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Abstract

Consider a risk function based on the KL divergence for a variable selection problem in a normal multiple regression model.
Fujikoshi and Satoh (1997) proposed Modified AIC (MAIC) as an asymptotically unbiased estimator of this risk function.
MAIC corrects for bias in an underspecified model not including the true model. However, it leaves bias in an overspecified
model, unlike Corrected AIC, developed by Sugiura (1978). Therefore, the present study proposes an unbiased estimator that
can fully correct bias in both overspecified and underspecified models. Numerical experiments are conducted to confirm its
performance as an information criterion.
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1. Introduction
In this paper, we deal with a normal multiple regression model. In multiple regression models, various combinations of explanatory variables
can be considered, and thus, variable selection (i.e., determining which combination yields the optimal model) plays a crucial role. Under the
normality assumption, model adequacy is typically evaluated using a risk function based on the Kullback–Leibler (KL) divergence [8], where
the model that minimizes this risk function is regarded as optimal. Unfortunately, since the risk function involves unknown parameters,
it must be estimated in order to assess model adequacy. The most well-known estimator of this risk function is the Akaike Information
Criterion (AIC) [1]. When the model assumes that the 𝑛 response variables are independently and identically distributed (referred to as an
i.i.d. model), it is known that AIC serves as an asymptotically unbiased estimator of the risk function. Due to the simplicity of its definition
and its versatility, AIC has been widely used across many fields. Although AIC is asymptotically unbiased for an i.i.d. model, when the
sample size is not sufficiently large, the bias with respect to the risk function can be substantial, which may lead to critical errors in variable
selection. In particular, in multiple regression models, AIC tends to underestimate the risk function as the number of explanatory variables in
the candidate model increases; that is, AIC deviates below farther from the true risk function as the number of explanatory variables grows.
In addition, the variance of AIC as an estimator of the risk function increases with the number of explanatory variables (see e.g., [18]).
Consequently, AIC has the drawback of being more likely to select models with a larger number of explanatory variables as optimal. Figure
1 illustrates the values of the risk function and the boxplots of its AIC estimates obtained from 10,000 replications in a polynomial-degree
selection problem under the assumptions 𝑛 = 30 and normally distributed errors with standard deviation 0.5. In Figure 1, the left panel shows
boxplots of AIC where the horizontal axis is the polynomial degree of the candidate models. As clearly shown, AIC tends to underestimate
the risk function, the deviation between AIC and the true risk function grows with the polynomial degree (corresponding to the number
of explanatory variables), and the variance of AIC as an estimator also increases with increasing polynomial degree. The underestimation
tendency of AIC is particularly pronounced for models that contain the true model, referred to as overspecified models. In Figure 1, since
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Figure 1: Risk function and boxplots of AIC and AIC𝑐

the true model corresponds to degree 4, models with degree 4 or higher are overspecified. It can be confirmed that for overspecified models,
the underestimation of the risk function by AIC is especially severe. For these reasons, much research has been devoted to correcting the
bias with respect to the risk function of AIC under the assumption that the candidate model is overspecified, with the aim of improving the
shortcomings inherent in AIC.

For the normal multiple regression model considered in the present paper, Sugiura [15] proposed a bias-corrected version of AIC, called
the Corrected AIC, which provides an unbiased estimator of the risk function under overspecified models. This criterion later denoted
as AIC𝑐 by Hurvich and Tsai [5], and it has become the standard notation used worldwide . Furthermore, Davies et al. [2] reported
that AIC𝑐 is the uniformly minimum variance unbiased estimator (UMVUE) of the risk function under the assumption that the candidate
model is overspecified. The right panel of Figure 1 shows the boxplots of AIC𝑐 . The tendency of AIC to underestimate the risk function
disappears, and although the variance of AIC𝑐 increases with the number of explanatory variables (i.e., polynomial degree in this case),
the corresponding increase in the risk function compensates for this, thereby eliminating the drawback of AIC of selecting models with too
many explanatory variables.

However, even if the bias can be fully corrected under overspecified models, there still exists bias with respect to the risk function when
the candidate model does not include the true model (underspecified models). As mentioned earlier, for an i.i.d. model, AIC remains an
asymptotically unbiased estimator of the risk function even under underspecified models. In contrast, for models such as the normal multiple
regression model where the response variables are independent but not identically distributed, AIC exhibits a constant bias with respect to
the risk function under underspecified models, meaning that it loses its asymptotic unbiasedness. In particular, within the set of all candidate
models formed by considering all possible combinations of explanatory variables, most models are underspecified. Moreover, in multiple
regression models, the model that minimizes the risk function is either the true model or an underspecified model [19]. Hence, it is evident
that information criteria faithful to the risk function are also required under underspecified models.

The first information criterion for the normal multiple regression model to incorporate bias correction under underspecified models was
proposed by Sawa [13]. In the paper of Sawa, the criterion was denoted as BIC, with the idea of it being the “next” information criterion after
AIC. However, since Schwarz [14] independently proposed the Bayesian Information Criterion using the same acronym, we refer to Sawa’s
criterion here as Sawa’s BIC (SBIC). SBIC modifies AIC by replacing the “2 × the number of parameters” penalty, and achieves a bias of
order 𝑂 (𝑛−1) with respect to the risk function under both underspecified and overspecified models. In comparison, Hurvich and Tsai [6]
derived an exact expression for the risk function by using an infinite series expansion in powers of the unknown parameters. Subsequently,
Reschenhofer [11] proposed a corrected version of SBIC, referred to here as Corrected SBIC (SBIC𝑐), employing the expansion truncated
up to the 𝑛−1 term. However, since SBIC𝑐 is constructed by simply substituting estimators into the expansion up to the 𝑛−1 term, the bias of
the 𝑂 𝑝 (1) term propagates into the 𝑛−1 term. Consequently, although SBIC𝑐 was presented as a correction of SBIC, the order of bias with
respect to the risk function remains the same as that of SBIC, that is,𝑂 (𝑛−1). Other attempts to address bias correction under underspecified
models include those by Noda et al. [10] and Fujikoshi et al. [4]. However, all such information criteria achieve that same order of bias with
respect to the risk function, 𝑂 (𝑛−1).

For the normal multiple regression model, the Modified AIC (MAIC) proposed by Fujikoshi and Satoh [3] can be viewed, in a sense,
as a combination of AIC𝑐 and SBIC. Specifically, MAIC was constructed by adding to AIC𝑐 an adjusted correction term from SBIC. This
additional term is of order 𝑂 𝑝 (1) under underspecified models and of order 𝑂 (𝑛−2) under overspecified models. As a result, the bias of
MAIC itself with respect to the risk function is of order𝑂 (𝑛−1) under underspecified models and𝑂 (𝑛−2) under overspecified models. Thus,
compared with SBIC and SBIC𝑐 , MAIC achieves an improved order of bias under overspecified models. However, in correcting the bias
under underspecified models, MAIC sacrifices the unbiasedness of AIC𝑐 under overspecified models, thereby losing the desirable UMVUE
property of AIC𝑐 with respect to the risk function.

