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Abstract

This paper considers fitting a linear regression model to each vertex of a graph with m vertices.
For such models, Network Lasso has been proposed as a method to estimate the regression coefficients
by minimizing the penalized residual sum of squares, where a penalty is added based on the norm
of the difference in regression coefficients for adjacent vertices. In estimation using Network Lasso,
it is possible to estimate the regression coefficients as equal for adjacent vertices. However, since
the estimation results of the regression coefficients change when the weights between vertices or the
tuning parameters vary, it is necessary to select the appropriate weights and tuning parameters. For
this selection, methods based on minimizing model selection criteria, such as the C, criterion, are
often used. Since the C), criterion is defined by adding twice the degrees of freedom to the minimum
residual sum of squares, it is important to estimate the degrees of freedom. In this paper, the estimator
of the degrees of freedom is derived for Network Lasso based on the concept of generalized degrees
of freedom. Numerical simulations are used to describe how the estimator of generalized degrees of
freedom influences model selection for Network Lasso.

1 Introduction

This paper deals with the generalized degrees of freedom for Network Lasso (Hallac et al. [5]), one of the
estimation methods used for data with graphical structure. The underlying task is to fit the following
linear regression model at each vertex of a graph with m vertices:

Yy =X;Bj+Zjy+e; (j=1,...,m), S

where y; is the nj-dimensional response variable vector, X; and Z; are the explanatory matrices of size
n; x k and n; X kg, respectively, 3; and v are the regression coefficient vectors of dimensions kz and
kg, respectively, €; is the nj-dimensional error vector, and n; is the number of samples. We assume that
rank(X;) = kr <n; and € = (€1,...,€7,) ~ Nu(0,,0°I,), where n = 37" | n; is the sum of the sample
size for each vertex, 0,, is an n-dimensional vector of zeros, and I, is the n-dimensional identity matrix.
Additionally, for a matrix A and a vector a, A’ and a’ denote the transpose of A and a, respectively. In
(1), B; varies for each vertex, but « is common to all vertices. The term for - is not included in Hallac et
al. [5]; however, in this paper, we consider a more general case that includes the term for ~. In Network

Lasso, 3; and - in (1) are estimated by minimizing the following penalized residual sum of squares:
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where 8 = (81,...,8,,), D; C{1,...,m}\{j} is the set of vertices adjacent to the j-th vertex, W = (w;¢)
is the weight matrix, and A is a non-negative tuning parameter. Assume that D; is symmetric, that is,
{ e Dj & je Dy Also, the weight matrix W is an m X m symmetric matrix with all non-negative
elements, and w;y = 0 when ¢ ¢ D;. For the weight W, simple choices like w;; = 1 when ¢ € D; and
wjr = 0 otherwise, or weights based on adaptive Lasso (Zou [14]) defined by (3) using the least squares
(LS) estimates 3; and a non-negative tuning parameter 0, such as Wy, (0), can be considered.

3 A |-b A
WaL(0) = (wji"(d)) . wyi(8) = {gﬂJ’LS s Ef)tielr)\fv)ise) ‘ ¥

/éj,LS in (3) indicates the LS estimates 3; defined by the following:

Birs = (X} X;) " Xj(y; — ZjAus), Aus ={Z'(I, — Px)Z} ' Z'(I, — Px)y, (4)

where y = (y),...,4..), X =X10- & X,n, Z=(Z,...,Z!), and Px = X(X'X)"'X’'. Moreover,
for an a; X as matrix A and a b; X by matrix B, the direct sum of matrices A @ B is defined as follows
(Horn and Johnson [6]):

_ A Oal ,b2
A@B—(QMQ o )

where O, 4 is a p X ¢ matrix of zeros. To calculate 41g in (4), we assume that Z’(I,, — Px)Z is invertible.
Let ,6'J w,y) and Yy ) be the values of ﬁ] and -« that minimize (2). In estimation using Network Lasso,

it is possible to have estimates such that ,Bj (W) = ,65’ (W)

Network Lasso is an estimation method that extends Fused Lasso (Tibshirani et al. [11]) and its
extension, Group Fused Lasso (Bleakley and Vert [2]). By setting kg = 0 and defining D; and w,¢ as given
in (5), Network Lasso coincides with Group Fused Lasso. In addition to the Group Fused Lasso setting,
setting k;, = 1 makes Network Lasso coincide with Fused Lasso.
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Fused Lasso and Group Fused Lasso can be optimized within the framework of ordinary Lasso (Tibshirani
et al. [10]) or Group Lasso (Yuan and Lin [13]) through variable transformation. Similarly to Group
Fused Lasso, Network Lasso can be optimized within the framework of Group Lasso. However, because
the adjacency relationships of the vertices are one-to-many, a unique solution cannot be determined. An
optimization method using ADMM (Boyd et al. [3]) has been proposed by Hallac et al. [5]. Additionally,
a faster optimization method using coordinate descent has been proposed by Ohishi et al. [8].

In estimation using Network Lasso, Bj,(W, ) and 4w ) change when W and A are varied. Therefore,
it is necessary to select W and A (particularly, when W = Wyp,(9), choosing 0 corresponds to selecting
the weights). A common method for selecting W and A is to choose them by minimizing a model selection
criterion. As a model selection criterion, the C,, criterion (Mallows [7]) defined as (6) is often used.

C (2] 3
Cp(W,/\) W )\ +QZZ ov yJ y_] 7(W/\))7 (6)

j=11i=1

where y;; and §;; (w x) are the i-th components of y; and y; (w ) = Xij7(W))\) +Z;jvw ), respectively,
and 62(W,\) and s? are defined as follows.

S2W. ) = Sy s = g5.0w o IIP 2 Sty — gjusl?

n n—mkr — kg




Additionally, g;1.s = Xjﬁj,Ls + Z;4vLs. Stein [9] showed that when gw \) = @/1,(W,>\)? cey Q;n’(w’)\))’ is
almost everywhere differentiable with respect to y, under € ~ N,,(0,,,0%1,,), the following holds:
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The rightmost side of (7) is called the generalized degrees of freedom (Efron [4], Ye [12]). Here, we denote
this by df (W, \). Therefore, (6) can be expressed as

Co(W,\) = S%&?(W, A) + 2dE(W, \). (8)

Thus, it is important to obtain the estimator ch(W, A) of df(W,\) to calculate model selection criteria
such as the C), criterion. As estimators of the degrees of freedom, the number of explanatory variables
in ordinary linear regression or the number of nonzero regression coefficients in standard Lasso (Zou et
al. [15]) are often used. Moreover, the degrees of freedom for Group Lasso when using weights based on
adaptive Lasso have been proposed in Bernardi et al. [1]. However, the degrees of freedom for Network
Lasso has not yet been derived. This is because it becomes complicated since Network Lasso includes
a penalty on the norms of the differences between regression coefficient vectors. Furthermore, since the
weights are often defined as a function of y, such as Wy, (d), they affect the calculation of the generalized
degrees of freedom. Therefore, the generalized degrees of freedom derived by treating the weights as
constants with respect to y may be significantly biased. As a result, this may affect the outcomes of model
selection. In this paper, we derive an estimator df (W, A) of the generalized degrees of freedom df(W', \)
for Network Lasso, assuming that g(w y) is almost everywhere differentiable with respect to y.

The remainder of the paper is organized as follows: In Section 2, we prepare the notation necessary
for deriving the generalized degrees of freedom. In Section 3, we derive an estimator of the generalized
degrees of freedom for Network Lasso. In Subsection 3.1, we derive an estimator of the generalized degrees
of freedom for a general W, and in Subsection 3.2, we derive the generalized degrees of freedom in a more
specific form when the weight is given as W = Wy 1,(J). In Section 4, we conduct numerical experiments
for the case when W = Wy 1,(0). Proofs of the mathematical formulas are provided in the Appendix.

