THE ELLIPTIC MODULAR SURFACE OF LEVEL 4
AND ITS REDUCTION MODULO 3

ICHIRO SHIMADA

ABSTRACT. The elliptic modular surface of level 4 is a complex K3 surface
with Picard number 20. This surface has a model over a number field such
that its reduction modulo 3 yields a surface isomorphic to the Fermat quartic
surface in characteristic 3, which is supersingular. The specialization induces
an embedding of the Néron-Severi lattices. Using this embedding, we deter-
mine the automorphism group of this K3 surface over a discrete valuation ring
of mixed characteristic whose residue field is of characteristic 3.

The elliptic modular surface of level 4 has a fixed-point free involution that
gives rise to the Enriques surface of type IV in Nikulin-Kondo-Martin’s classi-
fication of Enriques surfaces with finite automorphism group. We investigate
the specialization of this involution to characteristic 3.

1. INTRODUCTION

Let R be a discrete valuation ring, and let X — Spec R be a smooth proper
family of varieties over R. We denote by X5 the geometric generic fiber, and by X5
the geometric special fiber. Let Aut(X/R) denote the group of automorphisms of
X over Spec R. Then we have natural homomorphisms

Aut(X;) + Aut(X/R) — Aut(X5).

In this paper, we calculate the group Aut(X/R) in a case where X is the elliptic
modular surface of level 4 and X5 is its reduction modulo 3. In this case, the
surfaces X5 and X5 are K3 surfaces, and their automorphism groups have been
calculated in [11] and [14], respectively, by Borcherds’ method [2, 3].

1.1. Elliptic modular surface of level 4. The elliptic modular surface of level N
is a natural compactification of the total space of the universal family over I'(N)\H
of complex elliptic curves with level N structure, where H C C is the upper-half
plane and I'(N) C PSLy(Z) is the congruence subgroup of level N. This important
class of surfaces was introduced and studied by Shioda [33].

The elliptic modular surface of level 4 is a K3 surface birational to the surface
defined by the Weierstrass equation

1 1)’
(1.1) Y2=X(X-1) X—( (a+)> ,

2 o
where o is an affine parameter of the base curve P! = I'(4)\H. Shioda [33, 34]
studied the reduction of this surface in odd characteristics. On the other hand,
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Keum and Kondo [11] calculated the automorphism group of the elliptic modular
surface of level 4.

To describe the results of Shioda [33, 34] and Keum-Kondo [11], we prepare
some notation. A [attice is a free Z-module L of finite rank with a nondegenerate
symmetric bilinear form (, ): L x L — Z. The group of isometries of a lattice
L is denoted by O(L), which we let act on L from the right. A lattice L of rank
n is said to be hyperbolic (resp. negative-definite) if the signature of L @ R is
(1,n—1) (resp. (0,n)). For a hyperbolic lattice L, we denote by O (L) the stabilizer
subgroup of a connected component of {x € LR | (x,x) > 0} in O(L). Let Z be
a smooth projective surface defined over an algebraically closed field. We denote
by Sz the lattice of numerical equivalence classes [D] of divisors D of Z, and call it
the Néron-Severi lattice of Z. Then Sy is hyperbolic by Hodge index theorem. We
denote by Pz the connected component of {x € Sz @ R| (x,z) > 0} that contains
an ample class. We then put

Nz :={x € Pz | (z,[C]) >0 for all curves C on Z }.

We let the automorphism group Aut(Z) of Z act on Sz from the right by the
pull-back of divisors. Then we have a natural homomorphism

Aut(Z) — Aut(Nz) = {g S O+(Sz) | Ng =Ny }
For an ample class h € Sz, we put
Aut(Z,h) :={ge€ Aut(Z) | ¢ = h},

and call it the projective automorphism group of the polarized surface (Z, h).

Let k, be an algebraically closed field of characteristic p > 0. From now on, we
assume that p # 2. Let o: X, — P! be the smooth minimal elliptic surface defined
over k, by (1.1). Then X, is a K3 surface. For simplicity, we use the following
notation throughout this paper:

Sp = SXp’ Pp ZZPXP, Np = NXp'
Shioda [33, 34] proved the following:

Theorem 1.1 (Shioda [33, 34]). Suppose that p # 2.

(1) The elliptic surface o: X, — P' has ezactly 6 singular fibers. These singular
fibers are located over o = 0,+1,+i, 00, and each of them is of type 14. The torsion
part of the Mordell-Weil group of o: X, — P! is isomorphic to (Z/AZ)?.

