], an
efficient iterative algorithm for the methods has been proposed. The proposed algorithm can produce solutions within a
reasonable computational time. Furthermore, [8, 23] have proposed efficient algorithms for penalized estimation methods
that directly employ the ¢2 ¢ penalty, the £y penalty for matrices.

As a way to alleviate the traditional drawbacks of using the ¢y penalty, penalized estimation methods based on
continuous penalties have also been proposed. A representative example is the ¢; penalized estimation method, LASSO
[30]. Due to the singularity of the ¢; penalty at the origin, LASSO can estimate regression coefficients to be exactly
zero. In [20], it is shown that under certain conditions, the LASSO estimator has asymptotic normality. However, the
LASSO estimator is known not to simultaneously possess variable selection consistency, which is the property that the
probability of selecting the true set of explanatory variables converges to 1. As mentioned in [13], it is one of the desired
properties in sparse estimation methods, which can perform both variable selection and regression coefficients estimation
simultaneously.

To address the shortcomings of LASSO, penalized estimation methods with improved penalties such as SCAD [13],
adaptive LASSO [37], and MCP [35] have been proposed. The SCAD penalty and MCP are generally non-convex penalties
constructed to reduce the bias of the estimator while maintaining the properties of the £; penalty near the origin. Under
certain conditions, the estimators based on these methods in (1) where p = 1 have been shown to possess the oracle
properties [13], meaning the simultaneous achievement of both variable selection consistency and asymptotic normality
[13, 35, 37]. While these penalties were applied to each element of the regression coefficients, penalized estimation
methods using penalties that incorporate a group structure for explanatory variables have also been proposed. In [32],
an algorithm was developed for the estimation method using the group SCAD (GSCAD) penalty, which employs the
SCAD penalty with a group structure for the explanatory variables. In [18], an algorithm was constructed for the
estimation method using the group MCP (GMCP), derived in a similar fashion using the MCP.

In recent years, as direct relaxations of the ¢y penalized estimation approach, penalized estimation methods using the
SELO [10] and exponential (EXP) penalties [33] have also been proposed. The SELO and EXP penalties are known
as continuous approximations of the ¢y penalty and have a simpler form than the SCAD penalty and MCP. For a
different EXP-type penalty from [33], the group exponential LASSO was proposed in [4], with a group structure for
the explanatory variables. In [10, 33], it was shown that for the model (1) with p = 1, the SELO and EXP estimators
possess the oracle properties under the constraint k/n — 0. Furthermore, a new criterion similar to the BIC criterion
was proposed as a model selection criterion for selecting tuning parameters while maintaining the variable selection
consistency of the estimators. [12] proposed an EXP-type penalty with a different form from that in [33], which is not
singular at the origin. Although it is unable to directly estimate regression coefficients to be exactly zero, a two-step
process was proposed to achieve this result, thereby avoiding the problem of the £y penalty discontinuity. Importantly,
its estimator was shown to possess the oracle properties.

For multivariate linear regression models with p > 1, penalized estimation methods that apply a penalty to each
element of the regression coefficient matrix were addressed in [9, 28], and the asymptotic properties of their estimators
were shown. In [28], it was shown that the estimators by several specific non-convex penalized methods satisfy the
oracle properties under the constraints p < n and log pk/n — 0. Similarly, in [9], it was shown that the estimators have
the oracle properties under the constraint p®k*/n — 0. However, these studies do not address penalties with a group
structure for the explanatory variables, nor do they cover a high-dimensional asymptotic framework where p exceeds
n. Additionally, while the group exponential (GEXP) penalties have been addressed for linear and generalized linear
regression models when p =1 in [4], they have not been applied to multivariate linear regression models.

To fill this gap, this paper introduces the GEXP penalized estimation method based on the EXP penalty from
[33] for multivariate linear regression models. We show that the GEXP estimator has the oracle properties under a
high-dimensional asymptotic framework where both the number of response variables p and the number of explanatory
variables k can tend to infinity. We also apply the EGCV criterion [24] for selecting the tuning parameters included in
the GEXP penalty. We then show that the GEXP estimator using the tuning parameters selected by the EGCV criterion
maintains variable selection consistency under certain conditions. Furthermore, the group coordinate descent algorithm
is used as an estimation algorithm. Our paper makes two main contributions to the field:

e The GEXP penalized estimation method for multivariate linear regression models is firmly established through
the provision of theoretical guarantees and the construction of an appropriate estimation algorithm. The GEXP
penalty has a simpler form than the GSCAD penalty and GMCP but possesses comparable asymptotic properties.
In a series of numerical experiments, we confirm that the GEXP penalized estimation method performs on par
with methods that use the GSCAD penalty and GMCP. Thus, the GEXP penalized estimation approach can be
positioned as an effective estimation method.

e The variable selection consistency of the GEXP estimator is guaranteed for the situation where p may diverge
faster than n (i.e., p/n — 7 € [0,00]). This is a unique ultra-high-dimensional setting for multivariate linear
regression models. In [9, 28], p is assumed to be less than n; it is also assumed that the maximum eigenvalue of
3% is bounded in order to guarantee the oracle properties. However, this paper does not impose this boundedness



assumption, thus allowing the maximum eigenvalue of X to diverge (see condition (E)).

The remainder of the paper is organized as follows: In section 2, we introduce the penalized estimation method using
the GEXP penalty in multivariate linear regression models. In section 3, we show that the GEXP estimator possesses
the oracle properties. It is also shown that the GEXP estimator using the tuning parameters selected by the EGCV
criterion ensures variable selection consistency under certain conditions. In section 4, we derive the update formulas when
applying the coordinate descent method as the estimation algorithm. In section 5, we validate the estimation accuracy
of the proposed method through numerical simulation results and a real data example and compare the accuracy of the
method with that of other penalized estimation methods.

2 Estimation method with group exponential penalty

2.1 Group penalized estimation methods

We first introduce several group penalized estimation methods in multivariate linear regression models. In model (1),
a penalized estimator for the regression coefficient matrix based on the residual sum of squares is generally defined by
the k£ X p regression coefficient matrix ® that minimizes the following objective function:

k
1
SIY = X0+ pralos ), 2)

Jj=1

where ||M|| is the Frobenius norm of matrix M, A\,a (> 0) are tuning parameters, 6, is the j-th row vector of ®, and
Pxra(]|0]]) is a penalty function. In this paper, we address the problem of identifying the explanatory variables necessary
for the model. Therefore, the penalty term is structured to account for a group structure related to the explanatory
variables. Specifically, the sum of the penalty terms is a sum over the regression coefficient vectors corresponding to
each explanatory variable rather than a sum for each individual regression coefficient. As examples of penalties in group
penalized estimation methods in model (1) with p = 1, [18] applied the group SCAD penalty and group MCP defined as
follows:

Alle]l , . if 6] <A
[18]|* — 2a1 A||O| + X* .
GSCAD : pray (101) = pas(I€1) = § = 5(a; — 1) if A <[|O]] < asX (3)
% if a1\ < [0
0> .
Mol 121 ) < as
GMCP : pras (J6]) = pan(lO) =3 1 2 , (1)
2 .
5 if ||@]] > a2

where a1 (> 2) and a2 (> 1) are tuning parameters. Both the GSCAD penalty (3) and the GMCP (4) have characteristics
similar to the group LASSO (GLASSO) penalty [34]: px,o(||0]]) = par(]|@]]) = A||@]] near the origin. The penalties (3)
and (4) also satisfy the three properties required for sparse estimation mentioned in [13]: unbiasedness, sparsity, and
continuity. Furthermore, according to [5], the objective function (2) is strictly convex with respect to the row vectors of
© when using either the GSCAD penalty (3), provided that a1 > 2, or GMCP (4), provided that as > 1.

2.2 GEXP penalty

The GEXP estimator for multivariate linear regression models is defined as the matrix ® that minimizes the following
objective function Q,(®):

k
Qu(®) = 5-Y — XOI* + 3" pra(l6s]), %)

Jj=1

where py o(]|0]]) is the GEXP penalty function defined by

1) = pexe (10l = {1 exp (181 1, ©

in which A (> 0) and a (> 0) are tuning parameters; A controls the strength of the penalty term in (5), while a controls
the shape of the GEXP penalty function, which has the same form as the EXP penalty in [33]. Figure 1 plots the shapes
of five penalties for A = 0.5: £y, GEXP (a = 0.02), GSCAD (a1 = 3.7), GMCP (a2 = 3), and GLASSO. The ¢, penalty is

p)\,a(



defined as AI(]|@|| # 0) using the indicator function I(-). Similar to the GSCAD penalty and GMCP, the GEXP penalty
is a non-convex function that possesses the properties of (near) unbiasedness, sparsity, and continuity.

On the other hand, the GEXP penalty has several distinct features from the GSCAD penalty and GMCP. The
GSCAD penalty pas(||0]]) and the GMCP pam(]|0]|) can be considered approximations of the GLASSO penalty since
they converge to A||0]| as a1 — oo and az — 00, respectively, and can therefore be seen as approximations of the GLASSO
penalty with respect to the behavior of a single parameter. However, the GEXP penalty pcexp(]|0]|) can be regarded as
a direct approximation of the £y penalty because in addition to approaching the value of the ¢y penalty as ||@|| increases,
it also satisfies the following property:

lim parxe([|6]]) = AL(||6]] # 0).

Therefore, the tuning parameter a controls the degree of the £y approximation. Furthermore, the GEXP penalty is
sufficiently smooth everywhere except at the origin, as it is a C*class function on Rso with respect to ||@||. There-
fore, penalized estimation methods using the GEXP penalty are expected to provide stable estimation as a continuous
approximation of the £y penalty. Here, (6) is similar to the following EXP penalty proposed in [4]:

pratlon) = 2 {1 - (-2 ], )

Note that the roles of the respective tuning parameters in (6) and (7) are different. (7) converges to the £y penalty when
Xa™t — 0 and A\?a™ — 79 € [0,00), but it converges to A||@|| when a — 0. Therefore, similar to the GSCAD penalty
and GMCP, (7) can be considered an approximation of the GLASSO penalty. In this paper, we use (6), which directly
approximates the o penalty. However, by considering a parameter transformation, our results can also be applied to (7).