2 Preliminaries

This section gives the notation used for deriving the generalized degrees of freedom for Network Lasso and
provides proof of several related properties. To simplify the notation, we omit W and A except where
emphasis is needed. That is, we write 3; (w ) and yw x) as @j and 4, respectively.

Let él = éL(W)\), ey ég = éf,(W,)\) be the distinct vector of ,31, ceey ,ém, where £ = tA(W)\) is an
integer satisfying 1 < # < m. In addition, let £ = é(W)\) = (&,... ,ég)’. Then, for s = 1,...,%, we can
define the sets Es = Eg (w x) and Fs = F, (w ) as follows:

Esz{je{L...,m}m:és}, Fo={ue{l,....i0\{s}| | DynE,#0

JEES

FE is the set of vertices for which the regression coefficients are estimated to be equal, and the vertices
within the same FE can be considered as being connected. Here, we refer to E, as the s-th connected
vertex. Fy is the set of indices of connecteq vertices adjacent to the s-th connected vertex. FE satisfies
the following properties: (1) Es # 0, (2) U._, Es = {1,...,m}, (3) EsN E, = 0 (s # u). Furthermore,
F; satisfies u € Fy < s € F,,. Using E, and F, a graph with m vertices can be replaced by a graph with
t vertices. Therefore, under 3; = &, = (e, ® I, )€ (j € Es), (2) can be rewritten to the following f(&,~)
(the proof is given in Appendix A.1):

t A ¢
=533 s~ (L © X)E - 2l + 53 S valles — &l ®)

s=1jeE, s=1u€cF;



where e, is a ¢-dimensional vector with the s-th component being 1 and other components being 0,
Vg = EjeEs EeeEij wje, and @ is the Kronecker product. Note that v, = vy, (the proof is given in

Appendix A.1). Moreover, note that since B and 4 minimize (2), € and 4 also minimize f(&~).
We define the vectors g = gw ) and h = h(w ) as follows (the proof is given in Appendix A.2):

9= ¢ s (&, 7)‘ = AE+BY-c+,
§=£v=% ) (10)
h = 87 (67’7)‘ =B¢+2'Zy-Z'y.
v e=€v=4

Here, A = Aw ), B = Bw ), ¢ = cw ), and 8 = Oy ) are matrices or vectors defined as follows:

i
e.e,® Y X/X;|, B= Z e® > XjZi|, c=> |e® > Xjy;|,

M~

A_ =
s=1 jEE, JEES s=1 JEES (11)
i
6= Z (es Z Vsu su) ) Osu = H£9 - EuHil(gs - €u)
s=1 u€Fy

We note that € and 4 minimize f(£,~) and that £, # €, (s # u). Hence, f(£,7) is minimized at a
differentiable point and g = Oz, , h = Ok,

Additionally, we define the matrices G = Gw x), H = Hw ), J = Jow ), and K = K ) as
follows (the proof is given in Appendix A.3):

o2 ‘ 0 ’
G = =A+)\L, H= —— f(&, =27z,
seoe | &) - oy &) s -
02 ‘ 0? ‘
J= =B, K = =B,
9Eoy ErrowiAC)) s 3786,f(€ ) s

where L = Ly ) is a matrix defined using @, = I, — 0,,0,,, as follows.

i > uer, Voullép — &ull 'Oy (¢=1p)
L= ZZ ep€y ® Lyg), Lpg=q —vpglléy — &7 O (q € Fy) : (13)
p=lag=1 Ok, &, (otherwise)

Note that K = B’ = J'. G satisfies the following lemma (the proof is given in Appendix A.4):

Lemma 1. A is a positive definite matrix, and L is a positive semi-definite matrix. Therefore, G is a
positive definite matrix and is an invertible matrix.

Let the matrix M = M ) be defined as follows:

e (8 8)-(5 2)

Using Lemma 1, we can show the following lemma regarding M (the proof is given in Appendix A.5):
Lemma 2. M is a positive semi-definite matrix.

Since G is invertible, we can define the matrix H —J’G~'J. This matrix is called the Schur complement
of M with respect to G. Using Lemma 2, we can show the following lemma (the proof is given in Appendix
AL6):

Lemma 3. H — J'G~'J is a positive semi-definite matrix.



Since G is invertible, M is also invertible if H — J'G~'J is invertible. Then, the inverse matrix of
M, denoted by M !, is obtained as follows:

My = My gway =G + G\ J(H - J'G L)1 G
M-l — <M11 M12) My =My wyy=—-G'JH-JG ')
Mo M My = My (woay = —(H—J'G'J)"1J'G!
My = My (w ) = (H — JG1r)~!

From the positive definiteness of G' and the semi-positive definiteness of H —J'G~'J, the following lemma
regarding M7; holds (the proof is given in Appendix A.7):

Lemma 4. M, is a positive semi-definite matrix.

From here, we assume that M is invertible.

3 Main result

In this section, we derive the estimator of the generalized degrees of freedom for Network Lasso.
The generalized degrees of freedom value for Network Lasso is defined as follows using ¢; = 9 (w»):

Af(W,\) = E itr (gy;)

i=1 Yi

Therefore, the estimator c’l\f(W, A) of df(W, \) is obtained as follows:
Ztr Zt JX’ N g (14)
0y,

Since 8 = (B, ...,3,) and 4 minimize (2), if (2) is differentiable, then the following holds:

iID]RSS(,B,")’ | W, A)‘ = Okaa

. SPRSSEA WY 0 ()
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0 B=Br=4

Using (15), we can obtain 8B//8yj and 04'/0y;, and thus obtain dAf(W,)\). However, if there exist
j€{l,...,m} and ¢ € D; such that Bj = By, then (2) is minimized at a non-differentiable point. In this
case, it is difficult to obtain 93'/dy, and 84’ /dy;. To overcome this issue, we use the rewriting of (2) into
(9) from Section 2. In Subsection 3.1, we derive daf (W, \) by obtaining d€’'/dy; and 8%’ /dy;. Furthermore,
in Subsection 3.2, we derive the more specific form of c?f(WAL(é), A) in the case of W = Wir,(9).

3.1 Generalized degrees of freedom for Network Lasso

Noting that for j € F, Xij =(e,® Xj)é, (14) can be rewritten as follows:

ZZtr( ®X)+§ Z’) (16)

s=1j€E,

Therefore, df (W, \) can be obtained by finding 9¢'/ Oy, and 09/0y;. The following lemma provides the
results of differentiating g and h with respect to y; (the proof is given in Appendix B.1):



Lemma 5. For j € F, (s=1,...,1), g’ /0y, and 8h’/8yj are given by the following:

og' _ o /

— (e ® X;) + \®;,
ayj ayj 6y] ( J) J
oh’ 85/ o4

H—-Z;,

J+
0y; ayj 0y;

where ®; = ®; (w5 is the matrix given by the following:

-3 (e @ Z av”“ . (17)

Since g = 0z, and h = Oy, we have dg'/0y; = O, j,, and Oh'/0y; = Oy, k. Therefore, from
Lemma 5, we obtain the following lemma (the proof is given in Appendix B.2):

Lemma 6. For j € E, (s =1,...,1), 35’/8% and 04'/dy, are given by the following:

o€ Y , 1
= X, —\b,, Z )M .
<6y7’ 8y_7 (es® J 7 J)

By substituting the result of Lemma 6 into (16), we obtain the following theorem (the proof is given
in Appendix B.3):

Theorem 1. The estimator of the generalized degrees of freedom for Network Lasso, ch(W, A), is given
by

dAf(W7 A) = f(W,A)kL + kg — Atr (Mll,(W,A)L(W,A)>
— Atr (My1,ow ) Row ,y)) — Mr (Mg, ow yUw o)

where R = Rw ) and U = U(w ) are matrices defined by the following:

t
Z € e ®R5p) Rsp 5p,(W)\ Z Z aupu pu’

I
M~

R
‘Sjl p=1 uel, jeE; (18)
0 u g
U= Z (623 ® Up) ) Up =Upwn = Z Z Z; UP
P u€F, j=1

From Theorem 1, (Tf(W, A) can be obtained by finding dvy,,/dy;, i.e., dw,¢/0y;. In the next section,
we present the results for the case where W is the weight based on adaptive Lasso, War,(9).