(2) The Picard number rank(S,) of X, is

20 ifp=20 orp=1mod 4,
22 if p =3 mod 4.
(3) If ko = C, the transcendental lattice of the complex K3 surface Xq is
4 0
0 4 )
(4) The K3 surface X3 is isomorphic to the Fermat quartic surface
Fy: ai+as+az+a;=0

in characteristic 3.
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(ho,ba) ADE-type of Sing(bg) d = (ho, hS"")

16 245+ 345 + 24, 80
18 443+ 34, 112
26 As +2A4 + As 296
38 247 + Az + Ay 688

TABLE 1.1. Four double-plane involutions on X

It follows from Theorem 1.1 (3) and the theorem of Shioda-Inose [32] that, over
the complex number field, X is isomorphic to the Kummer surface associated with
E /X E j=1, where E ,— is the elliptic curve C/(Z®Z+/—1). Therefore the result
of Keum-Kondo [11] contains the calculation of Aut(Xy).

Definition 1.2. Let Z be a K3 surface defined over k,. A double-plane polarization
is a vector b = [H] € Nz N Sz with (b,b) = 2 such that the corresponding com-
plete linear system |H| is base-point free, so that |H| induces a surjective morphism
®,: Z — P2. Let b be a double-plane polarization, and let Z — Z, — P? be the
Stein factorization of ®,. Then we have a double-plane involution g(b) € Aut(Z)
associated with the finite double covering Z, — P2. Let Sing(b) denote the singu-
larities of the normal K3 surface Z;,. Since Z;, has only rational double points as
its singularities, we have the ADE-type of Sing(b).

Remark 1.3. Suppose that an ample class a € Sz and a vector b € Sz with (b,b) = 2
are given. Then we can determine whether b is a double-plane polarization or not,
and if b is a double-plane polarization, we can calculate the set of classes of smooth
rational curves contracted by ®;: Z — P2, and compute the matrix representation
of the double-plane involution g(b): Z — Z on Sz. These algorithms are described
in detail in [27] (and also in [30]). They are the key tools of this paper.

We re-calculated Aut(Xy) by using these algorithms, and obtained a generating
set of Aut(Xy) different from the one given in [11].

Theorem 1.4 (Keum-Kondo [11]). There exist an ample class hg € Sy and four
double-plane polarizations bgo, bi12, bags, bess € So such that Aut(Xy) is generated
by the projective automorphism group Aut(Xg, ho) = (Z/27Z)° : &5 and the double-
plane involutions g(bso), g(b112), 9(bags), 9(bess)-

See Table 1.1 for the properties of the double-plane polarizations b4. See Propo-
sition 4.2 for the geometric meaning of these generators of Aut(Xj) with respect to
the action of Aut(Xy) on Ny. In Section 4.3, we also give a detailed description of
the finite group Aut(Xy, ho) in terms of a certain graph Lyg.

Remark 1.5. In [14], the automorphism group Aut(Xs) = Aut(F3) of the Fermat
quartic surface in characteristic 3 was calculated (see Theorem 4.1). This calcula-
tion also plays an important role in the proof of our main results.

1.2. Main results. In [11] and [14], the following was proved, and hence, from
now on, we regard Aut(Xy) as a subgroup of O%(Sy) and Aut(X3) as a subgroup
of ()Jr (Sg)

Proposition 1.6. In each case of Xy and X3, the action of the automorphism
group on the Néron-Severi lattice is faithful. O
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Let R be a discrete valuation ring whose fraction field K is of characteristic 0
and whose residue field k is of characteristic 3. Suppose that v/—1 € R. Then there
exists a smooth family of K3 surfaces X — Spec R over R such that the geometric
generic fiber X @ K is isomorphic to X, and the geometric special fiber X @y k is
isomorphic to X3 (see Section 2.5). By Proposition 3.3 of Maulik and Poonen [18],
the specialization from X @ g K to X ®pg k gives rise to a homomorphism

p: S() — Sg.

In Section 2.3, we give an explicit description of p. It turns out that p is a primitive
embedding of lattices. We regard Sy as a sublattice of S5 by p, and put

07(S3,80) :={g€O0"(S3)| S =250}
Then we have a natural restriction homomorphism
p: O1(S3,80) — O (S).
The main results of this paper are as follows:

Theorem 1.7. The restriction of p to OT(Ss, Sg) N Aut(X3) induces an injective
homomorphism

ﬁ'Aut: O+(Sg, SQ) N Aut(Xg) — Aut(X())
The image of plaus is generated by the finite subgroup Aut(Xo,ho) and the two

double-plane involutions g(bi12), g(bess). The other double-plane involutions g(bso)
and g(bags) do not belong to the image of plaus-

Let R’ be a finite extension of R, and let X’ := X ® g R’ — Spec R’ be the pull-
back of X — Spec R. We have a natural embedding Aut(X/R) — Aut(X’'/R’).
We put

Aut(X/R) := colimp Aut(X’/R').