As noted earlier, the model that minimizes the risk function is either the true model or an underspecified model. Therefore, it is essential
to have estimators faithful to the risk function even under underspecified models. On the other hand, under overspecified models, unbiased
estimation of the risk function enables the resulting information criterion to have the same natural properties of the risk function, that its value
and its growth increase as the number of explanatory variables increases. If one attempts to approximate this behavior with only asymptotic
expansions truncated at finite orders, the approximation deteriorates as the number of explanatory variables increases, as illustrated in Figure
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1 for the case of AIC. Consequently, the information criterion fails to capture the increasing trend of the risk function with larger models.
From these considerations, it is necessary to develop an information criterion that serves as an unbiased estimator of the risk function under

both underspecified and overspecified models. For overspecified models, constructing an unbiased estimator is relatively straightforward,
since the bias of “−2× the maximum log-likelihood function” with respect to the risk function can be expressed in terms of the expectation
of the reciprocal of a chi-squared distributed random variable. In contrast, under underspecified models, the bias involves the expectation of
the reciprocal of a noncentral chi-squared random variable, which can only be represented as an infinite series in terms of the noncentrality
parameter. Furthermore, because the noncentrality parameter depends on unknown parameters, constructing an unbiased estimator in a
straightforward manner would require unbiased estimation of all powers of the noncentrality parameter, which is highly challenging.

In the present paper, we overcome this difficulty by exploiting properties of the Pochhammer symbol and the Poisson distribution to
construct an unbiased estimator of the risk function. The newly proposed information criterion becomes the UMVUE of the risk function,
provided that the full model, including all explanatory variables, contains the true model. Through numerical experiments, it confirms that
the proposed criterion outperforms other existing criteria as a model selection criterion. Mathematical details are provided in the appendix.

2. Existing Information Criteria
We consider the problem of variable selection for the following normal multiple regression model:

𝒚 ∼ 𝑁𝑛 (𝑿𝜷, 𝜎2𝑰𝑛), 𝑿 = (𝒙1, . . . , 𝒙𝑛)t,

where 𝒚 is the 𝑛 × 1 vector of observations, 𝒙𝑖 is the 𝑘 × 1 vector of explanation variables for the 𝑖-th individuals, 𝜷 is the unknown vector
of regression coefficients, and 𝜎2 is the unknown variance parameter. We assume that rank(𝑿) = 𝑘 < 𝑛 + 4 in order to ensure the existence
of the proposed information criterion.

Let 𝑗 be an arbitrary subset of the index set 𝜔 = {1, 2, . . . , 𝑘}. Consider fitting the model

𝑀 𝑗 : 𝒚 ∼ 𝑁𝑛 (𝑿 𝑗 𝜷 𝑗 , 𝜎2
𝑗 𝑰𝑛),

where 𝑿 𝑗 consists of the 𝑘 𝑗 = # 𝑗 columns of 𝑿 corresponding to the indices in 𝑗 , and 𝜷 𝑗 is the 𝑘 𝑗 × 1 parameter vector.
Let 𝜑 be the true probability density function of 𝒚 and let 𝑓 𝑗 be the predicted probability density function based on the model 𝑀 𝑗 , that

is, the probability density function of 𝑁𝑛 (𝑿 𝑗 𝜷̂ 𝑗 , 𝜎̂2
𝑗 𝑰𝑛), where ( 𝜷̂ 𝑗 , 𝜎̂2

𝑗 ) is the maximum likelihood estimator of (𝜷 𝑗 , 𝜎2
𝑗 ) given by

𝜷̂ 𝑗 = (𝑿t𝑗 𝑿 𝑗 )
−1𝑿t𝑗 𝒚, 𝜎̂2

𝑗 =
1
𝑛
𝒚′ (𝑰𝑛 − 𝑷 𝑗 )𝒚, (2.1)

in which 𝑷 𝑗 = 𝑿 𝑗 (𝑿t𝑗 𝑿 𝑗 )
−1𝑿t𝑗 .

Then the KL divergence [8] of 𝑓 𝑗 from 𝜑 is given by

𝑑KL (𝜑, 𝑓 𝑗 ) = E𝒖

[
log

{
𝜑(𝒖)
𝑓 𝑗 (𝒖)

}]
= E𝒖 [log 𝜑(𝒖)] + 1

2

{
𝑛 log(2𝜋𝜎̂2

𝑗 ) +
1
𝜎̂2
𝑗

{
𝑛𝜎2

∗ + (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )t (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )
}}
,

where E𝒖 [·] indicates expectation with respect to the distribution of 𝒖, and we assume that 𝒖 and 𝒚 are independent, E[𝒖] = E[𝒚] = 𝜼∗,
and Var[𝒖] = Var[𝒚] = 𝜎2

∗ 𝑰𝑛. The risk function of model 𝑀 𝑗 is defined by the expectation of the KL divergence. However, since the first
term of the KL divergence is independent of model 𝑀 𝑗 , in practice the risk function is defined as follows, with the first term removed and
doubled:

𝑅KL ( 𝑗) = 𝑛E[log(2𝜋𝜎̂2
𝑗 )] + E

[ 1
𝜎̂2
𝑗

{
𝑛𝜎2

∗ + (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )t (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )
}]
. (2.2)

In this formation of the risk function, the function inside the expectation is called the loss function, that is, 𝑅KL ( 𝑗) = 𝐸 [LKL ( 𝑗)]. Hence,
the loss function LKL ( 𝑗) is given by

LKL ( 𝑗) = 𝑛 log(2𝜋𝜎̂2
𝑗 ) +

1
𝜎̂2
𝑗

{
𝑛𝜎2

∗ + (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )t (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )
}
. (2.3)

Let J ⊆ 2𝜔 be the set of all candidate models. Then we denote the set of overspecified models as J+, that is,

J+ = { 𝑗 ∈ J | (𝑰𝑛 − 𝑷 𝑗 )𝜼∗ = 0𝑛},

and the set of underspecified models as J− = 2𝜔 ∩ J 𝑐
+ .

Let ℓ̂( 𝑗) be logarithm of the maximum likelihood of model 𝑀 𝑗 , that is, −2ℓ̂( 𝑗) = 𝑛{log(2𝜋𝜎̂2
𝑗 ) + 1}. Then the bias of −2ℓ̂( 𝑗) as an

estimator of 𝑅KL ( 𝑗) is

E[−2ℓ̂( 𝑗)] − 𝑅KL ( 𝑗) = 𝑛 − E

[
1
𝜎̂2
𝑗

{
𝑛𝜎2

∗ + (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )t (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )
}]
. (2.4)
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We can see that if 𝑗 ∈ J+ and the distribution of 𝒚 is normal, then the original AIC proposed by Akaike [1],

AIC( 𝑗) = −2ℓ̂( 𝑗) + 2(𝑘 𝑗 + 1),

has bias of order 𝑂 (𝑛−1), whereas AIC𝑐 (i.e., Corrected AIC) proposed by Sugiura [15],

AIC𝑐 ( 𝑗) = −2ℓ̂( 𝑗) − 𝑛 +
𝑛(𝑛 + 𝑘 𝑗 )
𝑛 − 𝑘 𝑗 − 2

= AIC( 𝑗) +
2(𝑘 𝑗 + 1)(𝑘 𝑗 + 2)

𝑛 − 𝑘 𝑗 − 2
,

is an unbiased estimator of the risk function if 𝑗 ∈ J+. On the other hand, if 𝑗 ∈ J− , then both AIC( 𝑗) and AIC𝑐 ( 𝑗) have biases of order
𝑂 (1).

