One-sample test for sub-mean vector
in high-dimensional data

Riku Hosonuma!*, Tamae Kawasaki? and Takashi Seo®

"Department of Applied Mathematics, Graduate School of Science,
Tokyo University of Science, Tokyo, Japan.
2Department of Economics, College of Economics, Aoyama Gakuin
University, Tokyo, Japan.
3Department of Applied Mathematics, Faculty of Science, Tokyo
University of Science, Tokyo, Japan.

Abstract

A Rao’s U-statistic is a classical hypotheses testing framework for sub-mean
vectors based on Hotelling’s T'? statistic. Therefore, it requires inverting the sam-
ple covariance matrix, and Consequently, Rao’s U statistic is not applicable in
settings where the dimensionality exceeds the sample size. In this study, we pro-
pose a high-dimensional analogue of Rao’s U-statistic by substituting Hotelling’s
T? with the L?-norm-based statistic introduced by Zhang and Xu (2009).
An approximate null distribution was derived using a two-cumulant matching
method. Furthermore, estimators of the unknown parameters involved in the
approximation were constructed using the unbiased estimators of the trace func-
tionals of the covariance matrix. Finally, Monte Carlo simulations were conducted
to investigate the finite-sample performance of the proposed procedure.

1 Introduction

This study focuses on the one-sample problem of hypothesis testing for a sub-mean
vector, first discussed in Rao (1949), with Rao’s U-statistic and its null distribu-
tion subsequently introduced in Siotani, Hayakawa, and Fujikoshi (1985). Various
extensions of such hypothesis testing have been developed under different settings
since Rao (1949). For instance, Rencher (2012) has introduced Rao’s U-statistic for
the two-sample problem, and Gupta, Xu, and Fujikoshi (2006) have extended it to



the k-sample case. Kawasaki, Naito, and Seo (2011) have proposed a Hotelling’s 772-
type statistic for testing a sub-mean vector in the one-sample problem. Extensions to
incomplete-data settings have also been investigated. Kawasaki and Seo (2016) have
considered hypothesis testing for a sub-mean vector under two-step monotone miss-
ing data and developed a likelihood ratio test. Hosonuma, Kawasaki, and Seo (2025)
have studied the one-sample sub-mean vector testing problem under two-step mono-
tone missing data, and proposed a Rao’s U-type statistic. More recently, Hosonuma,
Kawasaki, and Seo (2026) have extended this framework to the two-sample problem.
Let @1, 2, ...,y be distributed as the multivariate normal N,(p,33), where
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We partitioned x; into a p; x 1 and p x 1 random vectors with x; = (z7;,%5;)’,
where x;; :p; x 1,i=1,2,7=1,2,...,N.
The sample mean vector and unbiased covariance matrix were defined as:
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where n = N — 1 and S;; is a p; X p;matrix.
We considered the following sub-mean vector hypothesis:

HO D2 = 20 given M1 = H10 VS. H1 iy %) 7& H20 given M1 = K10 (1)
where pog and 1o are known. Rao’s U-statistic is defined as:
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where
T} =N(Z — po)' S~ (T — po),
T]?l =N(z1 - Hlo)/Sﬂl(fl — P10),

where T?? and T, are the Hotelling’s T*-statistics. Under Ho, (N — p)U/py is dis-
tributed as an F-distribution with ps and N — p degrees of freedom. These results
have been introduced by Siotani, Hayakawa, and Fujikoshi (1985).



However, when p > N or X is singular, Hotelling’s T2 statistic is not well defined,
and Rao’s U-statistic cannot be applied. Dempster (1958, 1960) has proposed a non-
exact test for high-dimensional settings to address this problem. In recent years, high-
dimensional data are increasingly used in many scientific fields, and their dimensionity
is comparable to or even higher than the sample size. Accordingly, various testing
procedures have been developed for high-dimensional mean vectors, including the
scale-invariant test of Srivastava and Du (2008) and the trace-based test of Schott
(2007). Importantly research has also focused on evolving alternatives to Hotelling’s
T? test based on the L? norm. Bai and Saranadasa (1996) have proposed an L?-norm-
based test for the two-sample mean vector problem. Subsequently, Chen and Qin
(2010) have developed an improved L?-norm-based test, and Zhang and Xu (2009)
have extended the L? norm approach to the one-sample mean vector problem. More
recently, Zhang, Guo, Zhou, and Cheng (2020) and Zhang, Zhou, and Guo (2022)
have advanced L?-norm-based procedures for high-dimensional mean vector testing.