Let resg: Aut(X/R) — Aut(X3) and resg: Aut(X/R) — Aut(Xy) denote the re-
striction homomorphisms. It is obvious that resg is injective, and that the following
diagram commutes.

Aut(X/R)
(12) ress )/ ﬁ|A \ resg
O+(53,So) ﬂAut(Xg) — Aut(Xo)

Theorem 1.8. The image of resy is equal to the image of plaut-
Thus we have obtained a set of generators of Aut(X/R).

1.3. Enriques surfaces. By Nikulin [20] and Kondo [12], the complex Enriques
surfaces with finite automorphism group are classified, and this classification is
extended to Enriques surfaces in odd characteristics by Martin [16]. The Enriques
surfaces in characteristic # 2 with finite automorphism group are divided into seven
classes I-VII. In this paper, we concentrate on the Enriques surface of type IV.

Definition 1.9. A fixed-point free involution of a K3 surface in characteristic # 2
is called an Enriques involution. An Enriques surface Y in characteristic # 2 is of
type IV if Aut(Y) is of order 320. An Enriques involution of a K3 surface is of
type TV if the quotient Enriques surface is of type IV.
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FIGURE 1.1. Petersen graph

Proposition 1.10 (Kondo [12], Martin [16]). In each characteristic # 2, an En-
riques surface of type IV exists and is unique up to isomorphism. There exist ezactly
20 smooth rational curves on an Enriques surface of type IV. ]

Let Y1y, denote an Enriques surface of type IV in characteristic p # 2. Kondo [12]
showed that the covering K3 surface of Y1y ¢ is isomorphic to Xj.

Proposition 1.11. There exist exactly 6 Enriques involutions in the projective
automorphism group Aut(Xy, ho), and each of them is of type IV.

By Theorem 1.7, these six Enriques involutions in Aut(Xy, ho) are specialized to
involutions of Xj.

Theorem 1.12. Let e5 € Aut(X3) be an involution that is mapped to an Enriques
involution in Aut(Xo, ho) by plauwt- Then €3 is an Enriques involution of type IV,
and the pull-backs of the 20 smooth rational curves on X3/(e3) = Yiv.3 by the
quotient morphism X3 — X3/(e3) are lines of the Fermat quartic surface F3 = X3.

During the investigation, we have come to notice that the geometry of X, and
Y1v,p is closely related to the Petersen graph (Figure 1.1). See Section 2 for this
relation. As a by-product, we see that the dual graph of the 20 smooth rational
curves on Yiy,, is as Figure 1.2. Compare Figure 1.2 with the picturesque but
complicated figure of Kondo (Figure 4.4 of [12]).

It has been observed that the Petersen graph is related to various K3/Enriques
surfaces. See, for example, Vinberg [36] for the relation with the singular K3 surface
with the transcendental lattice of discriminant 4. See also Dolgachev-Keum [5] and
Dolgachev [6] for the relation with Hessian quartic surfaces and associated Enriques
surfaces.

1.4. Plan of the paper. In Section 2, we present a precise description of the
embedding p: Sy — S3. First we introduce the notion of QP-graphs. Then, us-
ing an isomorphism X3 2 F3 given by Shioda [34], we show that Sy is a lattice
obtained from a QP-graph, and write the embedding p: Sy — S3 explicitly. An
elliptic modular surface of level 4 over a discrete valuation ring is constructed, and
the relation with the Petersen graph is explained geometrically. In Section 3, we
review the method of Borcherds [2, 3] to calculate the orthogonal group of an even
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Here © is a pair of disjoint smooth ratio-
nal curves, and means that the two
pairs of smooth rational curves intersect as

—

whereas means that the two pairs
intersect as

O——— 0
O— 0 -

FIGURE 1.2. Smooth rational curves on Yiv,,

hyperbolic lattice, and fix terminologies about chambers. The application of this
method to K3 surfaces is also explained. In Section 4, we review the results of [11]
for Aut(Xy) and of [14] for Aut(X3). Using the chamber tessellations of Ny and
N3 obtained in these works, we give a proof of Theorems 1.7 and 1.8 in Section 5.
In Section 6, we investigate Enriques involutions of X and X3.

In this paper, we fix bases of lattices and reduce proofs of our results to simple
computations of vectors and matrices. Unfortunately, these vectors and matrices
are too large to be presented in the paper. We refer the reader to the author’s web
site [31] for these data. In the computation, we used GAP [9].