In comparison, the BIC proposed by Sawa [13] that we denote as SBIC shrinks the bias for the underspecified models. For model 𝑗 ,
SBIC is given by

SBIC( 𝑗) = AIC( 𝑗) − 2(1 − 𝛾̂ 𝑗 ) (𝑘 𝑗 + 1 − 𝛾̂ 𝑗 ),
where 𝛾̂ 𝑗 = 𝜎̂2

𝜔/𝜎̂2
𝑗 . We can see that regardless of whether 𝑗 ∈ J− or 𝑗 ∈ J+, the order of the bias of SBIC is 𝑂 (𝑛−1); that is, SBIC is

always an asymptotic unbiased estimator of the risk function. Let 𝛾 𝑗 = 𝑛/(𝑛 + 𝜃∗𝑗 ), where 𝜃∗𝑗 = 𝜷t∗𝑿
t (𝑰𝑛 − 𝑷 𝑗 )𝑿𝜷∗/𝜎2

∗ , in which 𝜷∗ is the
vector such that 𝜼∗ = 𝑿𝜷∗, which exists if J+ ≠ ∅. Using 𝛾 𝑗 , Reschenhofer [11] expanded the bias in (2.4) up to the order 𝑛−1 as

2

{
(𝑘 𝑗 + 1) − (1 − 𝛾 𝑗 )(𝑘 𝑗 + 1 − 𝛾 𝑗 ) +

(𝑘2
𝑗 + 7𝑘 𝑗 + 12)𝛾2

𝑗 − 4(𝑘 𝑗 + 4)𝛾3
𝑗 + 6𝛾4

𝑗

𝑛 − 𝑘 𝑗 − 2

}
.

Using the equation obtained by replacing 𝛾 𝑗 in the above expansion with 𝛾̂ 𝑗 given in the definition of SBIC, Reschenhofer [11] proposed a
new information criterion. This information criterion is defined by adding a correction term of order 𝑛−1 to SBIC, so in the present paper,
which is why we refer to this criterion as Corrected SBIC (SBIC𝑐). For model 𝑗 , SBIC𝑐 is given by

SBIC𝑐 ( 𝑗) = SBIC( 𝑗) +
2{(𝑘2

𝑗 + 7𝑘 𝑗 + 12)𝛾̂2
𝑗 − 4(𝑘 𝑗 + 4)𝛾̂3

𝑗 + 6𝛾̂4
𝑗 }

𝑛 − 𝑘 𝑗 − 2
.

Despite the use of an asymptotic expansion of the bias, unfortunately, the order of bias for SBIC𝑐 remains unchanged from that of SBIC.
This is because 2(1− 𝛾̂ 𝑗 ) (𝑘 𝑗 + 1− 𝛾̂ 𝑗 ), the correction term for SBIC, possesses a bias of order 𝑛−1, regardless of whether 𝑗 ∈ J− or 𝑗 ∈ J+.

Now, recall that Modified AIC (MAIC) proposed by Fujikoshi and Satoh [3], like SBIC and SBIC𝑐 , shrinks the bias for underspecified
models. For model 𝑗 , MAIC is given by

MAIC( 𝑗) = AIC𝑐 ( 𝑗) − 2𝜉 𝑗 (𝑘 𝑗 + 𝜉 𝑗 ),

where 𝜉 𝑗 = 1− (𝑛− 𝑘 𝑗 ) (𝑛− 𝑘)−1𝛾̂ 𝑗 and 𝛾̂ 𝑗 is given in the definition of SBIC. MAIC can be regarded as having been obtained by substituting
AIC( 𝑗) with AIC𝑐 ( 𝑗) and 1 − 𝛾̂ 𝑗 with 𝜉 𝑗 in the definition formula of SBIC. Note that AIC𝑐 ( 𝑗) is an unbiased estimator of the risk function
when 𝑗 ∈ J+, and the expectation of 𝜉 𝑗 (𝑘 𝑗 + 𝜉 𝑗 ) can be expanded as

𝐸
[
𝜉 𝑗 (𝑘 𝑗 + 𝜉 𝑗 )

]
=

{
(1 − 𝛾 𝑗 ) (𝑘 𝑗 + 1 − 𝛾 𝑗 ) +𝑂 (𝑛−1) ( 𝑗 ∈ J−)
𝑂 (𝑛−2) ( 𝑗 ∈ J+)

.

Hence, we can see that if 𝑗 ∈ J− , then MAIC( 𝑗) has bias of order 𝑂 (𝑛−1), and if 𝑗 ∈ J+, then the order of the bias is 𝑂 (𝑛−2). The order
of bias for AIC, AIC𝑐 , SBIC, and SBIC𝑐 for the risk function is summarized in Table 1. In the present paper, we propose a new modified
AIC (Completely Modified AIC, MAIC𝑐) which is an unbiased estimator of 𝑅KL ( 𝑗) for both 𝑗 ∈ J+ and 𝑗 ∈ J− .

Table 1: Order of bias of each criterion

Order
Information Criterion Underspecified Overspecified

AIC 𝑂 (1) 𝑂 (𝑛−1)
AIC𝑐 𝑂 (1) 0
SBIC 𝑂 (𝑛−1) 𝑂 (𝑛−1)
SBIC𝑐 𝑂 (𝑛−1) 𝑂 (𝑛−1)
MAIC 𝑂 (𝑛−1) 𝑂 (𝑛−2)

It is known that Takeuchi’s information criterion (TIC) [16] and the extended information criterion (EIC) proposed by Ishiguro et al.
[7] both also correct the bias of AIC under model misspecification. Here, the phrase “model misspecification” refers not only to the case
of underspecification discussed herein but also to situations in which the probability distribution of the response variable is misspecified.
Like AIC, both TIC and EIC are asymptotically unbiased estimators of the risk function under model misspecification for the i.i.d. model.
However, for the multiple regression model, they are not asymptotically unbiased estimators of the risk function under underspecified models.
The orders of their biases are the same as that of AIC (see [17]). On the other hand, Fujikoshi et al. [4] reported that, in EIC, resampling
the residuals of the full model yields an asymptotically unbiased estimator of the risk function even under underspecified models. In such a
case, the order of the bias is the same as that of SBIC (see [4]).
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3. Unbiased Estimator of Risk Function
We propose in the following theorem a new modified AIC which is an unbiased estimator of 𝑅KL ( 𝑗) for both 𝑗 ∈ J+ and 𝑗 ∈ J− . We refer
to this new AIC as “Completely Modified AIC” and denote it as MAIC𝑐 .

Theorem 3.1. Define MAIC𝑐 for the model 𝑀 𝑗 as

MAIC𝑐 ( 𝑗) = −2ℓ̂( 𝑗) +
𝑛(𝑛 + 𝑘 𝑗 )

2

∞∑
𝑟=1

(𝑟 − 1)!
( 𝑛−𝑘2 )𝑟

𝛾̂𝑟𝑗 −
𝑛(𝑛 − 𝑘 𝑗 − 4)

2

∞∑
𝑟=1

𝑟!
( 𝑛−𝑘2 )𝑟

𝛾̂𝑟𝑗 , (3.5)

where 𝛾̂ 𝑗 = 𝜎̂2
𝜔/𝜎̂2

𝑗 and (𝑎)𝑟 is the Pochhammer symbol defined by

(𝑎)𝑟 =
{

1 (𝑟 = 0)
𝑎(𝑎 + 1) · · · (𝑎 + 𝑟 − 1) (𝑟 = 1, 2, . . .) .