3.2 Generalized degrees of freedom when the weights are based on the adap-
tive Lasso

When W = Wiy, (6), then W is determined solely by . Therefore, let var, (9, \) = dAf(WAL(é),)\), and
derive var,(d,A). By explicitly finding R and U in (18), we can obtain VAL(5 A). In other words, one
needs to find dw,,/dy;. The following lemma provides the result for dw’(8)/dy; (the proof is given in
Appendix B.4):

Lemma 7. For r € {1,...,m} and ¢ € D,, the following holds:

[0 o8,
OwAL(5) | —swh(s)+ ( gr = _ g“s> are (6> 0)
Tyj Y, Y

0,

)

where a0 = ||B,.Ls — Bersl| " (Brrs — Br.Ls)-



From Lemma 7, aw?gi(é)/ayj is expressed using aBT,LS/ayj and 8[3@,Ls/8yj. The following lemma
provides the results for 93, 1.s/0y; and d41s/0y, (the proof is given in Appendix B.5):

Lemma 8. For j,r € {1,...,m}, the following holds:

/ 05 ,
08 | XXX PYLSZ XXX (r=7)

= a 8y‘] )
3y] 7LS Z/XT(X;XT)—I ('f' 7& ])
0y;
8’:/£S _ ! -1
= (I, - Px,)Z;{Z'(I,, — Px)Z}~".
dy;

By substituting the result from Lemma 8 into Lemma 7, we can obtain dw’¥(5)/dy;. Furthermore, by
substituting this result into (18), we have the following two lemmas (the proofs of Lemma 9 and Lemma
10 are given in Appendix B.6 and Appendix B.7, respectively):

Lemma 9. Let § > 0 and A > 0. We define the matrix Ra;, = Rar (4, A) as follows:

RAL—ZZ e, e ®RAL

s=1p=1
DD X WO anll, (p=5)A0£0) 19)
u€eEFs jeEE; LEE, ﬂDJ
Ry =Ry@GN=1-3 > w ”‘“aﬂe;p (PeF)A@#0)).

JEE. LeE,ND;
Ok, &, (otherwise)

Then, we have R, (5),n) = —0RAL(J, \).
Lemma 10. Let 6 > 0 and A > 0. Then, we have Uw,, (5),n) = Okc,ka'

We have the following theorem by substituting the results of Lemma 9 and Lemma 10 into Theorem 1
(the proof is given in Appendix B.8):

Theorem 2. For § > 0 and A > 0, var,(d, \) is given by the following:
vaL(6, A) =t o), kL + ke
= Atr (M1 (wiar 6), 0 Lowar 0),0)) + A0t (Mg (wi 5),0 Ban(6, ) -

From Theorem 2, we see that vap,(d,A) consists of four significant terms. Here, we define 1/1(&)(57 A)
(a =1,2,3) as follows:
(6, 0) =tk + ke,
v (8,\) =tk + kg — Mr(Mi, L), (20)
VS)]_)‘(J, >\) = ka -+ kG — )\tI‘(MllL) —+ Aétr(MnRAL).
(3) (2)

v, is the estimator which is found precisely by considering War,(d) as a function of y;. v,] corresponds

to the estimator when Wjr,(0) is regarded as a constant with respect to y;. U(Alg is the number of distinct

regression coeflicients and is often used as a formal estimator of generalized degrees of freedom. Regarding

I/SE, VfL) and v Aﬁ, the following inequality holds (the proof is given in Appendix B.9):

Proposition 1. The following properties hold:

(1) For any § > 0 and A > 0, it holds that ugﬁ(é, A) > V(AZE((S, A). In particular, when k; =1, Vgg(é, A) =
(2)
Vil (6, A).

(2) When 6 =0, VSL)(Oa)\) = VAL(O A).



4 Numerical studies

In this section, we compare the estimators of the generalized degrees of freedom for Network Lasso through
numerical experiments. Specifically, we focus on the case where W = Wy ,(d), and compare sV 2

AL> VAL
and V&gﬁ from (20). As k¢ increases, the differences between V(A£7 Vfg, and V(Agﬁ become relatively small.
Therefore, we set kg = 0 to make the differences between V(Alﬁ, Z/(AZE, and Vg?’g more clear.

Here, we consider the graph as shown in Figure 1 with m = 10. In this situation, the set of vertices
Ef =1{1,2,3,9} E; = {8}
8
E; ={6,7}
E; ={4,5,10}

Figure 1: Adjacent relationships among vertices and true connected vertices

adjacent to the j-th vertex, denoted by D;, and the true connected vertex, denoted by E¥ (s € {1,2,3,4}),
are given by the following;:

e D; : the set of vertices adjacent to the j-th vertex (j € {1,...,10})

Dy ={2,3,4,5,6}, D, ={1,3,6,8}, Ds = {1,2,4,9}, Dy ={1,3,5,9,10},
Ds = {1,4,6,10}, D¢ = {1,2,5,7}, Dy = {6,8,10}, Ds = {2,7},
Do = {3,4}, Dio = {4,5,7}.

e E%* : s-th true connected vertex (s € {1,2,3,4})
Ef ={1,2,3,9}, FE;={4,5,10}, FE;={6,7}, E;=1{8}.
For this graph, we consider fitting the following linear regression model to the j-th vertex:
y;=X;8; +e; (j=1,...,10),

where (X|,..., X)) = (1., Xo®(0.5)'/2), (¢],...,€}y) ~ Nu(0,,0I,), and 1,, is an n-dimensional
vector of ones. Moreover, X is an n x (k;, — 1) matrix where each component is independently drawn
from U(-1 ) and \Il( )is a (kp — 1) x (kr, — 1) symmetric matrix whose (a,b) component is pl®~.
Let £&* = ( 1 &5, €5 €Y be a 4kp-dimensional vector where each component is independently generated
from U(-1,1), and B; =¢&; for j € E5.

4.1 Comparison ygﬁ, 1/1(32 and V/(SIZ with the true degrees of freedom

In this subsection, we compare VSIZ, Vfg and VSIZ with the true degrees of freedom, denoted by dfi ye-

Here, we calculate dfi,ue as follows:

S C i Yji,
dftrue 6 )\ ZZ ov yj yJ WAL(O) A))

j=11i=1

The settings for kz,, n, 02, and § are as follows:



° (k:L,n) € {(1,20)7 (10,200)7 (20,400)}
e g2=1
e fc {0,0.57 1,2}

Under these settings, we calculate VI(;IZ, V/(fﬂ VSIZ, and dfy,e through a Monte Carlo simulation with 1,000

iterations. In Figure 2, we plot dfiye, V/(;Iz, Vfg, and Vj(f’g, with the horizontal axis representing \ and the

(kz,n,d) = (1,20,0) (kz,m,6) = (1,20,0.5) (kr,m,d) = (1,20,1) (kz,n,8) = (1,20,2)
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Figure 2: Comparison 1/1(:12, l/l(fﬁ and I/fg with dftue

vertical axis representing degrees of freedom. VSL) takes values different from dfy,.. except when ky, = 1

and 6 = 0. In particular, the difference between VS]Z and dfi;ye is more clear when A is small. From

Proposition 1 (1), when kz, = 1, Vfg is equal to V/(:Iz. Therefore, for k;, = 1 and § > 0, Vfg differs from
dfirue in the same way as Vglﬁ. On the other hand, when k; > 1, 1/1&2]2 takes values close to dfiue. It
can be seen that Vf’]z takes values close to dfy,ue in all cases. Therefore, I/Eﬁ is considered an appropriate

estimator of the degrees of freedom for the Network Lasso.