Thanks are due to Professors I. Dolgachev, G. van der Geer, S. Kondo, Y. Mat-
sumoto, S. Mukai, H. Ohashi, T. Shioda, and T. Terasoma. In particular, the
contents of Section 2.5 are obtained through discussions with S. Mukai and T. Tera-
soma.

2. THE LATTICES Sy AND S3

2.1. Graphs and lattices. First we fix terminologies and notation about graphs
and lattices.

A graph (or more precisely, a weighted graph) is a pair (V,n), where V is a set of
vertices and 7 is a map from the set (‘2/) of non-ordered pairs of distinct elements of
V to Z>. When the image of 7 is contained in {0, 1}, we say that (V,n) is simple,
and denote it by (V, E), where E = n~1(1) is the set of edges. Let I' = (V, E)
and TV = (V' E’) be simple graphs. A map v: I' — I” of simple graphs is a pair
of maps yv: V — V' and vg: E — FE’ such that, for all {v,v'} € E, we have
ve({v,v'}) = {yw W),y (v')} € E’. A graph is depicted by indicating each vertex
by o and n({v,v'}) by the number of line segments connecting v and v’. The
Petersen graph P = (Vp, Ep) is the simple graph given by Figure 1.1. It is well-
known that the automorphism group Aut(P) of P is isomorphic to the symmetric
group Gs.

A submodule M of a free Z-module L is primitive if L/M is torsion free. A
nonzero vector v of L is primitive if Zv C L is primitive.

Let L be a lattice. We say that L is even if (z,x) € 2Z for all x € L. The dual
lattice of L is the free Z-module LV := Hom(L,Z), into which L is embedded by
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(, ). Hence we have LY C L®Q. The discriminant group A(L) is the finite abelian
group LY /L. We say that L is unimodular if A(L) is trivial.

With a graph I' = (V,n) with |V| < oo, we associate an even lattice (I') as
follows. Let Z" be the Z-module freely generated by the elements of V. We define
a symmetric bilinear form (, ) on Z" by

(0,0") = -2 ifv="1,
N e ) oA,

Let Ker(, ) C Z" denote the submodule {x € Z" | (z,y) = 0 for ally € Z"}. Then
(T') := ZV /Ker(, ) has a natural structure of the even lattice.

Suppose that Z is a K3 surface or an Enriques surface defined over an alge-
braically closed field. Let £ be a set of smooth rational curves on Z. Then the
mapping C +— [C] embeds £ into the Néron-Severi lattice Sz of Z. The dual graph
of L is the graph (£,n), where n({C1,C>2}) is the intersection number of distinct
two curves C1,Cy € L. By abuse of notation, we sometimes use £ to denote the
dual graph (£,n) or the image of the embedding £ < Sz. Then the even lattice
(L) constructed from the dual graph of £ is canonically identified with the sublat-
tice of Sz generated by £ C Sz, because every smooth rational curve on Z has
self-intersection number —2.

Example 2.1. Let I' be the graph given by Figure 1.2. Then (I') is an even
hyperbolic lattice of rank 10 with A((T')) & (Z/2Z)?. Since the Néron-Severi lattice
of an Enriques surface is unimodular of rank 10, the classes of 20 smooth rational
curves on Y1y , generate a sublattice of index 2 in the Néron-Severi lattice.

2.2. QP-graph. We introduce the notion of QP-graphs, where QP stands for a
quadruple covering of the Petersen graph. In the following, a quadrangle means the

simple graph i:i .

Definition 2.2. A QP-graph is a pair (Q,~) of a simple graph Q = (Vg, Eg) and
a map v: @ — P to the Petersen graph with the following properties.
(i) The map vy : Vo — Vp is surjective, and every fiber of vy is of size 4.
(ii) For any edge e of P, the subgraph (v;,'(e),75'({e})) of Q is isomorphic to
the disjoint union of two quadrangles.

—
—

(iii) Any two distinct quadrangles in Q have at most one common vertex.

A map v: Q — P satisfying conditions (i)-(iii) is called a QP-covering map. Two
QP-graphs (Q,~) and (Q’,7’) are said to be isomorphic if there exists an isomor-
phism h: Q@ — Q' such that 7/ o h =~.

Proposition 2.3. Up to isomorphism, there exist exactly two QP-graphs (Qo, o)
and (Q1,71). The even lattices (Qo) and (Q1) are hyperbolic of rank 20. The
discriminant group A((Qo)) of (Qq) is isomorphic to (Z/27)?, whereas A({Q1)) is
isomorphic to (Z/AZ)?.
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Proof. We enumerate all isomorphism classes of QP-graphs. Let A be the set of

ordered pairs [{i1,42}, {i3,74}] of non-ordered pairs of elements of {1,2,3,4} such

that {i1,42,43,74} = {1,2,3,4}. We have |A| = 6. Let T(A) be the set of ordered

triples [01, 02, 03] of elements of A such that, if u # v, then 0, = [{i1,42}, {i3,4}]

and 8, = [{4],75}, {45, 44 }] satisfy |{i1,42}N{7],75}| = 1. Then we have [T (A)| = 48.