Penalty functions: p;_a(x)
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Figure 1: Shapes of various penalties for A = 0.5: £y, GEXP (a = 0.02), GSCAD (a; = 3.7), GMCP (as = 3),
and GLASSO

3 Theoretical properties of the GEXP estimator

In this section, we derive the asymptotic properties of the GEXP estimator under the high-dimensional asymptotic
framework where both the number of explanatory variables k& and the number of response variables p are allowed to tend
to infinity as the sample size n increases. For the discussion below, we assume that k and p are sequences depending
on n and introduce some notation. Let ® be a local minimizer of Qn(0), éj (j =1,...,k) be the j-th row vector of
@, and 67 be the j-th row vector of the true regression coefficient matrix ®*. We define the set of indices of the true
explanatory variables as A = {j € {1,...,k} | ] # 0,} and its estimator as A=1{je{1,....,k} | ; # 0,}. The
number of true explanatory variables is denoted by ko = #(A), where ko is a sequence depending on n, and ko = #(A).
For a subset S C {1,...,k}, the matrices Xsg, O%, OF, O% are defined as the submatrices of X, ', ©*, and @',
respectively, formed by selecting the columns corresponding to the indices in S. Also, Amin (M) and Amax(M) denote
the minimum and maximum eigenvalues of a square matrix M, respectively. For a p x k matrix M, its vectorization is
vec(M) = (ml,...,m})’, where m; is the j-th column of M.



3.1 Oracle properties

To show the variable selection consistency, one of the oracle properties of the GEXP estimator, we first present the
following conditions (A)—(E):

(A) n—=o0,p/n—=7€[0,00], k/n = v e01).

B) n'/2p~1/2k71/2p 5 oo, where p = minjea 1165 1].

C) There exists a constant ¢ € (0,1) such that A = o(n~/2p/ 2k 2k aecr/®).

D) There exist constants C1,C2 > 0 such that C1 < Amin(n ' X' X) < dmax(n 1 X’ X) < Cs.
E) tr(X) = O(p), liminfy 00 Amin(32) > 0.

Condition (A) describes the high-dimensional asymptotic framework, allowing for p and k to be either fixed or to
diverge to infinity. Specifically, it permits p to diverge faster than n and allows ko to diverge to infinity. Condition
(B) is an assumption regarding the true regression coefficient vector corresponding to A and is a natural assumption in
sparse estimation and variable selection problems. It allows p to converge to 0 depending on the divergence rates of p
and k. Condition (C) is an assumption regarding the tuning parameters A and a within the GEXP penalty. It controls
the GEXP penalty to estimate some regression coefficients as zero while keeping the influence of the penalty term on
Qn(0®) small. Condition (D) is a common assumption regarding the explanatory matrix in the asymptotic theory of
regression analysis. Condition (E) is an assumption regarding the true covariance matrix 3. It allows the order of a finite
number of variances to be O(p) and ensures that X is positive definite asymptotically. Furthermore, condition (E) holds
even when the maximum eigenvalue of X is of order O(p), such as in a uniform correlation structure. This condition is
somewhat similar to “the strongly spiked eigenvalue model” proposed in [2]. Under these conditions, as a prerequisite
for deriving the variable selection consistency, the following Theorem 1 holds (the proof is given in Appendix 1).

—

Theorem 1. Suppose that conditions (A)—(E) hold. Then, there ezists a local minimizer © of Q.(®) that satisfies

18 — ©"[| = Ou(v/pk/n).

Theorem 1 states the convergence rate of the GEXP estimator, which is the same as the least squares estimator,
Orsg = (X'X)le'Y. In particular, it indicates that the GEXP estimator is consistent under the constraint pk/n — 0.
As an assumption necessary for deriving the variable selection consistency, we add condition (F) for the tuning parameters
A and a.

(F) n_1/2p1/2k1/2a_1 =0(1), n1/2p—1/2k—1/2)\a—1 s oo

Condition (F) is a technical assumption for adjusting the degree of sparsity. The following Lemma 1 concerning sparsity
holds (the proof is given in Appendix 2).

Lemma 1. Suppose that conditions (A), and (D)—(F) hold. Then, for any constant C > 0, the following holds:

lim P [ arg min Qn(O®) C {@ e RF*P
noee l®@—e|<Cy/pk/n

where Ok _ky,p is the (k — ko) X p zero matriz.

Ouc = Okkoyp}) =1,

Lemma 1 means that the GEXP estimator has the property of correctly excluding truly unnecessary explanatory
variables. By using Theorem 1 and Lemma 1, the variable selection consistency can be derived (the proof is given in
Appendix 3).

Theorem 2. Suppose that conditions (A)~(F) hold. Then, there exists a local minimizer © of Qn(©) such that ||© —
O|| = Op(\/pk/n) and the following holds:

lim P(A=A)=1.

n—00

Theorem 2 indicates that the GEXP estimator not only correctly selects truly necessary explanatory variables but also
correctly excludes truly unnecessary ones. In other words, the GEXP estimator possesses variable selection consistency.

Next, we derive the asymptotic normality of the non-zero regression coefficient matrix for the GEXP estimator. For
this purpose, we add the following conditions (G)—(J):

(G) A= o(n_l/zkalmae”/a).

(H) maxi<i<nn™* Diea z}; = O(kon™ "), where z;; is the (i, j)-th element of X.
(I) There exists a constant § > 0 such that E[||e]|**°] = O(p'*%/?).

(J) For the ¢ in condition (I), n™1p**?/%ky = o(1).



Condition (G) relates to the tuning parameters A and a. In the proof of asymptotic normality, it is used to suppress
the influence of the penalty term so that the estimator converges to a multivariate normal distribution. Condition (I)
concerns the distributional form of e, which is a relaxation of the assumption of a multivariate normal distribution.
Conditions (H) and (J) are necessary assumptions for using the Lindeberg-Feller central limit theorem in the proof of
asymptotic normality. Condition (H) is similar to the assumption in [10, 33], but our assumption involves only the
true explanatory variables. Condition (J) controls the divergence speeds of p and ko, and it is worth noting that our
asymptotic normality requires at least pko/n = o(1). Under these conditions, Theorem 3 holds (the proof is given in
Appendix 4).

Theorem 3. Suppose that conditions (A)~(J) hold. Then, there exists a local minimizer © of Qn(©) such that ||© —
O™|| = Op(\/pk/n) and the following holds:

1/2 =N ,
NS (lx;,XA ® 2*1) [vec(®) — vee(®2)} 4 A, (0,, @),
n

where B, and G are any q X ko and q X q positive definite matrices, respectively, satisfying B, B, — G.

From Theorem 2 and Theorem 3, it is evident that under conditions (A)—(J), the GEXP estimator simultaneously
possesses both variable selection consistency and asymptotic normality. This means it has the oracle properties.

3.2 Tuning parameter selection

The behavior of the GEXP estimator depends on the tuning parameters A and a. Additionally, since there are countless
pairs of tuning parameters (A, a) that satisfy the oracle properties, it is necessary to select an appropriate pair from a
set of candidate pairs. As our model selection criterion for choosing the tuning parameters, we employ the Extended
Generalized Cross-Validation (EGCV) criterion [24], defined as follows:

Iy = X0\, a)?

EGCV(6(, a)) (1 — hon-1)e

where « is a positive constant. In this section, the GEXP estimator is denoted as @()\, a) to emphasize its dependence on
the tuning parameter pair (), a). The EGCV criterion is equivalent to the GCV criterion if o = 2. Whereas a BIC-type
criterion was used as the model selection criterion in [10, 33], we employ the EGCV criterion since we are dealing with
the objective function Q,(®) based on the residual sum of squares.

Variable selection consistency is a characteristic of the GEXP estimator’s oracle properties that should be preserved.
Therefore, we derive the condition for a under which the EXP estimator, selected by minimizing the EGCV criterion,
maintains consistency in variable selection. To do so, we replace conditions (A) and (B) with conditions (A’) and (B’).

(A") n— oo, p/n — 7 € [0,00], k/n — 0.

(B') liminf,—ep~'/2p > 0.

Condition (A’) is stricter regarding the rate of divergence of k than Condition (A), but it has also been assumed in
[10, 33]. Condition (B’) means that p diverges at a rate of at least /p as p — oo, which is a natural assumption since the
row vectors of @ are p-dimensional. Under condition (A’), condition (B’) is stricter than condition (B). Moreover, there
is a trade-off between the leniency of condition (B’) and the strictness of the condition on « required for consistency.
However, condition (B’) is necessary in this paper to ensure that the condition on a does not depend on unknown
parameters. In this case, Theorem 4 holds (the proof is given in Appendix 5).

Theorem 4. Suppose that conditions (A’), (B'), and (C)—(G) hold. Then, the following are true.

1 uppose that conditions ana lim su max < 00 hold. or the 0 in condition ““k~ a — 00
(i) Suppose th ditions (I) and lim sup,,_, ., Amax(X) hold. If, for the & i dition (I), p~k~%/(+%)
and kn"Ya — 0, then the following also holds:

lim P (EGCV{(:)()\;‘L,CLZ)} < EGCV’) =1, (8)
n— oo

where EGCV™ = inf(,\ya)eg{EGCV{(:)()\,a)} | A # A}, Q C R? is a finite subset containing the pair (\5,ak)
that satisfies conditions (C), (F), and (G), and (X, a;) is a local minimizer of Qn(®) that possesses variable
selection consistency.

(ii) Suppose that limsup,, , _ rkatr(X) "2 < oo holds, where ka = B[||ZY2e[|*] — tr(2)? — 2tr(X?). If k' — oo and
kn"ta — 0, then (8) also holds.

The boundedness of the maximum eigenvalue of X in (i) of Theorem 4 is a somewhat restrictive condition in high-
dimensional settings where p diverges. In contrast, the assumption limsup,,_, . #4tr(2)™? < oo in (ii) is a condition on
the distribution of & and X similar to that used in [22]. Like condition (I), it is a relaxation of the multivariate normal
distribution assumption. Specifically, this assumption holds for many elliptical distributions where the 4th moment of



€ exists, and it also allows the maximum eigenvalue of 3 to diverge. Comparing the conditions on « in (i) and (ii) of
Theorem 4, the condition in (ii) is stricter than the one in (i) when p is fixed. However, when p goes to infinity, the
condition in (i) becomes stricter than that in (ii) as p diverges more rapidly. The condition in (ii) is valid for any rate
of divergence of p.

Finally, we confirm the existence of (A%, a}) in Theorem 4 under conditions (A’) and (B’). Conditions (C), (F), and
(G) might seem complex at first glance, but it is easy to provide examples of A and a that satisfy them under Conditions
(A’) and (B’). Assuming that under these conditions, p and k are, at most, of polynomial order in n, we can see that
A =pkn~tlogn and a = \/pk/n(logn)®* satisfy conditions (C), (F), and (G).