4.2 Comparison of the MSE of the predicted values when ¢ and )\ are selected
simultaneously

In this subsection, we compare the MSE of the predicted values when § and X are selected simultaneously

by minimizing the C, criterion. Here, we replace df (W, \) in (8) with u[glg, 1/&22, or V[(fg. The settings for

kr, n, 02, and 6 are as follows:



e (kr,n) € {(5,100), (10, 200), (20, 400), (50,1000), (8, 100), (16, 200), (32, 400), (80,1000)}
o 02 €{1,2}
e 5€{0,05,1,2,3,4,5,6,7,8,9,10}

Furthermore, the MSE of the predicted values is calculated as follows:

10
1 ~ * (|2
MSE = E no? Z Hij(WAL(s)aj‘) - Xj’Bj H ’
j=1

where & and ) are the selected values of § and A, respectively. Under these settings, we calculate the MSE
of the predicted values through 1,000 Monte Carlo simulations. Table 1 shows the results of the MSE of

kr, n o2 =1 02 =2

viy v Vi) Vi) v Vi)

5 100 || 0.37625 0.27871 0.25678 | 0.36008 0.25261 0.22357
10 200 || 0.31975 0.25136 0.24803 | 0.35945 0.23120 0.21910
20 400 || 0.23035 0.21158 0.21232 | 0.28315 0.21753 0.21723
50 1000 || 0.19222 0.18982 0.18920 | 0.19000 0.18420 0.18388
8 100 || 0.66342 0.38660 0.37003 | 0.54561 0.34245 0.32240
16 200 || 0.63085 0.39288 0.38736 | 0.52502 0.32716 0.31853
32 400 || 0.49339 0.37217 0.37216 | 0.60847 0.35601 0.35467
80 1000 || 0.31331 0.30485 0.30479 | 0.35206 0.31939 0.31956

Table 1: Results of the MSEs of the predicted values

the predicted values for each setting. Note that the bold values in the table indicate the minimum value for
each setting. In this simulation, there are 16 settings. When using 1/1(3]2, the MSE of the predicted values is

minimized in 14 out of the 16 settings. For (kz,n) = (20,400), (80, 1000), using l/fg minimizes the MSE of

the predicted values. However, the results using u/(f’g are nearly equivalent. Both 1/&213 and 1//(\313 surpass Vgg

in all settings. Therefore, when W = Wxp,(§), using Vfﬁ allows for a well-chosen simultaneous selection

of § and .

5 Conclusion

In this paper, we dealt with the generalized degrees of freedom for Network Lasso. When selecting tuning
parameters for Network Lasso, we often use methods that minimize model selection criteria such as the C),
criterion. However, in order to calculate the model selection criterion, we need to calculate the degrees of
freedom. We derived a degrees of freedom estimator for Network Lasso based on the concept of generalized
degrees of freedom (Efron, 2004 [4]). The generalized degrees of freedom for Network Lasso is calculated
using the derivative of the predicted value y; = Xjﬁj + Z ;4 with respect to y;, where Bj and 4 are the
values of 3; and - that minimize (2). However, when there are j, £ such that ,éj = Bg, the expression (2)
reaches a minimum at a non-differentiable point, making it impossible to calculate (’9,@ /0y;. We overcame
this issue by rewriting the expression (2) into the form given by (9), allowing us to derive an estimator
of the generalized degrees of freedom for Network Lasso. Additionally, through numerical studies, we
confirmed that the derived estimator for the generalized degrees of freedom accurately estimates the true
degrees of freedom. Furthermore, we verified that using the derived estimator as the degrees of freedom
in the C), criterion effectively selects the tuning parameters in terms of the MSE of the predicted values.
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A Proofs of formulas in Section 2

A.1 Derivation of (9)
Note that when j € Es, 8; = & = (e, ® Ii, )€. Then, (2) can be rewritten as follows:

N
PRSS(B,v|W,\) = ZZH% Xjﬁj—Zj7H2+§ZZZ > wiellB - Bell

s=1j€E, s=lu=1ljeE; teE,ND;
*Z Z ”y] e ®IkL)€ ZJ'YH2+ ZZ Z Z w]éHSs €u||
s=1jeE; s=1lu=1jeFE, tcE,ND;
i A t i
= S S - e X - ZAP 5SS Y wlle - &l
s=1j€E; s=lu=1jeE; tecE,ND;

Here, we note that when u = s, || — &€,]| =0, and when u ¢ {s} U F,, E, N D; = (). Therefore, we have

i
PSS = LY Y e X 2ot Y Y Y Y w6l

s=1jeE, s=1u€F, jEE; LeE,ND;
t i
1 A
SIS - e X 2l Y Y vl &l
s=1jek; s=1u€eF;
= f(&,7),

where vg, = ZjeEb. ZfeEunDj w,e. Also, by noting that wj, = wg; and wj, =0 (¢ ¢ D;), we obtain

z( TS )zz

JEE, \LEE,ND; ¢€E,\D; JEE. (R,

:ZZWJ:Z< Z Wi + Z wﬂ)ZZ Z Wip = Vys-

leE, jEE, leE, \jEE;ND, JEE\Dy leE, jeEEsND,

A.2 Derivation of (10)
We define f1(&,7) and f2(€) as follows:

1< 1<
D=3 Y - (o X)e - ZAl O =13 S vale &l @D
s=1jeE, s=1u€eFs
Then, f(&,7) = f1(&,7) + Af2(€), and g, h are obtained as follows:
0 0 0
nggnﬂ Aem| . eagen©
€ e=év=y € ' E=€=% o€ E=€v=%
0 0
he 2 @vﬂ _ f@nﬂ +Af©’
O e=fr=y MY ' g=€~r=% O ’ g=€~v=%
df1(&,7)/9€ is given by
0
875‘]0 Z Z 65”'% (e, ® X;)€ — ZJ'7H2

s=1je€E;

11



53 S 2Ael  X,) My (el © X)€ - Z)

s=1jekb,

DD Hles@ X))(el @ X5)E + (e © X)) Zyy — (es @ X[)y;}

s—leE

—ZZese ® X)X, £+ZZeS®XZ ZZeS(@X’yJ
s=1jek; s=1jeE, s=1jeE,

= A+ By —c.

Therefore, we have

9 . X
stl (&, V)L_éﬂ_& =A{+ By —c

0f1(&,)/0v is given by

0 1< B
—fi(&,y) == (e, @ X,)€ — Z;~|?
8')/f1(€ v) B 5;7635 a,yHyj J)E J'Y”
i

> (—2Z){y; — (e, @ X;)€ - Z;v}
s=1jekb,

DN =

t
=YY {Zj(el ® X;)E+ Z;Z;y — Zjy;}

s=1j€E,
t t t
= > (e ®XNZYE+D D ZiZiv-> > Zy;
s=1jek; s=1jeE, s=1jeE,
_ZZ es ® X, Z;) 5+Zz’ - Zz'yj
s=1j€E,

=B'¢+Z'Z~y - Z'y.
Therefore, we have

0 : .
8f1(£,7)’  =B¢+72'z4-Z'y.
v e=€v=%

Note that f2(€) does not depend on . Then, df2(€)/0v = Oy, and we obtain

0
——12(&) ‘ = O -
i ¢=€v=4

Let qu = e; & Ich - e; & IkL and ésu(é) = ||qu£||_lﬂsu£ Then7 ésu(ﬁ) = Hﬁs - SuH_l(és -

and 0f2(&)/0€& can be transformed as follows:

t
Z S v ||nsue|| =Y 0 R 2t

s= 1uEFs s=1ucF,
1 -
- 2 Z Z {Usu(es @Iy, —en® IkL)osu(g)}
s=1u€eF

12
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{zz(emu (©)) - zz;(® u@)}.

