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Abstract

This paper considers fitting a linear regression model to each vertex of a graph with m vertices.
For such models, Network Lasso has been proposed as a method to estimate the regression coefficients
by minimizing the penalized residual sum of squares, where a penalty is added based on the norm
of the difference in regression coefficients for adjacent vertices. In estimation using Network Lasso,
it is possible to estimate the regression coefficients as equal for adjacent vertices. However, since
the estimation results of the regression coefficients change when the weights between vertices or the
tuning parameters vary, it is necessary to select the appropriate weights and tuning parameters. For
this selection, methods based on minimizing model selection criteria, such as the Cp criterion, are
often used. Since the Cp criterion is defined by adding twice the degrees of freedom to the minimum
residual sum of squares, it is important to estimate the degrees of freedom. In this paper, the estimator
of the degrees of freedom is derived for Network Lasso based on the concept of generalized degrees
of freedom. Numerical simulations are used to describe how the estimator of generalized degrees of
freedom influences model selection for Network Lasso.

1 Introduction

This paper deals with the generalized degrees of freedom for Network Lasso (Hallac et al. [5]), one of the
estimation methods used for data with graphical structure. The underlying task is to fit the following
linear regression model at each vertex of a graph with m vertices:

yj = Xjβj +Zjγ + εj (j = 1, . . . ,m), (1)

where yj is the nj-dimensional response variable vector, Xj and Zj are the explanatory matrices of size
nj × kL and nj × kG, respectively, βj and γ are the regression coefficient vectors of dimensions kL and
kG, respectively, εj is the nj-dimensional error vector, and nj is the number of samples. We assume that
rank(Xj) = kL < nj and ε = (ε′1, . . . , ε

′
m)′ ∼ Nn(0n, σ

2In), where n =
∑m

j=1 nj is the sum of the sample
size for each vertex, 0n is an n-dimensional vector of zeros, and In is the n-dimensional identity matrix.
Additionally, for a matrix A and a vector a, A′ and a′ denote the transpose of A and a, respectively. In
(1), βj varies for each vertex, but γ is common to all vertices. The term for γ is not included in Hallac et
al. [5]; however, in this paper, we consider a more general case that includes the term for γ. In Network
Lasso, βj and γ in (1) are estimated by minimizing the following penalized residual sum of squares:

PRSS(β,γ |W , λ) =
1

2

m∑
j=1

∥yj −Xjβj −Zjγ∥2 +
λ

2

m∑
j=1

∑
ℓ∈Dj

wjℓ∥βj − βℓ∥, (2)
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where β = (β′
1, . . . ,β

′
m)′, Dj ⊆ {1, . . . ,m}\{j} is the set of vertices adjacent to the j-th vertex, W = (wjℓ)

is the weight matrix, and λ is a non-negative tuning parameter. Assume that Dj is symmetric, that is,
ℓ ∈ Dj ⇔ j ∈ Dℓ. Also, the weight matrix W is an m × m symmetric matrix with all non-negative
elements, and wjℓ = 0 when ℓ /∈ Dj . For the weight W , simple choices like wjℓ = 1 when ℓ ∈ Dj and
wjℓ = 0 otherwise, or weights based on adaptive Lasso (Zou [14]) defined by (3) using the least squares
(LS) estimates βj and a non-negative tuning parameter δ, such as WAL(δ), can be considered.

WAL(δ) =
(
wAL

jℓ (δ)
)
, wAL

jℓ (δ) =

{
∥β̂j,LS − β̂ℓ,LS∥−δ (ℓ ∈ Dj)

0 (otherwise)
. (3)

β̂j,LS in (3) indicates the LS estimates βj defined by the following:

β̂j,LS = (X ′
jXj)

−1X ′
j(yj −Zj γ̂LS), γ̂LS = {Z ′(In − PX)Z}−1Z ′(In − PX)y, (4)

where y = (y′
1, . . . ,y

′
m)′, X = X1 ⊕ · · · ⊕Xm, Z = (Z ′

1, . . . ,Z
′
m)′, and PX = X(X ′X)−1X ′. Moreover,

for an a1 × a2 matrix A and a b1 × b2 matrix B, the direct sum of matrices A ⊕B is defined as follows
(Horn and Johnson [6]):

A⊕B =

(
A Oa1,b2

Ob1,a2
B

)
,

where Op,q is a p× q matrix of zeros. To calculate γ̂LS in (4), we assume that Z ′(In −PX)Z is invertible.

Let β̂j,(W ,λ) and γ̂(W ,λ) be the values of βj and γ that minimize (2). In estimation using Network Lasso,

it is possible to have estimates such that β̂j,(W ,λ) = β̂ℓ,(W ,λ).
Network Lasso is an estimation method that extends Fused Lasso (Tibshirani et al. [11]) and its

extension, Group Fused Lasso (Bleakley and Vert [2]). By setting kG = 0 and defining Dj and wjℓ as given
in (5), Network Lasso coincides with Group Fused Lasso. In addition to the Group Fused Lasso setting,
setting kL = 1 makes Network Lasso coincide with Fused Lasso.

Dj =


{2} (j = 1)

{j − 1, j + 1} (j = 2, . . . ,m− 1)

{m− 1} (j = m)

, wjℓ =

{
1 (ℓ ∈ Dj)

0 (otherwise)
. (5)

Fused Lasso and Group Fused Lasso can be optimized within the framework of ordinary Lasso (Tibshirani
et al. [10]) or Group Lasso (Yuan and Lin [13]) through variable transformation. Similarly to Group
Fused Lasso, Network Lasso can be optimized within the framework of Group Lasso. However, because
the adjacency relationships of the vertices are one-to-many, a unique solution cannot be determined. An
optimization method using ADMM (Boyd et al. [3]) has been proposed by Hallac et al. [5]. Additionally,
a faster optimization method using coordinate descent has been proposed by Ohishi et al. [8].

In estimation using Network Lasso, β̂j,(W ,λ) and γ̂(W ,λ) change when W and λ are varied. Therefore,
it is necessary to select W and λ (particularly, when W = WAL(δ), choosing δ corresponds to selecting
the weights). A common method for selecting W and λ is to choose them by minimizing a model selection
criterion. As a model selection criterion, the Cp criterion (Mallows [7]) defined as (6) is often used.

Cp(W , λ) =
n

s2
σ̂2(W , λ) + 2

m∑
j=1

nj∑
i=1

Cov(yji, ŷji,(W ,λ))

σ2
, (6)

where yji and ŷji,(W ,λ) are the i-th components of yj and ŷj,(W ,λ) = Xjβ̂j,(W ,λ)+Zj γ̂(W ,λ), respectively,
and σ̂2(W , λ) and s2 are defined as follows.

σ̂2(W , λ) =

∑m
j=1 ∥yj − ŷj,(W ,λ)∥2

n
, s2 =

∑m
j=1 ∥yj − ŷj,LS∥2

n−mkL − kG
.
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Additionally, ŷj,LS = Xjβ̂j,LS +Zj γ̂LS. Stein [9] showed that when ŷ(W ,λ) = (ŷ′
1,(W ,λ), . . . , ŷ

′
m,(W ,λ))

′ is

almost everywhere differentiable with respect to y, under ε ∼ Nn(0n, σ
2In), the following holds:

m∑
j=1

nj∑
i=1

Cov(yji, ŷji,(W ,λ))

σ2
= E

 m∑
j=1

nj∑
i=1

∂ŷji,(W ,λ)

∂yji

 = E

 m∑
j=1

tr

(
∂ŷ′

j,(W ,λ)

∂yj

) . (7)

The rightmost side of (7) is called the generalized degrees of freedom (Efron [4], Ye [12]). Here, we denote
this by df(W , λ). Therefore, (6) can be expressed as

Cp(W , λ) =
n

s2
σ̂2(W , λ) + 2df(W , λ). (8)

Thus, it is important to obtain the estimator d̂f(W , λ) of df(W , λ) to calculate model selection criteria
such as the Cp criterion. As estimators of the degrees of freedom, the number of explanatory variables
in ordinary linear regression or the number of nonzero regression coefficients in standard Lasso (Zou et
al. [15]) are often used. Moreover, the degrees of freedom for Group Lasso when using weights based on
adaptive Lasso have been proposed in Bernardi et al. [1]. However, the degrees of freedom for Network
Lasso has not yet been derived. This is because it becomes complicated since Network Lasso includes
a penalty on the norms of the differences between regression coefficient vectors. Furthermore, since the
weights are often defined as a function of y, such as WAL(δ), they affect the calculation of the generalized
degrees of freedom. Therefore, the generalized degrees of freedom derived by treating the weights as
constants with respect to y may be significantly biased. As a result, this may affect the outcomes of model
selection. In this paper, we derive an estimator d̂f(W , λ) of the generalized degrees of freedom df(W , λ)
for Network Lasso, assuming that ŷ(W ,λ) is almost everywhere differentiable with respect to y.

The remainder of the paper is organized as follows: In Section 2, we prepare the notation necessary
for deriving the generalized degrees of freedom. In Section 3, we derive an estimator of the generalized
degrees of freedom for Network Lasso. In Subsection 3.1, we derive an estimator of the generalized degrees
of freedom for a general W , and in Subsection 3.2, we derive the generalized degrees of freedom in a more
specific form when the weight is given as W = WAL(δ). In Section 4, we conduct numerical experiments
for the case when W = WAL(δ). Proofs of the mathematical formulas are provided in the Appendix.

2 Preliminaries

This section gives the notation used for deriving the generalized degrees of freedom for Network Lasso and
provides proof of several related properties. To simplify the notation, we omit W and λ except where
emphasis is needed. That is, we write β̂j,(W ,λ) and γ̂(W ,λ) as β̂j and γ̂, respectively.

Let ξ̂1 = ξ̂1,(W ,λ), . . . , ξ̂t̂ = ξ̂t̂,(W ,λ) be the distinct vector of β̂1, . . . , β̂m, where t̂ = t̂(W ,λ) is an

integer satisfying 1 ≤ t̂ ≤ m. In addition, let ξ̂ = ξ̂(W ,λ) = (ξ̂′1, . . . , ξ̂
′
t̂
)′. Then, for s = 1, . . . , t̂, we can

define the sets Es = Es,(W ,λ) and Fs = Fs,(W ,λ) as follows:

Es =
{
j ∈ {1, . . . ,m}

∣∣∣ β̂j = ξ̂s

}
, Fs =

u ∈ {1, . . . , t̂} \ {s}

∣∣∣∣∣∣
⋃

j∈Es

Dj ∩ Eu ̸= ∅

 .