4 Estimation algorithm

Because the GEXP estimator cannot be obtained in closed form, an estimation algorithm must be used. In [4],
coordinate descent (e.g., [15, 16]) is applied to each regression coeflicient. However, since the penalty term here has
a group structure as in (6), we apply the group coordinate descent (GCD) algorithm (e.g., [18]), which updates the
regression coefficient vector for one explanatory variable at a time. As can be seen from Figure 1, the GEXP penalty is
generally a non-convex function, so the objective function @, (®) may have multiple local minimizers. Therefore, in this
paper, we consider the estimation algorithm under the assumption that the objective function Q,(®) is strictly convex.
First, we derive the strict convexity condition as follows (the proof is given in Appendix 6).

Proposition 1. If /\min(nle’X) > Xa~? holds, then Qn(O®) is strictly convex with respect to . Moreover, suppose
the following inequality holds for some j € {1,...,k}:

-1 2 —2
n=lag 7> Aa”, (9)
where x(;) is the j-th column vector of X. Then, Qn(@®) is strictly convex in the 0; direction.

Under the strict convexity condition for ® from Proposition 1, the theorems and lemmas derived in section 3 are all
applicable to the global minimum. We derive the update rule for the GCD algorithm to obtain the GEXP estimator,
assuming that (9) holds for all j € {1,...,k}. The update rule for 8, given the current parameters 8, (j # ¢) in the
GCD algorithm can be obtained as follows (the derivation is given in Appendix 7).

0, ifflerf <™

0, = , (10)
To . n\
Cy if ||C4|| > 7

e

where ¢, = Y'z () — E#é(wzz)m(]‘))é‘j, and xo is the unique positive solution to the following equation for z:

[z [I*2 = [leel] +nAa™ e/ = 0. (11)

The update rule (10) makes it possible to accurately estimate the regression coefficient vector as zero. Although a
numerical solution is required to find zo in (10) because (11) is a non-linear equation, there is only one positive solution,
so the computational cost is low. Using (10), the estimation algorithm for GEXP penalized least squares with the GCD
method is as shown in Algorithm 1.
The Az, in Algorithm 1 is determined as follows. If we set 0, = 0, for all £ € {1,...,k}, then ¢ = Y'x(y. Therefore,
the A that estimates all regression coefficient vectors to be zero satisfies, from the update rule (10),
nA al| Y’z ||

edl < — &A=
a n

Consequently, we can set

a /
A7, = — Y .
b= Y ol

5 Numerical experiments

In this section, we confirm the effectiveness of the GEXP estimator by using both simulations and real data. Algorithm
1 is applied as the estimation algorithm for finding the GEXP estimator, and the EGCV criterion is used for selecting
the tuning parameters A and a. As comparators for the GEXP estimator, we use the least squares estimator Orsg
and the estimators produced by minimizing (2) with penalties, including the GLASSO penalty, the GSCAD penalty
(3), and the GMCP (4). For ease of reference, the above estimators are referred to as GEXP, LSE, GLASSO, GSCAD,
and GMCP, respectively. For the GSCAD and GMCP estimators, the tuning parameters are fixed at a1 = 3.7 and
a2 = 3, respectively. The group coordinate descent algorithm by [18] is applied as the estimation algorithm for these
comparators, and each tuning parameter A is selected using the EGCV criterion.



Algorithm 1 Group coordinate descent algorithm for GEXP estimator

1. Input a grid of size R of increasing a values I' = {a1,...,ar}, and a grid of size L of increasing \ values
A ={\,xa(ar), ..., Ar(ar)}. Define Az, such that ©(\z,a,) = Ok, and Ay = 0.

2. For each value of r € {1,..., R — 1, R} repeat the following;:

(a) Initialize © = (6y,...,6;)" = ©(\1,a,), which means that ©()\;,a,) is the ordinary least squares
estimator.
(b) For each value of £ € {2,...,L — 1, L} repeat the following:
(i) Cyclic coordinate descent, for j = 1,2,...,k, calculate éj using (10).
(i) Set 6, = 6;.
(iii) Repeat steps (i) and (ii) until [|© — ©||/||®|| is sufficiently small.
(iv) Obtain ©()\s, a,). Set © = O (g, ay).

3. Return the two-dimensional solution surface ©(X, a), (A,a) € A x I

5.1 Simulation studies

In this subsection, we confirm the effectiveness of GEXP through simulation, with 10000 iterations for 15 combinations
of (n, p): n = 50,100,300, 500, 1000 and p = 5,100, 1000. We set k = [4n'/*] and ko = [k/2]. The response matrix Y was
generated from N, x,(X©* 3®1,), and the matrices X, ®*, and X were determined as follows. The explanatory matrix
X was the n x k matrix whose columns were scaled to have length \/n, after being generated from N, x%(On.i, ® @ I,),
where the (4,7)-th element of ® is 0.5/"=9!. The regression coefficient matrix was ©* = ( “f/, Oj_ky.p) >, where @F ~
Nioxp(Okg,p, Ip ® Iy). The covariance matrix 3 was given as 3 = 0.4 x (0.2, + 0.81,1;,). Two values were set for a
used in the EGCV criterion: a = y/n and a = y/n/loglogn. When k = [4n'/*], a = /n represents a balanced case
in which the condition on « in Theorem 4 (ii) holds, while @ = /n/loglogn is a slightly smaller value for which the
condition on « also holds. The following three metrics are used to evaluate variable selection and estimation accuracy.

e The probability for selecting true explanatory variables: P(A = A).
e Mean Squared Error: MSE(@) = E[||@ —-0*%).
e Prediction Mean Squared Error: PMSE(®) = E[|| X© — X©*|?]/n.

Values of P(A = A) close to 1 are desirable; smaller values of MSE and PMSE indicate better estimation and prediction
accuracy, respectively.

The simulation results for the three metrics are shown in Tables 1, 2, and 3, respectively. For all combinations of p,
n, and o, GEXP yielded better metric values than LSE and GLASSO. Furthermore, it can be observed that even when
p is large, as the sample size increases, GEXP showed a tendency for P(/l = A) to increase toward 1 and its MSE and
PMSE values to decrease. A comparison with the existing methods, GSCAD and GMCP, is presented below. For all
combinations of p and a, EXP exhibited behavior similar to GSCAD and GMCP: the probability P(A = A) increased
toward 1, while both MSE and PMSE decreased. These results indicate that GEXP achieves a level of variable selection
and estimation accuracy comparable to the existing methods.



Table 1: Probabilities for selecting true explanatory variables

a=+/n a =+/n/loglogn

P "1 GLASSO GSCAD GMCP GEXP | GLASSO GSCAD GMCP GEXP

50 | 04984 09483 09651 09797 | 03314  0.8538 09315 0.9271

100 | 05661  0.9946 0.9974 09959 | 04582 09827 0.9754 0.9661

5 300 06134  1.0000 1.0000 0.9999 | 0.2393  0.9987 0.9964 0.9954

500 | 04751 0.9996 1.0000 1.0000 | 0.2684  0.9998 0.7304 0.9987

1000 | 05297  1.0000 1.0000 1.0000 | 0.4871  1.0000 0.9999 1.0000

50 | 05991 09918 09852 09849 | 04084  0.9655 09554 0.9385

100 | 05973 0.9990 0.9973 09980 | 0.3936  0.9882 0.9795 0.9711

100 300 | 0.6780  1.0000 0.9999 1.0000 | 0.3114  0.9992  0.9982  0.9964

500 | 0.5549  1.0000 1.0000 1.0000 | 0.3660  0.9996 0.9996 0.9981

1000 | 05541  1.0000 1.0000 1.0000 | 0.3305  1.0000 1.0000 1.0000

50 | 05582 0.9906 0.9862 09826 | 04409  0.9723 09492 0.9432

100 | 05760  0.9987 09974 09974 | 03855  0.9879 0.9812 0.9727

1000 300 |  0.6683  0.9998 1.0000 0.9999 | 0.2882  0.9990 0.9971  0.9951

500 | 0.5820  1.0000 1.0000 1.0000 | 0.3120  0.9997 0.9987 0.9991

1000 | 0.5036  1.0000 1.0000 1.0000 |  0.2098  0.9999  0.9999 1.0000

Table 2: MSEs
) " LSE a=./n a = /n/loglogn

GLASSO GSCAD GMCP GEXP | GLASSO GSCAD GMCP  GEXP
50 | 0.8220 | 1.0816  0.3008 0.3491 03464 | 09445 04094 03966  0.4047
100 | 04075 | 05676 0.2043  0.2188  0.1923 | 05166 02020  0.2025  0.2028
5 300 01859 | 04699  0.0878 0.0836 0.0849 | 0.3201  0.0874 0.08%9  0.0851
500 | 01239 | 03146 0.0583  0.0568  0.0600 | 0.2467  0.0582  0.0941  0.0586
1000 | 00730 | 02554 00375 00366 0.0357 | 0.1530  0.0353 0.0349  0.0359
50 | 14.5367 | 16.8955  5.9843 7.2755  6.0151 | 19.5368  7.7082  6.3961  7.9730
100 | 86675 | 13.6134 45003  4.2043 3.8301 | 13.3858  4.2474  3.6057  4.3297
100 300 | 35954 | 7.9655  1.6631 17717 1.6702 | 6.3307  1.6693  1.6943  1.6749
500 2.4602 6.9696 1.1701 1.1439 1.1758 5.4946 1.1882 1.1304 1.1903
1000 | 14915 | 50688 07216 07175 0.7310 | 37175  0.7143  0.7183  0.7143
50 | 154.1758 | 223.0908 73.7176 67.9849 70.5429 | 149.3529 61.4005 71.4812 81.5849
100 | 85.3633 | 161.7851 36.5428 43.2434 41.5250 | 111.2761 38.0660 36.3489 42.2788
1000 300 | 36.2551 | 95.1596 17.7791 17.1163 16.9260 | 59.5057 16.4614 17.0615 18.7825
500 23.9648 72.8213 12.1102 11.0490 11.0490 49.5587 11.8191 11.7123 11.2966
1000 | 14.6871 | 427924  6.9571 6.9571 6.9571 | 33.7853  7.3065 7.0330  6.9248