Then MAIC𝑐 ( 𝑗) is an unbiased estimator of the risk 𝑅KL ( 𝑗) given by (2.2) for both 𝑗 ∈ J+ and 𝑗 ∈ J− if 𝒚 ∼ 𝑁𝑛 (𝑿𝜷∗, 𝜎2
∗ 𝑰𝑛) for some 𝜷∗

and 𝜎2
∗ .

Proof. Note that 𝜼∗ = 𝑿𝜷∗. Since (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )t (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 ) = (𝜼∗ − 𝑷 𝑗 𝒚)t (𝜼∗ − 𝑷 𝑗 𝒚) is independent of 𝜎̂2
𝑗 = 𝑛

−1𝒚t (𝑰𝑛 − 𝑷 𝑗 )𝒚, the bias
of −2ℓ̂( 𝑗) as an estimator of 𝑅KL ( 𝑗) given by (2.4) is

𝑛 − E

[
1
𝜎̂2
𝑗

{
𝑛𝜎2

∗ + (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )t (𝜼∗ − 𝑿 𝑗 𝜷̂ 𝑗 )
}]

= 𝑛 − E

[
1
𝜎̂2
𝑗

] {
𝑛𝜎2

∗ + (𝑿𝜷∗ − 𝑷 𝑗𝑿𝜷∗)t (𝑿𝜷∗ − 𝑷 𝑗𝑿𝜷∗) + tr
[
𝑷 𝑗Var(𝒚)

]}
= 𝑛 − 𝑛E

[
𝜎2
∗

𝑛𝜎̂2
𝑗

] (
𝑛 + 𝜃∗𝑗 + 𝑘 𝑗

)
, (3.6)

where 𝜃∗𝑗 = 𝜷t∗𝑿
t (𝑰𝑛 − 𝑷 𝑗 )𝑿𝜷∗/𝜎2

∗ . The following lemma gives an unbiased estimator of (3.6) as

𝑛 −
𝑛(𝑛 + 𝑘 𝑗 )

2

∞∑
𝑟=1

(𝑟 − 1)!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗 − 𝑛
{
1 −

𝑛 − 𝑘 𝑗 − 4
2

∞∑
𝑟=1

𝑟!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗

}
= −

𝑛(𝑛 + 𝑘 𝑗 )
2

∞∑
𝑟=1

(𝑟 − 1)!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗 +
𝑛(𝑛 − 𝑘 𝑗 − 4)

2

∞∑
𝑟=1

𝑟!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗 .

□

Lemma 3.1. Let 𝒚 be an 𝑛 × 1 random vector distributed as 𝑁𝑛 (𝑿𝜷∗, 𝜎2
∗ 𝑰𝑛). Then if 𝑛 − 𝑘 > 4, the following equalities hold:

E

[
𝜎2
∗

𝑛𝜎̂2
𝑗

]
= E

[
1
2

∞∑
𝑟=1

(𝑟 − 1)!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗

]
, E

[
𝜃 𝑗𝜎

2
∗

𝑛𝜎̂2
𝑗

]
= 1 −

𝑛 − 𝑘 𝑗 − 4
2

E

[ ∞∑
𝑟=1

𝑟!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗

]
,

where 𝜃∗𝑗 = 𝜼t∗ (𝑰𝑛 − 𝑷 𝑗 )𝜼∗/𝜎2
∗ .

The proof of Lemma 3.1 is given in the Appendix.
The two power series in (3.5) can be represented using hypergeometric functions (see Remark A.1), which is useful for actual calculations

of MAIC𝑐 because several software libraries for numerical computation include hypergeometric functions. It can be useful to represent
power series as integrals (see Lemma A.1).

Remark 3.1. The MLE (𝜎̂2
𝑗 , 𝜷̂ 𝑗 ) under 𝑀 𝑗 can be expressed as a function of (𝜎̂2

𝜔 , 𝜷̂𝜔) as follows:

𝜎̂2
𝑗 = 𝒚t (𝑰𝑛 − 𝑷 𝑗 )𝒚 = 𝒚t (𝑰𝑛 − 𝑷𝜔)𝒚 + 𝒚t𝑷𝜔 𝒚 − 𝒚t𝑷𝜔𝑷 𝑗𝑷𝜔 𝒚

= 𝑛𝜎̂2
𝜔 + 𝜷̂𝜔𝑿t (𝑰𝑛 − 𝑷 𝑗 )𝑿𝜷̂𝜔 ,

𝜷̂ 𝑗 = (𝑿t𝑗 𝑿 𝑗 )
−1𝑿t𝑗 𝒚 = (𝑿t𝑗 𝑿 𝑗 )

−1𝑿t𝑗 𝑷𝜔 𝒚 = (𝑿t𝑗 𝑿 𝑗 )
−1𝑿t𝑗 𝑿𝜔 𝜷̂𝜔 .

Because 𝑇 = (𝜎̂2
𝜔 , 𝜷̂𝜔) is a complete sufficient statistic of a family of normal distributions, {𝑁𝑛 (𝑿𝜷, 𝜎2𝑰𝑛); 𝜷 ∈ R𝑘 , 0 < 𝜎2}, and MAIC𝑐

is a function of 𝑇 , the Lehmann–Scheffé theorem assures that MAIC𝑐 is the UMVUE of 𝑅KL ( 𝑗) if 𝒚 ∼ 𝑁𝑛 (𝑿𝜷, 𝜎2𝑰𝑛). On the other hand,
if 𝑗 ⊊ 𝜔 and 𝒚 ∼ 𝑁𝑛 (𝑿 𝑗 𝜷 𝑗 , 𝑡ℎ𝑒𝑛𝜎2

𝑗 𝑰𝑛), 𝑇 is not complete for the subfamily {𝑁𝑛 (𝑿 𝑗 𝜷 𝑗 , 𝜎2
𝑗 𝑰𝑛); 𝜷 𝑗 ∈ R𝑘 𝑗 , 0 < 𝜎2

𝑗 } and MAIC𝑐 is not
UMVUE of 𝑅KL ( 𝑗). As mentioned in the Introduction, AIC𝑐 is the UMVUE for this restricted subfamily.
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Figure 2: Risk function and expectations of six information criteria

4. Numerical Studies
4..1 Simulation Study
Let 𝒁 be an 𝑛 × (𝑘 − 1) matrix whose elements are generated independently from the uniform distribution over (−1, 1) and 𝚽(𝜌) be the
(𝑘 − 1) × (𝑘 − 1) auto-regressive correlation matrix whose (𝑎, 𝑏)th element is 𝜌 |𝑎−𝑏 | . Using 𝒁 and 𝚽(𝜌), we constructed an 𝑛 × 𝑘 matrix
of explanatory variables 𝑿, as 𝑿 = (1𝑛, (𝑰𝑛 − 𝑱𝑛)𝒁𝚽(0.8)1/2), where 1𝑛 is an 𝑛 × 1 vector of ones, and 𝑱𝑛 = 𝑛−11𝑛1t𝑛. Simulation data
were generated from 𝑁𝑛 (𝑿𝜷∗, 𝜎2

∗ 𝑰𝑛), where 𝜷∗ is the 𝑛 × 1 vector whose 𝑎th element is given by

𝛽∗𝑎 =

{
𝑏0 (−1)𝑎+1{1 + 0.3(𝑎 − 1)} (𝑎 = 1, . . . , 𝑘∗)
0 (𝑎 = 𝑘∗ + 1, . . . , 𝑘)

.