Es is the set of vertices for which the regression coefficients are estimated to be equal, and the vertices
within the same Es can be considered as being connected. Here, we refer to Es as the s-th connected
vertex. Fs is the set of indices of connected vertices adjacent to the s-th connected vertex. Es satisfies

the following properties: (1) Es ̸= ∅, (2)
⋃t̂

s=1 Es = {1, . . . ,m}, (3) Es ∩ Eu = ∅ (s ̸= u). Furthermore,
Fs satisfies u ∈ Fs ⇔ s ∈ Fu. Using Es and Fs, a graph with m vertices can be replaced by a graph with
t̂ vertices. Therefore, under βj = ξs = (e′s ⊗ IkL

)ξ (j ∈ Es), (2) can be rewritten to the following f(ξ,γ)
(the proof is given in Appendix A.1):

f(ξ,γ) =
1

2

t̂∑
s=1

∑
j∈Es

∥yj − (e′s ⊗Xj)ξ −Zjγ∥2 +
λ

2

t̂∑
s=1

∑
u∈Fs

vsu∥ξs − ξu∥, (9)
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where es is a t̂-dimensional vector with the s-th component being 1 and other components being 0,
vsu =

∑
j∈Es

∑
ℓ∈Eu∩Dj

wjℓ, and ⊗ is the Kronecker product. Note that vsu = vus (the proof is given in

Appendix A.1). Moreover, note that since β̂ and γ̂ minimize (2), ξ̂ and γ̂ also minimize f(ξ,γ).
We define the vectors g = g(W ,λ) and h = h(W ,λ) as follows (the proof is given in Appendix A.2):

g =
∂

∂ξ
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= Aξ̂ +Bγ̂ − c+ λθ,

h =
∂

∂γ
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B′ξ̂ +Z ′Zγ̂ −Z ′y.

(10)

Here, A = A(W ,λ), B = B(W ,λ), c = c(W ,λ), and θ = θ(W ,λ) are matrices or vectors defined as follows:

A =

t̂∑
s=1

ese
′
s ⊗

∑
j∈Es

X ′
jXj

 , B =

t̂∑
s=1

es ⊗
∑
j∈Es

X ′
jZj

 , c =

t̂∑
s=1

es ⊗
∑
j∈Es

X ′
jyj

 ,

θ =

t̂∑
s=1

(
es ⊗

∑
u∈Fs

vsuθsu

)
, θsu = ∥ξ̂s − ξ̂u∥−1(ξ̂s − ξ̂u).

(11)

We note that ξ̂ and γ̂ minimize f(ξ,γ) and that ξ̂s ̸= ξ̂u (s ̸= u). Hence, f(ξ,γ) is minimized at a
differentiable point and g = 0t̂kL

, h = 0kG
.

Additionally, we define the matrices G = G(W ,λ), H = H(W ,λ), J = J(W ,λ), and K = K(W ,λ) as
follows (the proof is given in Appendix A.3):

G =
∂2

∂ξ∂ξ′
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= A+ λL, H =
∂2

∂γ∂γ′ f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= Z ′Z,

J =
∂2

∂ξ∂γ′ f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B, K =
∂2

∂γ∂ξ′
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B′,

(12)

where L = L(W ,λ) is a matrix defined using Θpq = IkL
− θpqθ

′
pq as follows.

L =

t̂∑
p=1

t̂∑
q=1

(
epe

′
q ⊗Lpq

)
, Lpq =


∑

u∈Fp
vpu∥ξ̂p − ξ̂u∥−1Θpu (q = p)

−vpq∥ξ̂p − ξ̂q∥−1Θpu (q ∈ Fp)

OkL,kL
(otherwise)

. (13)

Note that K = B′ = J ′. G satisfies the following lemma (the proof is given in Appendix A.4):

Lemma 1. A is a positive definite matrix, and L is a positive semi-definite matrix. Therefore, G is a
positive definite matrix and is an invertible matrix.

Let the matrix M = M(W ,λ) be defined as follows:

M =

(
G J
K H

)
=

(
G J
J ′ H

)
.

Using Lemma 1, we can show the following lemma regarding M (the proof is given in Appendix A.5):

Lemma 2. M is a positive semi-definite matrix.

SinceG is invertible, we can define the matrixH−J ′G−1J . This matrix is called the Schur complement
of M with respect to G. Using Lemma 2, we can show the following lemma (the proof is given in Appendix
A.6):

Lemma 3. H − J ′G−1J is a positive semi-definite matrix.
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Since G is invertible, M is also invertible if H − J ′G−1J is invertible. Then, the inverse matrix of
M , denoted by M−1, is obtained as follows:

M−1 =

(
M11 M12

M21 M22

)
,


M11 = M11,(W ,λ) = G−1 +G−1J(H − J ′G−1J)−1J ′G−1

M12 = M12,(W ,λ) = −G−1J(H − J ′G−1J)−1

M21 = M21,(W ,λ) = −(H − J ′G−1J)−1J ′G−1

M22 = M22,(W ,λ) = (H − J ′G−1J)−1

.

From the positive definiteness of G and the semi-positive definiteness of H−J ′G−1J , the following lemma
regarding M11 holds (the proof is given in Appendix A.7):

Lemma 4. M11 is a positive semi-definite matrix.

From here, we assume that M is invertible.

3 Main result

In this section, we derive the estimator of the generalized degrees of freedom for Network Lasso.
The generalized degrees of freedom value for Network Lasso is defined as follows using ŷj = ŷj,(W ,λ):

df(W , λ) = E

 m∑
j=1

tr

(
∂ŷ′

j

∂yj

) .

Therefore, the estimator d̂f(W , λ) of df(W , λ) is obtained as follows:

d̂f(W , λ) =

m∑
j=1

tr

(
∂ŷ′

j

∂yj

)
=

m∑
j=1

tr

(
∂β̂′

j

∂yj
X ′

j +
∂γ̂′

∂yj
Z ′

j

)
. (14)

Since β̂ = (β̂′
1, . . . , β̂

′
m)′ and γ̂ minimize (2), if (2) is differentiable, then the following holds:

∂

∂β
PRSS(β,γ | W , λ)

∣∣∣∣
β=β̂,γ=γ̂

= 0mkL
,

∂

∂γ
PRSS(β,γ | W , λ)

∣∣∣∣
β=β̂,γ=γ̂

= 0kG
. (15)

Using (15), we can obtain ∂β̂′/∂yj and ∂γ̂′/∂yj , and thus obtain d̂f(W , λ). However, if there exist

j ∈ {1, . . . ,m} and ℓ ∈ Dj such that β̂j = β̂ℓ, then (2) is minimized at a non-differentiable point. In this

case, it is difficult to obtain ∂β̂′/∂yj and ∂γ̂′/∂yj . To overcome this issue, we use the rewriting of (2) into

(9) from Section 2. In Subsection 3.1, we derive d̂f(W , λ) by obtaining ∂ξ̂′/∂yj and ∂γ̂′/∂yj . Furthermore,

in Subsection 3.2, we derive the more specific form of d̂f(WAL(δ), λ) in the case of W = WAL(δ).

3.1 Generalized degrees of freedom for Network Lasso

Noting that for j ∈ Es, Xjβ̂j = (e′s ⊗Xj)ξ̂, (14) can be rewritten as follows:

d̂f(W , λ) =

t̂∑
s=1

∑
j∈Es

tr

(
∂ξ̂′

∂yj
(es ⊗X ′

j) +
∂γ̂′

∂yj
Z ′

j

)
. (16)

Therefore, d̂f(W , λ) can be obtained by finding ∂ξ̂′/∂yj and ∂γ̂/∂yj . The following lemma provides the
results of differentiating g and h with respect to yj (the proof is given in Appendix B.1):
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Lemma 5. For j ∈ Es (s = 1, . . . , t̂), ∂g′/∂yj and ∂h′/∂yj are given by the following:

∂g′

∂yj
=

∂ξ̂′

∂yj
G+

∂γ̂′

∂yj
J ′ − (e′s ⊗Xj) + λΦj ,

∂h′

∂yj
=

∂ξ̂′

∂yj
J +

∂γ̂′

∂yj
H −Zj ,

where Φj = Φj,(W ,λ) is the matrix given by the following:

Φj =

t̂∑
p=1

e′p ⊗
∑
u∈Fp

∂vpu
∂yj

θ′
pu

 . (17)

Since g = 0t̂kL
and h = 0kG

, we have ∂g′/∂yj = Onj ,t̂kL
and ∂h′/∂yj = Onj ,kG

. Therefore, from

Lemma 5, we obtain the following lemma (the proof is given in Appendix B.2):

Lemma 6. For j ∈ Es (s = 1, . . . , t̂), ∂ξ̂′/∂yj and ∂γ̂′/∂yj are given by the following:(
∂ξ̂′

∂yj
,
∂γ̂′

∂yj

)
= (e′s ⊗Xj − λΦj , Zj)M

−1.

By substituting the result of Lemma 6 into (16), we obtain the following theorem (the proof is given
in Appendix B.3):

Theorem 1. The estimator of the generalized degrees of freedom for Network Lasso, d̂f(W , λ), is given
by

d̂f(W , λ) = t̂(W ,λ)kL + kG − λtr
(
M11,(W ,λ)L(W ,λ)

)
− λtr

(
M11,(W ,λ)R(W ,λ)

)
− λtr

(
M12,(W ,λ)U(W ,λ)

)
,

where R = R(W ,λ) and U = U(W ,λ) are matrices defined by the following:

R =

t̂∑
s=1

t̂∑
p=1

(
ese

′
p ⊗Rsp

)
, Rsp = Rsp,(W ,λ) =

∑
u∈Fp

∑
j∈Es

X ′
j

∂vpu
∂yj

θ′
pu,

U =

t̂∑
p=1

(
e′p ⊗Up

)
, Up = Up,(W ,λ) =

∑
u∈Fp

m∑
j=1

Z ′
j

∂vpu
∂yj

θ′
pu.

(18)

From Theorem 1, d̂f(W , λ) can be obtained by finding ∂vpu/∂yj , i.e., ∂wrℓ/∂yj . In the next section,
we present the results for the case where W is the weight based on adaptive Lasso, WAL(δ).