Table 3: PMSEs

a=+/n a = +/n/loglogn

LSE
P " GLASSO GSCAD GMCP GEXP | GLASSO GSCAD GMCP GEXP

50 | 0.4008 0.5431 0.2141  0.2114  0.2081 0.4471 0.2283  0.2172  0.2191

100 | 0.2390 0.3574 0.1211  0.1203  0.1205 0.3015 0.1220  0.1225  0.1254

5 300 | 0.1065 0.2248 0.0536  0.0537  0.0532 0.1693 0.05632  0.0539  0.0534
500 | 0.0721 0.1630 0.0361  0.0360  0.0361 0.1249 0.0362  0.0522  0.0361
1000 | 0.0441 0.1258 0.0221  0.0220  0.0220 0.0877 0.0220  0.0219  0.0220

50 7.9737 10.2147 4.0126  4.1020  4.0790 9.2601 4.1528  4.2072  4.3168

100 | 4.7852 7.2838 2.4022  2.4129  2.3869 6.4900 24168  2.4950  2.4815

100 300 | 2.1271 4.3339 1.0678  1.0675  1.0662 3.3472 1.0613  1.0678  1.0660
500 1.4404 3.3877 0.7182  0.7153  0.7161 2.7063 0.7140  0.7182  0.7159

1000 | 0.8809 2.4291 0.4411  0.4390  0.4340 1.8550 0.4399  0.4406  0.4399

50 | 79.8671 | 109.2933  40.5890 40.7126 41.2022 89.8746  41.2091 42.5112 42.5894

100 | 48.1503 76.5458  23.9724 24.1460 24.0891 62.4551  24.2020 24.5596 24.7606

1000 300 | 21.2890 47.1531  10.6526 10.6508 10.6417 32.8384  10.7201 10.7104 10.7715
500 | 14.3591 34.2655 7.1740  7.1887  7.1887 24.9247 7.1745  7.1891 7.1678

1000 | 8.7955 22.0416 4.3970  4.3970  4.3970 17.6975 4.3951  4.3673  4.3878

5.2 Real data analysis

In this subsection, the variable selection behavior and predictive accuracy of GEXP are examined using the yeast
cell cycle gene expression data in [7, 9]. The response variables include 18 measurements of messenger ribonucleic acid
(mRNA) levels sampled every 7 minutes over two cell cycles, spanning 119 minutes. The explanatory variables record
binding information for 106 transcription factors (TFs). Genes with missing values in both experiments were excluded,
resulting in a subset of 542 cell cycle-related genes. This yielded p = 18, k = 106, and n = 542. Both the response and
explanatory variables were standardized. For the EGCV criterion, we set two values for a: a = y/n and @ = y/n/loglogn.
We calculated the number of selected explanatory variables, l?:o, using all the data, and the PMSE values obtained by
5-fold cross-validation. The results are shown in Table 4.

Table 4: Number of selected explanatory variables and PMSEs from yeast cell cycle gene expression data

LSE  GLASSO GSCAD GMCP GEXP
ko - 0 0 0 3
PMSE 17.9072 18.1814  18.1814 17.7969 15.8244
ko - 3 3 4 4
PMSE 17.9072 17.9393  17.9393 15.9322 15.7296

o=

a =+/n/loglogn

As shown in Table 4, the PMSE for GEXP was smaller than the PMSEs of the LSE and the existing group penalized
least squares estimators for both values of a. However, when o = 1/n, the influence of the number of selected explanatory
variables in the denominator of the EGCV criterion was excessive compared to the residual sum of squares in the
numerator, so none of the three penalized estimators other than GEXP selected any variables. On the other hand,
when a = /n/loglogn, the PMSE values for all penalties were smaller than in the case where a@ = y/n, and 3 or 4
variables were selected by each estimation method. Furthermore, at this time, GEXP had the smallest PMSE value.
From these results, GEXP was confirmed to have a performance level equal to or better than the other estimators. Here,
the appropriate selection of the parameter a in the EGCV criterion under a finite sample size is important; however,
addressing this problem is beyond the scope of our current paper.
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6 Conclusion

As detailed above, we applied a penalized estimation method using the group exponential penalty, a continuous
approximation of the ¢y penalty, to multivariate linear regression models. We derived the asymptotic properties of
the estimator for the regression coefficient matrix and constructed an estimation algorithm using the group coordinate
descent method. It was shown that the proposed estimator possesses the oracle properties, meaning it simultaneously
achieves variable selection consistency and asymptotic normality. The EGCV criterion was adopted for selecting the
tuning parameters necessary for estimation, and under certain conditions, it was proved that the GEXP estimator, with
the parameters selected by the EGCV criterion, maintains variable selection consistency. Notably, the high-dimensional
asymptotic framework used in this paper allows for p to diverge faster than n. Through simulation studies and real
data analysis, we confirm that the GEXP estimator, despite its simple penalty function form, achieves performance
comparable to penalized estimation methods using the GSCAD penalty and GMCP.

One area for future study is the effect of relaxing the strict convexity condition on the objective function in the
GEXP penalized estimation method. Specifically, by considering a mixed penalty that combines the GEXP with the
ridge penalty—similar to the Elastic Net [38] and adaptive elastic net [39]—it may be possible to further relax the strict
convexity condition. Even when a mixed penalty with a ridge penalty is used, it has been shown that the estimator
can still have variable selection consistency (Mnet [19]) and even the oracle properties (SCAD-Ridge [11]). Therefore,
it is expected that our proposed method will also maintain the oracle properties when the penalty is replaced with a
mixture that includes a ridge penalty. Another area for future research is deriving the asymptotic properties of the GEXP
estimator in cases where k > n, a situation not addressed in this paper. In such high-dimensional settings, the objective
function @, (®) might have multiple local minima, necessitating the development of alternative estimation algorithms.
The coupling of the concave convex procedure (CCCP) algorithm (e.g., [9]) would likely be one effective option. Finally,
while this paper focuses on applying the group exponential penalty to multivariate linear regression models, this penalty
function could also be applied to various other multivariate models, such as the GMANOVA model [25] and discriminant
analysis models [17].

Appendix 1: Proof of Theorem 1

Let B = \/pk/n. First, we show that

Ve >0, 3C >0 s.t. 3N e Nsit. Vn > N, P (Qn(e*) < “A}rﬁ{CQn(@* +ﬁnM)> >1—e. (12)
Let € > 0 be arbitrary. If we let A, = O,(1), then
3K >0 s.t. AN € Nsit. ¥n > Ny, P(JAn| < K)>1—¢ (13)

holds. Similarly, if we let B, = o(1), then for the same K as in (13),
IN; € N sit. Vn > Na, |Bn| < K

holds. Let C' = 6K/C1(> 0), and let M € R**P be any matrix satisfying |[M| = C. Let p; be the j-th row vector
of M, and let S(M) = {j € {1,...,k} | px,a(|0; + Bnpts|]) — px.a([|07]]) < 0}. In this case, for the c in condition (C),
condition (B) implies that

N3 € N s.t. Vn > Ns, Vj € S(M), (|05 + Bnpssll > cp
holds. Let N = max{N1, N2, N3}. Hereafter, we consider n > N. In this case,

Dy (M) = Qn(®" + 5, M) — Qu(©")

1 . ) i . .
=3, {IY = X(©" + 8. M)|I” = |[Y = XO|*} + > {pra(l16; + Bamssll) = pra(16;])}

Jj=1

k
1 * *
= o {BIX M — 26,6022 X M)} + 3 {pra116] + Busl) — pra(1651))
j=1

v

S BIX M~ 28,022 XM+ ST {pna (16 + Busssl) — paa (1651} (14)
JES(M)

holds. Since pa,q(||0]]) is a concave and monotonically increasing function on [0, o), for any j € S(M),

Pra(105 + Bt ) = px.a(16511) > P81 165 + Brpss (165 + Bapes || — 1165 )
> (1165 + Bupes ) (—Ballps )
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_ABalltill 163 +8nms1/0 (15)
a

holds. Here, p(l) (]|0]]) is the first derivative of px,.(]|@]|) with respect to ||@||. Therefore, from (14) and (15),

1 *
Du(M) 2 5= {BLIXMIP = 28,6x(F2E XM f+ 37 {prall6] + Busts ) — paal116 1)}
JjeS(M)
1 1/2 5n||l"J” e 105 +Bnp;ll/a
> 5 - nk
> o= {BUXM| - 28,02 2E XM - X Y s
jes(M)
1 2 2 1/2 o ACBn 1103 +Bnujll/a
Z—n{ﬂnHXMH — 2B tr(S £XM)}—T ST eIt
JES(M)
= o - B xan) - 20 S 1o e (16)
JjES(M)

is obtained. Here, from condition (D),

Bal| XM|>  Batr(M'X'XM) S C?B2 Amin(n 1 X' X) - C1C?B2

= 1
2n 2n - 2 - 2 (17)

holds. Also,

C,Bn

Prip(sirze xan) < D xvest ) = SO xe st

and from conditions (D) and (E),
E [|\X’£21/2||2] =E [tr(zl/Qg’XX/szl/Q)]
=tr(X X'E[EXE'])

=tr( X X'tr(2)1,,)
= tr(Z)tr(X X")

< tr(X) - nkAmax (%X'X)
< tr(X) - nkCy = O(npk) = O(n”B2).

Since this is the case, by Markov’s inequality, | X’EX'/2||? = O(n*B2). Therefore,

%tr(21/28'XM) = 0,(CB2) (18)

holds. Thus, using the fact that ||@] + Bnp;]| > cp as well as conditions (C) and (E), from (16), (17), and (18),

ﬁn

Dn(M) HXMH /871 (21/28 XM) )\C/Bn Z e*HG_;‘(+Bnl"jH/a
a

JjeS(M)

> C1C°B} +0,(CH2) - ACBn S el
2 JES(M)
2 92
Z ClC; ﬁn + Op(Cﬁi) o Acﬁn Z efcp/a
JES(M)

| GO FOACBn _—cpra
a

> S5E 0,080 -

ZCﬂi{CIC-l-O 1) — %efcp/a}

n

= Cp? {C;C +0,(1) + 0(1)}
I C )

holds. Hence, if we let T = {D,(M) > CB2(27'C1C — |A,| — |Bn|)}, we have that
1—e< P{|An] < K} N{|Bn| < K} N (T UT"))

<p (Dn(M) > Cp2 (C;C - 2K))

12



P (Dn(M) > 6K2f872’>

Ch
. 6K232 )
P f D,(M)> n
<\|1\}1Iﬁ:c (M) > C1

<P (Qn(®*) < nf Qn(O7 + 5nM))

M

which proves (12).
Now, since a minimizer of Q,(®) on the closed set {®@* + 3, M | ||M|| < C} always exists, a local minimizer @ also
exists. Therefore, if Q. (@) < infjrsj—c Qn(®* + M), then © exists in the interior of the closed set, and thus

l—e<P (QH(G)*) < inf CQn(@* —l—ﬁnM)) <P <|®;@*| < C>

1M1= n

is satisfied. As a result, H@ — O] = Op(Br) is satisfied, and Theorem 1 is proved.