s=1u€eF,

Since Oy, (&) = —0,5(&) and vs,, = vys, we find

z{: Z (eu®vsuésu ) zi: 2}; (eé ®véu su )),

s=1ueF,

Hence, we have

YT (e @) = (e 52 wadate)

s=1u€eF; s=1 u€Fy
Therefore, noting that égu(é) = O,,, the following holds:
5 i o i
aé.fQ(g)’ R = Z < & Z Usu su E ) Z (es ® Z U5u05u> =60
E=€v=% s=1 u€Fy s=1 u€F

Consequently, g and h are given by

- 9 e >‘ I (5)‘ _AE 4 BYy—c40,
7 23 He e=€,v=% 9 ’ E=€y=%

h = fl(ﬁry)‘ +A fg(g)‘ = Bé+272'Z4 - Z'y.
O e—é—y OV g=€7=%

A.3 Deviation of (12)
From (21), G, H, J, and K are obtained as follows:

G 0? 02 A 0?
o€ wL_éﬁ_ﬁ - o e wL_éﬁ_; o ﬁ(é)L_éﬁ_ﬁ?
He 2 - | A g al6)
- 8737'“677) céamy 00V oy &) e=€r=y T b=t
g=-2 I | @)
~ gy 1Y eeasy  OEO7 & B
K- 2 ] _ ' +/\82f(£)‘
- 8785/“5 & b=y 6’785'f &) mevmy | OVOET s
O f1(&,~)/0€0€" is given by
52 ’ , N Al
a5 167 = 5 (5eh(Em) = Fe€ A+ 7B~ ) = A"
Here, noting that A is a symmetric matrix, we have
2
agag/f 1§, 7)‘,5:5,.,:;, =A.

D?f1(€,~)/0vD~" is given by

02 a (0 "9 g gl
g € = 5 (31em) = L €B 4222 -y'2) - 2'2.
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Hence, we have

2

0 :
oy (&) =27

L—éﬂ—‘r
9? f1(€,)/0€D" is given by

52

Therefore, we have

2

seo & v)LéM -B.

O? f1(&,)/0v0¢' is given by

2

Hence, we have

82
0yo€'

Noting that f5(&) does not depend on «, we obtain

smeher| =B
==+

0? ‘ 0? ’
- =0: , - =0 - -
aga,y/ f2(£) E:ém:ﬁ tkr ,ka (9’785/ f2(£) E:é”\/:’? ka,tkr a,ya,y/

02 fo(&)/0€0¢ is given by

82 ) a / t 9 R / i /
Wfﬂg) E ( ) = z::af < & Z vsuﬁsu(&)) = Z (es ® Z Vs

Here, we find

99.,(8)

Noting that

9 ~
- qu -1 = - qu 729{91;03“ ? ¢ Q - qu,
8£H 4| 12l (&) £€

we have
00", 20/ § ! Q!
% = _”quEH 2qu05u(€)(ﬂsu€) + HQSU&H 195“

= 2l 2 { T, — Gou(€) (120 R0 |
= 1|28l 2, O (),

14

0 0 ' 0 / !l / o
s 16 =5 (3 1167)) = €B4~22-y2) =B,

0 ' 0 1AL I/ N
o € = 5 (5ph67) = 5o (€A +4'B ~¢) = B.

:ﬂ -1 I _ ﬁ —1) / —1( )
) 196l = (1908l ) () + 190081 (L)



where @, (&) = I, — 05,(£)0.,(£). Therefore,

858&, HGEDY (e; ® vsu|nsu£||1ﬂ;uésu(£>>

u€Fs

i
= (e; ® Z Vsullés — &ull T Hes @ Ik, —eu ® IkL)ésu(£)>

u€Fs

i
= (eé@ Z Usqus_guH_l(es@ésu(g) _eu®ésu(§))>

u€eFs

t
= (6; (29 €s & Z Usu”és - £u||_1(:)su(£) - Z e/,s 02y €y & 'UsuHﬁs - £u|_1(:)su(£)>

s=1 u€eF, u€Fs
i
= (e( e;® L’ Z eue ® Ll Z eue; Y -i’leu(g))
s=1 u€F, ue{l,...,f}\({s}UFS)
t
= Z eqe, ® L (&)
s=1u=1
= L'(¢),

(22)
where L(£) is a matrix defined as follows:

R it % } R Zper US;DH£S _513”_1@5;0(5) (u:p)
L©) =Y el @ La(€), Lol ={ —vallés — & '0u(€)  (ueF,)
s=1u=1

Ok, ks (otherwise)

Noting that L, (€) = Ly, (&), Lyus(€) = Lg,(£), we have L'(€) = L(£). Therefore, we obtain

32
s O = L(©)
Since L(€) = L, we have
82
f2 (6)‘ = L7
303 =€ v=%
where L is a matrix defined in (13).
Consequently, we have
2 82
G = A = A+ )\L,
e 7>L_éﬁ agaﬁ, ﬁ(@L_éﬁ_&
H-2onen)|  tagoone| -2z
Calinl g=€v=7 TR i P ’
T = sy ) T -
3% K g=€~y=% g0 g=€~r=% 7
52 2
K = ; + A - B
o (€ v)L_éM - ﬁ(&)L -
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A.4 Proof of Lemma 1

First, we show the positive definiteness of A. From (11), A is symmetric matrix. Therefore, it suffices
to show that a’Aa > 0 for any a € R™*= \ {0;, }. By assumption, rank(X;) = k < nj;, which implies
that X ]’X ; is invertible. In other words, since X J’X ; is invertible and positive semi-definite, it is positive
definite. Therefore, for p = 1,...,%, 3 jeE, X j’-Xj is also positive definite. This means that for any
a, € R¥2 \ {0, }, the following holds:

a, | Y XjX;|a,>0

JEE

Let a = E;:l e, ®a, (ay,...,a; € R*). Then, since a # 0;;,, , there exists s € {1,... .t} such that
as # 0y, . Therefore, we see that

!

i i i
/ _ i li .
a'Aa = Zeq@)aq Z eye, ® Z XjX] Zer®a,.

q=1 p=1 JjEE, r=1
i i i

= eeee ®al X'X.|a

- q-P=p=T q Jj*ra T

qg=1p=1r=1 JjEE,

i

_ ! !

= e, ep€ e, ® a, E XX | ap

Thus, A is positive definite.
Next, we show the symmetry of L. Let p € {1,...,t}. When ¢ ¢ {p} UF},, we see that L,; = Oy, 1, =
L, since p ¢ F,. When ¢ € F),, we note that @;q = ©,,. Hence, we have

Lypg = —vpgll&p — §q||71®pq = —vpgll&p — 5(]”71@;)(1 = L;q’

that is, L,, is symmetric matrix. Moreover, since v,; = v, and @,, = O, we find

£ -1
Lyg = —vgpll€q — &pll ™ Ogp = Lgp.
When ¢ = p, since Ly, = . FP(_LPU)7 L,, is symmetric matrix. Therefore, we have

/ N
t

i i t i i
L = E ee @ L :E E eel @ L' :E g eel @ L'
PCq Pq q9p pq q%p qp
p=1q=1 p=1g=1 p=1g=1
t i t i t
. ! . ! . ! .
= E eq.e, ® Ly, = E E eq.e, ® Ly, = g E epe, @ Ly, =L,
p=1q=1 p=1qg=1 p=1g=1

i.e., L is symmetric matrix.