3.2 Generalized degrees of freedom when the weights are based on the adap-
tive Lasso

When W = WAL(δ), then W is determined solely by δ. Therefore, let νAL(δ, λ) = d̂f(WAL(δ), λ), and
derive νAL(δ, λ). By explicitly finding R and U in (18), we can obtain νAL(δ, λ). In other words, one
needs to find ∂wrℓ/∂yj . The following lemma provides the result for ∂wAL

rℓ (δ)/∂yj (the proof is given in
Appendix B.4):

Lemma 7. For r ∈ {1, . . . ,m} and ℓ ∈ Dr, the following holds:

∂wAL
rℓ (δ)

∂yj
=

−δwAL
rℓ (δ)1+δ−1

(
∂β̂′

r,LS

∂yj
−

∂β̂′
ℓ,LS

∂yj

)
arℓ (δ > 0)

0nj
(δ = 0)

,

where arℓ = ∥β̂r,LS − β̂ℓ,LS∥−1(β̂r,LS − β̂ℓ,LS).
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From Lemma 7, ∂wAL
rℓ (δ)/∂yj is expressed using ∂β̂r,LS/∂yj and ∂β̂ℓ,LS/∂yj . The following lemma

provides the results for ∂β̂r,LS/∂yj and ∂γ̂LS/∂yj (the proof is given in Appendix B.5):

Lemma 8. For j, r ∈ {1, . . . ,m}, the following holds:

∂β̂′
r,LS

∂yj
=


Xj(X

′
jXj)

−1 − ∂γ̂′
LS

∂yj
Z ′

jXj(X
′
jXj)

−1 (r = j)

−∂γ̂′
LS

∂yj
Z ′

rXr(X
′
rXr)

−1 (r ̸= j)
,

∂γ̂′
LS

∂yj
= (Inj

− PXj
)Zj{Z ′(In − PX)Z}−1.

By substituting the result from Lemma 8 into Lemma 7, we can obtain ∂wAL
rℓ (δ)/∂yj . Furthermore, by

substituting this result into (18), we have the following two lemmas (the proofs of Lemma 9 and Lemma
10 are given in Appendix B.6 and Appendix B.7, respectively):

Lemma 9. Let δ ≥ 0 and λ ≥ 0. We define the matrix RAL = RAL(δ, λ) as follows:

RAL =

t̂∑
s=1

t̂∑
p=1

(
ese

′
p ⊗RAL

sp

)
,

RAL
sp = RAL

sp (δ, λ) =



∑
u∈Fs

∑
j∈Es

∑
ℓ∈Eu∩Dj

wAL
jℓ (δ)1+δ−1

ajℓθ
′
su ((p = s) ∧ (δ ̸= 0))

−
∑
j∈Es

∑
ℓ∈Ep∩Dj

wAL
jℓ (δ)1+δ−1

ajℓθ
′
sp ((p ∈ Fs) ∧ (δ ̸= 0))

OkL,kL
(otherwise)

.

(19)

Then, we have R(WAL(δ),λ) = −δRAL(δ, λ).

Lemma 10. Let δ ≥ 0 and λ ≥ 0. Then, we have U(WAL(δ),λ) = OkG,t̂kL
.

We have the following theorem by substituting the results of Lemma 9 and Lemma 10 into Theorem 1
(the proof is given in Appendix B.8):

Theorem 2. For δ ≥ 0 and λ ≥ 0, νAL(δ, λ) is given by the following:

νAL(δ, λ) = t̂(WAL(δ),λ)kL + kG

− λtr
(
M11,(WAL(δ),λ)L(WAL(δ),λ)

)
+ λδtr

(
M11,(WAL(δ),λ)RAL(δ, λ)

)
.

From Theorem 2, we see that νAL(δ, λ) consists of four significant terms. Here, we define ν
(a)
AL(δ, λ)

(a = 1, 2, 3) as follows:

ν
(1)
AL(δ, λ) = t̂kL + kG,

ν
(2)
AL(δ, λ) = t̂kL + kG − λtr(M11L),

ν
(3)
AL(δ, λ) = t̂kL + kG − λtr(M11L) + λδtr(M11RAL).

(20)

ν
(3)
AL is the estimator which is found precisely by considering WAL(δ) as a function of yj . ν

(2)
AL corresponds

to the estimator when WAL(δ) is regarded as a constant with respect to yj . ν
(1)
AL is the number of distinct

regression coefficients and is often used as a formal estimator of generalized degrees of freedom. Regarding

ν
(1)
AL, ν

(2)
AL and ν

(3)
AL, the following inequality holds (the proof is given in Appendix B.9):

Proposition 1. The following properties hold:

(1) For any δ ≥ 0 and λ ≥ 0, it holds that ν
(1)
AL(δ, λ) ≥ ν

(2)
AL(δ, λ). In particular, when kL = 1, ν

(1)
AL(δ, λ) =

ν
(2)
AL(δ, λ).

(2) When δ = 0, ν
(2)
AL(0, λ) = ν

(3)
AL(0, λ).

7



4 Numerical studies

In this section, we compare the estimators of the generalized degrees of freedom for Network Lasso through

numerical experiments. Specifically, we focus on the case where W = WAL(δ), and compare ν
(1)
AL, ν

(2)
AL,

and ν
(3)
AL from (20). As kG increases, the differences between ν

(1)
AL, ν

(2)
AL, and ν

(3)
AL become relatively small.

Therefore, we set kG = 0 to make the differences between ν
(1)
AL, ν

(2)
AL, and ν

(3)
AL more clear.

Here, we consider the graph as shown in Figure 1 with m = 10. In this situation, the set of vertices

10

1

23

4

5

6 7

8

9

𝐸1
∗ = {1, 2, 3, 9}

𝐸2
∗ = {4, 5, 10}

𝐸3
∗ = {6, 7}

𝐸4
∗ = {8}

Figure 1: Adjacent relationships among vertices and true connected vertices

adjacent to the j-th vertex, denoted by Dj , and the true connected vertex, denoted by E∗
s (s ∈ {1, 2, 3, 4}),

are given by the following:

• Dj : the set of vertices adjacent to the j-th vertex (j ∈ {1, . . . , 10})

D1 = {2, 3, 4, 5, 6}, D2 = {1, 3, 6, 8}, D3 = {1, 2, 4, 9}, D4 = {1, 3, 5, 9, 10},
D5 = {1, 4, 6, 10}, D6 = {1, 2, 5, 7}, D7 = {6, 8, 10}, D8 = {2, 7},
D9 = {3, 4}, D10 = {4, 5, 7}.

• E∗
s : s-th true connected vertex (s ∈ {1, 2, 3, 4})

E∗
1 = {1, 2, 3, 9}, E∗

2 = {4, 5, 10}, E∗
3 = {6, 7}, E∗

4 = {8}.

For this graph, we consider fitting the following linear regression model to the j-th vertex:

yj = Xjβ
∗
j + εj (j = 1, . . . , 10),

where (X ′
1, . . . ,X

′
10)

′ = (1n,X0Ψ(0.5)1/2), (ε′1, . . . , ε
′
10)

′ ∼ Nn(0n, σ
2In), and 1n is an n-dimensional

vector of ones. Moreover, X0 is an n × (kL − 1) matrix where each component is independently drawn
from U(−1, 1), and Ψ(ρ) is a (kL − 1) × (kL − 1) symmetric matrix whose (a, b) component is ρ|a−b|.
Let ξ∗ = (ξ∗′1 , ξ∗′2 , ξ∗′3 , ξ∗′4 )′ be a 4kL-dimensional vector where each component is independently generated
from U(−1, 1), and β∗

j = ξ∗s for j ∈ E∗
s .

4.1 Comparison ν
(1)
AL, ν

(2)
AL and ν

(3)
AL with the true degrees of freedom

In this subsection, we compare ν
(1)
AL, ν

(2)
AL and ν

(3)
AL with the true degrees of freedom, denoted by df true.

Here, we calculate dftrue as follows:

dftrue(δ, λ) =

m∑
j=1

nj∑
i=1

Cov(yji, ŷji,(WAL(δ),λ))

σ2
.

The settings for kL, n, σ
2, and δ are as follows:

8



• (kL, n) ∈ {(1, 20), (10, 200), (20, 400)}

• σ2 = 1

• δ ∈ {0, 0.5, 1, 2}

Under these settings, we calculate ν
(1)
AL, ν

(2)
AL, ν

(3)
AL, and dftrue through a Monte Carlo simulation with 1, 000

iterations. In Figure 2, we plot dftrue, ν
(1)
AL, ν

(2)
AL, and ν

(3)
AL, with the horizontal axis representing λ and the

(kL, n, δ) = (1, 20, 0)
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Figure 2: Comparison ν
(1)
AL, ν

(2)
AL and ν

(3)
AL with dftrue

vertical axis representing degrees of freedom. ν
(1)
AL takes values different from dftrue except when kL = 1

and δ = 0. In particular, the difference between ν
(1)
AL and dftrue is more clear when λ is small. From

Proposition 1 (1), when kL = 1, ν
(2)
AL is equal to ν

(1)
AL. Therefore, for kL = 1 and δ > 0, ν

(2)
AL differs from

dftrue in the same way as ν
(1)
AL. On the other hand, when kL > 1, ν

(2)
AL takes values close to dftrue. It

can be seen that ν
(3)
AL takes values close to dftrue in all cases. Therefore, ν

(3)
AL is considered an appropriate

estimator of the degrees of freedom for the Network Lasso.