]
Appendix 2: Proof of Lemma 1
Let 8, = y/pk/n. Let any € > 0 and C > 0 be given. If we set A, = O,(1), then
IN; € Nst. K > 08t Vn> Ny, P(|Ap| < K)>1—¢ (19)

holds. Furthermore, for the K in (19), by condition (F),

AN € N s.t. Vn > Na, %e—Cﬁn/a —K>0

n

holds. Let N = max{Ni, N2}. Consider any ® € R**? that satisfies |©® — ©*|| < CfB, and © sc # Oj_p,,p. We define
© € R¥*P guch that © 4c = Ok—kyp and @4 = O 4. Then,

D,(©,8) = Qn(®) — Qn(©)

k
= 5 Iy - x0) — |¥ ~ X8I} + 3" {pallOsl) — pra(lil))}

— oo {IlY - x6-x@©-8) - Y - X&'} + 3 pra(lesl)
= 5 IX(© - O — 1t (v - XY X(© - 8)) + 3 paallles) (20)
jEAe

is obtained. Here, using condition (D) and the fact that [|© — O] < ||© — ©*||, we have

|X(®-©)|° _ tr((® -8)n'X'X(® - ©))

2n 2
_le- O Amax(n X' X)
- 2
o6 oo
- 2
_ C:0B.© - 8|
i 2 .
Therefore,
1 ~ ~
%HX(@*@)H2 =0(||® — ©|s,) (21)
holds. Also,
%tr((Y _X8)X(®—8)) = %tr({X(G)* _®)+ £V X(© - )
~_luEtex@-6) + Lu(e - eyx'x(© - 8)) (22)
n n
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is obtained. Here, using conditions (D) and (E) as well as Markov’s theorem, for any D > 0,

P ({tr(El/QE’X(G) —0)))?

>Dle - (:)|2/3’3> L Bl{u(z2e'X (0 - 0))F]

D||® — ©|2n2p2
tr(2(0 — 0)X'X (0 — 0))
D||© — ©|2n2p2

< Amax (Z) Amax (n™ ' X' X))
- Dnp
< C2Amax(2)
Dnp2
o
o
Thus, n~'tr(ZV/2€' X (© — ©)) = 0,(||® — ©||8,). Furthermore, by condition (D),

L
n

(O — ©)X'X(® - ) < %\IX@* ~8)|- %\IX((% - 8)

_ 1 1/2 _ 1 1/2
< 10" — B Ama (5X/X> © — B Ama <5x'x)

< CC,||® — OB,
Thus, n~'tr((@* — ©) X' X (0 — ©)) = O(||© — ©||8,). Therefore, from (22),

[SR=C)

181) = O5(/|© — ©]|5.,) (23)

Li((Y ~ X8) X(© - 6)) = 0,(|© ~ 88) + O
holds. Hence, from (20), (21), and (23),
D,(©,8) = 3| X(© - B)* — ~tr (¥ — X&) X(© - 8)) + 3 pra((65])

=0,(1© = ©|182) + D pralllOs]) (24)

jeAe
holds. Here, since px,.(]|@]]) is a monotonically increasing and concave function on [0, 00),

S oaal0i) = S B8 (16511165

jeAc jEAcC

A —l65ll/a
— A 0.
) ¢ 1165]]

JEAC

A —CBn/a
> 3 Aeonieyg
JEAC
A a ~
>2ecnie - 8. (25)
Therefore, from (24) and (25),

Dn(©,0)=0,(10 - 0[8,) + > pra(l6;])
jEAC

~ A “ ~
> 0y((|© = ©]|n) + Ze” /%O - B

_ A o
=[1® - O], {0,,(1)+E6 Chn/ }

> |© - &), (7|An| 42 ef%/a)
aﬁn
holds. Let T" = {Dn(@»é) > - éllﬁn{—lAn\ + )\(aﬁn)flefcﬁ"/“}}, and noting that [|©@ — @] < Cf,, we have
l—e< P{|An| < K}N (T UT®))
<P (Dn<®, ©) > e - 0|, (fK + %e*%/a))
apPn

< P(Qn(©) < Qn(©))

<P (arg Qn(®) C {G‘) e RF*P

Osc = Ok_ka,p}> .

min
le—e*||<CBn

Thus, Lemma 1 is proved.
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Appendix 3: Proof of Theorem 2

Let B, = \/pk/n. Let any € > 0 be given. From Theorem 1, there exists a local minimizer ® of Q,(®) such that
|©@ — ©*|| = O,(8r), which satisfies the following:

~ €
2. 2. > i n - —.
3C > 0 s.t. AN; € N s.t. Y¥n > Ny, P (@ € argHQ_(gll”ngcﬁn Q (@)> >1 5 (26)

Furthermore, for the C' in (26), the following holds from Lemma 1:

Oy = Okfkoyp}) >1- E

dN2 € N s.t. Vn > N3, P (arg 3

Qn(©®) C {@ € RFXP

min
le—ex||<CBn

Let N = max{N1, N2} and assume n > N henceforth. Since

l1—-e<P min (@) N<ar min L(@®) C {@ c RF*P
({ H®*®*|l§05nQ ( )} { g\l@*g*\\ﬁcﬁnQ (®) ¢ {
=P ( {@ ERVT | @4 = Ok—kom})

Opc = Ok—ko,p} })

—p (@Ac ok_ko,p) ,
it follows that

lim P (éAc - ok,ko,p) =1

n—o0o

Next, we show that lim, . P(Njca{6; # 0,}) = 1. For this, it is sufficient to show that lim, e P(|®4 — ©4 <
p?) = 1. From ||® — ®*| = O,(,) and condition (B), we have

- . é _e* 2 2
p(||@A_@A||2<p2) :P<|AB2A|<22>

zp({nmiv afer<2))
(s i)

Therefore,

which completes the proof of Theorem 2.

d
Appendix 4: Proof of Theorem 3
Assume A = A, the local minimizer © of Qn(O) satisfies the following equation:
~ 1
Viee(©/,)@n(©4) = Ogp & ——(Xa ® L) {vec(Y') = (Xa ® 1, p)vec(©4)} +pY) (©4) = Okyp
& (Xa® L) vec(Y') = (X4 Xa ® I,)vec(0y) + npy (), (27)

Wherep (G)A) = Xa"'(e 191729, /||0;||)jea. Therefore, from (27), we have

Y = X,0% + Ex'/?

& vee(Y') = vec(©% X4) + vec(S2€')

& vee(Y') = (Xa ® I)vec(©% ) + vec(S/2E)

= (X4 @ IL)vec(Y') = (XaXa® Ip)vec((-)j;) + (X4 ® Ip)vec(El/2£’)

S (X4 XA I,) (X, @ I)vec(Y') = vec(@j{) F(XaXa® L) (X4 @ L)vec(S2E")
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& (X4Xa @ L) {(X4Xa® L)vec(®l) + nply) (©4)} = vec(O3) + (X4 Xa @ L) (X4 ® I)vec(Z/2€")

~

& vec(©)) — vec(©4) = (X4 X4 ® I,) 1 (X ® I,)vec(SV/2€") — (EXAXA ® Ip) pV(©.).

Thus,
1 1/2 . ,
VnB, (EX;;XA ® E’l) {vec(@;) — vec(©% )}

1/2
1
= /nB, (ngXA ® 2—1) {(XAXA @ I,) N (X4 @ L) (I, ® '/?)vec(€') — (EXAXA ® Ip)
n
=B, (X4 X4 ® ) (X} @ I)vec(E') — nBn (X4 X4 @ %) *p(O.)
holds. From condition (F), we have (p — minje ||0;]|)/a = O,(1). Using conditions (D) and (E), we have
InBu(X4Xa @) p (@47 _ npl(04)(X4Xa®%)*BLB.(X4Xa 0 %) *p}(0.)
nkoA2a—2e~2r/a ko2a—2e—20/a
< 7 (Bn By ) e (X4 X4 ©2)7Y) 04 (©4)]°
— ko)\2a72672p/a

B ntr(BnB’/n)Amax((X:qXA)_l))\max(E_l) EjeA e—QHGjH/a

= koe—20/a
8(BnBhn) 1 1),2(0-minje 4 1651/
< ") O(1 p—minjec 4 [0 a
< U8B o),
=0,(1)
which implies ||nB, (X, X4 ® X)~'/2 (1)( a)| = Op(n 1/2ké/2)\a7167”/“). Hence, by condition (G), we have

Han(X,quA & E)_I/QPS)(éA)H = 0p(1).

Therefore, from (28) and (29), we have

1/2 R ,
VnB, ( XHhX403%™ ) {vec(G)'A) - vec(ej;)} = B, (X4Xa®I,) (X)) ® I)vec(E') + 0p(1).

Thus, it suffices to use the Lindeberg-Feller central limit theorem to show that
Bo(X4Xa® L) (X @ I)vec(€') % N, (0,,G).

Let x; 4 be the i-th row vector of X4, and let w; = B, (X3 X4 ® Ip)71/2(wi,A ® I,)e;. Then,
B, (X4Xa®IL,) V(X)) ® I,)vec(€ Zwl

and
Z Cov|w;] = B, B,
i=1
holds. Let H; = (x} 4 ® I,)(X4Xa ® I,)"/?’B, By (X4 XA ® I,)""/*(xi o ® I,). Then,
wi||> = ei(@) 4 @ L)Y X4 X4 @ L,) ?BLBn(X4Xa® L) (x4 ®I,)e; = €, Hie;
holds. Using Holder’s inequality and Markov’s inequality, for any o > 0, we have
E[||w;|*I(|Jwi||*> > 60)] = Ele; Hie; I (e Hie; > )]
< Ao (FLE[|e|*1(e} Hie: > 6)]
< Amax (H)E[||e: [P/ CH0 (e} Hiei > 80)% %)
max Hz 8/(2+8)
< Amax (H)E[[e |07/ 2+9) {qAT()}

— q5/(2+5)50—5/(2+5))\max(HZ_)1+5/(2+5)E[| 2+5]2/(2+5).

|e:]|
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Also, from conditions (D) and (H), we have

max )\max(Hi) < )\max(B;an) max Amax ((w:;,A ® Ip)(X:AXA ® Ip)il(wi,A ® Ip))

1<i<n 1<i<n
_ / NG < g
= )\max(Ban) 121%)(71 Amax (mz,A(XAXA) T4, A ® Ip)
1 M\ 1
S Amax(-B»;LBW,))\max ((TLXIIAXA> ) E 1rgza<x mz AL A
1 1
< )\max(B'ln.Bn)i max — :ngj
Cl 1<i<n n iea

“o(%). -

Therefore, noting that Y ., tr(H;) = tr(BnB;,) = O(1), and using (30) and (31), from conditions (I) and (J), we have

n n
ZE[”wzHZI(szHQ > 50)} S q6/<2+§)6(;5/<2+6> Z)\max(Hi)1+§/(2+5)E“|€i||2+5]2/(2+6)

i=1 i=1

< g5 FD0(p) max A (H)Y S tr(H

—ow)-o(™) N
— o(1).