We required that all candidate models include the intercept. Since the first column of 𝑿 is the intercept, the set of candidate models is
given by J = { 𝑗 ∈ 2𝜔 | 𝑗 ⊇ {1}}. It is easy to see that the subset representing the true model was 𝑗∗ = {1, . . . , 𝑘∗}. Hence, the sets of
overspecified and underspecified models were J+ = { 𝑗 ∈ J | 𝑗 ⊇ 𝑗∗} and J− = { 𝑗 ∈ J | 𝑗 ⊉ 𝑗∗}, respectively. In all simulation studies
conducted here, 𝑛 = 30 and 𝜎∗ = 0.5. Using one simulation data set, we calculated six information criteria — AIC, AIC𝑐 , SBIC, SBIC𝑐 ,
MAIC, and MAIC𝑐 — and found model 𝑗 that minimizes each criterion. Furthermore, we also derived model 𝑗★ that minimizes the loss
function LKL ( 𝑗) in (2.3). In the simulation studies, several expected values were obtained via Monte Carlo integration, with simulation data
generated through 10,000 iterations.
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Figure 3: Selection probability of models chosen by each information criterion

First, we investigate the bias of the information criteria by plotting their averages together with the risk function. However, when the
number of candidate models is large, such plots are too compressed to distinguish details clearly. Therefore, we conducted the numerical
experiment with (𝑘, 𝑘∗) = (5, 3). In this setting, the overspecified models are {1, 2, 3}, {1, 2, 3, 4}, {1, 2, 3, 5}, and {1, 2, 3, 4, 5}, and the
other models are all underspecified. Figure 2 presents the expectations of the six information criteria together with the risk function. In
the figure, the solid line represents the value of the risk function, the center of each bar denotes the mean of the corresponding information
criterion, and the length of each bar is proportional to the standard deviation. The top, middle and bottom panels correspond to the cases
𝑏0 = 0.2, 0.5, and 0.8, respectively. In each panel, the candidate models 𝑗 are listed along the 𝑥-axis. The models are arranged so that the
order underspecified models are first and then the overspecified models, and within each of these two groups, they are arranged in order
of decreasing and increasing values of the risk function, respectively. As 𝑏0 increases, the noncentrality parameter becomes larger, and
the difference between the underspecified and overspecified models becomes more pronounced. Note that, in overspecified models, the
noncentrality parameter is zero, and thus the values remain the same regardless of 𝑏0. From the figure, it can be observed that AIC and SBIC
exhibit large biases under overspecified models. As explained in the Introduction, this is due to deterioration in the accuracy of the asymptotic
expansion approximation as the number of explanatory variables increases. Similarly, AIC and AIC𝑐 show large biases under underspecified
models, which is expected, since both criteria have a constant bias in such cases. MAIC and SBIC𝑐 exhibit nearly the same extents of bias.
This is presumably because SBIC𝑐 , although it has the same order of bias as SBIC, employs the asymptotic expansion of the risk function
up to the 𝑛−1 term under underspecified models. Since SBIC𝑐 relies on an asymptotic expansion, it tends to slightly underestimate the risk
function compared with MAIC. MAIC generally exhibits little bias across all candidate models; however, under underspecified models with
a large number of explanatory variables, the bias tends to be larger. The proposed MAIC𝑐 , by contrast, is always an unbiased estimator of
the risk function, which is visible in the figure. It is often argued that bias correction increases the standard deviation, and in this experiment,
the standard deviation does become slightly larger, but this increase is not substantial.

To evaluate the performance of the criteria as variable selection methods, we examine which models are selected by the six information
criteria and how well the selected models perform in terms of prediction. In this experiment, since the necessity of using information criteria
for variable selection decreases as the number of candidate models becomes smaller, we conducted experiments with 𝑘 = 10, 15, and 20.
Specifically, we considered two settings: one where 𝑘∗ = 3 and 𝑘 increase from 10 to 20, and another where 𝑘 = 15 and 𝑘∗ increases
from 3 to 11. This allows us to investigate both the effect of increasing the number of candidate models and the effect of increasing the
number of explanatory variables in the true model. Figure 3 classifies the models selected by each information criterion into three categories:
underspecified models (Under), the true model (True), and overspecified models excluding the true model (Over\True). As in Figure 2,
the top, middle, and bottom panels correspond to the cases 𝑏0 = 0.2, 0.5, and 0.8, respectively. To evaluate predictive performance, we
compute the expected KL divergence of the selected model as the prediction error, E[LKL ( 𝑗)], where LKL ( 𝑗) is the loss function defined
in (2.3). Throughout the present paper, model adequacy is assessed using the risk function based on the KL divergence. Therefore, a
variable selection method based on an information criterion is regarded as effective if it yields a smaller prediction error. Table 2 reports the
prediction errors for each setting, normalized by subtracting the expected minimal loss E[LKL ( 𝑗★)]. From Figure 3, it is observed that AIC
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Table 2: Prediction errors of selected model

𝑏0 𝑘 𝑘∗ AIC AIC𝑐 SBIC SBIC𝑐 MAIC MAIC𝑐
0.2 10 3 17.36 14.48 16.31 13.86 13.19 12.84

15 3 35.37 24.11 31.80 24.20 19.38 18.07
20 3 86.56 42.39 71.49 48.77 27.90 25.01
15 3 35.37 24.11 31.80 24.20 19.38 18.07
15 7 41.16 30.48 36.09 28.31 25.99 24.68
15 11 46.14 36.44 40.49 32.53 32.03 30.76

0.5 10 3 17.33 13.76 15.80 12.50 12.07 11.49
15 3 35.48 22.95 30.77 22.04 17.23 15.58
20 3 88.52 41.06 71.20 46.34 25.66 22.15
15 3 35.48 22.95 30.77 22.04 17.23 15.58
15 7 40.67 27.01 33.21 21.70 20.87 19.47
15 11 45.77 35.43 37.59 31.90 33.07 31.42

0.8 10 3 16.96 13.28 15.42 11.91 11.42 10.76
15 3 35.30 22.66 30.68 21.62 16.77 14.96
20 3 87.78 39.74 70.14 45.12 24.18 20.62
15 3 35.30 22.66 30.68 21.62 16.77 14.96
15 7 40.50 26.47 32.75 20.23 19.09 16.21
15 11 45.68 33.93 36.83 30.73 28.38 33.14

and SBIC tend to select overspecified models, that is, models with a larger number of explanatory variables. Between the two, AIC exhibits
a stronger tendency to select such models. The other four information criteria have been improved with respect to this drawback of AIC,
which often favors models with too many explanatory variables. In particular, the proposed MAIC𝑐 more frequently selects either the true
model or an underspecified model than do the other three information criteria. Given that the model minimizing the risk function is either
the true model or an underspecified model, this property is desirable. Indeed, as shown in Table 2, MAIC𝑐 consistently achieves smaller
prediction errors across all settings.

4..2 Example Study
Next, we illustrate model selection using data obtained from Skagerberg et al. [12]. They simulated 56 data (𝑛 = 56) to study the relationship
between polymer properties and the process data. The process data consist of 20 different temperature measurements (𝑇𝑖 , 𝑖 = 1, . . . , 20)
taken at equal distances along the reactor, complemented with the wall temperature of the reactor (𝑇𝑤) and the feed rate of the solvent (𝑆).
All temperature values are transformed as log10 (𝑇 − 100), where 𝑇 is temperature.