The following facts can be easily verified.

(a) The natural action on 7 (A) of the full permutation group &4 of {1,2,3,4}
decomposes T (A) into two orbits o1 and og of size 24.

(b) For any triple [d1, d2, 03] € T(A) and any permutation u, v, p of 1,2, 3, the triple
[04,6.,0,] belongs to the same orbit as [d1, d2, d3).

(c) For § = [{i1,ia}, {i3,94}] € A, we put § := [{i3,i4},{i1,42}] € A. Then
[61,82,03] € T(A) and [61,52,83] € T(A) belong to different orbits.

Let 9 be a map from the set Vp of vertices of P to the set {01,02} of the orbits.

We construct a QP-graph (Qy, vy) with the set of vertices

Vo :=Vp x {1,2,3,4}

as follows. For each vertex v € Vp, we choose an element [d1, 0o, d3] from the orbit
¥(v), choose an ordering eq, es,e3 on the three edges of P emitting from v, and
assign d; to the pair (v,e;) for i = 1,2,3. Let e = {v,v'} be an edge of P. Suppose
that & = [{i1,42}, {i3,14}] is assigned to (v,e) and &' = [{i}, 5}, {45, }] is assigned
to (v, e). Then the edges of Q, lying over the edge e of P are the following 8 edges.

It
(v,1i2)
(v, 13)
o o—=—
Let vy : Qp — P be obtained from the first projection Vg — Vp. Then (Qy,vy)
is a QP-graph. The isomorphism class of (Qy,7y) is independent of the choice
of a representative [01, d2, 3] of each orbit ¢ (v) and the choice of the ordering of
the edges emitting from each vertex of P. Indeed, changing these choices merely
amounts to relabeling the vertices in each fiber of the first projection Vg — Vp
(see fact (b)). It is also obvious that every QP-graph is isomorphic to (Qy,yy) for
some ¢: Vp — {01,092}
For an orbit o € {01,032}, let & denote the other orbit; {o1,02} = {0,56}. Let
v: Vp — {01,092} be a map, and let e = {v,v'} be an edge of P. We define
V' Vp — {01,090} by ¢/ (v) == ¥(v),¢' (') == ¥(v') and ¢/ (v") := (v") for all

v € Vp \ {v,v'}. Then (Qy,7y) and (Qy,7yr) are isomorphic. (See the picture
below and fact (c).)

o)
v’ i)
v, %)
’

(
(
(
(

v, %)

Hence the isomorphism class of (Qy,vy) depends only on |y ~!(01)| mod 2. We de-

note by (Qp,70) the QP-graph (Qy,7y) with [¢p~(01)| = 0 mod 2, and by (Q1,71)
the QP-graph (Qy,7y) with [¢p7(01)| = 1 mod 2. Since we have constructed Qg
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and Q; explicitly, the assertions on (Qg) and (Q;) can be proved by direct compu-
tation. O

Proposition 2.4. Let (Q,7) be a QP-graph. FEach automorphism g € Aut(Q)
maps every fiber of yv: Vg — Vp to a fiber of yv, and hence induces g € Aut(P)
such that go~y =~yog. The mapping g — g gives a surjective homomorphism

Aut(Q) — Aut(P) = Gs,
and its kernel is isomorphic to (Z/27)°.

Proof. Since P does not contain a quadrangle, every quadrangle of Q is mapped
to an edge of P by 7. Hence two distinct vertices v,v’ of @ are mapped to the
same vertex of P by v if and only if {v,v’'} is not an edge of Q and there exists
a quadrangle of Q containing v and v’. Thus the first assertion follows. We make
the complete list of elements of Aut(Q) by computer, and verify the assertion on
Aut(Q) — Aut(P). O

Corollary 2.5. A QP-covering map v: @ — P from the graph Q is unique up to
Aut(P). O

2.3. The configurations £49 and Ly15. In this section, we describe the Néron-
Severi lattices Sy of Xy and S5 of X3, and investigate the embedding p: Sy — S3
induced by the specialization of Xy to X3.

By Theorem 1.1 (1), we have a distinguished set of

6 x 4+ 4% =40

smooth rational curves on X, where the 6 x 4 curves are the irreducible components
of the 6 singular fibers of o: X, — P! and the 4% curves are the torsion sections
of the Mordell-Weil group. We denote the configuration of these smooth rational
curves by Lyo.