Thus, by the Lindeberg-Feller central limit theorem, Theorem 3 is proved.

Appendix 5: Proof of Theorem 4

Based on the monotonicity of log z, it suffices to show the following:
lim P (log EGCV{®(\:,a%)} < inf {1og EGCV{®()\ a)} ‘ A+ A}) = 1.
n—o0 ()\’Q)EQ

Let (Ao,a0) € © (Ao = 0). Let ©p = O(Xg,a0) = (X'X) 'X'Y and let © be a local minimizer of the objective
function Q,(®). Also, let © be the least squares estimator corresponding to A, i.e., @A\A = Oy, _,,p, and 0, =

(X1 X ;) 'X,Y. Since © is a local minimizer of Q,(©), using the fact that vec((-)A) = (X X;0L)(X;®
I)vec(Y') — n(X; X 3 ® I,)"'p(© ), we have
Y — XO|? = {vec(Y’) —(X;® Ip)vec(@;i)}/ {vec(y’) — (X ; ® I,)vec(® )}
= vec(Y') vec(Y”) — 2vec(Y') (X ;4 @ I,)vec(©';) + vec(©) (X X 4 © I)vec(©';)
= IY - x0|° +n’p{ (©){(X5X5) " @ L,}p(©,)
=Y - XO0|” + X (€0 - ©)|° + n’p}(©){(X3X 1) @ L,}p} (8 4). (32)
Now, we consider the case where A\A # . From (32) and condition (D), we have
Y = XO|° — [[Y = XO0| = | X (80 — ©)]* + n’p (0 ) {(X3X ;) @ I,}p} (©)
> nC1)|©0 — O
=nC1 {180 — ©|” — 2t1((€0 ~ ©")' (6 ~ ")) + |6 — ©"|*}

~ QA _ N\ Q) _ * S 112
:ncl||@®*|2{12“((@0 ©)'(©-0Y) | ®||}

[CECRE [CECRE
o {1 _21(©—©")(©-© >>}

18 — @12
> nC1p2 1-— M
B ©— 6~
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> nCip? <1 _ 2||@0p_®|> ) (33)

Here, from condition (D), we have
E (180 - 07| =E [I(X'X) ' X'ex"|’]
= [tr(z:l/?s X(X'X)~ 2)(’521/2)}
tr(2)tr(X (X' X) 7 X)
- (x) )

< ktr(X%)
- Cin

~o (k®)

180 — ©7|| = O, (n~ V2K ()" /?). (34)

and by Markov’s inequality,

Also, since
E [||Y - X(:)0|\2] —E [tr(El/QS’{In - X(X’X)’lX’}szl/Q)] = (n— k)te(S)
and by Markov’s inequality,
1Y = X8> = O (ntx(X)). (35)
Therefore, for any z > 0, using logz > 1 — 2~ ' and (33), (34), and (35), along with conditions (A’), (B’), (E) and
n tka — 0, we have
[y - X6 ¥ - X&|?
n(1 — kon—1)e n(l —kn=1)*
(1-kn )Y - X0
(1 — kon=1)||Y — X ©p|2
(L —kon™H)?|Y — XO|
(1—kn=1)°|Y — XO|2

1 —k
- e 1Y X (n ) o)

e () () o]
(s

_ nCyp? '1 2||@Of®|| — ko |V — X6
Y — XO|?2 P nCi p?

nChp? [ EY?tr(2 1/2 n—ko ° tr(X)
“y-xop o, () {1 O\

{1+ 0p(1)}.

= log

. nC’lp2
Iy — X©|?

Thus, in both cases (i) and (ii) of Theorem 4, we have

lim P (mf{EGCV( )| A\A # 0} > EGCV(G)O)) -

n—r00

Therefore, to prove Theorem 4, it is sufficient to consider the case of an overfitted model and show

lim P (mf{EGCV( )| AC A} > EGCV(©* )) =1, (36)

n—oo

where ©* is a local minimizer of the objective function @,(®) that possesses variable selection consistency. Assume
that {j € {1,...,k} | 65 #0,} = A and A C A. Noting that [|[Y — XO|> > |[Y — XO|]* > ||[Y — XO¢||?, we have

[y - x©|? [y — x&"|? (1—kon~")® |y — x0|?
- — log — = log = + log =
n(1 — kon—1)e n(l —kon=1)« (1 — kon—1) Y — X©|?2
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_ _ o112
> alog L’fo +lo w
n — ko Y — X2
_ 7 _ (12 _ _ a2
Saf1_n=hk) Y -XO —|Y - X&|
n— ko Y — Xe|?
~ o 12 QO * (|12
albo—ky) |IY — X6 — Y - X6 o
= n—ko Y — XO|?
From here, we first prove (36) for case (i) of Theorem 4.
Iy — XO| = {vec(y ) — (X 3 ® I)vec( } {vec X, oI )vec(G)A)}
= {vec(Y') — {X (XX ;) ' X ® I }vec(Y } {vec(Y') — {X (XX ;) ' X ® I }vec(Y')}
=vec(Y') {Lp — X 4(X3X ;) ' X, @ I} vec(Y')
= vec(BY2EY (I — X 4(X5X ;)7 X @ I }vec(B2E) (38)

holds. Since ®* is a local minimizer of Q,(®), by using the fact that vec(©% ) = (X4 X4 ® I,) " (X’ ® I,)vec(Y') —
n(X4Xa ® L) 'pY’ (©%), we have

A2 ’ ! ! / A x’
Iy — XO*|]? = {vec(Y ) — (XA @ I,)vec(®% )} {Vec(Y )= (Xa® 1 )vec(@A)}

=vec(Y') {Inp — Xa(XaXa) ' X4 @ L} vee(Y') +n°p)) (©1) {(X4Xa) ' ® I,}p}y (©%)

= vec(S'2E") {Lp — Xa(X4Xa) ' X4 ® I} vec(Z2€) + n?pl) (04) {(X4Xa) ' @ L}V (©34).
(39)

Therefore, using (38) and (39) and from conditions (D), (F), and (G), we have
Y - XO|* - ||y — X0 ‘ <vec(ZVPENV{X 4(X5X )X 9T, — Xa(XaXa) ' X, ® L}vec(S'/2E)

+n?pl(©1) {(X4Xa) ' @ I,}pY) (0%)

— vec(El/Qg')'{XA(X;iXA) "X @I, — Xa(X4Xa) ' X4 @ I}vec(Z?E") + 0,(1).
(40)

Here, let Z = X; ® Ip, Z1 = Xa®Ip, and Zy = X4, , ® Ip. Let § = Zy{IL.p, — Z1(Z1Z1)Z1}Z> be the Schur
complement of Z’Z with respect to Z{Z;. Since S is nonsingular,

o1 ((ZLZ0) 7 4 (2120) 21 2.87 2 2,(Z1 Z,) " —(Z12:) ' 21 Z>S
(Z'z)" = Ve s B
~57'2321(Z1 Z1) S

can be represented. On the other hand,
Z(Z'2)7'Z = 2.(Z12,) "' Z + Z.(Z1Z,) " Z1 2.8 Z, 2, (21 Z,) " Z,
— Z287'ZVZ,(212,) ' 2, — Z1(212,)) ' 212,87 Z} + 2,87 Z},.
Therefore,
Z(Z'2)'Z — 2:(212,) ' Z) = {Ip — Z:1(Z12,) ' Z1} 228" Z5{ 1., — Z:(Z12,) " 2}

holds. Thus, from condition (D),

vec(ZV2ENV{X 4(X5X )T X 9 I, — Xa(XaXa) ' X4 ® I}vec(S'/2E)

=vec(SV2ENV{Z(Z'2) 2 — Z:(Z1Z:1) " Z1 }vec(BY2E)

<NZ5{Lnp — Z1(Z,2Z1) " Z1 dvec(B2E) [P Amax (S )

< 125{Lny — Z1(2121) " Z1 }vec(Z2E) P Amax((2'2) 1)

£

_ 1
< N2:{Ty = Z20(2120) " Zidvee(ZPEN P S
<N ZoA Loy — Z0(Z20) " 2 bvec(SV2E) | ——
TLCl
1 / 1/2 g1\ )2
< LXK © L) Pavec(52€)] (a)
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holds, where Pa = I, — X (X3 X4) ' X/ ® I,,. Furthermore, from condition (D), using maxi<;j<xn™ ‘||z |* < C2,
we have

1 , /
EH(XA\A ® I,) Pavec(X'/2€")|?
1
= EII(XLs\A ® I,)Pa(I, ® B'/%)vec(€)|?
1 _ 2
== 3 [l - Xa(XaXa) T X4 @ = pec(€)]
jeA\Ap(i—1)+1<L<pj
1 N 2
=X X {w@ Pl o B he )
jeA\AP(i—1)+1<L<pj
1 ® B2 |2 2
<= > I 1/)2 wll_ {vec(&) Pa(L, @ =) }
n [Pa(In @ EY2)h ||
jeA\APp(i—1)+1<L<pj
2
ENVPAI, @ =V*)h
< l max T 21/2)’1(0”2 Z Z vec(€") Pa( %2 ) ()
M p(j-1)+1<0<pj, jEA\A T an-tiisesps | 1Paln @ VDR |

2
vec(E') Pa(I, ® Yk,
S )\max(E) ma. 7”(13([)“ Z Z { ( ) ) (0)