However, these studies have focused on testing the mean vectors, whereas hypothe-
sis testing for a sub-mean vector in high-dimensional settings has not been investigated
thus far. Accordingly, we considered the sub-mean vector hypothesis testing problem
for high-dimensional data, and The propose a test statistic that preserves the structure
of Rao’s U-statistic while replacing Hotelling’s T? statistic with the L?-norm-based
statistic of Zhang and Xu (2009). Specifically, we tested the following hypothesis:

H{ = po vs. H : p # po (2)

where pg is known. For the one-sample problem (2), the L?-norm-based test statistic
can be specified as:

Ry = NI — pol|?

Zhang and Xu (2009) imposed the following regular assumptions:
Assumption A.

1. % —~v€(0,1) as N,p — oo.
tr(X
2. H(%) —¢1 € (0,00) as p — o0.
p
tr(x?
3. H(2) — ¢z € (0,00) as p — 0.
)\max
4. — = 0as p — oo,
VP
where Amax = maxi<i<p Ay, and Aq,..., A, are the eigenvalues of 3.

These assumptions are also similar to those imposed by Bai and Saranadasa (1996).

In Section 2, we propose a high-dimensional extension of Rao’s U-statistic for test-
ing a sub-mean vector and derive its approximate F-distribution. The finite-sample
performance of the proposed procedure was investigated using Monte Carlo simula-
tions, as detailed in Section 3. A numerical example is presented in Section 4, and
concluding remarks are provided in Section 5.



2 Rao’s U-statistic for high-dimensional data

We propose a test statistic for the sub-mean vector with high-dimensional data. In
hypothesis (1), the Hotelling’s T? statistic used for Rao’s U-statistic is replaced by a
L2-norm-based test statistic to yield a new test statistic, Uz, as defined below.
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where

R, =N||T — pol|*,
Ry, =N|[Z1 — pol*.

We impose the following assumptions to derive the asymptotic null distribution of
the proposed statistic.
Assumption B.
1. B2 — 1 € (0,1) and % — v2 € (0,1), as N,p1,p2 — 0.

tr(En) (1) tr(zgg) (2)

2. ———= = ¢y’ €(0,00) and —* — ¢;”’ € (0,00), as p1,p2 — 0.
P P2
tr(X3 tr(23
3. r(Z1) — cél) € (0,00) and M — ch) € (0,00), as p1,p2 — 00.
P b2
AW A2
4. 22X 5 0and T2 50, as pr,pa — 00,
vV P1 VD2
where )\(11), ey )\](011) and /\52), ey /\1(,22) denote the eigenvalues of X1; and X9, respec-

tively, with AL, = maxi<i<p, )\51) and A2, = maxi<i<p, )\1(-2).

We derived the asymptotic null distribution of Uy to test the hypothesis described

d
in (1). Let 2 and ~ denote the equality and approximate equality in distribution,
respectively, and let XZ denote a chi-squared distribution with d degrees of freedom.
Zhang and Xu (2009) have shown that
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We approximated the numerator and denominator of Upy separately using
scaled chi-square distributions to obtain its approximate null distribution, via a
two-cumulant matching method.

First, we considered the denominator. Matching the first two cumulants yields

P1
d
N-1+ ZATAT ~ 50)(307

r=1
where
By = tr(3,) _{N -1+ (=)}
T N1t u(Zy) Y tr(X2,)
Similarly, for the numerator,
P
d
Z >\T’Ar ~ 51X313
r=pi1+1
where
tr(E%2) tr2(222)
br=—5 h="Teg-
tI‘(EQQ) tr(Ezz)
Consequently,
d B1x3
UH ~ L,
BoXa,

After a simple algebraic manipulation, we obtained

Bodo,, d Xa,/di
Brdy T X3, /do Ao

Therefore, under the null hypothesis, the proposed statistic was approximately
distributed as Fy, q,- Consequently, the proposed test could be implemented by
employing this approximate F-distribution as the reference.

This approximation depends on the unknown parameters 8y, 81, do, and dy, which
are functions of tr(X11), tr(Xa2), tr(X%,), and tr(X3,). These quantities were unknown
in practice, and had to be estimated from the data. Estimating the trace functionals of
the covariance matrices is central to high-dimensional statistics. Yamada and Himeno
(2015, 2023) and Yamada, Himeno, Tillander, and Pavlenko (2023) have investigated
estimating such quantities without bias.