Lastly, we show that a’La > 0 for any a € R*2. Let a = Zf

p—1€p @ ay (a1,...,a; € RFL). Then, we
have

/!

t t i t
a'La = Zer®ar ZZePeq@)Lm Zes®aS
s=1

r=1 p=1qg=1
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it i
E E ereye es @ a,Lya,

1g=1s=1

[
M~
Mﬁ

\3
Il
—

i~
Il

i

>

/
aprqaq.

Il
_

p=1lg

Since Ly, is a symmetric matrix, we can see the following:

t i 1 t i t i 1 t i
ZZa;quaq =3 ZZa;Lanq +ZZ(a;quaq)’ =3 ZZCL' pqQq +ZZaq g @
p=1qg=1 p=1g=1 p=1qg=1 p=1qg=1 p=1g=1
1 t i t i 1 t i
D) Z Z @y Lpgaq + Z Z agLpgay | = 5 Z Z(%Lmaq +agLyay).
p=1g=1 p=1g=1 p=1q=1
Note that

a;quaq + a;quap = (ap — ay) Lyja, + a;quaq + (aq — ap)/quap + a;Lanp
= (ap — a,y) (—Lypg)a, — (ap — ay)'(=Lpg)a, + a;quap + a;quaq
= (ap — aq)'(—qu)(ap —ag) + a;quap + a;quaq.

Therefore, we obtain

it f t f
1
Z Z a;quaq =3 Z Z (=Lpg)(ap —aq) + a;,quap + a;quaq}

p=1q=1
1 t
D) 2a, pLpp@p + Z {(ap —ay)'(=Lyg)(ay, — ag) + a;,quap + a;quaq}
p=1 | qeFp
1 i
=3 —2 Z a, pLpq@p + Z {(a —Lyg)(ap —aq) + a;quap + a;quaq}
p=1 L qEFp qu

t
1
D) Z Z {(ap — aq)'(—Lpg)(ap — aq) — a;quap + a;quaq}

i i
1 1
=5 (ap — ay)' (= Lyg)(ay —ay) — 5 Z Z a;quap - Z Z a;Lanq

p=1gq€r, p=1q€F), p=1qg€F,

mce = and for g € ,...,f pr U , = Oy, k., We have
Si L,, = Lg, and f 1 F,), Lpg = Ok icp, h

i i
Z Z a,Ly,a, = Z a,L,ya, + Z a,Ly,a, + Z a,Lya, —a,L,,a,
p=1q€F, p=1 q€Fp qe{l t}\({p}uF )
ZZa L,,a, — Za L,,a, = ZZa Ly,a, — Za L,,a,
p= 1q 1 q= 1p 1
= ZZa L,,a,— Za L,,a, = ZZa L,,a, — Za L,,a,
q=1p=1 p=1g=1
i
= Z a,Lypa;, + Z agLyqaq + Z agLyjaq | — Za;Lppap
qcFy ae{l,.. tN({P}UF) p=1
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t

i i i
= Z a,L,ya;, + Z Z a;Ly,a,+ Z Z a;Ly,a, — Z a,L,,a,

p=1 p=1qeF, p=1ge{1,...L\({p}UF}) p=1

z:: zF: Ly,a,.

a’La is obtained by

t i
a'La = Z Z a,Ly,a, = Z Z —ay) (—Lyy)(a, — ay).

p=1q=1 p lqer,
Here, for p € {1,...,t}, ¢ € F, and b € R** we have
b/(_qu)b = quHép - éqH_lb/@qu

= Vpgll€p — ‘Sq”_lb/(IkL - epqez/oq)b

= pgll€p — ol T (IIBI1* — [16,,4B]1%).
From ||6,4]|> = 1 and the Cauchy-Schwarz inequality, we obtain HO;,qu2 < ||6p41121|6]|? = ||b]|?. This
implies

b/ (—Lyq)b > 0.

Hence, we obtain

a'La = % Z Z (ap —aq)'(—Lyg)(ap — aq) 2 0,

p=1gq€F),

and we find that L is a positive semi-definite matrix.
Consequently, since A is positive definite, L is positive semi-definite, and A > 0, G = A+ AL is positive
definite and non-singular.

A.5 Proof of Lemma 2

Let a = ny:leiﬂ ®a, (ai,...,a; € R*), b e Rk and x = (a/, b')’ € RI*2+k Then, 2/ M can be
expressed as follows:
, oaooan (G J a
:cM:c—(a,b)<J, )\
=a'Ga+a'Jb+bJa+bHb
=a Aa+ )\a'La +2a’Jb+bHb

>a'Aa +2a'Jb+ bHb.
In the last inequality, the positive semi-definiteness of L was used. Here, noting that
i i i
dAa=> > a X/X;a, aJb=Y Y a,X|Zb, VHb=Y Y bZZb,
p=1jCE, p=1j€E, p=1j€E,
we have

t
oMz =" (a,X]X,a,+2a,X}Z;b+ b Z;Z;b)
p=1j€E,

t
=D I Xa, + Z;b)* > 0.

p=1j€E,

That is, M is a positive semi-definite matrix.
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A.6 Proof of Lemma 3

Let @ € Rz b e RF6 and « = (@, b) € Rikz ke Since M is positive semi-definite from Lemma 2, we

find that
/ _ 7 ’ G J a
wl\dw—(a,b)<J, H)(b>

=ad'Ga+adJb+bJa+bHb

— a'Gl/QGl/Qa—|—a'G1/2G71/2Jb+b’J’Gil/ZGl/Za—Fb'Hb
=||GY?a+ G V2Jb|? —b'J'G"V2G V2 Jb+ b/ Hb

= |IG"?a+ G 2Jb|> +b'(H — J'G'J)b > 0.

This inequality must hold for any @ and b. Setting a = G~'Jb gives |G*/?a + G~/2Jb||> = 0. This
means that b'(H — J'G~1J)b > 0 must hold. Therefore, H — J'G~'J is positive semi-definite.

A.7 Proof of Lemma 4

From Lemma 1, G is positive definite. Hence, G~ is also positive definite. From Lemma 3, we know that
H — J'G'J is positive semi-definite. In particular, if H — J'G~'J is regular, then it is positive definite.
Therefore, (H — J'G~'J)~! is also positive definite. Thus, the following holds for a € R** \ {0;, }.
adMya=ad{G'+G'JH-JG'T) TG Ya
=dGla+adG'IJH-JTG'I) ' TG a
>adG'JH-JG I TG a.
Letting b = J'G'a, we can write ' My1a > b'(H — J'G~'J)~'b. When b # 04, due to the positive
definiteness of (H — J'G*J)™1, we have b'(H — J'JG~'J)7'b > 0. Also, when b = 0, we have

b (H —J' G 1J)"'b = 0. Therefore, we can conclude that a’ My1a > b'(H —J'G71J)~1b > 0, and thus
M, is positive definite.