The corresponding polymer properties are as follows: weight-average molecular weight (𝑀𝑤), number-average molecular weight (𝑀𝑛),
frequency of long chain branching (LCB), frequency of short chain branching (SCB), and the contents of vinyl groups (VNL) and vinylidene
groups (VND) in the polymer chain. For this example study, we used the polymer properties (𝑀−1

𝑤 × 105, 𝑀−1
𝑛 × 106, LCB, SCB, VNL,

VND) as the response variables and the process data (𝑇1, . . . , 𝑇20, 𝑇𝑤 , 𝑆) as the explanatory variables. The number of explanatory variables
in the full model is 𝑘 = 23 because we always add a constant term to a regression. We selected the best model from all 4,194,304 (= 222)
candidate models using values of AIC, AIC𝑐 , SBIC, SBIC𝑐 , MAIC and MAIC𝑐 . Figure 4 shows the correlation coefficients between the
explanatory variables. Because 𝑇1, . . . , 𝑇20 are temperatures at equidistant points, as shown in the picture, temperatures at nearby points are
highly correlated. However, as points become more distant, they do not necessarily become less correlated. Surprisingly, there are points
that exhibit high negative correlations despite their distance. Variable 𝑇𝑤 is highly correlated with the lower index 𝑇𝑖 variables, whereas 𝑆
generally exhibits a negative correlation with other variables. The figure reveals that a considerable number of the explanatory variables
have strong intercorrelations, suggesting that this dataset is appropriate for variable selection procedures.

Figure 5 shows the explanatory variables selected by minimizing each information criterion. Panels show the results of variable selection
for different response variables: from top to bottom, 𝑀−1

𝑤 × 105, 𝑀−1
𝑛 × 106, LCB, SCB, VNL, and VND. In each panel, all columns except

the last two represent explanatory variables; variables that were never selected are shown as white (unfilled). Numerical values in these
columns indicate a measure of the relevance of the regression coefficients, defined as 100 × (1 − 𝑝-value). Higher value indicates greater
relevance of the regression coefficient. Note that these values are computed based on the selected model. The topmost row labeled “Full”
shows the results for the full model using all explanatory variables. The penultimate column (UR: use ratio) shows the proportion of selected
variables (100 × (𝑘 𝑗 − 1)/(𝑘 − 1)), and the last column (𝑅2) shows 100 times the coefficient of determination of the selected model. Since
the intercept is always included in the model, we subtract one from both the number of selected variables and the total number of variables
in UR. Across all response variables, the number of selected variables satisfies the ordering

AIC ≥ SBIC ≥ AIC𝑐 ≥ SBIC𝑐 ≥ MAIC ≥ MAIC𝑐 . (4.7)
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Figure 4: Correlation coefficients between explanatory variables

The results in this figure confirm that the other information criteria correct for AIC’s well-known tendency to select models with an excessive
number of explanatory variables. Although a model with fewer variables is not necessarily better, from the perspective of interpretability
of analysis results, MAIC𝑐 appears to be the most favorable information criterion. In particular, for all response variables, even the models
selected by MAIC𝑐 , which use the fewest explanatory variables, still achieve 𝑅2 > 90%. Moreover, variables with low relevance in the
full model tend not to be selected, suggesting that the selection by MAIC𝑐 is not unreasonable. The only somewhat puzzling behavior
occurs for variable 𝑇9 when the response variable is SCB. Since 𝑇9 has a relevance of only 15.1% in the full model, it is excluded by almost
all information criteria; however, it is selected solely by MAICc, where its relevance jumps to 100.0%. As mentioned earlier, this dataset
contains many explanatory variables with high mutual correlations. Therefore, it is not surprising that different combinations of variables
can be selected depending on the criterion. It is plausible that MAIC𝑐 identifies 𝑇9 as a substitute for variables that other criteria failed to
select.

The variable selection results in Figure 5 are based on a single application of the variable selection procedure, and therefore do not
reveal the potential instability of the results. To investigate the stability of variable selection, the 56 observations were randomly split into 10
validation samples and 46 calibration samples. Variable selection was then performed on each calibration sample, and the variable selection
procedure was repeated 1,000 times with different random splits of the calibration samples. Figure 6 presents the results for each response
variable. As in Figure 5, from top to bottom, the panels show 𝑀−1

𝑤 × 105, 𝑀−1
𝑛 × 106, LCB, SCB, VNL, and VND. In each panel, all

columns except for the last two show percentages of times explanatory variables were selected across the 1000 repetitions.
Let 𝑗𝑎 denote the model selected in the 𝑎th repetition, and define 𝒔( 𝑗) as the 𝑘-dimensional indicator vector for model 𝑗 : the 𝑏th element

of 𝒔( 𝑗) is 1 if 𝑏 is included in 𝑗 and 0 otherwise. For example, if 𝑗 = {1, 3, 5} and 𝑘 = 10, then 𝒔( 𝑗) is the 10-dimensional vector with 1’s
as the first, third, and fifth elements and 0’s as the other elements. The penultimate column (ave.) shows the average number of selected
variables, defined as 10−3 ∑1000

𝑎=1 (𝑘 𝑗𝑎 − 1)/(𝑘 − 1), and the last column shows the similarity (sim.) of the selected models, defined by

sim. = 100 ×
(
1 − 1

500 × 999

∑
𝑎>𝑏

1
𝑘 − 1



𝒔( 𝑗𝑎) − 𝒔( 𝑗𝑏)



1

)
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Figure 5: Selected explanatory variables and relevance of regression coefficients
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Table 3: Estimated prediction errors of selected model

response
variables AIC AIC𝑐 SBIC SBIC𝑐 MAIC MAIC𝑐

𝑀−1
𝑤 × 105 380.88 330.80 352.81 323.53 305.27 276.19

𝑀−1
𝑛 × 106 752.40 652.66 719.63 641.24 616.37 601.27
LCB 81.34 53.26 68.48 52.57 40.06 36.55
SCB 95.87 79.19 88.38 74.35 65.67 62.41
VNL 81.69 55.12 64.18 49.13 45.87 43.55
VND 126.30 101.96 109.47 88.97 78.27 71.38

where ∥ · ∥1 denotes the 𝐿1-norm, that is, the sum of the absolute values of all elements. By definition, similarity equals 100 if the exact
same set of variables is selected in every repetition. Smaller similarity values indicate greater instability in the variable selection process.
From Figure 6, we observe that, as in the results using the full dataset (Figure 5), the average number of selected variables follows the same
ordering as in (4.7). Regarding similarity, for AIC𝑐 , SBIC𝑐 , MAIC, and MAIC𝑐 , the sim. value tends to decrease (i.e., instability increases)
as the number of selected variables increases, whereas no such tendency can be observed for AIC and SBIC. The trend with respect can be
seen more clearly in the scatterplot of ave. and sim. shown in Figure 7. The scatterplot is across all response variables, numbered in same
order as in Figures 5 and 6: 1 – 𝑀−1

𝑤 × 105, 2 – 𝑀−1
𝑛 × 106, 3 – LCB, 4 – SCB, 5 – VNL, and 6 – VND. Consequently, as the number

of selected variables becomes relatively large, stability (similarity) becomes lower for AIC𝑐 , SBIC𝑐 , MAIC, and MAIC𝑐 than for AIC and
SBIC; however, as the number increases further, the instability trend reverses and AIC and SBIC become less stable. Furthermore, similarity
satisfies MAIC ≤ MAIC𝑐 , indicating that MAIC exhibits more instability in variable selection results than MAIC𝑐 . In addition, regarding
variable 𝑇9 (discussed above in relation to Figure 5 for the case where the response variable is SCB), it is selected in approximately 58.1%
of the repetitions. It is also selected in almost 50% of the repetitions under MAIC, suggesting that the selection of 𝑇9 is not at all surprising.