4.2 Comparison of the MSE of the predicted values when δ and λ are selected
simultaneously

In this subsection, we compare the MSE of the predicted values when δ and λ are selected simultaneously

by minimizing the Cp criterion. Here, we replace df(W , λ) in (8) with ν
(1)
AL, ν

(2)
AL, or ν

(3)
AL. The settings for

kL, n, σ
2, and δ are as follows:
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• (kL, n) ∈ {(5, 100), (10, 200), (20, 400), (50, 1000), (8, 100), (16, 200), (32, 400), (80, 1000)}

• σ2 ∈ {1, 2}

• δ ∈ {0, 0.5, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

Furthermore, the MSE of the predicted values is calculated as follows:

MSE = E

 1

nσ2

10∑
j=1

∥ŷj,(WAL(δ̂),λ̂)
−Xjβ

∗
j ∥2
 ,

where δ̂ and λ̂ are the selected values of δ and λ, respectively. Under these settings, we calculate the MSE
of the predicted values through 1, 000 Monte Carlo simulations. Table 1 shows the results of the MSE of

kL n σ2 = 1 σ2 = 2

ν
(1)
AL ν

(2)
AL ν

(3)
AL ν

(1)
AL ν

(2)
AL ν

(3)
AL

5 100 0.37625 0.27871 0.25678 0.36008 0.25261 0.22357
10 200 0.31975 0.25136 0.24803 0.35945 0.23120 0.21910
20 400 0.23035 0.21158 0.21232 0.28315 0.21753 0.21723
50 1000 0.19222 0.18982 0.18920 0.19000 0.18420 0.18388
8 100 0.66342 0.38660 0.37003 0.54561 0.34245 0.32240
16 200 0.63085 0.39288 0.38736 0.52502 0.32716 0.31853
32 400 0.49339 0.37217 0.37216 0.60847 0.35601 0.35467
80 1000 0.31331 0.30485 0.30479 0.35206 0.31939 0.31956

Table 1: Results of the MSEs of the predicted values

the predicted values for each setting. Note that the bold values in the table indicate the minimum value for

each setting. In this simulation, there are 16 settings. When using ν
(3)
AL, the MSE of the predicted values is

minimized in 14 out of the 16 settings. For (kL, n) = (20, 400), (80, 1000), using ν
(2)
AL minimizes the MSE of

the predicted values. However, the results using ν
(3)
AL are nearly equivalent. Both ν

(2)
AL and ν

(3)
AL surpass ν

(1)
AL

in all settings. Therefore, when W = WAL(δ), using ν
(3)
AL allows for a well-chosen simultaneous selection

of δ and λ.

5 Conclusion

In this paper, we dealt with the generalized degrees of freedom for Network Lasso. When selecting tuning
parameters for Network Lasso, we often use methods that minimize model selection criteria such as the Cp

criterion. However, in order to calculate the model selection criterion, we need to calculate the degrees of
freedom. We derived a degrees of freedom estimator for Network Lasso based on the concept of generalized
degrees of freedom (Efron, 2004 [4]). The generalized degrees of freedom for Network Lasso is calculated

using the derivative of the predicted value ŷj = Xjβ̂j +Zj γ̂ with respect to yj , where β̂j and γ̂ are the

values of βj and γ that minimize (2). However, when there are j, ℓ such that β̂j = β̂ℓ, the expression (2)

reaches a minimum at a non-differentiable point, making it impossible to calculate ∂β̂j/∂yj . We overcame
this issue by rewriting the expression (2) into the form given by (9), allowing us to derive an estimator
of the generalized degrees of freedom for Network Lasso. Additionally, through numerical studies, we
confirmed that the derived estimator for the generalized degrees of freedom accurately estimates the true
degrees of freedom. Furthermore, we verified that using the derived estimator as the degrees of freedom
in the Cp criterion effectively selects the tuning parameters in terms of the MSE of the predicted values.
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A Proofs of formulas in Section 2

A.1 Derivation of (9)

Note that when j ∈ Es, βj = ξs = (e′s ⊗ IkL
)ξ. Then, (2) can be rewritten as follows:

PRSS(β,γ |W , λ) =
1

2

t̂∑
s=1

∑
j∈Es

∥yj −Xjβj −Zjγ∥2 +
λ

2

t̂∑
s=1

t̂∑
u=1

∑
j∈Es

∑
ℓ∈Eu∩Dj

wjℓ∥βj − βℓ∥

=
1

2

t̂∑
s=1

∑
j∈Es

∥yj −Xj(e
′
s ⊗ IkL

)ξ −Zjγ∥2 +
λ

2

t̂∑
s=1

t̂∑
u=1

∑
j∈Es

∑
ℓ∈Eu∩Dj

wjℓ∥ξs − ξu∥

=
1

2

t̂∑
s=1

∑
j∈Es

∥yj − (e′s ⊗Xj)ξ −Zjγ∥2 +
λ

2

t̂∑
s=1

t̂∑
u=1

∑
j∈Es

∑
ℓ∈Eu∩Dj

wjℓ∥ξs − ξu∥.

Here, we note that when u = s, ∥ξs − ξu∥ = 0, and when u /∈ {s} ∪ Fs, Eu ∩Dj = ∅. Therefore, we have

PRSS(β,γ |W , λ) =
1

2

t̂∑
s=1

∑
j∈Es

∥yj − (e′s ⊗Xj)ξ −Zjγ∥2 +
λ

2

t̂∑
s=1

∑
u∈Fs

∑
j∈Es

∑
ℓ∈Eu∩Dj

wjℓ∥ξs − ξu∥

=
1

2

t̂∑
s=1

∑
j∈Es

∥yj − (e′s ⊗Xj)ξ −Zjγ∥2 +
λ

2

t̂∑
s=1

∑
u∈Fs

vsu∥ξs − ξu∥

= f(ξ,γ),

where vsu =
∑

j∈Es

∑
ℓ∈Eu∩Dj

wjℓ. Also, by noting that wjℓ = wℓj and wjℓ = 0 (ℓ /∈ Dj), we obtain

vsu =
∑
j∈Es

 ∑
ℓ∈Eu∩Dj

wjℓ +
∑

ℓ∈Eu\Dj

wjℓ

 =
∑
j∈Es

∑
ℓ∈Eu

wjℓ

=
∑
ℓ∈Eu

∑
j∈Es

wℓj =
∑
ℓ∈Eu

 ∑
j∈Es∩Dℓ

wjℓ +
∑

j∈Es\Dℓ

wjℓ

 =
∑
ℓ∈Eu

∑
j∈Es∩Dℓ

wjℓ = vus.

A.2 Derivation of (10)

We define f1(ξ,γ) and f2(ξ) as follows:

f1(ξ,γ) =
1

2

t̂∑
s=1

∑
j∈Es

∥yj − (e′s ⊗Xj)ξ −Zjγ∥2, f2(ξ) =
1

2

t̂∑
s=1

∑
u∈Fs

vsu∥ξs − ξu∥. (21)

Then, f(ξ,γ) = f1(ξ,γ) + λf2(ξ), and g, h are obtained as follows:

g =
∂

∂ξ
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

=
∂

∂ξ
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂

∂ξ
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

,

h =
∂

∂γ
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

=
∂

∂γ
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂

∂γ
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

.

∂f1(ξ,γ)/∂ξ is given by

∂

∂ξ
f1(ξ,γ) =

1

2

t̂∑
s=1

∑
j∈Es

∂

∂ξ
∥yj − (e′s ⊗Xj)ξ −Zjγ∥2

11



=
1

2

t̂∑
s=1

∑
j∈Es

{−2(e′s ⊗Xj)
′}{yj − (e′s ⊗Xj)ξ −Zjγ}

=

t̂∑
s=1

∑
j∈Es

{(es ⊗X ′
j)(e

′
s ⊗Xj)ξ + (es ⊗X ′

j)Zjγ − (es ⊗X ′
j)yj}

=

t̂∑
s=1

∑
j∈Es

(ese
′
s ⊗X ′

jXj)ξ +

t̂∑
s=1

∑
j∈Es

(es ⊗X ′
jZj)γ −

t̂∑
s=1

∑
j∈Es

(es ⊗X ′
jyj)

= Aξ +Bγ − c.

Therefore, we have

∂

∂ξ
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= Aξ̂ +Bγ̂ − c.

∂f1(ξ,γ)/∂γ is given by

∂

∂γ
f1(ξ,γ) =

1

2

t̂∑
s=1

∑
j∈Es

∂

∂γ
∥yj − (e′s ⊗Xj)ξ −Zjγ∥2

=
1

2

t̂∑
s=1

∑
j∈Es

(−2Z ′
j){yj − (e′s ⊗Xj)ξ −Zjγ}

=

t̂∑
s=1

∑
j∈Es

{Z ′
j(e

′
s ⊗Xj)ξ +Z ′

jZjγ −Z ′
jyj}

=

t̂∑
s=1

∑
j∈Es

{(es ⊗X ′
j)Zj}′ξ +

t̂∑
s=1

∑
j∈Es

Z ′
jZjγ −

t̂∑
s=1

∑
j∈Es

Z ′
jyj

=

t̂∑
s=1

∑
j∈Es

(es ⊗X ′
jZj)

′ξ +

m∑
j=1

Z ′
jZjγ −

m∑
j=1

Z ′
jyj

= B′ξ +Z ′Zγ −Z ′y.

Therefore, we have

∂

∂γ
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B′ξ̂ +Z ′Zγ̂ −Z ′y.

Note that f2(ξ) does not depend on γ. Then, ∂f2(ξ)/∂γ = 0kG
, and we obtain

∂

∂γ
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= 0kG
.

Let Ωsu = e′s ⊗ IkL
− e′u ⊗ IkL

and θ̃su(ξ) = ∥Ωsuξ∥−1Ωsuξ. Then, θ̃su(ξ) = ∥ξs − ξu∥−1(ξs − ξu),
and ∂f2(ξ)/∂ξ can be transformed as follows:

∂

∂ξ
f2(ξ) =

1

2

t̂∑
s=1

∑
u∈Fs

vsu
∂

∂ξ
∥Ωsuξ∥ =

1

2

t̂∑
s=1

∑
u∈Fs

vsu∥Ωsuξ∥−1Ω′
suΩsuξ

=
1

2

t̂∑
s=1

∑
u∈Fs

{
vsu(es ⊗ IkL

− eu ⊗ IkL
)θ̃su(ξ)

}
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=
1

2


t̂∑

s=1

∑
u∈Fs

(
es ⊗ vsuθ̃su(ξ)

)
−

t̂∑
s=1

∑
u∈Fs

(
eu ⊗ vsuθ̃su(ξ)

) .

Since θ̃su(ξ) = −θ̃us(ξ) and vsu = vus, we find

t̂∑
s=1

∑
u∈Fs

(
eu ⊗ vsuθ̃su(ξ)

)
= −

t̂∑
s=1

∑
u∈Fs

(
es ⊗ vsuθ̃su(ξ)

)
.

Hence, we have

∂

∂ξ
f2(ξ) =

t̂∑
s=1

∑
u∈Fs

(
es ⊗ vsuθ̃su(ξ)

)
=

t̂∑
s=1

(
es ⊗

∑
u∈Fs

vsuθ̃su(ξ)

)
.