B Proofs of formulas in Section 3

B.1 Proof of Lemma 5

First, we will derive dg’/0y;. Since A is symmetric matrix, we have

og' o€ ac’ aef
= A + +A
dy;  0Oy; 0y7 Oy, dy;

Note that j € Es. Then, 0c’/dy; is given by the following:

oc <& oy
c = e;®Z%Xr =e, ® X;.

oy
Yj p=1 rek, J

Additionally, 06’ /0y, is given by the following:

00’ 005, 0%,
y; ; ( ¢ Z 9y, )
-y

u€F,

v 00’,,
, ® Z < >0 ;u + VUsu >}
s=1 { u€eF, . ayj
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. avsu aé/aegu

s=1 u€eFs u€eFs
£
= (I)j a£ Z ® Z UsuaeA y
8yj s=1 u€Fy

where ®; is a matrix defined by (17). Moreover, using similar calculation to (22), we obtain

Therefore, the following holds:

Consequently, we have

og' _ o , 3
—e,X;+ 2| P, + L
dy; Oy, 8y] J 7 Oy
o€’ 0y .
= A+)L)+—B' -, X; +\®,
Jy; ( ) Jy,
85/ 7 /
—e, X+ \P;.
ay] ay] J J

Next, we will derive Oh’'/dy;. We note that Z'y = > | Zly,, y;/0y; = I,;, and 0y, /0y; = On; n,
(r # j). Then, we have

Oh' 85’ oy
B+ —Z Z — " Z,
8'!!] 81‘11 Jy; Z Jy,
86/ ,’7/
J + H-Z;.
Byj 0y;

B.2 Proof of Lemma 6
From 0g'/0y; = O,,. i, . Oh'/0y; = O, ks, and Lemma 5, we have

o€ 04 (G) o€
9 == ® X )\(P 5
<8yj dy; > J’ dy; 8yj J

aél 8;7/ ( J ) 85/ ,Ay/
% I+ -7z,
<8yj y; ) H dy; dy; /

Therefore,

o 04\ (G J
J J

Multiplying both sides from the left by M !, we obtain the desired result.
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B.3 Proof of Theorem 1

From (16) and Lemma 6, we have

(5

(i 2;) (“2"))
(e
(

!
s=1j€E; Zj
i /
= tr (M1 (es(g;(Xj)( ®X; - \® Z))
s=1jek; J
t /
=tr (MY Y <65§/X>( ® X; — \®;, Z;)
s=1jeE, J

Since A = G — AL, we find that

i

e, ® X!
S Y (450 Cex ez
s= J

s=1jekE
{ / /
e.e, ® X)X eS®XZ) <65®X )®; Oy, &
Do 33> e
/ 'Y .
SleEs( 65®ZjX] s=1j€E, Okc’kc
i
_ (A/ ? ) 1 <Zs_1iz:jEEs(eS ® X)®; Ot‘kL,kG>
B Z'z > em1 2jen, Zi®; Ok ke
t
G/ J> N )\( L OikL,kG> )\ 23:1 ZjGES(eS ®X§)‘I>j Oka,kG
J' H Ok}cﬂgk)[, Oke ke ZZ IZjeE Z;®,; Oyt ke
:M—A( L Ofka,k'c> Y Zs 1Z]eE (es@X )®; Oik, ke )
Opi ik, Ok ke 1 Z;®; Ok ke
Here, we note that
£ f Py
> e oxm -3 o x) (Y go 3 S,
s=1j€E, s=1jeFE, p=1 uckF,
t 1
0 ug
SYY Yo x) (e Y 2
s=1p=1jekE, u€Fy,
[
3 ug
VYT (e ¥ x 2
s=1p=1j€eE; ucFy,
i i (91)
553 3] ERTD i e LT I
s=1p=1 uckF, jeE,

21



and

m

Sz0,-3 §}®z%@

J=1 uckF,

i

=Y (e Xy 2520, | -v

p=1 uckF, j=1

where R and U are the matrices defined by (18). Hence, we have

e®X> < L ofk,c) (R 0,
(eL®X; —\®; Z;)=M —\ ke )\ Pk ) |
;];E < ! ;) O ik, Okeike U Oxg o

Consequently, df (W, \) is given by the following:
ot )6 %)
Oyg ik, Okoka U Ok
M11 M12 L Oka,kG 1 Mll M12 R Oka,kG
Tipsna — Mz M) \Oy, ik,  Okg ke My My ) \U Oy ke

ML O; M R+ MU O;
= tr(I; — At thoke ) ¢ thr ke
1"( tkL+kc) r (MglL Okc,kc M> R+ My U Okc,kc

= thy + kg — Mr(My, L) — Mr(Mp R + M;,U)
= tky 4+ kg — Mr(My, L) — Mr(Mp R) — Mr(MyU).

B.4 Proof of Lemma 7
When § = 0, w2*(0) = ||B,.Ls — Bers||® = 1. Hence, we have

Quwyy(0)
———= = 0y,.
ayj
When 6 > 0, we have
Owhrt(©) 9 s
_re NS T _ —5/2
by, ay; IBrLs — Brsll)

O, A 0 .
—§(||ﬁr,Ls - ﬂe,Ls||2)_6/2_187%||,3r,Ls — Besl?

= _g||BT,LS — Bews| 072 {2 (a(/ér,LS - Bms)') (Brs — BZ,LS)}
.7
8'67’ LS a/@,LS) BT‘,LS - ,ée,Ls

= *5||Br,Ls - Bz,LsH*é*l (

Jy; HBT,LS - BZ,LSH
R . . ar Q7
= —5(lIBrLs — Bewsl =)' (ag;JLS - ag;js) ary
= —3(lBrs — Bews| ) <61§;LS - agif) ary
= —swAL ) <a§;]LS ag i]LS> g,

where a0 = ||B,.Ls — Bersl| ™ (Brrs — Br.Ls)-
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B.5 Proof of Lemma 8
First, we derive 8B;,LS /0y,;. Noting that

8y; _ {Inj (T:J)

ayj Onj,nr (T #]) 7
we have
0BLLs 0
n = Iy, — ZAs) X (XL X,) 7!
oy! _ 041 _
= X (X X,) -2z X (X X,)!
ayg T( T ) 6y] T ( T 7")
X'(X/X‘)_l—6’?£SZ/X‘(X/X‘)_1 ( _ )
J\ GG y; GGG r=17
p— ,\/ .
*ﬁZ/XT(X;XT)fl (r # j)

8yj T
Next, we derive 99{q/dy;. Noting that Z'(I,, — Px)y = > -, Z.(I,, — Px,)y,, we have

8'%‘8 _ i / _ / . 1
y; Oy, [y (I, — Px)Z{Z'(I,, — Px)Z}™ "]
m /
= {Z ST, - er)Zr} {Z'(I, - Px)Z} ™!
r=1 yj

=(I,, — Px,)Z;{Z'(I, — Px)Z} "

B.6 Proof of Lemma 9
First, we show the case of § = 0. According to Lemma 7, we find that dw/(0)/dy; = 0,,,. Therefore, for
any s,p € {1,...,t}, we obtain

RSP,(WAL(O)J\) = OkL,kL =—0x ng—\pL(()’ )‘)7

where ij‘pL is a matrix defined by (19). Consequently, Rew,, (0),n) = —0 x RaL(0,)), where Ry is a
matrix defined by (19).

Next, we show the case of § > 0. Let j,r € {1,...,m} and ¢ € D,. Since £ € D, C {1,...,m} \ {r},
¢ # r. Thus, note that » = j and ¢ = j cannot occur at the same time. We also note that XJ’»(InJ. —Px,) =
Oy, n; and that

Qg = HBan - ,é&LS”_l(BnLS - @Ls)

= —|Bers — Brisl 7 (Bers — Bris) = —ae.

According to Lemma 8, we have

Mg 9Br1s Iy (r=173)
Xj/ ayj = OkL,/CL7 X]/Tyj — L .

Hence, we obtain the following:
1 . .
3wAL(5) _5wJA€L(5)1+5 lajf (r=j3NLF#7)
Xj—H— = { —whl(0) ey, (r#jAL=1).