Let N
_ 1 V(e v [S11 S12
§= N -1 ;(wz — @)@ —a) = (521 522)




denote the sample covariance matrix. A straightforward approach involves estimating
these trace functionals by replacing 3 with S. However, such plug-in estimators are
generally biased, particularly for tr?(X) and tr(X?), in high-dimensional settings.
Therefore, following Zhang and Xu (2009), we employed the unbiased estimators

Sy . N -1N 2 2 2
—<5 (N — 1)2 9 1 9

Applying these to S11 and Sas yields tr?(X;;) and tr(X%) (i = 1,2), respectively.
Moreover, we estimated tr(X11) and tr(X92) by tr(S11) and tr(Ssz), respectively.
Substituting these estimators into the expressions for £y, 51, dy, and di, we

obtained

—

N tr(X2)) s (N =1)2+2(N — 1)tr(S11) + tr*(Z11)
0= v 7T ..o a v do= — )
N—-1+ tI‘(Sll) tr(zﬁl)
and
A t@) S trz(zgg)
/61: tr(S )7 d1:72~
22 tr(X3,)
Hence, under the null hypothesis,
BOCZO d
= dA UH %Fczl,do.
101
Accordingly, the proposed test rejected Hy at significance level o@ whenever
50d
BAO AO UH > Fa(dl,do),
1d1

where Fa(czl,(fo) denotes the upper 100« percentile of the F-distribution with
degrees of freedom d; and dy.

3 Monte Carlo Simulations

We performed Monte Carlo simulations with 10° replications to evaluate the finite-
sample performance of Rao’s U-statistic, the proposed high-dimensional statistic Ugy,

and its bias-corrected version.
The empirical Type I error rates are defined as

N —
PU—Pr{ ’ pU>Fp27N_p(a)},
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Bod,
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where Fj, ;(a) denotes the - upper 100« percentile of the F-distribution with degrees of
freedom k and I. o, 51, do, and d; were obtained using the plug-in estimators, with
%11 and 39 replaced by 5'11 and 522, respectively, in the expressions for 8y, 51, do,
and dy. By contrast, ﬁo, ﬂl, do, and d1 were based on the bias-corrected estimators
introduced in Section 2.

We conducted Monte Carlo simulations with 10° replications under several combi-
nations of (p1,pa2, N) to investigate the impact of the dimensionality and the sample
size on the finite-sample performance of the proposed procedure. Specifically, the par-
tition ratio p; : po was assumed as 1 : 1, 1 :2, 1 : 3, and 2 : 1. For each ratio, p;
ranged from 4 — 60 in increments of 2, with p, determined accordingly. The sample
size was set to N = py, 2p1, 3p1, and p;/2. Under the null hypothesis, random sam-
ples were generated independently from the p-variate normal distribution N, (0, I,),
where p = p1 + po.

The empirical Type I error rate at the nominal significance levels a = 0.05 is
summarized in Tables 1 — 4, which correspond to the partition ratios p; : po =1 : 1,
1:2,1:3,and 2: 1, respectively.

Tables 1 —4 show that when N > p, the Type I error rate of Rao’s U-statistic, Py,
is closest to the nominal significance level. This outcome is expected because Rao’s
U-statistic follows the F-distribution under the null hypothesis in this setting.

By contrast, the Type I error rate of the proposed statistic without the bias cor-
rection, Py, does not satisfactorily control the Type I error rate. However, the Type
I error rate Py was substantially improved by employing the bias-corrected estima-
tors of the trace functionals, and remained close to the nominal significance level even
when p > N, where Rao’s U-statistic is no longer applicable. Although Tables 1 — 4
only report the finite-dimensional settings, additional simulation results (not reported
here) confirm that the empirical Type I error rate of the bias-corrected procedure,
Pgp, converges to the nominal significance level as the sample size and dimensionality
increase.

These results indicate that the proposed bias-corrected procedure enables hypoth-
esis testing in high-dimensional settings with p > N over a wide range of sample sizes
and dimensional configurations. Although similar tendencies were observed for all
partition ratios, the empirical Type I error rate of Pgy became slightly conservative
when the difference between p; and ps was relatively large, e.g., p1 : po = 1: 3.

4 Numerical Example

In this section, we illustrate the proposed test using the white wine data set described
in Cortez (2009). The original dataset contained 4,898 observations. All variables
were transformed using the Box—Cox transformation. We randomly selected 20 and



10 observations from the transformed data set, respectively, to demonstrate both the
scenarios wherein N > p and N = p..

The variables were arranged in the following order: fixed acidity, citric acid, pH,
volatile acidity, residual sugar, chlorides, free sulfur dioxide, total sulfur dioxide, den-
sity, sulphates, and alcohol. As the fixed acidity, citric acid, and pH we determined
by the characteristics of the grapes used in producing the wine, the test was per-
formed under the assumption that their mean vector is given. Therefore, we have
N =20,p=10,p; =3, and py = 7.