Unfortunately, although Figure 7 shows the results for each information criterion, it does not reveal how similar the criteria are to one
another. Therefore, we attempted to visualize the relationships among the criteria by plotting them two-dimensionally using multidimensional
scaling (MDS) based on the dissimilarity measure defined below. For this, we consider the six information criteria AIC, AIC𝑐 , SBIC, SBIC𝑐 ,
MAIC, and MAIC𝑐 , indexed by 𝑟 = 1, . . . , 6, and let 𝑗 (𝑟 )𝑎 denote the model selected by the 𝑟th information criterion in the 𝑎th repetition.
We define the dissimilarity between the 𝑟1th and 𝑟2th information criteria as

1
1000

1000∑
𝑎=1

1
𝑘 − 1




𝒔 ( 𝑗 (𝑟1 )𝑎
)
− 𝒔

(
𝑗
(𝑟2 )
𝑎

)



1
.

Using the dissimilarity matrix composed of these elements, we performed MDS to plot the six information criteria; the resulting configuration
is shown in Figure 8. In each panel, the size of circles is proportional to the corresponding ave. value, with the numerical ave. values also
shown. In addition, the stress value is reported above each panel. For all panels, the signs of the axes were adjusted so that AIC appears in
the first quadrant. Because the stress values are below 0.05 for all response variables, the configurations can be considered highly faithful
representations of the dissimilarities. The MDS results exhibit a U-shaped configuration of the information criteria, although the overall
spread varies slightly between response variables. In particular, the horizontal axis roughly orders the criteria according to the magnitude
of ave. Regarding the selected models, MAIC and MAIC𝑐 are close to each other, as are AIC𝑐 and SBIC𝑐 . SBIC, on the other hand, is
sometimes closer to AIC and sometimes closer to AIC𝑐 , depending on the response variable.

Finally, we evaluate the predictive accuracy using the results from the 1000 repetitions. As an estimate of the prediction error, we
quantify as follows. Let 𝑤𝑎 ( 𝑗) denote the estimate of 𝜎2

𝑗 in the 𝑎th repetition, let 𝒚∗𝑎 denote the validation sample in the 𝑎th repetition, and
let 𝒚̂∗𝑎 ( 𝑗) denote the predicted values of 𝒚∗𝑎 based on model 𝑗 in the 𝑎th repetition. Then we define our estimate of the prediction error based
on the KL divergence as follows:

P̂E =
1

1000

1000∑
𝑎=1

{
log

(
𝑤𝑎 ( 𝑗𝑎)
𝑤𝑎 (𝜔)

)
+ 1

10𝑤𝑎 ( 𝑗𝑎)


𝒚∗𝑎 − 𝒚̂∗𝑎 ( 𝑗𝑎)



2
2

}
,

where ∥ · ∥2
2 denotes the squared 𝐿2-norm, that is, the sum of the squares for all elements. In the expression above, 𝑤𝑎 ( 𝑗) is divided by

𝑤𝑎 (𝜔) as a form of normalization; note that this operation does not affect the relative ordering of P̂E. Table 3 reports the values of P̂E for
each response variable. From this table, we observe that, for all response variables, MAIC𝑐 achieves the smallest values of P̂E.

5. Discussion
In the present paper, we treated the following linear regression model: 𝒚 ∼ 𝑁𝑛 (𝑿𝜷, 𝜎2𝑰𝑛). Note that AIC𝑐 by Sugiura [15] and MAIC by
Fujikoshi and Satoh [3] were proposed for a multivariate linear model:

𝒀 ∼ 𝑁𝑛×𝑝 (𝑿𝑩,𝚺 ⊗ 𝑰𝑛),
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Figure 6: Frequency of selection for each variable
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Figure 8: Two-dimensional MDS representation of six information criteria

where 𝒀 is an 𝑛 × 𝑝 random matrix of observations, 𝑿 is an 𝑛 × 𝑘 matrix of explanatory variables, and 𝑩 is a 𝑘 × 𝑝 matrix of regression
coefficients. In order to derive an unbiased estimator of the risk based on the KL divergence, we need to estimate the expectation of the
inverse matrix of some noncentral Wishart matrix. If the rank of noncentrality matrix is one, we will be able to use a method similar to the
one in the present paper. However, we need to check whether the resulting estimator of the risk still works as well as MAIC does when the
rank is greater than one. It is difficult to derive an unbiased estimator in the case that the rank of the noncentrality matrix is greater than one.
These problems are left as future work.
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Appendix
In order to prove Lemma 3.1, we need two lemmas.

Lemma A.1. Let 𝑎 > 𝑏 > 0 and 0 ≤ 𝑥 ≤ 1. Then the following relations hold:

(1)

∞∑
𝑟=1

(𝑏)𝑟−1
(𝑎)𝑟

𝑥𝑟 = 𝑥
∫ 1

0

(1 − 𝑡)𝑎−1

(1 − 𝑡𝑥)𝑏
𝑑𝑡

(2) For any positive integer 𝑘 ,

∞∑
𝑟=𝑘+1

(𝑏)𝑟−1
(𝑎)𝑟

𝑥𝑟 =
(𝑏)𝑘𝑥𝑘+1

(𝑎)𝑘

∫ 1

0
(1 − 𝑡)𝑎+𝑘−1 (1 − 𝑡𝑥)−(𝑏+𝑘 )𝑑𝑡 ≤ (𝑏)𝑘𝑥𝑘+1

(𝑎)𝑘 (𝑎 − 𝑏)

(3)

1
𝑎 − 𝑏 =

∞∑
𝑟=1

(𝑏)𝑟−1
(𝑎)𝑟

Proof. The following formula is obtained by integration by parts:

𝑥

∫ 1

0
(1 − 𝑡) (𝑎+𝑘 )−1 (1 − 𝑡𝑥)−(𝑏+𝑘 )𝑑𝑡

=
𝑥

𝑎 + 𝑘 + (𝑏 + 𝑘)𝑥2

𝑎 + 𝑘

∫ 1

0
(1 − 𝑡) (𝑎+𝑘+1)−1 (1 − 𝑡𝑥)−(𝑏+𝑘+1)𝑑𝑡.