J ay Jr ] ]
! 0, (r#jAL#7)
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Here, to find R, (w,, (5),x), We consider cases with respect to p.
Let p=s. If u € F,, then u # s and E, N E, = 0 hold. That is, if j € E;, then j ¢ F, for all u € F.
Therefore, we have

R, (waL(),)) Z Z 8vsu

ucFs jeE,
Z Z b 'Y Z Z 8wr£ Bl’u
ueFs jeEE reEs teE,ND,
, OwAk (5)
— X/ + / 'r’E olsu
u;s jGXE; EE;D TGEX\:{J}fEEuZﬂD

=033 N w0 abl, = —0RA(5,N),

u€F,; jeE, LeE,ND;

where RAY is a matrix defined by (19).
Let p € F,. Since p # s, if j € Eg, then j ¢ E,. Noting that s € F),, v,s = vgp, and 0, = —05,, we
have

)0 v g
Rsp,(WAL((S)v)‘) = Z Z vp

uekl, jeElb,
8Ups ,8Upu
s T X
Jezb; uer\:{ }ng; /
- Zxﬁvspef S zxfavw ”
JEES ueF,\{s }JEE j
:_Z Z Z X/awrz ,+ Z Z Z Z X/awrZ 5)0/u
JEE, rE€E, t€E,ND, w€F,\{s} j€Es r€Ey LEE,ND,. '
S v ox 2 0) 6w7e Yy X,Bw,g )0/ + Opy b,
jeB, | teB,nD; reB,\{j} £€E,ND,
= — Z -0 Z 1+6 lajw;p—i—OkL,kL
JEES t€E,ND;

Z Z 1+5 1 'Zelsp _ *5RsApL(5’ )\)’

JjEE, LeE,ND;

where RSApL is a matrix defined by (19).
Let p € {1,...,t}\ ({s} U Fy). Since E,NEs; =0, if j € E, then j ¢ E,. Additionally, since s ¢ F),, if
u € Fp, then u # s. That is, j ¢ E,, for all u € F,. Therefore, we have

Rowoon =3 3 X "’”w

u€Fy, jEE,
X/ awr@
pu
uck, jeEE, reE, teE,ND,

DI X'a‘”“’e'u

ueF, jeE; reE, teE,ND,
AL
= Oy, = _6Rsp (6, A),
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where R4 is a matrix defined by (19).
Consequently, when § > 0, we have

R(WAL (8),\) = Zzese & Rsp (WaL(6),A

slpl

72266 ® {—0RA(5, )}

slpl

= —(522686 ® RAF(6,)) = —6RAL(S, \),

s=1p=1

where Ray, is a matrix defined by (19).

B.7 Proof of Lemma 10

According to Lemma 7, when 6 = 0, awaL (0)/0y; = 0y, . Therefore, we have Uy, (w,1(0),5) = Oke k. and
Uwar)n) = O ik, -

According to Lemma 8, when 6 > 0, for all » € {1,...,m}, we have
iz{aA;7LS :Z/X / i ’YLSZ/ (X/X )71
j:1 J ay] T : J ay [d T
=|rI -1
ke — j ay] ) )

- Z ZJ/'(I”J‘ - PXj)Zj{ZI(In - PX)Z}_1 Z;XT(X;XT)_I

= [Ix, — Z'(I,— Px)Z{Z'(I, - Px)Z} '] Z/ X, (X/X,)"!
= (Ing — Tie) 2, X (X1 X)) 7
= Ojg 1y -

Hence, for p € {1,...,4} and u € F,, we obtain

m

Ovp ar
Szhmoy ¥ St

j=1 reE, LeE,ND,. j=1

L (0BLs 9B,
SOy Sz { Sl (5145 (ayjs_a;?)a,.e}

reE, leE,ND, j=1

Sy S (e ) (oo a)
J

reE, leE,ND, j=1

Z Z iz’aﬂﬂs zm: ]agiLs (_5w7z§ZL(5)1+5—1aM>

reE, teE,ND, \j=1

> Y O (—owit s ar)

r€E, L€E,ND,.

= 0.

Consequently, we have Up,(WAL(5),>\) = OkGJfL and U(WAL(5),>\) = Okc,ka'
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B.8 Proof of Theorem 2
By substituting the results of Lemma 9 and Lemma 10 into Theorem 1, we obtain
vaL(8,\) = df(WaL(6), \)

= fk‘L + kg — )\'EI“(MHL) — Atr (MllR(WAL(§),)\)) — Atr (M12U(WAL(5),)\))
=tky + kg — Mr(My, L) + \otr(My1 Ray).

B.9 Proof of Proposition 1

(1). According to Lemma 1 and Lemma 4, respectively, L is a positive semi-definite matrix and M is a
positive definite matrix. Therefore, we find that

tr(My, L) = tr (L1/2M111/2M111/2L1/2> = tr ((Mf{QLl/Q)'(Mf{QLl/Q)) >0,

which implies V(Alﬁ(é, A) > Vfg(é, A). Furthermore, when kr = 1, L = O;; since ©,, = Ij, — 0,,0,, =
1 —1=0. Hence, we have tr(M;; L) =0, and 1/&2(5, A) = 1/1(312(5, A).
(2). According to Lemma 9, when § = 0, RaL(0,\) = Oy, 7, - Hence, we have
V3(0,0) =tk + kg — Atr(My1L) + A x 0 x tr(My; Rar)
= LtkL + kG — )\tr(MHL) +0x0
= LZICL + kG - )\tr(MHL)
2
=2 (0,)).

Acknowledgment

The authors thank FORTE Science Communications (https://www.forte-science.co.jp/) for English
language editing. This work was partially supported by JSPS KAKENHI Grant Numbers 23H00809,
25K17296, and 25K21159.

References

[1] Bernardi, M., Canale, A. and Stefanucci, M. (2025). On the Degrees of Freedom of some Lasso
procedures. arXiv:2511.21595.

[2] Bleakley, K. and Vert, J.P. (2011). The group fused lasso for multiple change-point detection.
arXiv:1106.4199.

[3] Boyd, S., Parikh, N., Chu, E., Peleato, B. and Eckstein, J. (2011). Distributed optimization and
statistical learning via the alternating direction method of multipliers. Foundations and Trends in
Machine learning, 3 (1), 1-122.

[4] Efron, B. (2004). The estimation of prediction error: covariance penalties and cross-validation. Journal
of the American Statistical Association, 99 (467), 619-632.

allac, D., Leskovec, J. an oyd, S. . Network lasso: clustering and optimization in large

5] Hallac, D., Lesk J. and Boyd, S. (2015). N k1 1 i d imization in 1
graphs. Proceedings of the 21th ACM SIGKDD International Conference on Knowledge Discovery
and Data Mining, 387-396.

[6] Horn, R.A. and Johnson, C.R. (1990). Matriz Analysis. Cambridge University Press.

[7] Mallows, C.L. (1973). Some comment on C,. Technometrics, 15, 661-675.

26



8]

[9]

[10]

[13]

[14]

[15]

Ohishi, M., Okamura, K., Itoh, Y., Wakaki, H. and Yanagihara, H. (2025). Coordinate descent algo-
rithm for generalized group fused lasso. Behaviormetrika, 52 (1), 105-137.

Stein, C.M. (1981). Estimation of the mean of a multivariate normal distribution. The Annals of
Statistics, 9 (6), 1135--1151.

Tibshirani, R. (1996). Regression shrinkage and selection via the lasso. Journal of the Royal Statistical
Society. Series B. Methodological, 58 (1), 267—288.

Tibshirani, R., Saunders, M., Rosset, S., Zhu, J. and Knight, K. (2005). Sparsity and smoothness
via the fused lasso. Journal of the Royal Statistical Society. Series B. Statistical Methodology, 67 (1),
91-108.

Ye, J. (1998). On measuring and correcting the effects of data mining and model selection. Journal
of the American Statistical Association, 93 (441), 120-131.

Yuan, M. and Lin, Y. (2006). Model selection and estimation in regression with grouped variables.
Journal of the Royal Statistical Society Series B: Statistical Methodology, 68 (1), 49-67.

Zou, H. (2006). The adaptive lasso and its oracle properties. Journal of the American Statistical
Association, 101 (476), 1418-1429.

Zou, H., Hastie, T. and Tibshirani, R. (2007). On the “degrees of freedom” of the lasso. The Annals
of Statistics, 35 (5), 2173-2192.

27