Therefore, noting that θ̃su(ξ̂) = θsu, the following holds:

∂

∂ξ
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

=

t̂∑
s=1

(
es ⊗

∑
u∈Fs

vsuθ̃su(ξ̂)

)
=

t̂∑
s=1

(
es ⊗

∑
u∈Fs

vsuθsu

)
= θ.

Consequently, g and h are given by

g =
∂

∂ξ
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂

∂ξ
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= Aξ̂ +Bγ̂ − c+ λθ,

h =
∂

∂γ
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂

∂γ
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B′ξ̂ +Z ′Zγ̂ −Z ′y.

A.3 Deviation of (12)

From (21), G, H, J , and K are obtained as follows:

G =
∂2

∂ξ∂ξ′
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

=
∂2

∂ξ∂ξ′
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂ξ∂ξ′
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

,

H =
∂2

∂γ∂γ′ f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

=
∂2

∂γ∂γ′ f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂γ∂γ′ f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

,

J =
∂2

∂ξ∂γ′ f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

=
∂2

∂ξ∂γ′ f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂ξ∂γ′ f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

,

K =
∂2

∂γ∂ξ′
f(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

=
∂2

∂γ∂ξ′
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂γ∂ξ′
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

.

∂2f1(ξ,γ)/∂ξ∂ξ
′ is given by

∂2

∂ξ∂ξ′
f1(ξ,γ) =

∂

∂ξ

(
∂

∂ξ
f1(ξ,γ)

)′

=
∂

∂ξ
(ξ′A′ + γ′B′ − c′) = A′.

Here, noting that A is a symmetric matrix, we have

∂2

∂ξ∂ξ′
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= A.

∂2f1(ξ,γ)/∂γ∂γ
′ is given by

∂2

∂γ∂γ′ f1(ξ,γ) =
∂

∂γ

(
∂

∂γ
f1(ξ,γ)

)′

=
∂

∂γ
(ξ′B + γ′Z ′Z − y′Z) = Z ′Z.
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Hence, we have

∂2

∂γ∂γ′ f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= Z ′Z.

∂2f1(ξ,γ)/∂ξ∂γ
′ is given by

∂2

∂ξ∂γ′ f1(ξ,γ) =
∂

∂ξ

(
∂

∂γ
f1(ξ,γ)

)′

=
∂

∂ξ
(ξ′B + γ′Z ′Z − y′Z) = B.

Therefore, we have

∂2

∂ξ∂γ′ f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B.

∂2f1(ξ,γ)/∂γ∂ξ
′ is given by

∂2

∂γ∂ξ′
f1(ξ,γ) =

∂

∂γ

(
∂

∂ξ
f1(ξ,γ)

)′

=
∂

∂γ
(ξ′A′ + γ′B′ − c′) = B′.

Hence, we have

∂2

∂γ∂ξ′
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B′.

Noting that f2(ξ) does not depend on γ, we obtain

∂2

∂ξ∂γ′ f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= Ot̂kL,kG
,

∂2

∂γ∂ξ′
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= OkG,t̂kL
,

∂2

∂γ∂γ′ f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= OkG,kG
.

∂2f2(ξ)/∂ξ∂ξ
′ is given by

∂2

∂ξ∂ξ′
f2(ξ) =

∂

∂ξ

(
∂

∂ξ
f2(ξ)

)′

=

t̂∑
s=1

∂

∂ξ

(
es ⊗

∑
u∈Fs

vsuθ̃su(ξ)

)′

=

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

vsu
∂θ̃′

su(ξ)

∂ξ

)
.

Here, we find

∂θ̃′
su(ξ)

∂ξ
=

∂

∂ξ
(∥Ωsuξ∥−1Ωsuξ)

′ =

(
∂

∂ξ
∥Ωsuξ∥−1

)
(Ωsuξ)

′ + ∥Ωsuξ∥−1

(
∂

∂ξ
ξ′Ω′

su

)
.

Noting that

∂

∂ξ
∥Ωsuξ∥−1 = −∥Ωsuξ∥−2Ω′

suθ̃su(ξ),
∂

∂ξ
ξ′Ω′

su = Ω′
su,

we have

∂θ̃′
su(ξ)

∂ξ
= −∥Ωsuξ∥−2Ω′

suθ̃su(ξ)(Ωsuξ)
′ + ∥Ωsuξ∥−1Ω′

su

= ∥Ωsuξ∥−1Ω′
su

{
IkL

− θ̃su(ξ)(∥Ωsuξ∥−1Ωsuξ)
′
}

= ∥Ωsuξ∥−1Ω′
suΘ̃su(ξ),
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where Θ̃su(ξ) = IkL
− θ̃su(ξ)θ̃

′
su(ξ). Therefore,

∂2

∂ξ∂ξ′
f2(ξ) =

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

vsu∥Ωsuξ∥−1Ω′
suΘ̃su(ξ)

)

=

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

vsu∥ξs − ξu∥−1(es ⊗ IkL
− eu ⊗ IkL

)Θ̃su(ξ)

)

=

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

vsu∥ξs − ξu∥−1(es ⊗ Θ̃su(ξ)− eu ⊗ Θ̃su(ξ))

)

=

t̂∑
s=1

(
e′s ⊗ es ⊗

∑
u∈Fs

vsu∥ξs − ξu∥−1Θ̃su(ξ)−
∑
u∈Fs

e′s ⊗ eu ⊗ vsu∥ξs − ξu∥−1Θ̃su(ξ)

)

=

t̂∑
s=1

ese
′
s ⊗ L̃′

ss(ξ) +
∑
u∈Fs

eue
′
s ⊗ L̃′

su(ξ) +
∑

u∈{1,...,t̂}\({s}∪Fs)

eue
′
s ⊗ L̃′

su(ξ)


=

t̂∑
s=1

t̂∑
u=1

eue
′
s ⊗ L̃′

su(ξ)

= L̃′(ξ),

(22)

where L̃(ξ) is a matrix defined as follows:

L̃(ξ) =

t̂∑
s=1

t̂∑
u=1

ese
′
u ⊗ L̃su(ξ), L̃su(ξ) =


∑

p∈Fs
vsp∥ξs − ξp∥−1Θ̃sp(ξ) (u = p)

−vsu∥ξs − ξu∥−1Θ̃su(ξ) (u ∈ Fp)

OkL,kL
(otherwise)

.

Noting that L̃′
su(ξ) = L̃su(ξ), L̃us(ξ) = L̃su(ξ), we have L̃′(ξ) = L̃(ξ). Therefore, we obtain

∂2

∂ξ∂ξ′
f2(ξ) = L̃(ξ).

Since L̃(ξ̂) = L, we have

∂2

∂ξ∂ξ′
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= L,

where L is a matrix defined in (13).
Consequently, we have

G =
∂2

∂ξ∂ξ′
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂ξ∂ξ′
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= A+ λL,

H =
∂2

∂γ∂γ′ f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂γ∂γ′ f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= Z ′Z,

J =
∂2

∂ξ∂γ′ f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂ξ∂γ′ f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B,

K =
∂2

∂γ∂ξ′
f1(ξ,γ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

+ λ
∂2

∂γ∂ξ′
f2(ξ)

∣∣∣∣
ξ=ξ̂,γ=γ̂

= B′.
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A.4 Proof of Lemma 1

First, we show the positive definiteness of A. From (11), A is symmetric matrix. Therefore, it suffices

to show that a′Aa > 0 for any a ∈ Rt̂kL \ {0t̂kL
}. By assumption, rank(Xj) = kL < nj , which implies

that X ′
jXj is invertible. In other words, since X ′

jXj is invertible and positive semi-definite, it is positive

definite. Therefore, for p = 1, . . . , t̂,
∑

j∈Ep
X ′

jXj is also positive definite. This means that for any

ap ∈ RkL \ {0kL
}, the following holds:

a′
p

∑
j∈Ep

X ′
jXj

ap > 0.

Let a =
∑t̂

p=1 ep ⊗ ap (a1, . . . ,at̂ ∈ RkL). Then, since a ̸= 0t̂kL
, there exists s ∈ {1, . . . , t̂} such that

as ̸= 0kL
. Therefore, we see that

a′Aa =

 t̂∑
q=1

eq ⊗ aq

′
t̂∑

p=1

epe
′
p ⊗

∑
j∈Ep

X ′
jXj


 t̂∑

r=1

er ⊗ ar


=

t̂∑
q=1

t̂∑
p=1

t̂∑
r=1

e′qepe
′
per ⊗ a′

q

∑
j∈Ep

X ′
jXj

ar

=

t̂∑
p=1

e′pepe
′
pep ⊗ a′

p

∑
j∈Ep

X ′
jXj

ap

=

t̂∑
p=1

a′
p

∑
j∈Ep

X ′
jXj

ap ≥ a′
s

∑
j∈Es

X ′
jXj

as > 0.

Thus, A is positive definite.
Next, we show the symmetry of L. Let p ∈ {1, . . . , t̂}. When q /∈ {p}∪Fp, we see that Lpq = OkL,kL

=
Lqp since p /∈ Fq. When q ∈ Fp, we note that Θ′

pq = Θpq. Hence, we have

Lpq = −vpq∥ξ̂p − ξ̂q∥−1Θpq = −vpq∥ξ̂p − ξ̂q∥−1Θ′
pq = L′

pq,

that is, Lpq is symmetric matrix. Moreover, since vpq = vqp and Θpq = Θqp, we find

Lpq = −vqp∥ξ̂q − ξ̂p∥−1Θqp = Lqp.

When q = p, since Lpp =
∑

u∈Fp
(−Lpu), Lpp is symmetric matrix. Therefore, we have

L′ =

 t̂∑
p=1

t̂∑
q=1

epe
′
q ⊗Lpq

′

=

t̂∑
p=1

t̂∑
q=1

eqe
′
p ⊗L′

pq =

t̂∑
p=1

t̂∑
q=1

eqe
′
p ⊗L′

qp

=

t̂∑
p=1

t̂∑
q=1

eqe
′
p ⊗Lqp =

t̂∑
p=1

t̂∑
q=1

eqe
′
p ⊗Lqp =

t̂∑
p=1

t̂∑
q=1

epe
′
q ⊗Lpq = L,

i.e., L is symmetric matrix.