The set of lines on the Fermat quartic surface F3 in characteristic 3 has been
studied classically by Segre [24]. The surface F3 C P? contains exactly 112 lines,
and every line on F3 is defined over the finite field Fg. We denote by L1125 the set
of these lines. We can easily make the list of defining equations of all lines on F3,
and calculate the dual graph of £112. It is also known ([14]) that the classes of 22
lines appropriately chosen from Li12 form a basis of Sp, = S3. Fixing a basis of
Ss3, we can express all classes of lines as integer vectors of length 22 (see [31]).

We show that the specialization of X to X35 = F3 induces an embedding

pr: Lao — Li12

of configurations. We recall the construction of the isomorphism X3 = F3 by
Shioda [34]. Let oz: F3 — P! be the morphism defined by

(21) op: [v1:x0:a3:24] > [25 —dat: 2l +ixs] = [—a] +ias: a3 +iad]
where i = v/—1 € Fy. The generic fiber of o5 is a curve of genus 1, and o has
a section. Hence the generic fiber of o is isomorphic to its Jacobian, which is
defined by the equation (1.1) by the result of Basmakov and Faddeev [1]. Therefore
op: Fy — P! is isomorphic to o: X3 — P! over P*.

Using the defining equations of lines and the vector representations of their
classes, we confirm the following facts. There exist exactly 6 x 4 lines on Fj that
are contracted to points by or. These 24 lines form, of course, a configuration of 6
disjoint quadrangles. Moreover, there exist exactly 64 lines on Fj that are mapped
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to P! isomorphically by or. Let zp € L1712 be one of these 64 sections of or. To
be explicit, we choose the following line as zp. (See Remark in Section 4 of [34]):
(22) T1+1iT3— T4 =20+ x3 — i1y =0.
Let MW (or, 2zr) denote the Mordell-Weil group of oz: F3 — P! with the zero
section zp, and let Triv(o g, zr) be the sublattice of S3 generated by the classes of
the zero section zp and the 24 lines in the singular fibers of o . (This lattice is called
the trivial sublattice of the Jacobian fibration (op, zr) in the theory of Mordell-Weil
lattices [35].) Let Triv™ (o, zr) denote the primitive closure of Triv(op, zr) in Ss.
By [35], we have a canonical isomorphism
(2.3) Tviv™ (op, zp)/Triv(op, zr) = the torsion part of MW (op, zF).
Therefore a section s: P! — Fj of oF is a torsion of MW (o, zr) if the class of s
belongs to Triv™ (oF, zr). By this criterion, we find 16 lines among the 64 sections
of o that form the torsion part of MW (o, zr). Thus we obtain the configuration
L40 as a sub-configuration of L£112. It is obvious from the construction that this
embedding pr: L49 < L112 is obtained by the specialization of Xy to X3.

The dual graph of L49 is now calculated explicitly. Hence we can prove the
following by a direct computation.

Proposition 2.6. The dual graph of L4g is isomorphic to the QP-graph Q1. O

Comparing the ranks and the discriminants of (£40) = (Q1) and Sp, we obtain
the following:

Corollary 2.7. The lattice Sy is generated by the classes of curves in Lyg. (]

Corollary 2.8. The embedding pr: L40 — L112 induces the embedding p: So — S3
induced by the specialization of Xo to X3. ([

Remark 2.9. By [26], we know that X3 is a supersingular K3 surface with Artin
invariant 1, and hence is isomorphic to F3 by the uniqueness of a supersingular K3
surface with Artin invariant 1.

2.4. All embeddings of L,y into Lq12. The embedding p,: L49 — L1712 con-
structed in the preceding section depends on the choice of op and zp. In this
section, we make the complete list of all embeddings L49 < L112.

Let a — @ := a® denote the Frobenius automorphism of the base field k5. Then
the projective automorphism group of F3 C P2 is equal to

PGUy(Fy) := {g € GL4(k3) | T g - g is a scalar matrix }/ky,

which is of order 13063680. We can calculate the action of PGU4(Fg) on L£;12 and
on S3 = (L112). Let A denote the set of all ordered 5-tuples [z, {o, ..., 3] of lines
on F3 that form the configuration whose dual graph is as follows.

ls
(2.4) ch 2

b
Note that PGU4(FFg) acts on A naturally. We have the following:
Proposition 2.10. The action of PGU4(Fg) on A is simple-transitive.