We considered the following hypothesis for the data after the Box—Cox transfor-
mation:

Ho: py = (—1.646, 1.233, —7.312, 8.679, —0.007, —0.896, 0.543)’
given p, = (0.701, 0.293, 0.553)

vs. Hy: py = (—1.646, 1.233, —7.312, 8.679, —0.007, —0.896, 0.543)’
given p, = (0.701, 0.293, 0.553)’

Subsequently, we computed

N
Prr = 4.898,
b2
for Rao’s U-statistic, o
d
bodo Un = 2.889,
1dy
for the proposed statistic, and
Bod,
fodo Uy = 3.027,
1dy

for the bias-corrected version of the proposed statistic.

The corresponding critical values were Fj,, y—,(0.05) = 3.135 and F,, n—,(0.01) =
5.200, Fy ;(0.05) = 3.014 and Fj ; (0.01) = 4.646, and Fy 4 (0.05) = 2.901 and
Fy 3,(0.01) = 4.401, respectively. For the bias-corrected version of the proposed statis-
tic, the null hypothesis was rejected at the 0.05 significance level but not at the 0.01
level, which agrees with the result obtained using Rao’s U-statistic. By contrast, the
proposed statistic (without bias correction) did not lead to the same testing result,
indicating that the bias correction is essential.

Next, we considered the case N = p = 10, while keeping the remaining settings
unchanged. Since N = p, Rao’s U-statistic cannot be applied because the denominator
degrees of freedom of the corresponding F-distribution become zero.



For the proposed statistic, we obtained

’6:0‘{0 Uy = 2.8%6,
1dy
and, after bias correction, o
d
Oodo ;- 3.941
Brda

The corresponding critical values were Fy; ; (0.05) = 3.285, F; ; (0.01) = 5.258,
Fy 3,(0.05) = 3.108, and F ; (0.01) = 4. 853. For the bias-corrected version of the
proposed statistic, the null hypothems was rejected at the 0.05 significance level but
not at the 0.01 level, which is identical the testing conclusion obtained in the N = 20
case. Although Rao’s U-statistic is not applicable when N = p, the proposed procedure
could still be performed successfully and yielded the same testing conclusion as in the
N > p case.

These numerical examples demonstrate two important features of the proposed
procedure. First, when N > p, the bias-corrected version of the proposed statistic
yielded the same testing conclusion as Rao’s U-statistic, whereas the uncorrected
version could lead to a different conclusion, thus highlighting the necessity of bias
correction. Second, when N = p, Rao’s U-statistic was no longer applicable, whereas
the proposed statistic remained valid, and provided the same testing conclusion as for
the N > p case.

5 Conclusions

In this study, we considered the one-sample problem of testing a sub-mean vec-
tor in high-dimensional settings. We proposed a high-dimensional extension of Rao’s
U-statistic and derived its approximate F-distribution using scaled chi-square approx-
imations. Bias-corrected estimators were introduced for the trace functionals to
improve the approximation accuracy.

Through Monte Carlo simulations, we demonstrated that the bias-corrected pro-
cedure Uy satisfactorily controlled the Type I error rate even when p > N, where in
Rao’s U-statistic is no longer applicable. Finally, a numerical example using a white
wine dataset illustrated that the proposed procedure yields the same testing conclu-
sion as Rao’s U-statistic when NV > p and remains applicable when N = p. These
results indicate that the proposed bias-corrected extension of Rao’s U-statistic is a
useful and robust tool for testing sub-mean vectors in high-dimensional settings.
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Table 1: Upper percentiles and type I errors when
pr:pe=1:1 and a =0.05

P1 p2 N U(Oé) UH(Ot) PU PH PBH

4 4 12 6.40 0.67 0.050 0.042 0.073
6 6 18 4.30 0.57 0.050 0.036 0.062
8 8 24 3.45 0.52  0.050 0.034 0.058
10 10 30 2.98 0.48 0.050 0.033 0.056
12 12 36 2.69 0.46 0.050 0.032 0.055
14 14 42 2.48 0.44 0.050 0.032 0.053
16 16 48 2.33 0.43 0.050 0.031 0.053

18 18 54 2.22 0.42 0.050 0.031 0.052
20 20 60 2.13 0.41 0.050 0.031 0.052
22 22 66 2.05 0.40 0.050 0.031 0.052