Lastly, we show that a′La ≥ 0 for any a ∈ Rt̂kL . Let a =
∑t̂

p=1 ep ⊗ ap (a1, . . . ,at̂ ∈ RkL). Then, we
have

a′La =

 t̂∑
r=1

er ⊗ ar

′ t̂∑
p=1

t̂∑
q=1

epeq ⊗Lpq

 t̂∑
s=1

es ⊗ as


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=

t̂∑
r=1

t̂∑
p=1

t̂∑
q=1

t̂∑
s=1

e′repe
′
qes ⊗ a′

rLpqas

=

t̂∑
p=1

t̂∑
q=1

a′
pLpqaq.

Since Lpq is a symmetric matrix, we can see the following:

t̂∑
p=1

t̂∑
q=1

a′
pLpqaq =

1

2

 t̂∑
p=1

t̂∑
q=1

a′
pLpqaq +

t̂∑
p=1

t̂∑
q=1

(a′
pLpqaq)

′

 =
1

2

 t̂∑
p=1

t̂∑
q=1

a′
pLpqaq +

t̂∑
p=1

t̂∑
q=1

a′
qL

′
pqap


=

1

2

 t̂∑
p=1

t̂∑
q=1

a′
pLpqaq +

t̂∑
p=1

t̂∑
q=1

a′
qLpqap

 =
1

2

t̂∑
p=1

t̂∑
q=1

(a′
pLpqaq + a′

qLpqap).

Note that

a′
pLpqaq + a′

qLpqap = (ap − aq)
′Lpqaq + a′

qLpqaq + (aq − ap)
′Lpqap + a′

pLpqap

= (ap − aq)
′(−Lpq)ap − (ap − aq)

′(−Lpq)aq + a′
pLpqap + a′

qLpqaq

= (ap − aq)
′(−Lpq)(ap − aq) + a′

pLpqap + a′
qLpqaq.

Therefore, we obtain

t̂∑
p=1

t̂∑
q=1

a′
pLpqaq =

1

2

t̂∑
p=1

t̂∑
q=1

{(ap − aq)
′(−Lpq)(ap − aq) + a′

pLpqap + a′
qLpqaq}

=
1

2

t̂∑
p=1

2a′
pLppap +

∑
q∈Fp

{(ap − aq)
′(−Lpq)(ap − aq) + a′

pLpqap + a′
qLpqaq}


=

1

2

t̂∑
p=1

−2
∑
q∈Fp

a′
pLpqap +

∑
q∈Fp

{(ap − aq)
′(−Lpq)(ap − aq) + a′

pLpqap + a′
qLpqaq}


=

1

2

t̂∑
p=1

∑
q∈Fp

{(ap − aq)
′(−Lpq)(ap − aq)− a′

pLpqap + a′
qLpqaq}

=
1

2

t̂∑
p=1

∑
q∈Fp

(ap − aq)
′(−Lpq)(ap − aq)−

1

2

 t̂∑
p=1

∑
q∈Fp

a′
pLpqap −

t̂∑
p=1

∑
q∈Fp

a′
qLpqaq

 .

Since Lpq = Lqp and for q ∈ {1, . . . , t̂} \ ({p} ∪ Fp), Lpq = OkL,kL
, we have

t̂∑
p=1

∑
q∈Fp

a′
pLpqap =

t̂∑
p=1

a′
pLppap +

∑
q∈Fp

a′
pLpqap +

∑
q∈{1,...,t̂}\({p}∪Fp)

a′
pLpqap − a′

pLppap


=

t̂∑
p=1

t̂∑
q=1

a′
pLpqap −

t̂∑
p=1

a′
pLppap =

t̂∑
q=1

t̂∑
p=1

a′
qLqpaq −

t̂∑
p=1

a′
pLppap

=

t̂∑
q=1

t̂∑
p=1

a′
qLpqaq −

t̂∑
p=1

a′
pLppap =

t̂∑
p=1

t̂∑
q=1

a′
qLpqaq −

t̂∑
p=1

a′
pLppap

=

t̂∑
p=1

a′
pLppa

′
p +

∑
q∈Fp

a′
qLpqaq +

∑
q∈{1,...,t̂}\({p}∪Fp)

a′
qLpqaq

−
t̂∑

p=1

a′
pLppap
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=

t̂∑
p=1

a′
pLppa

′
p +

t̂∑
p=1

∑
q∈Fp

a′
qLpqaq +

t̂∑
p=1

∑
q∈{1,...,t̂}\({p}∪Fp)

a′
qLpqaq −

t̂∑
p=1

a′
pLppap

=

t̂∑
p=1

∑
q∈Fp

a′
qLpqaq.

a′La is obtained by

a′La =

t̂∑
p=1

t̂∑
q=1

a′
pLpqaq =

1

2

t̂∑
p=1

∑
q∈Fp

(ap − aq)
′(−Lpq)(ap − aq).

Here, for p ∈ {1, . . . , t̂}, q ∈ Fp and b ∈ RkL , we have

b′(−Lpq)b = vpq∥ξ̂p − ξ̂q∥−1b′Θpqb

= vpq∥ξ̂p − ξ̂q∥−1b′(IkL
− θpqθ

′
pq)b

= vpq∥ξ̂p − ξ̂q∥−1(∥b∥2 − ∥θ′
pqb∥2).

From ∥θpq∥2 = 1 and the Cauchy-Schwarz inequality, we obtain ∥θ′
pqb∥2 ≤ ∥θpq∥2∥b∥2 = ∥b∥2. This

implies

b′(−Lpq)b ≥ 0.

Hence, we obtain

a′La =
1

2

t̂∑
p=1

∑
q∈Fp

(ap − aq)
′(−Lpq)(ap − aq) ≥ 0,

and we find that L is a positive semi-definite matrix.
Consequently, since A is positive definite, L is positive semi-definite, and λ ≥ 0, G = A+λL is positive

definite and non-singular.

A.5 Proof of Lemma 2

Let a =
∑t̂

p=1 ep ⊗ ap (a1, . . . ,at̂ ∈ RkL), b ∈ RkG , and x = (a′, b′)′ ∈ Rt̂kL+kG . Then, x′Mx can be
expressed as follows:

x′Mx = (a′, b′)

(
G J
J ′ H

)(
a
b

)
= a′Ga+ a′Jb+ b′J ′a+ bHb

= a′Aa+ λa′La+ 2a′Jb+ bHb

≥ a′Aa+ 2a′Jb+ bHb.

In the last inequality, the positive semi-definiteness of L was used. Here, noting that

a′Aa =

t̂∑
p=1

∑
j∈Ep

a′
pX

′
jXjap, a′Jb =

t̂∑
p=1

∑
j∈Ep

a′
pX

′
jZjb, b′Hb =

t̂∑
p=1

∑
j∈Ep

b′Z ′
jZjb,

we have

x′Mx =

t̂∑
p=1

∑
j∈Ep

(a′
pX

′
jXjap + 2a′

pX
′
jZjb+ b′Z ′

jZjb)

=

t̂∑
p=1

∑
j∈Ep

∥Xjap +Zjb∥2 ≥ 0.

That is, M is a positive semi-definite matrix.
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A.6 Proof of Lemma 3

Let a ∈ Rt̂kL , b ∈ RkG , and x = (a′, b′)′ ∈ Rt̂kL+kG . Since M is positive semi-definite from Lemma 2, we
find that

x′Mx = (a′, b′)

(
G J
J ′ H

)(
a
b

)
= a′Ga+ a′Jb+ b′J ′a+ bHb

= a′G1/2G1/2a+ a′G1/2G−1/2Jb+ b′J ′G−1/2G1/2a+ b′Hb

= ∥G1/2a+G−1/2Jb∥2 − b′J ′G−1/2G−1/2Jb+ b′Hb

= ∥G1/2a+G−1/2Jb∥2 + b′(H − J ′G−1J)b ≥ 0.

This inequality must hold for any a and b. Setting a = G−1Jb gives ∥G1/2a + G−1/2Jb∥2 = 0. This
means that b′(H − J ′G−1J)b ≥ 0 must hold. Therefore, H − J ′G−1J is positive semi-definite.

A.7 Proof of Lemma 4

From Lemma 1, G is positive definite. Hence, G−1 is also positive definite. From Lemma 3, we know that
H −J ′G−1J is positive semi-definite. In particular, if H −J ′G−1J is regular, then it is positive definite.
Therefore, (H − J ′G−1J)−1 is also positive definite. Thus, the following holds for a ∈ Rt̂kL \ {0t̂kL

}.

a′M11a = a′{G−1 +G−1J(H − J ′G−1J)−1J ′G−1}a
= a′G−1a+ a′G−1J(H − J ′G−1J)−1J ′G−1a

> a′G−1J(H − J ′G−1J)−1J ′G−1a.

Letting b = J ′G−1a, we can write a′M11a > b′(H − J ′G−1J)−1b. When b ̸= 0kG
, due to the positive

definiteness of (H − J ′G−1J)−1, we have b′(H − J ′G−1J)−1b > 0. Also, when b = 0kG
, we have

b′(H −J ′G−1J)−1b = 0. Therefore, we can conclude that a′M11a > b′(H −J ′G−1J)−1b ≥ 0, and thus
M11 is positive definite.

B Proofs of formulas in Section 3

B.1 Proof of Lemma 5

First, we will derive ∂g′/∂yj . Since A is symmetric matrix, we have

∂g′

∂yj
=

∂ξ̂′

∂yj
A+

∂γ̂′

∂yj
B′ − ∂c′

∂yj
+ λ

∂θ′

∂yj
.

Note that j ∈ Es. Then, ∂c
′/∂yj is given by the following:

∂c′

∂yj
=

t̂∑
p=1

e′p ⊗
∑
r∈Ep

∂y′
r

∂yj
Xr

 = e′s ⊗Xj .

Additionally, ∂θ′/∂yj is given by the following:

∂θ′

∂yj
=

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

∂vsuθ
′
su

∂yj

)

=

t̂∑
s=1

{
e′s ⊗

∑
u∈Fs

(
∂vsu
∂yj

θ′
su + vsu

∂θ′
su

∂yj

)}
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=

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

∂vsu
∂yj

θ′
su

)
+

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

vsu
∂ξ̂′

∂yj

∂θ′
su

∂ξ̂

)

= Φj +
∂ξ̂′

∂yj

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

vsu
∂θ′

su

∂ξ̂

)
,

where Φj is a matrix defined by (17). Moreover, using similar calculation to (22), we obtain

t̂∑
s=1

(
e′s ⊗

∑
u∈Fs

vsu
∂θ′

su

∂ξ̂

)
= L.

Therefore, the following holds:

∂θ′

∂yj
= Φj +

∂ξ̂′

∂yj
L.