Proof. By [25], we have the following facts.
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(1) Since every line on F3 is defined over Fy, the intersection points of ¢ € L9
with other lines in L£115 are Fg-rational. For each Fg-rational point P of £, there
exist exactly three lines in L1102 \ {¢} that intersect £ at P. Hence there exist
exactly 112 — 3 x 10 — 1 = 81 lines in L1712 that are disjoint from ¢. The group
PGU4(Fg) acts on the set of ordered pairs of disjoint lines in Ly15.

(2) If 61,62,63 S £112 satisfy <€1,£2> = <52,€3> = <€3,fl> = 1, then there exist a
plane IT C P? containing ¢1, {3, 3 and a point P € II contained in 1, 4o, {3.
The residual line ¢4 = (F3 NII) — (€1 + {2 + £3) also passes through P.

(3) Let [¢1, £5] be an ordered pair of disjoint lines in £112. Then there exist exactly
10 lines that intersect both ¢; and ¢5. Let Stab([¢1, f2]) denote the stabilizer
subgroup of [¢1, 2] in PGU4(Fg). Then the restriction homomorphism

resg: Stab([¢1, ¢3]) — PGL(¢1,Fy)

to the group of linear automorphisms of £; = P! over Fy is surjective, and its
kernel is of order 2. Let P be an Fg-rational point of £1, and let mp, ms € L4112
be the lines that intersect £1 at P but are disjoint from f5. Then the nontrivial
element of Ker(resy) exchanges mp and m/p.

The transitivity of the action of PGU4(Fg) on A follows from these facts. Moreover
we have

|A| =112-81-10-9- 16 = 13063680 = [PGU(Fy)|,

where the factor 112 is the number of choices of ¢y in [z, 4y, . .., ¢3] € A, the factor
81 is the number of choices of £5 when /g is given, the factor 10-9 is the number of
choices of ¢, and f3 when £y and /5 are given, and the factor 16 is the number of
choices of z for a given quadrangle [{y,...,¢3]. Therefore the action of PGU4(Fy)
on A is simple-transitive. O

Let F denote the set of sub-configurations of L1712 isomorphic to L£49. Let a =
[2a; Lo, - - -, £3] be an element of A. Then there exists a unique Jacobian fibration

On: F3 — P!

with the zero-section z, such that ¢y + ¢ + ¢5 4+ {3 is a singular fiber of o,. The
Jacobian fibration (oF, zp) that was used in the construction of p, is obtained as
one of (04, 24). By Proposition 2.10, all Jacobian fibrations (o4, z4) are conjugate
under the action of PGU4(FFg). Therefore (04, 24) yields a sub-configuration L,
of L1712 isomorphic to L4, and the map a — L, gives a surjection A\: 4 — F
compatible with the action of PGU4(Fg). The size of a fiber of A over £ € F is

30 x 2 x 16 = 960,

where the factor 30 is the number of quadrangle in £’ = Lo, the factor 2 counts
the flipping ¢; <+ ¢3, and the factor 16 is the number of choices of the zero-section
Zo. Thus we obtain the following:

Corollary 2.11. The number of sub-configurations of L112 isomorphic to Ly is
|[PGU4(Fg)| /960 = 13608, and PGU4(Fg) acts on the set of these sub-configurations
transitively. (Il
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FI1GURE 2.1. Complete quadrangle

2.5. An elliptic modular surface of level 4 over a discrete valuation ring.
Let R be a discrete valuation ring such that 2 € RX and i = v/—1 € R. We construct
a model of the elliptic modular surface of level 4 over R, that is, we perform over
R the resolution of the completion of the affine surface defined by (1.1). This
construction explains the isomorphism L4 = Q; of graphs geometrically.

In this paragraph, all schemes and morphisms are defined over R. We consider
the complete quadrangle on P? (Figure 2.1) such that each of the triple points
t1,...,t4 is an R-valued point. Let M — P2 be the blow-up of P? at ti,...,%,.
Let 1, ..., be the strict transforms of the lines 11, ..., ls, and let #1, ..., %4 be the
exceptional divisors over tq,...,%4. It is well-known that these 6 + 4 = 10 smooth
rational curves on M form a configuration whose dual graph is the Petersen graph
P. Let

(2.5) or: M — P!

be the fibration induced by the pencil of lines on P? passing through ¢;. (The de-
pendence of the construction on the choice of this P!-fibration (s will be discussed
in Section 4.3. See Remark 4.5.) Then ¢y, has exactly three singular fibers 1 + 14,
lo + 13, I3 + 2, and four sections %1, 14,15, ls. Let M’ — M be the blow-up at the
nodes on Iy + 4, Iy +13, I3 + t2, and let ¢, M’ — P! be the composite of ¢y and
M’ — M. We choose an affine parameter X on the base curve P! of ¢, such that
the singular fibers are located over A = 0,1,00. Let M’ — P! be the pull-back of
¢y M’ — P by the covering P* — P! given by