24 24 72 1.98 0.39 0.050 0.031 0.052
26 26 78 1.93 0.38 0.050 0.031 0.052
28 28 84 1.88 0.38 0.050 0.030 0.051
30 30 90 1.84 0.37 0.050 0.030 0.051
40 40 120 1.69 0.36  0.050 0.030 0.051
50 50 150 1.60 0.34 0.050 0.030 0.051
60 60 180 1.53 0.33 0.050 0.029 0.050

4 4 8 nan 0.95 0.000 0.036 0.084

6 6 12 nan 0.80 0.000 0.030 0.067

8 8 16 nan 0.72 0.000 0.028 0.062
10 10 20 nan 0.67 0.000 0.026 0.058
12 12 24 nan 0.63 0.000 0.026 0.056
14 14 28 nan 0.60 0.000 0.025 0.055
16 16 32 nan 0.58 0.000 0.025 0.054
18 18 36 nan 0.57 0.000 0.025 0.054
20 20 40 nan 0.55 0.000 0.024 0.053
22 22 44 nan 0.54 0.000 0.024 0.052
24 24 48 nan 0.53 0.000 0.024 0.052
26 26 52 nan 0.52  0.000 0.024 0.052
28 28 56 nan 0.51 0.000 0.024 0.052
30 30 60 nan 0.51  0.000 0.024 0.052
40 40 80 nan 0.48 0.000 0.023 0.051
50 50 100 nan 0.46 0.000 0.023 0.051
60 60 120 nan 0.45 0.000 0.023 0.050
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Table 1: Upper percentiles and type I errors when
p1:p2=1:1, and o = 0.05 (continued)

pr p2 N Ule) Ugn() Py Py Pppg

4 4 4 nan 1.72 0.000 0.020 0.117
6 6 6 nan 1.36 0.000 0.014 0.084
8 8 8 nan 1.19 0.000 0.013 0.071
10 10 10 nan 1.09 0.000 0.012 0.065
12 12 12 nan 1.02  0.000 0.012 0.061

14 14 14 nan 0.97 0.000 0.011 0.059
16 16 16 nan 0.93 0.000 0.011 0.057
18 18 18 nan 0.90 0.000 0.011 0.056
20 20 20 nan 0.87 0.000 0.011 0.055
22 22 22 nan 0.85 0.000 0.011 0.055
24 24 24 nan 0.83 0.000 0.011 0.054
26 26 26 nan 0.81 0.000 0.011 0.054
28 28 28 nan 0.80 0.000 0.011 0.053
30 30 30 nan 0.79  0.000 0.011 0.053
40 40 40 nan 0.74 0.000 0.011 0.052
50 50 50 nan 0.71  0.000 0.011 0.051
60 60 60 nan 0.69 0.000 0.010 0.051

4 4 2 nan 3.13  0.000 0.008 0.000

6 6 3 nan 2.21 0.000 0.003 0.136

8 8 4 nan 1.84 0.000 0.002 0.099
10 10 5 nan 1.64 0.000 0.002 0.083
12 12 6 nan 1.51 0.000 0.002 0.075
14 14 7 nan 1.42 0.000 0.002 0.070
16 16 8 nan 1.35 0.000 0.002 0.066
18 18 9 nan 1.29 0.000 0.002 0.064
20 20 10 nan 1.25 0.000 0.002 0.062
22 22 11 nan 1.21  0.000 0.002 0.060
24 24 12 nan 1.18 0.000 0.002 0.059
26 26 13 nan 1.15 0.000 0.002 0.058
28 28 14 nan 1.13 0.000 0.002 0.057
30 30 15 nan 1.11  0.000 0.002 0.057
40 40 20 nan 1.04 0.000 0.002 0.055
42 42 21 nan 1.02 0.000 0.002 0.054
44 44 22 nan 1.01 0.000 0.002 0.054
46 46 23 nan 1.00 0.000 0.002 0.054
48 48 24 nan 1.00 0.000 0.002 0.053