Consequently, we have

∂g′

∂yj
=

∂ξ̂′

∂yj
A+

∂γ̂′

∂yj
B′ − e′s ⊗Xj + λ

(
Φj +

∂ξ̂′

∂yj
L

)

=
∂ξ̂′

∂yj
(A+ λL) +

∂γ̂′

∂yj
B′ − e′s ⊗Xj + λΦj

=
∂ξ̂′

∂yj
G+

∂γ̂′

∂yj
J ′ − e′s ⊗Xj + λΦj .

Next, we will derive ∂h′/∂yj . We note that Z ′y =
∑m

r=1 Z
′
ryr, ∂y

′
j/∂yj = Inj

, and ∂y′
r/∂yj = Onj ,nr

(r ̸= j). Then, we have

∂h′

∂yj
=

∂ξ̂′

∂yj
B +

∂γ̂′

∂yj
Z ′Z −

m∑
r=1

∂y′
r

∂yj
Zr

=
∂ξ̂′

∂yj
J +

∂γ̂′

∂yj
H −Zj .

B.2 Proof of Lemma 6

From ∂g′/∂yj = Onj ,t̂kL
, ∂h′/∂yj = Onj ,kG

, and Lemma 5, we have(
∂ξ̂′

∂yj
,
∂γ̂′

∂yj

)(
G
J ′

)
=

∂ξ̂′

∂yj
G+

∂γ̂′

∂yj
J ′ = e′s ⊗Xj − λΦj ,(

∂ξ̂′

∂yj
,
∂γ̂′

∂yj

)(
J
H

)
=

∂ξ̂′

∂yj
J +

∂γ̂′

∂yj
H = Zj .

Therefore, (
∂ξ̂′

∂yj
,
∂γ̂′

∂yj

)(
G J
J ′ H

)
= (e′s ⊗Xj − λΦj , Zj) .

Multiplying both sides from the left by M−1, we obtain the desired result.
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B.3 Proof of Theorem 1

From (16) and Lemma 6, we have

d̂f(W , λ) =

t̂∑
s=1

∑
j∈Es

tr

(
∂ξ̂′

∂yj
(es ⊗X ′

j) +
∂γ̂′

∂yj
Z ′

j

)

=

t̂∑
s=1

∑
j∈Es

tr

((
∂ξ̂′

∂yj
,
∂γ̂′

∂yj

)(
es ⊗X ′

j

Z ′
j

))

=

t̂∑
s=1

∑
j∈Es

tr

(
(e′s ⊗Xj − λΦj , Zj)M

−1

(
es ⊗X ′

j

Z ′
j

))

=

t̂∑
s=1

∑
j∈Es

tr

(
M−1

(
es ⊗X ′

j

Z ′
j

)
(e′s ⊗Xj − λΦj , Zj)

)

= tr

M−1
t̂∑

s=1

∑
j∈Es

(
es ⊗X ′

j

Z ′
j

)
(e′s ⊗Xj − λΦj , Zj)

 .

Since A = G− λL, we find that

t̂∑
s=1

∑
j∈Es

(
es ⊗X ′

j

Z ′
j

)
(e′s ⊗Xj − λΦj , Zj)

=

t̂∑
s=1

∑
j∈Es

(
ese

′
s ⊗X ′

jXj es ⊗X ′
jZj

e′s ⊗Z ′
jXj Z ′

jZj

)
− λ

t̂∑
s=1

∑
j∈Es

(
(es ⊗X ′

j)Φj Ot̂kL,kG

Z ′
jΦj OkG,kG

)

=

(
A B
B′ Z ′Z

)
− λ

(∑t̂
s=1

∑
j∈Es

(es ⊗X ′
j)Φj Ot̂kL,kG∑t̂

s=1

∑
j∈Es

ZjΦj OkG,kG

)

=

(
G J
J ′ H

)
− λ

(
L Ot̂kL,kG

OkG,t̂kL
OkG,kG

)
− λ

(∑t̂
s=1

∑
j∈Es

(es ⊗X ′
j)Φj Ot̂kL,kG∑t̂

s=1

∑
j∈Es

ZjΦj OkG,kG

)

= M − λ

(
L Ot̂kL,kG

OkG,t̂kL
OkG,kG

)
− λ

(∑t̂
s=1

∑
j∈Es

(es ⊗X ′
j)Φj Ot̂kL,kG∑m

j=1 ZjΦj OkG,kG

)
.

Here, we note that

t̂∑
s=1

∑
j∈Es

(es ⊗X ′
j)Φj =

t̂∑
s=1

∑
j∈Es

(es ⊗X ′
j)

 t̂∑
p=1

e′p ⊗
∑
u∈Fp

∂vpu
∂yj

θ′
pu


=

t̂∑
s=1

t̂∑
p=1

∑
j∈Es

(es ⊗X ′
j)

e′p ⊗
∑
u∈Fp

∂vpu
∂yj

θ′
pu


=

t̂∑
s=1

t̂∑
p=1

∑
j∈Es

ese
′
p ⊗

∑
u∈Fp

X ′
j

∂vpu
∂yj

θ′
pu


=

t̂∑
s=1

t̂∑
p=1

ese
′
p ⊗

∑
u∈Fp

∑
j∈Es

X ′
j

∂vpu
∂yj

θ′
pu

 = R,
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and

m∑
j=1

ZjΦj =

m∑
j=1

Zj

 t̂∑
p=1

e′p ⊗
∑
u∈Fp

∂vpu
∂yj

θ′
pu


=

t̂∑
p=1

e′p ⊗
∑
u∈Fp

m∑
j=1

Zj
∂vpu
∂yj

θ′
pu

 = U ,

where R and U are the matrices defined by (18). Hence, we have

t̂∑
s=1

∑
j∈Es

(
es ⊗X ′

j

Z ′
j

)(
e′s ⊗Xj − λΦj Zj

)
= M − λ

(
L Ot̂kL,kG

OkG,t̂kL
OkG,kG

)
− λ

(
R Ot̂kL,kG

U OkG,kG

)
.

Consequently, d̂f(W , λ) is given by the following:

d̂f(W , λ) = tr

(
M−1

{
M − λ

(
L Ot̂kL,kG

OkG,t̂kL
OkG,kG

)
− λ

(
R Ot̂kL,kG

U OkG,kG

)})
= tr

(
It̂kL+kG

− λ

(
M11 M12

M21 M22

)(
L Ot̂kL,kG

OkG,t̂kL
OkG,kG

)
− λ

(
M11 M12

M21 M22

)(
R Ot̂kL,kG

U OkG,kG

))
= tr(It̂kL+kG

)− λtr

(
M11L Ot̂kL,kG

M21L OkG,kG

)
− λtr

(
M11R+M12U Ot̂kL,kG

M21R+M22U OkG,kG

)
= t̂kL + kG − λtr(M11L)− λtr(M11R+M12U)

= t̂kL + kG − λtr(M11L)− λtr(M11R)− λtr(M12U).

B.4 Proof of Lemma 7

When δ = 0, wAL
rℓ (0) = ∥β̂r,LS − β̂ℓ,LS∥0 = 1. Hence, we have

∂wAL
rℓ (0)

∂yj
= 0nj

.

When δ > 0, we have

∂wAL
rℓ (δ)

∂yj
=

∂

∂yj
(∥β̂r,LS − β̂ℓ,LS∥2)−δ/2

= −δ

2
(∥β̂r,LS − β̂ℓ,LS∥2)−δ/2−1 ∂

∂yj
∥β̂r,LS − β̂ℓ,LS∥2

= −δ

2
∥β̂r,LS − β̂ℓ,LS∥−δ−2

{
2

(
∂

∂yj
(β̂r,LS − β̂ℓ,LS)

′
)
(β̂r,LS − β̂ℓ,LS)

}
= −δ∥β̂r,LS − β̂ℓ,LS∥−δ−1

(
∂β̂′

r,LS

∂yj
−

∂β̂′
ℓ,LS

∂yj

)
β̂r,LS − β̂ℓ,LS

∥β̂r,LS − β̂ℓ,LS∥

= −δ(∥β̂r,LS − β̂ℓ,LS∥−δ)1+δ−1

(
∂β̂′

r,LS

∂yj
−

∂β̂′
ℓ,LS

∂yj

)
arℓ

= −δ(∥β̂r,LS − β̂ℓ,LS∥−δ)1+δ−1

(
∂β̂′

r,LS

∂yj
−

∂β̂′
ℓ,LS

∂yj

)
arℓ

= −δwAL
rℓ (δ)1+δ−1

(
∂β̂′

r,LS

∂yj
−

∂β̂′
ℓ,LS

∂yj

)
arℓ,

where arℓ = ∥β̂r,LS − β̂ℓ,LS∥−1(β̂r,LS − β̂ℓ,LS).
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B.5 Proof of Lemma 8

First, we derive ∂β̂′
r,LS/∂yj . Noting that

∂y′
r

∂yj
=

{
Inj (r = j)

Onj ,nr
(r ̸= j)

,

we have

∂β̂′
r,LS

∂yj
=

∂

∂yj

{
(yr −Zrγ̂LS)

′Xr(X
′
rXr)

−1
}

=
∂y′

r

∂yj
Xr(X

′
rXr)

−1 − ∂γ̂′
LS

∂yj
Z ′

rXr(X
′
rXr)

−1

=


Xj(X

′
jXj)

−1 − ∂γ̂′
LS

∂yj
Z ′

jXj(X
′
jXj)

−1 (r = j)

−∂γ̂′
LS

∂yj
Z ′

rXr(X
′
rXr)

−1 (r ̸= j)
.

Next, we derive ∂γ̂′
LS/∂yj . Noting that Z ′(In − PX)y =

∑m
r=1 Z

′
r(Inr

− PXr
)yr, we have

∂γ̂′
LS

∂yj
=

∂

∂yj

[
y′(In − PX)Z{Z ′(In − PX)Z}−1

]
=

{
m∑
r=1

∂y′
r

∂yj
(Inr − PXr )Zr

}
{Z ′(In − PX)Z}−1

= (Inj
− PXj

)Zj{Z ′(In − PX)Z}−1.