By applying this formula repeatedly for 𝑘 = 0, 1, . . ., we obtain

𝑥

∫ 1

0

(1 − 𝑡)𝑎−1

(1 − 𝑡𝑥)𝑏
𝑑𝑡 =

𝑘∑
𝑟=1

(𝑏)𝑟−1
(𝑎)𝑟

𝑥𝑟 + (𝑏)𝑘𝑥𝑘+1

(𝑎)𝑘

∫ 1

0
(1 − 𝑡)𝑎+𝑘−1 (1 − 𝑡𝑥)−(𝑏+𝑘 )𝑑𝑡

Since ∫ 1

0
(1 − 𝑡)𝑎+𝑘−1 (1 − 𝑡𝑥)−(𝑏+𝑘 )𝑑𝑡 ≤

∫ 1

0
(1 − 𝑡)𝑎−𝑏−1𝑑𝑡 =

1
𝑎 − 𝑏 ,

to prove (1) and (2), it suffices to prove lim𝑘→∞ (𝑏)𝑘/(𝑎)𝑘 = 0, which is shown as follows:

log
(𝑏)𝑘
(𝑎)𝑘

=
𝑘−1∑
𝑟=0

log
(
1 − 𝑎 − 𝑏

𝑎 + 𝑟

)
< −

𝑘−1∑
𝑟=0

𝑎 − 𝑏
𝑎 + 𝑟 → −∞ (𝑘 → ∞),

since log(1 − 𝑥) < −𝑥 if 0 < 𝑥 < 1. Substituting 𝑥 = 1 into (1), we obtain (3). □

Lemma A.2. Let 𝐾 be a random variable distributed as Po(𝜆), the Poisson distribution with mean 𝜆, and 𝑔 be an arbitrary function such
that E[𝑔(𝐾)] exists. Then

E[𝜆𝑔(𝐾)] = E[𝐾𝑔(𝐾 − 1)] .

Proof.

E[𝜆𝑔(𝐾)] = 𝑒−𝜆
∞∑
𝑘=0

𝜆𝑘+1

𝑘!
𝑔(𝑘)

= 𝑒−𝜆
∞∑
𝑘=0

𝜆𝑘+1

(𝑘 + 1)! (𝑘 + 1)𝑔(𝑘) = 𝑒−𝜆
∞∑
𝑘=1

𝜆𝑘

𝑘!
𝑘 𝑔(𝑘 − 1)

= 𝑒−𝜆
∞∑
𝑘=0

𝜆𝑘

𝑘!
𝑘 𝑔(𝑘 − 1) = E[𝐾𝑔(𝐾 − 1)] .

□
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Proof of Lemma 3.1. Let𝑊 𝑗 = 𝑛𝜎̂2
𝑗 /𝜎

2
∗ for 𝑗 ⊂ 𝜔. Additionally, let

𝑉 𝑗 = 𝑊 𝑗 −𝑊𝜔 =
𝒚t (𝑰𝑛 − 𝑷 𝑗 )𝒚 − 𝒚t (𝑰𝑛 − 𝑷𝜔)𝒚

𝜎2
∗

=
𝒚t (𝑷𝜔 − 𝑷 𝑗 )𝒚

𝜎2
∗

.

Then 𝑉 𝑗 and𝑊𝜔 are independent, since

Cov[(𝑷𝜔 − 𝑷 𝑗 )𝒚, (𝑰𝑛 − 𝑷𝜔)𝒚] = 𝜎2
∗ (𝑷𝜔 − 𝑷 𝑗 )(𝑰𝑛 − 𝑷𝜔) = 𝑶𝑛 .

It can be easily seen that𝑉 𝑗 is distributed as 𝜒𝑘−𝑘 𝑗 (𝜃∗𝑗 ), the noncentral chi-square distribution with degree of freedom 𝑘−𝑘 𝑗 and noncentrality
parameter 𝜃∗𝑗 , since (𝑷𝜔 − 𝑷 𝑗 ) is idempotent and its rank is 𝑘 − 𝑘 𝑗 . The assumption J+ ≠ ∅ gives that 𝜃∗𝜔 = 0 and 𝑊𝜔 is distributed as
𝜒2
𝑛−𝑘 .

Let (𝐾, 𝑉̃ 𝑗 ) be a pair of random variables independent of𝑊𝜔 . Suppose that 𝐾 is distributed as Po(𝜃∗𝑗/2), and the conditional distribution
of 𝑉̃ 𝑗 given 𝐾 = ℓ is 𝜒2

𝑘−𝑘 𝑗+2ℓ . Then the distribution of 𝑉̃ 𝑗 is the same as that of 𝑉 𝑗 , that is, 𝜒2
𝑘−𝑘 𝑗 (𝜃

∗
𝑗 ) (see, e.g., [9]). Then we have

E

[
𝜎2
∗

𝑛𝜎̂2
𝑗

]
= E

[
E

[ (
𝑊𝜔 + 𝑉̃ 𝑗

)−1
��� 𝐾] ]

= E
[

1
𝑛 − 𝑘 𝑗 + 2𝐾 − 2

]
,

E
[
𝛾̂𝑟𝑗

]
= E

[
E

[ (
𝑊𝜔

𝑊𝜔 + 𝑉̃ 𝑗

)𝑟 ����� 𝐾
] ]

= E


( 𝑛−𝑘
2

)
𝑟( 𝑛−𝑘 𝑗+2𝐾

2
)
𝑟

 .
Here we used the fact that the conditional distribution of𝑊𝜔/(𝑊𝜔 + 𝑉̃ 𝑗 ) given 𝐾 = ℓ is the beta distribution with parameters (𝑛 − 𝑘)/2 and
(𝑛 − 𝑘 𝑗 + 2ℓ)/2.

Hence, the first equation in Lemma 3.1. can be rewritten as

E

[
1
2

∞∑
𝑟=1

(𝑟 − 1)!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗

]
= E


1
2

∞∑
𝑟=1

(1)𝑟−1( 𝑛−𝑘 𝑗+2𝐾
2

)
𝑟

 = E

1
2

1( 𝑛−𝑘 𝑗+2𝐾
2 − 1

)  ,
where the last equality was obtained using Lemma A.1.

From Lemma A.2, we find

E

[
𝜃 𝑗𝜎

2
∗

𝑛𝜎̂2
𝑗

]
= E


𝜃 𝑗
2

𝑛−𝑘 𝑗+2𝐾
2 − 1

 = E


𝐾
𝑛−𝑘 𝑗+2(𝐾−1)

2 − 1

 = 1 − E


𝑛−𝑘 𝑗−4
2

𝑛−𝑘 𝑗+2𝐾
2 − 2

 .
Using Lemma A.1, we obtain

E

[ ∞∑
𝑟=1

𝑟!( 𝑛−𝑘
2

)
𝑟

𝛾̂𝑟𝑗

]
= E


∞∑
𝑟=1

(2)𝑟−1( 𝑛−𝑘 𝑗+2𝐾
2

)
𝑟

 = E


1
𝑛−𝑘 𝑗+2𝐾

2 − 2

 .
These two formulas prove the second equation in Lemma 3.1. □

Remark A.1. The power series in Lemma A.1 can be written as

∞∑
𝑟=1

(𝑏)𝑟−1
(𝑎)𝑟

𝑥𝑟 =
𝑥

𝑎

∞∑
𝑟=1

(𝑏)𝑟−1
(𝑎 + 1)𝑟−1

𝑥𝑟−1 =
𝑥

𝑎 2𝐹1 (𝑏, 1; 𝑎 + 1; 𝑥),

where 2𝐹1 (𝑎, 𝑏; 𝑐; 𝑥) = ∑∞
𝑟=0

(𝑎)𝑟 (𝑏)𝑟
(𝑐)𝑟 𝑥𝑟 is a hypergeometric function. One can easily calculate MAIC𝑐 for actual data using numerical

software that handles hypergeometric functions.
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