50 50 25 nan 0.99 0.000 0.002 0.054
52 52 26 nan 0.98 0.000 0.002 0.053
54 54 27 nan 0.97 0.000 0.002 0.053
56 56 28 nan 0.97 0.000 0.002 0.053
58 58 29 nan 0.96 0.000 0.002 0.053
60 60 30 nan 0.95 0.000 0.002 0.053
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Table 2: Upper percentiles and type I errors when
pr:p2o=1:2 and a =0.05

p1 P2 N U(a) Ug(a) Py Py Pppg

4 8 12 nan 1.10 0.000 0.025 0.065

6 12 18 nan 0.96 0.000 0.023 0.058

8 16 24 nan 0.89  0.000 0.022 0.055
10 20 30 nan 0.84 0.000 0.021 0.054
12 24 36 nan 0.80 0.000 0.020 0.053
14 28 42 nan 0.78 0.000 0.020 0.052
16 32 48 nan 0.75 0.000 0.020 0.052
18 36 54 nan 0.74 0.000 0.020 0.051
20 40 60 nan 0.72  0.000 0.020 0.051
22 44 66 nan 0.71  0.000 0.020 0.051
24 48 72 nan 0.70  0.000 0.020 0.051
26 52 78 nan 0.69 0.000 0.019 0.051
28 56 84 nan 0.69 0.000 0.020 0.051
30 60 90 nan 0.68 0.000 0.019 0.051
40 80 120 nan 0.65 0.000 0.019 0.050
50 100 150 nan 0.63 0.000 0.019 0.051
60 120 180 nan 0.62 0.000 0.019 0.050

4 8 8 nan 1.59 0.000 0.017 0.069
6 12 12 nan 1.35 0.000 0.015 0.060
8 16 16 nan 1.23 0.000 0.014 0.056
10 20 20 nan 1.16 0.000 0.014 0.055
12 24 24 nan 1.11  0.000 0.013 0.053
14 28 28 nan 1.07 0.000 0.014 0.053
16 32 32 nan 1.03 0.000 0.013 0.052
18 36 36 nan 1.01 0.000 0.013 0.051

20 40 40 nan 0.99 0.000 0.013 0.051
22 44 44 nan 0.97 0.000 0.013 0.051
24 48 48 nan 0.96 0.000 0.013 0.051
26 52 52 nan 0.94 0.000 0.013 0.051
28 56 56 nan 0.93 0.000 0.013 0.051
30 60 60 nan 0.92 0.000 0.013 0.051
40 80 80 nan 0.88 0.000 0.013 0.050
50 100 100 nan 0.86 0.000 0.012 0.050
60 120 120 nan 0.84 0.000 0.012 0.050
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Table 2: Upper percentiles and type I errors when
p1:p2 =1:2, and a = 0.05 (continued)

p1 p2 N U(a) Upn(a) Py Py Pppg

4 8 4 nan 2.93 0.000 0.005 0.088
6 12 6 nan 2.35 0.000 0.004 0.067
8 16 8 nan 2.08 0.000 0.004 0.060

10 20 10 nan 1.92  0.000 0.004 0.057
12 24 12 nan 1.81 0.000 0.004 0.055
14 28 14 nan 1.73 0.000 0.004 0.054
16 32 16 nan 1.67 0.000 0.004 0.053
18 36 18 nan 1.62 0.000 0.004 0.053
20 40 20 nan 1.58 0.000 0.004 0.052
22 44 22 nan 1.54 0.000 0.004 0.052
24 48 24 nan 1.51 0.000 0.004 0.051
26 52 26 nan 1.49 0.000 0.004 0.051
28 56 28 nan 1.47 0.000 0.004 0.051
30 60 30 nan 1.45 0.000 0.004 0.051
40 80 40 nan 1.38 0.000 0.004 0.051
50 100 50 nan 1.33 0.000 0.004 0.050
60 120 60 nan 1.30 0.000 0.004 0.050

4 8 2 nan 5.57 0.000 0.001 0.000

6 12 3 nan 3.94 0.000 0.000 0.113

8 16 4 nan 3.29 0.000 0.000 0.083
10 20 5 nan 2.95 0.000 0.000 0.072
12 24 6 nan 2.72 0.000 0.000 0.065
14 28 7 nan 2.57 0.000 0.000 0.062
16 32 8 nan 2.45 0.000 0.000 0.060

9

18 36 nan 2.36 0.000 0.000 0.058
20 40 10 nan 2.29 0.000 0.000 0.057
22 44 11 nan 2.23 0.000 0.000 0.056
24 48 12 nan 2.17 0.000 0.000 0.055
26 52 13 nan 2.13  0.000 0.000 0.054
28 56 14 nan 2.09 0.000 0.000 0.054
30 60 15 nan 2.06 0.000 0.000 0.054