1<£<k Pi(I, @ X/2)h
" jeauarG-vrisesp; | [1Paln @ B/l

< Cap(ko — ko) Amax(Z) max {

2
vec(E') Pa(I, @ %)k
p(i—1)+1<L<pj, jEA\A

[Pa(In @ Z/2)hy)|

= Cap(ko — ko) Amax () max  {vec(E') uc}>. (42)
p(j—1)+1<L<pj, jEA\A

Here, h () is the f-column vector of X ® I, and u¢ € R™” is defined by ||Pa(I, ® 21/2)h(4)|\ue Pa(I, @ Z'*)hy.
Consequently, from (40), (41), and (42),

Y - XO|* - ||y - X©*|

< vec(ZVPENV{X 4(X5X ) X 9T, — Xa(XaXa) ' X4 ® L}vec(S'2E") + 0,(1)

1
< (X0 @ 1) Pavee(S )| +0y(1)
C N\’
< CQp(ko — ko) Amax (X) max - {vec(E") ug}2 + 0,(1) (43)
p(i—1)+1<t<pj, jEA\A

holds. Also,
Y — X2 = tr (21/28’{In - X(X’X)’lX’}.sEl/Q)
= tr(ESE) — tr (21/28’X(X’X)’1X’821/2)
and since E[tr(ZY/2€' X (X' X) ' X'EX/?)] = ktr(X), from condition (A’) and Markov’s inequality, we have
tr (21/2£’X(X’X)’1X’£21/2) = tr(2)(n — k)oy(1). (44)

On the other hand, for any ¢ > 0, we represent ¥ = H’AH using an orthogonal matrix H and a diagonal matrix
A = diag(A1,...,)p) ()\; is the eigenvalues of X), and let w; = (ws1,...,uip) = He,;. Then,
> 5)

( > s> —p < 12) i{e’iH’AHei — (D)

ntr(

Z{s Se; — tr(2))

ntr(X

1
=P —
@nggy% 1)
1 A 2
—p(lt 2
(o tr(E)“‘“ ) >E>
=1 j=1
1461/2
< o) 1+61/2 ey Y !

holds, where ¢; is a positive number such that if § < 2, then §; < §, and if 6 > 2, then §; € (0,2). Here, we use Lemma
ALl
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Lemma A.1 ([27]). Let X1,...,X, be independent random variables with E[X;] = 0 (¢ = 1,...,n) and E[|X;]"] <
oo (i=1,...,n) for somen € (1,2). There exists a constant K, > 0 depending only on n such that

E [
=1

n
S

Using Lemma A.1, from conditions (E) and (I), for a sufficiently large constant M > 0, we have

q== L Lt

< Ky Y E[Xi]"]
i=1

1461/2

ntr 2{6 i — )}

>s> < () 1+51/2

K 1451/2
A T
- 77,5 14’51/2 ZE

Aj 2
g tI‘(E) (uij - 1)

K rooy 1+61/2
A g 2
(ne)i+o1/2 ZE (; fr(z) T 1)

K rooy 1461 /2
51 1461/2 i 2
) 1+61/2ZE 2 <;tr(2)u”> +1

2\ 2 Amax (D) \ 02 245
< — Zmax\=/ i 1
< Ko, (na) ; ( () ) E [Jual ] 1
9 1461/2 n M 14681/2 5
< Ks [ = - E||le]?™ | +1
= Ay (n > Z <p/\mm(2)> [Hs I } +

— Ky, (3) o ;{0(1) 1

™

.

()

=o0(1).

Here, we used the fact that by the Lyapunov inequality, E [||€]|**°*] < E [|le]|*™] (@+00)/(2+8) _ O(p'™°1/2). In this case,
from condition (A’),

1 ~ k 1 .
O] ;{eizei —(E)} 4 = o(l) & mtr(szs ) —1=o0,(1)
S tr(EXE’) = tr(2)(n — k){1 + op(1)}. (45)

Therefore, using (44) and (45), which gives ||[Y — X ©q||> = tr(X)(n — k){1 + 0,(1)}, and from (37) and (43), we have
D YN e N

lo =
& n(1l — kon—1)e n(1— kon—1)e
alko— ko) |IY —XOF — ¥ - X6
n— ko Y — X6
- alko — ko) C2Cy p(ko — ko) Amax (B) max, ;1) 11<p<ps. jeiaivec(€) ue}® + op(1)
- n-—ko tr(E)(n — k){1+ 0p(1)}
_ ko — ko atr(E)(n — k){1 + 0p()}  CoPAmax(Z)max,; 1)1 1<icp;, jeiraivec(€)ue}®
tr(E)(n — k){1+o0p(1)} n —ko C1
. 0p(1) )
tr(X)(n — k){1+o0p(1)}
Therefore,

atr(Z)(n — k{1 + 0p(1)}  CoPAmax(Z) max,; 1) 1<y, jearafvec(€) uc}”

n — k’o Cl
CopAmax(B) max,; 1) 1<o<p;, jeira{vec(€) ue}?
I R Crotr(X%) .

Thus, it is sufficient to show that there exists a constant d € (0,1) such that

Y 2
lim P <C2pAmaX(2)maxp(jI)HSZSM’ seinalvect® V) >1- d) -0

n—oo

Ciatr(X)

Here, we note that the following Lemma A.2 holds (the proof is given in Appendix 8).
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Lemma A.2. Let the p-dimensional random vectors €1,...,&, be independent. Also, let Ele;] = 0, and for some
constant § > 0, B[||e:||**°] = O(p'*°/2). Then, the following holds:

sup B[le't|*"’] = 0(p'*?),
ltl|=1

where € = (&1,...,€n).

Therefore, using Lemma A.2 from condition (I), and from Markov’s inequality, condition (E), p 2k~ &
and limsup,, , o Amax(2) < 00, for any d € (0,1), we have

p CopAmax(B) max, ;1) 1<o<p;, jeA\A{VeC(‘g/)/W}Q S1_4d
C10¢tr(2) -

< > P (CQpAmax(E){vec(g')'W}Q >1- d>

R Cratr(%)
p(i—1)+1<L<pj, jEA\A

Y 271+6/2
_ Z P ({czmmaxéigg()s Yue) } o d)1+6/2>
pj, JEA\A

p(i—1)+1<

<

p(j—1)+1<e<pj, jeA\A

CQpAmax ) 1+e/2
Cratr(2)(1—d) }

C2p>\max ) 1o/
Cratr(2)(1 —d)

“{Gans g
G
{ CQP/\max )d)}1+6/20(p1+5/2)
{c

Cratr(X
CoM 146/2
T DA—d } O(pHé/Q)

et} o (- (1))

CoM 1+5/2O p2+5k
Ci(1—d) al+3/2

o(1)

1+6/2
{%)(1(2—)@} E[|vec(€') we|**’]

max  E[|lvec(&") w*T]
p(i—1)+1<£<pj, jEA\A

~ ko) sup E[Jvec(€')'t[*""]
llitll=1

< p(ko — ko)

and (36) is proved.
Next, we prove (36) for case (ii) of Theorem 4. From conditions (D), (F), and (G), we have
Iy - x6|° - |y - x&|°
< vec(ZVPENV{X 4(X5X3) T X 9T, — Xa(XaXa) ' X4 ® L}vec(S'2E") + 0,(1)
< vee(BVPEVIX(X' X)X @I, — XaA(X4Xa) ' X @ I, vec(S'2E") 4 0,(1)
= {X (X' X)X ® L }vec(EY2E)||* = [[{Xa(X4 X )" X @ L}vec(ZV2E")||* 4 0p(1)
= ||vec(ZV2€' X (X' X) T X)) — ||vec(ZY2E X a (X4 X 4) P X W12 + 0p(1)
= tr(BVPEX (X' X)X EDY?) — tr(ZV2E X a( X4 Xa) T XLESY?) + 0,(1)
= tr(BZVPE{X (X' X)X — Xa(X4Xa) ' XL IESY?) 4 0,(1)
and since
Eltr(SY2E{X(X'X) ' X' — Xa(X4Xa) ' XL4EDV)) = tr({ X(X'X) 7' X' — Xa(X4Xa) ' X4 }E[ESE)

= tr(T){tr(X (X' X) ' X') — tr(Xa (X4 Xa) ' X))
= tr(X)(k — ko),

it follows from Markov’s inequality that

IY = XO|° — |[Y = X&|*| = Op(tr()(k — ko)) + 0p(1) (46)
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holds. Also, if we set P, = X(X'X)"'X’, then
~ 2
E [||Y - X@OH“} —E {tr (21/28’(In - Pw)szm) }
{Z{ (I, — P.)u } ka4 (n — k)*tr(2)? + 2(n — k)tr(Z?)
and from E [||Y - X(:)0||2] = (n— k)tr(D),

Var [[IY - X8| = {}:{Iw“ }n4+%nMU@ﬁ

< (n — k) max{0, ka} + 2(n — k)tr(Z?)
=0 (n max{m,tr(EQ)}) .

—2

Therefore, from limsup,,_, ., katr(2) "2 < oo,
1Y = X&|* = (n— ( max{m,tr(z:z)}l/?)
S { w0 ({1}

otmrfieo (1)

=(n—k)tr(Z){1+o0p(1)} (47)
holds. Using (37), (46), and (47), we have

—~ —~ ~ ~ 112 A (2
Iy - X8> Y - X&' _ alho—ky) |IY ~XOI° — ¥ - X6
——  —lo > -

n(1 — kon-1)o n(l—kon=1)* = n—ko Y — X 6|2
_ alko—ko) _ Op(tr(E)(k — ko)) + 0p(1)
n — ko tr(Z)(n — k){1 + 0p(1)}

%

(0% k—ko
n—ko_op<n—k>

_ K {% -0,(n}.

nfk()

We take an arbitrary € > 0 and let A, = Op(1). The following holds:
3K >0 s.t. AN; € N s.t. Vn > N1, P(JAn| < K)>1—¢. (48)

Also, for the K in (48), from k™t — oo,

3N, € N s.t. ¥n > No, %>K

holds. Thus, if we set N = max{N1, N2}, for n > N,

_YOl2 —X@*2 Lk
1—5<P<{log|YfX®”—log Iy 7” > (a—An>}ﬂ{|An<K}ﬁ{Z>K}>

n(l—fon 1o en{l—kon 1)* = n—ko \k
v Ol? Y O*|2
o fig Y =XOI Y -xE
n(l — kon=1) n(l — kon=1)«

and (36) is proved.

Appendix 6: Proof of Proposition 1
First, we will show that the objective function Q,(®) is strictly convex if Amin (™' X'X) > Xa™?