B.6 Proof of Lemma 9

First, we show the case of δ = 0. According to Lemma 7, we find that ∂wAL
rℓ (0)/∂yj = 0nj . Therefore, for

any s, p ∈ {1, . . . , t̂}, we obtain

Rsp,(WAL(0),λ) = OkL,kL
= −0×RAL

sp (0, λ),

where RAL
sp is a matrix defined by (19). Consequently, R(WAL(0),λ) = −0 × RAL(0, λ), where RAL is a

matrix defined by (19).
Next, we show the case of δ > 0. Let j, r ∈ {1, . . . ,m} and ℓ ∈ Dr. Since ℓ ∈ Dr ⊆ {1, . . . ,m} \ {r},

ℓ ̸= r. Thus, note that r = j and ℓ = j cannot occur at the same time. We also note that X ′
j(Inj

−PXj
) =

OkL,nj
and that

arℓ = ∥β̂r,LS − β̂ℓ,LS∥−1(β̂r,LS − β̂ℓ,LS)

= −∥β̂ℓ,LS − β̂r,LS∥−1(β̂ℓ,LS − β̂r,LS) = −aℓr.

According to Lemma 8, we have

X ′
j

∂γ̂′
LS

∂yj
= OkL,kL

, X ′
j

∂β̂r,LS

∂yj
=

{
IkL

(r = j)

OkL,kL
(r ̸= j)

.

Hence, we obtain the following:

X ′
j

∂wAL
rℓ (δ)

∂yj
=


−δwAL

jℓ (δ)1+δ−1

ajℓ (r = j ∧ ℓ ̸= j)

−δwAL
jr (δ)1+δ−1

ajr (r ̸= j ∧ ℓ = j)

0kL
(r ̸= j ∧ ℓ ̸= j)

.
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Here, to find Rsp,(WAL(δ),λ), we consider cases with respect to p.
Let p = s. If u ∈ Fs, then u ̸= s and Es ∩ Eu = ∅ hold. That is, if j ∈ Es, then j /∈ Eu for all u ∈ Fs.

Therefore, we have

Rss,(WAL(δ),λ) =
∑
u∈Fs

∑
j∈Es

X ′
j

∂vsu
∂yj

θ′
su

=
∑
u∈Fs

∑
j∈Es

X ′
j

∑
r∈Es

∑
ℓ∈Eu∩Dr

∂wAL
rℓ (δ)

∂yj
θ′
su

=
∑
u∈Fs

∑
j∈Es

 ∑
ℓ∈Eu∩Dj

X ′
j

∂wAL
jℓ (δ)

∂yj
+

∑
r∈Es\{j}

∑
ℓ∈Eu∩Dr

X ′
j

∂wAL
rℓ (δ)

∂yj

θ′
su

= −δ
∑
u∈Fs

∑
j∈Es

∑
ℓ∈Eu∩Dj

wAL
jℓ (δ)1+δ−1

ajℓθ
′
su = −δRAL

ss (δ, λ),

where RAL
ss is a matrix defined by (19).

Let p ∈ Fs. Since p ̸= s, if j ∈ Es, then j /∈ Ep. Noting that s ∈ Fp, vps = vsp, and θps = −θsp, we
have

Rsp,(WAL(δ),λ) =
∑
u∈Fp

∑
j∈Es

X ′
j

∂vpu
∂yj

θ′
pu

=
∑
j∈Es

X ′
j

∂vps
∂yj

θ′
ps +

∑
u∈Fp\{s}

∑
j∈Es

X ′
j

∂vpu
∂yj

θ′
pu

= −
∑
j∈Es

X ′
j

∂vsp
∂yj

θ′
sp +

∑
u∈Fp\{s}

∑
j∈Es

X ′
j

∂vpu
∂yj

θ′
pu

= −
∑
j∈Es

∑
r∈Es

∑
ℓ∈Ep∩Dr

X ′
j

∂wAL
rℓ (δ)

∂yj
θ′
sp +

∑
u∈Fp\{s}

∑
j∈Es

∑
r∈Ep

∑
ℓ∈Eu∩Dr

X ′
j

∂wAL
rℓ (δ)

∂yj
θ′
pu

= −
∑
j∈Es

 ∑
ℓ∈Ep∩Dj

X ′
j

∂wAL
rℓ (δ)

∂yj
θ′
sp +

∑
r∈Es\{j}

∑
ℓ∈Ep∩Dr

X ′
j

∂wAL
rℓ (δ)

∂yj
θ′
sp

+OkL,kL

= −
∑
j∈Es

−δ
∑

ℓ∈Ep∩Dj

wAL
jℓ (δ)1+δ−1

ajℓθ
′
sp +OkL,kL


= −δ

−
∑
j∈Es

∑
ℓ∈Ep∩Dj

wAL
jℓ (δ)1+δ−1

ajℓθ
′
sp

 = −δRAL
sp (δ, λ),

where RAL
sp is a matrix defined by (19).

Let p ∈ {1, . . . , t̂} \ ({s} ∪Fs). Since Ep ∩Es = ∅, if j ∈ Es, then j /∈ Ep. Additionally, since s /∈ Fp, if
u ∈ Fp, then u ̸= s. That is, j /∈ Eu for all u ∈ Fp. Therefore, we have

Rsp,(WAL(δ),λ) =
∑
u∈Fp

∑
j∈Es

X ′
j

∂vpu
∂yj

θ′
pu

=
∑
u∈Fp

∑
j∈Es

X ′
j

∑
r∈Ep

∑
ℓ∈Eu∩Dr

∂wAL
rℓ (δ)

∂yj
θ′
pu

=
∑
u∈Fp

∑
j∈Es

∑
r∈Ep

∑
ℓ∈Eu∩Dr

X ′
j

∂wAL
rℓ (δ)

∂yj
θ′
pu

= OkL,kL
= −δRAL

sp (δ, λ),
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where RAL
sp is a matrix defined by (19).

Consequently, when δ > 0, we have

R(WAL(δ),λ) =

t̂∑
s=1

t̂∑
p=1

ese
′
p ⊗Rsp,(WAL(δ),λ)

=

t̂∑
s=1

t̂∑
p=1

ese
′
p ⊗

{
−δRAL

sp (δ, λ)
}

= −δ

t̂∑
s=1

t̂∑
p=1

ese
′
p ⊗RAL

sp (δ, λ) = −δRAL(δ, λ),

where RAL is a matrix defined by (19).

B.7 Proof of Lemma 10

According to Lemma 7, when δ = 0, ∂wAL
rℓ (0)/∂yj = 0nj . Therefore, we have Up,(WAL(0),λ) = OkG,kL

and
U(WAL(δ),λ) = OkG,t̂kL

.
According to Lemma 8, when δ > 0, for all r ∈ {1, . . . ,m}, we have

m∑
j=1

Z ′
j

∂β̂′
r,LS

∂yj
= Z ′

rXr(X
′
rXr)

−1 −
m∑
j=1

Z ′
j

∂γ̂′
LS

∂yj
Z ′

rXr(X
′
rXr)

−1

=

IkG
−

m∑
j=1

Z ′
j

∂γ̂′
LS

∂yj

Z ′
rXr(X

′
rXr)

−1

=

IkG
−

m∑
j=1

Z ′
j(Inj − PXj )Zj{Z ′(In − PX)Z}−1

Z ′
rXr(X

′
rXr)

−1

=
[
IkG

−Z ′(In − PX)Z{Z ′(In − PX)Z}−1
]
Z ′

rXr(X
′
rXr)

−1

= (IkG
− IkG

)Z ′
rXr(X

′
rXr)

−1

= OkG,kL
.

Hence, for p ∈ {1, . . . , t̂} and u ∈ Fp, we obtain

m∑
j=1

Z ′
j

∂vpu
∂yj

=
∑
r∈Ep

∑
ℓ∈Eu∩Dr

m∑
j=1

Z ′
j

∂wAL
rℓ (δ)

∂yj

=
∑
r∈Ep

∑
ℓ∈Eu∩Dr

m∑
j=1

Z ′
j

{
−δwAL

rℓ (δ)1+δ−1

(
∂β̂′

r,LS

∂yj
−

∂β̂′
ℓ,LS

∂yj

)
arℓ

}

=
∑
r∈Ep

∑
ℓ∈Eu∩Dr

m∑
j=1

Z ′
j

(
∂β̂′

r,LS

∂yj
−

∂β̂′
ℓ,LS

∂yj

)(
−δwAL

rℓ (δ)1+δ−1

arℓ

)

=
∑
r∈Ep

∑
ℓ∈Eu∩Dr

 m∑
j=1

Z ′
j

∂β̂′
r,LS

∂yj
−

m∑
j=1

Z ′
j

∂β̂′
ℓ,LS

∂yj

(−δwAL
rℓ (δ)1+δ−1

arℓ

)
=
∑
r∈Ep

∑
ℓ∈Eu∩Dr

OkG,kL

(
−δwAL

rℓ (δ)1+δ−1

arℓ

)
= 0kG

.

Consequently, we have Up,(WAL(δ),λ) = OkG,kL
and U(WAL(δ),λ) = OkG,t̂kL

.
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B.8 Proof of Theorem 2

By substituting the results of Lemma 9 and Lemma 10 into Theorem 1, we obtain

νAL(δ, λ) = d̂f(WAL(δ), λ)

= t̂kL + kG − λtr(M11L)− λtr
(
M11R(WAL(δ),λ)

)
− λtr

(
M12U(WAL(δ),λ)

)
= t̂kL + kG − λtr(M11L) + λδtr(M11RAL).

B.9 Proof of Proposition 1

(1). According to Lemma 1 and Lemma 4, respectively, L is a positive semi-definite matrix and M is a
positive definite matrix. Therefore, we find that

tr(M11L) = tr
(
L1/2M

1/2
11 M

1/2
11 L1/2

)
= tr

(
(M

1/2
11 L1/2)′(M

1/2
11 L1/2)

)
≥ 0,

which implies ν
(1)
AL(δ, λ) ≥ ν

(2)
AL(δ, λ). Furthermore, when kL = 1, L = Ot̂,t̂ since Θpq = IkL

− θpqθ
′
pq =

1− 1 = 0. Hence, we have tr(M11L) = 0, and ν
(1)
AL(δ, λ) = ν

(2)
AL(δ, λ).

(2). According to Lemma 9, when δ = 0, RAL(0, λ) = Ot̂kL,t̂kL
. Hence, we have

ν
(3)
AL(0, λ) = t̂kL + kG − λtr(M11L) + λ× 0× tr(M11RAL)

= t̂kL + kG − λtr(M11L) + 0× 0

= t̂kL + kG − λtr(M11L)

= ν
(2)
AL(0, λ).
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