40 80 20 nan 1.93 0.000 0.001 0.052
50 100 25 nan 1.86 0.000 0.001 0.052
60 120 30 nan 1.80 0.000 0.001 0.052
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Table 3: Upper percentiles and type I errors when
p1:p2=1:3,and a = 0.05

p1 P2 N U(a) Ug(a) Py Py Ppm

4 12 12 nan 1.51 0.000 0.016 0.060

6 18 18 nan 1.33 0.000 0.015 0.055

8 24 24 nan 1.23 0.000 0.014 0.053
10 30 30 nan 1.17 0.000 0.014 0.052
12 36 36 nan 1.13 0.000 0.014 0.052
14 42 42 nan 1.10 0.000 0.013 0.051
16 48 48 nan 1.07 0.000 0.013 0.051
18 54 54 nan 1.05 0.000 0.013 0.051
20 60 60 nan 1.03 0.000 0.013 0.051
22 66 66 nan 1.02 0.000 0.013 0.051
24 72 72 nan 1.00 0.000 0.013 0.051

26 78 78 nan 0.99 0.000 0.013 0.050
28 84 84 nan 0.98 0.000 0.013 0.050
30 90 90 nan 0.97 0.000 0.013 0.050
40 120 120 nan 0.94 0.000 0.013 0.050
50 150 150 nan 0.92 0.000 0.013 0.050
60 180 180 nan 0.90 0.000 0.012 0.050

4 12 8 nan 2.18 0.000 0.009 0.061

6 18 12 nan 1.88 0.000 0.009 0.055

8 24 16 nan 1.72 0.000 0.008 0.053
10 30 20 nan 1.63 0.000 0.008 0.052
12 36 24 nan 1.56 0.000 0.008 0.051
14 42 28 nan 1.51 0.000 0.008 0.050
16 48 32 nan 1.47  0.000 0.008 0.050
18 54 36 nan 1.44 0.000 0.008 0.050
20 60 40 nan 1.41 0.000 0.008 0.050
22 66 44 nan 1.39 0.000 0.008 0.050
24 72 48 nan 1.37 0.000 0.008 0.050
26 78 52 nan 1.35 0.000 0.007 0.050
28 84 56 nan 1.34 0.000 0.008 0.050
30 90 60 nan 1.33 0.000 0.008 0.050
40 120 80 nan 1.28 0.000 0.008 0.050
50 150 100 nan 1.24 0.000 0.007 0.050
60 180 120 nan 1.22 0.000 0.007 0.050
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Table 3: Upper percentiles and type I errors when
p1:pe2 =1:3, and a = 0.05 (continued)

p1 p2 N U(a) Upn(a) Py Py Pppg

4 12 4 nan 4.08 0.000 0.002 0.076

6 18 6 nan 3.30 0.000 0.002 0.060

8 24 8 nan 2.94 0.000 0.002 0.055
10 30 10 nan 2.72 0.000 0.002 0.052
12 36 12 nan 2.58 0.000 0.002 0.052
14 42 14 nan 2.47 0.000 0.002 0.051
16 48 16 nan 2.39 0.000 0.002 0.051
18 54 18 nan 2.32 0.000 0.002 0.050
20 60 20 nan 2.27 0.000 0.002 0.050
22 66 22 nan 2.22  0.000 0.002 0.050
24 72 24 nan 2.18 0.000 0.002 0.050
26 78 26 nan 2.15 0.000 0.002 0.049
28 84 28 nan 2.12  0.000 0.002 0.049
30 90 30 nan 2.10 0.000 0.002 0.049
40 120 40 nan 2.00 0.000 0.002 0.049

50 150 50 nan 1.94 0.000 0.002 0.049
60 180 60 nan 1.90 0.000 0.002 0.049
4 12 2 nan 7.95 0.000 0.000 0.000
6 18 3 nan 5.61 0.000 0.000 0.107
8 24 4 nan 4.72 0.000 0.000 0.077
10 30 5 nan 4.23 0.000 0.000 0.066
12 36 6 nan 3.93 0.000 0.000 0.062
14 42 7 nan 3.70  0.000 0.000 0.059
16 48 8 nan 3.54 0.000 0.000 0.057

18 54 9 nan 3.41 0.000 0.000 0.056
20 60 10 nan 3.31  0.000 0.000 0.055
22 66 11 nan 3.23 0.000 0.000 0.054
24 72 12 nan 3.15 0.000 0.000 0.053
26 78 13 nan 3.09 0.000 0.000 0.052
28 84 14 nan 3.04 0.000 0.000 0.052
30 90 15 nan 2.99 0.000 0.000 0.052
40 120 20 nan 2.82  0.000 0.000 0.051
50 150 25 nan 2.72 0.000 0.000 0.051
60 180 30 nan 2.64 0.000 0.000 0.050
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Table 4: Upper percentiles and type I errors when
p1:p2=2:1,and a = 0.05