—||Y x0|? = 1n (v - @'X') (Y - 0'X))
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= ivec(Y' - @' X")'vec(Y' —©'X")

2n
= % {VeC(Y’) — Vec(e’X/)}/ {VeC(Y/) . VBC(@’X’)}
- % {VeC(YI) -(X® IP)VGC(Q,)}/ {VeC(Y/) -(X® Ip)Vec(Ql)}

holds. Therefore, if vec(®') is a differentiable point,

1 1 I li I
Vyec(@) <%||Y — X®||2) = (X ®I,) {vec(Y ) — (X ® I,)vec(® )} ,

n
SO

2 1 2 1
Viien (5,1¥ - X0 ) = L (XX 0 1,

holds. For the penalty term,

- ~1l6cl/a A —l6;l/a_ 5
Vej )\Z(l—e ) :Ee 7 m,

=1

which gives

X[ 60 v 6,6; : 1 :
vz ) 1_ - llecll/a _A (_ 375 _o=lI0jll/a _ Z3%5 —lI6;ll/a  _~ _—16;ll/ag )
K { > ( ) a\ afl6;]? [CAE 16,11 !

=1
A _-llejll/a ( 6,6; ) _110;11/a_A0;0]
2 _lesl/e (g, _ llejl/a 2085 (49)
al|6; ]l N PRITAE

The first term on the right-hand side of (49) is a positive semidefinite matrix because the eigenvalue corresponding to the
eigenvector 0 is zero. On the other hand, let T' be a matrix with T} = 767H8ju/a)\(a“0j‘|)720j0‘;‘ as the j-th diagonal
block. Then,

1, 1 /
~(X'XOL)+ T2~ {dain (X' X) L@ L} +T
holds. Here, for matrices A and B, A > B means that A — B is a positive semidefinite matrix. Also, since e 19il/® < 1,

1

20,0
“Amin (X' X)I, — Ty > l/\min(X'X)Ip -1
n n

a?(|6;]1?

holds. Furthermore,

1 , AG;0’; 1 A
“Amin( X' X)), — —= ] 0; = { Amin | — X' X | — = ¢ 6;.
(W 20m = s ) o n %
Therefore, a sufficient condition for ™" Amin (X' X)I,—A(al|0;]|) "*6;0) to be a positive definite matrix is that Amin (n™' X' X)—
Aa~? > 0. From the above, if Amin (n7'X'X) > Aa™?, then Vzec<®,)Qn(®) is a positive definite matrix.
Next, consider the case where vec(®’) is a non-differentiable point. We need to show that for any directional derivative,
the right derivative is greater than or equal to the left derivative, i.e.,
Vo € R, ViQn(©) - V,Qn(O) > 0.
Take any v € R*?. Let vy (£ = 1,..., k) be the £-th block vector. For £ such that 8, = 0,, we show
vt (1 _ e—uezu/a) _v- (1 _ e—ueen/a) >0
vy vy = Y.

Let 8, = 0, and use Taylor expansion. Then,

—|@¢+h a —1|e a
vy, (1) = im (‘e 10e+hvell/a  o—l0ell/ )
h—+0 h

) (_e—h\\ve\\/a+1>
Iim ( ——
h—40 h

—1 2

L Hlledla”t +0(?)
h—+0 h

_ el

a
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Similarly, for the left derivative,

v- (1 _ e—ueeu/a) _ el

holds. Therefore,

_ a _ _ " 2
v (1 _ e leel ) vy, (1 _ - leel/ ) _ IIZeII >0

Thus, it is shown that the strict convexity condition for @ (®) is Amin (nilX’X) > a2
Next, we show that if n™"|lz(;)||* > Aa™?, Qn(©) is a strictly convex function in the 6; direction. When 6; is a
differentiable point,

1 1
Vo, (5 1¥ = XOI*) = ~ (e © L) {vec(¥) - (X @ I, vec(®),
SO
w2 (Liy - xof2) = Ll a o1, < 1EOl'
i\ on n (HEG) P n P

Therefore, from (49),

2 Al 0,0 \ | llzell® _lul/a 2058
Qn(@) = ——— ¢ I, — I, — £ i
VBJQ (©) aHOjHe p e + n p—e€ 220, |2 (50)

and the first term on the right-hand side of (50) is a positive semidefinite matrix. For the remaining terms,

\|w<j)\|2 AN 76,6 Hw(')H2 70,6
Lad VPRl e A SiniPALI J 7 51
n e EgE S T T ag (51)

holds. Therefore, for the right-hand side of (51),

Izl , 268, o _ (lewl?  AY,
n 7 a20;]2) n az) 7

Furthermore, if n~*|x(j)|> — Aa™2 > 0, then V?;j Qn(®) is a positive definite matrix. The case where 6; is a non-

differentiable point is the same as before. Thus, if n™'||z(;||> > Aa™?, it is shown that Q,(®) is strictly convex in the
6; direction. This concludes the proof of Proposition 1.
O

Appendix 7: Derivation of the update rule (10) in the GCD algorithm
We assume the strict convexity condition in the vector direction of the objective function @, (©), which is n™" ||z ||* >

Xa™? (£ =1,...,k). We set the notation as follows: 8 = vec(®’), y = vec(Y’), and b = (X’ ® I,,)vec(Y’). Also, let
b; € R” be the j-th block vector of b, and set ¢, = by — 3, (®(y)@(;))0;. Then, the following holds:

k
_ 1. 2 _ _—ll9;l/a
Qu(®) = oY = XO|” + A" (1-e1I/)

j=1

k
_ i Ivec(¥”) = (X @ L)vec(@) |2+ A3 (1 - ¢ 191/2)
j=1

k
= %{vec(@')(X'X ® I,)vec(®') — 2vec(®) (X' ® I,)vec(Y") + vec(Y') vec(Y')} + )\; (1 —e M9 ”/a)

k
= SO (X'X 9 1,)0—20b +y'y} + 2D (1- 1910
j=1

1 _
= Q—(H:I:(QHZHB@HQ —2¢,0;) — Ae 194172 4 (terms not dependent on 6;).
n
Here, by finding the subgradient with respect to 8, for @, (®), we obtain the following equation:

2
T 1
%OZ — gcz + Asp = 0y,
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where

{e—ueu\/aa} £ 6, 0
_— 1
alle] cre

Sy € 1 .
{U € RP||jv]| < f} if 6, =0,
a
Therefore, when 8, = 0,
2
T 1 1
m@e — —cr+ A8, =0, & ——ce+Asg =0,
n n n
o 1
Sy = —
¢ 3¢
leell 1
n\x T a
nA
< lled < —.
a
On the other hand, when 6, # 0,,
2 2 -6 a
T 1 x 1 Ae10ell/
M@z ——cc+2Asp =0, & m@z — —c¢+ 6794 =0,
n n n n al|0:]]

Hw“)HQ Ae—ll6cll/a 1
I I,|60,=—
o (P 1) 0= e

2 —lcll/ay 1
T A
0, <|| (Z)” € ) "
n n

[

al|Oc||

Taking the norm of both sides, we have

—l6ell/ay ~ 2 ~l6¢ll/a
Hm(e)H2 e~ l16ell/ 1 | o)l e~ 110e 1
6]l = —lled| & ———10c]| + ———— = —|lec|l
n al|6c|| n a n
e llocl/a
& Nl 1?10cll — llecl| + ——— =0

a
Now, let g(z) = || |*z + nAa~'e™*/*. Then,

nA —z/a
Vy(2) =0 & |z - Fe ™ =0

et A

a? e |?
& x=alog A_n
a? |z ?
Thus, since Vg(z) is a strictly increasing function and from the strict convexity condition of the objective function in the
vector direction, alognA/(a®||z||*) < 0, we have Vg(z) > 0 on (0, c0), which means that g(x) is a strictly increasing
function on (0,00). Since g(0) = nA/a (< |le¢|]) and limgz—, o g(x) = oo, there exists exactly one positive solution to
lzo||*z — [|ce|| +nAa~ e/ = 0. We denote this solution by zo. Then, 8; = xo|/ce|| *¢c,. From the above, we obtain

the update rule (10) for the GCD algorithm.

Appendix 8: Proof of Lemma A.2
We prove this by mathematical induction. For the base case, let n = 1. By the Cauchy-Schwarz inequality,
E(le't|**°] < E[lel**°1t]**] = E[lle|**°] = 0" **/%).

This completes the proof for the case where n = 1. Next, for the inductive step, we assume the claim holds for
n=k—1(>1) and prove it for n = k. Let t € R* be an arbitrary vector with ||| = 1, and let t; € R? be the i-th
block vector of ¢. Without loss of generality, assume ||tx|| < 1. Define t; = (1 — ||tx||*)"Y/%t; (i =1,...,k — 1), and set
Sk = Zle git; and Sy = Zf;ll €it;. Note that Sy = (1 — Htk||2)1/25k,1 + e}tr. Applying the Taylor theorem, we
have

|Sk|2+6 _ ’(1 _ Htk||2)l/2sk71 n eﬁctk)ﬂé

‘2+5

146 ,
= ’(1 —l*)2Sk-1| 4 (24 8)sign(Se—1) [(1 = [[£6]*)/2Sk-n | eits
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34O +8) [~ 825k + gsita]” (i) (€ € [0,1]).

Furthermore, by the triangle inequality and £ € [0, 1],

8 &
| (L= 80l S + eit| < {1 = 6?18k ] + leehtal}
<22 {1 tal®) 7218kl + leeital’}

Applying Holder’s inequality, we have

5/(2+9) 2/(2+9)

E [‘Sk71|5||€k\|2} <E [|Sk71|2+5} E [Hskﬂu‘s}
= {O(p1+6/2)}6/(2+6) {O(p1+5/2)}2/<2+5>
= 0(p1+5/2).

Therefore,
2467 1 5
B [I5u] = [[a = el 25| "] + S+ 90+ 08 || = a2 + ceita] (eh?]

< (=l 2R (15 P] + 5@4+ 0)1 + 0B [27 {1~ P28kl + eehtnl? } (ei)?]
<E [1S01l] + 27 @+ ) (1 + OE [ (ISl + esitel’) llewl*l1x]’]

<O + 277124 0)(1+ ) (B [|Semrllleel’] + B [lleel**?])

<o) +2°7H2 4 8)(1+6) {O( /2y L O(p 1*‘5/2)}

=0(p'"").

This completes the proof of Lemma A.2.
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