p1 P2 N U(a) Ugh(a) Py Py Ppy

4 2 12 1.71 0.42 0.050 0.058 0.083

6 3 18 1.29 0.35 0.050 0.049 0.068

8 4 24 1.08 0.31 0.050 0.045 0.062
10 5 30 0.97 0.29 0.050 0.044 0.059
12 6 36 0.89 0.27 0.050 0.042 0.057
14 7 42 0.83 0.26  0.050 0.041 0.055
16 8 48 0.78 0.25 0.050 0.041 0.054
18 9 54 0.75 0.24 0.050 0.041 0.054
20 10 60 0.72 0.24 0.050 0.041 0.054
22 11 66 0.70 0.23 0.050 0.040 0.053
24 12 72 0.68 0.22 0.050 0.040 0.052
26 13 78 0.66 0.22 0.050 0.040 0.052
28 14 84 0.64 0.22 0.050 0.039 0.052
30 15 90 0.63 0.21  0.050 0.039 0.052
40 20 120 0.58 0.20 0.050 0.039 0.051
50 25 150 0.55 0.19 0.050 0.039 0.051
60 30 180 0.53 0.18 0.050 0.038 0.050

4 2 8 18.95 0.59 0.050 0.058 0.101

6 3 12 9.27 0.49 0.050 0.046 0.077

8 4 16 6.38 0.43 0.050 0.041 0.066
10 5 20 5.05 0.40 0.050 0.039 0.063
12 6 24 4.30 0.37 0.050 0.037 0.059
14 7 28 3.80 0.35 0.050 0.037 0.057
16 8 32 3.45 0.34 0.050 0.036 0.056
18 9 36 3.17 0.33 0.050 0.036 0.055
20 10 40 2.98 0.32 0.050 0.036 0.055
22 11 44 2.81 0.31 0.050 0.035 0.054
24 12 48 2.68 0.30 0.050 0.035 0.054
26 13 52 2.58 0.30 0.050 0.035 0.054
28 14 56 2.48 0.29 0.050 0.035 0.054
30 15 60 2.40 0.29 0.050 0.034 0.053
40 20 80 2.13 0.27 0.050 0.034 0.052
50 25 100 1.96 0.26 0.050 0.033 0.051

60 30 120 1.84 0.25 0.050 0.033 0.051
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Table 4: Upper percentiles and type I errors when
p1:p2=2:1,and a = 0.05 (continued)

P1 P2 N U(Ot) UH(Ot) Py Py Ppy

4 2 4 nan 1.04 0.000 0.053 0.156

6 3 6 nan 0.82 0.000 0.035 0.103

8 4 8 nan 0.71  0.000 0.029 0.084

10 5 10 nan 0.64 0.000 0.026 0.075

12 6 12 nan 0.60 0.000 0.025 0.069

14 7 14 nan 0.56  0.000 0.024 0.065
8

16 16 nan 0.54 0.000 0.023 0.061
18 9 18 nan 0.52  0.000 0.023 0.060
20 10 20 nan 0.50 0.000 0.022 0.058
22 11 22 nan 0.49 0.000 0.022 0.058
24 12 24 nan 0.47 0.000 0.022 0.057
26 13 26 nan 0.46 0.000 0.022 0.056
28 14 28 nan 0.45 0.000 0.022 0.055
30 15 30 nan 0.44 0.000 0.021 0.055
40 20 40 nan 0.41 0.000 0.021 0.053
50 25 50 nan 0.39 0.000 0.021 0.053
60 30 60 nan 0.38 0.000 0.021 0.052

4 2 2 nan 1.83 0.000 0.046 0.000
6 3 3 nan 1.30 0.000 0.016 0.176
8 4 4 nan 1.08 0.000 0.011 0.125
10 5 5 nan 0.95 0.000 0.009 0.102
12 6 6 nan 0.87 0.000 0.009 0.089
14 7 7 nan 0.81 0.000 0.008 0.080
16 8 8 nan 0.77 0.000 0.008 0.075
18 9 9 nan 0.73 0.000 0.008 0.071

20 10 10 nan 0.71  0.000 0.008 0.069
22 11 11 nan 0.68 0.000 0.008 0.066
24 12 12 nan 0.66 0.000 0.007 0.064
26 13 13 nan 0.65 0.000 0.007 0.062
28 14 14 nan 0.63 0.000 0.007 0.061
30 15 15 nan 0.62 0.000 0.007 0.060
40 20 20 nan 0.57 0.000 0.007 0.057
50 25 25 nan 0.54 0.000 0.007 0.055
60 30 30 nan 0.52 0.000 0.007 0.054
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