(2.6) o= A= ((c+071h/2)2,

and let M — M’ be the normalization of M’. Then M is smooth over R, and the
natural morphism @Gp;: M — P! to the o-line has exactly six singular fibers over
o = 0,%1,+i,00. Each singular fiber is a union of three smooth rational curves
forming the configuration O—O—0O, the middle of which is with multiplicity 2.
Let {1, l~47 l~5, I be the pull-backs of the sections #1, 14, 5, s of @ by M — M. Note
that, by M — M, a fiber F of on: M — P! is pulled back to a sum of two fibers
of oar: M — P!, and hence the line bundle on M corresponding to the pull-back
of F is divisible by 2 in the Picard group Pic M. Therefore the line bundle on M
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corresponding to the divisor B := t; + I+ Z5 + l~6 is divisible by 2 in Pic M , and we
can construct the double covering X — M branched along B. Then X is a model of
the elliptic modular surface of level 4 over R, and the Jacobian fibration o: X — P!
is obtained as the composite of the double covering X — M and DO M — P!,

The QP-covering map L49 — P (see Corollary 2.5) is constructed as follows. We
consider an F-valued point of Spec R, where F' is a field. We put Xp := X Qg F,
and MF = M@RF, Mp = M ®pgF. Let g be the generic fiber of c ® F': Xp —
PL, which is an elliptic curve over the function field F(o) defined by (1.1). Let
mo: Xp --— Xp be the rational map induced by the multiplication by 2 on Ep.
Then the rational map

(27) HE XF m2_> XF — MF — MF
gives a map from Ly to the Petersen graph P formed by {t1,...,t4,01,...,0c}.

Proposition 2.12. The rational map pur induces a Galois extension of the function
fields. Its Galois group Gal(u) is isomorphic to (Z/27)5 and is generated by the
inversion v: (X,Y,0) — (X, =Y, 0) of the elliptic curve Ep, two involutions

(28) (X,Y,O’)*—) (X,K*O’), (X,KO’)P—)(X,K]./O'),
and the translations by the 2-torsion points of Ep.

Proof. The inversion ¢ and the involutions in (2.8) fix each 2-torsion point of Ep.
Hence the involutions in the statement of Proposition 2.12 generate a group isomor-
phic to (Z/2Z)5. By (2.6), the function field F (o) is a Galois extension of F((A) with
Galois group generated by ¢ — —o and o — 1/0. Hence the covering Mp — Mg
in (2.7) is the quotient by the involutions in (2.8). The covering Xz — Mg in (2.7)
is the quotient by ¢, and the map mo is the quotient by the group of translations
by the 2-torsion points of £r. Thus the proof is completed. (|

Remark 2.13. The lattice (Qp) is isomorphic to the Néron-Severi lattice of the
singular K3 surface with the transcendental lattice of discriminant 4 studied by
Vinberg [36]. However, we do not have a configulation Qg of smooth rational
curves on this surface.

Remark 2.14. The QP-graph Qy is obtained algebro-geometrically as follows. Let
Mc¢ be the complex surface obtained by blowing-up PZ at the triple points of the
complete quadrangle on IP’(QC, and let Mg be the complement of the ten (—1)-curves
on Mc. Since Hy(Mg,Z) = 75, we have a canonical surjective homomorphism
71 (MQ) = (Z/2Z)5. The corresponding étale covering W° — Mg extends to a
finite morphism W — Mg from a smooth surface W. The boundary W \ W° is
a union of 40 smooth rational curves, and their dual graph is Qp. Since these
curves are with self-intersection number —1, the lattice (Qp) is not isomorphic to
the Néron-Severi lattice of W.

3. BORCHERDS’ METHOD

3.1. Chambers. We fix notions about tessellation of a positive cone of an even
hyperbolic lattice by chambers.

Let L be an even lattice. A vector r € L is called a root if (r,r) = —2. The set
of roots of L is denoted by R(L).
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Let L be an even hyperbolic lattice. Let P(L) be one of the two connected
components of {x € LR | (x,z) > 0}. Then O (L) acts on P(L). Forv e L Q
with (v,v) < 0, let (v)* denote the hyperplane of P(L) defined by (z,v) = 0. Let
V be a set of vectors of L ® Q such that (v,v) < 0 for all v € V. We assume that
the family {(v)* | v € V} of hyperplanes is locally finite in P(L). A V-chamber is
the closure in P(L) of a connected component of

PL) N\ J @

veV
A typical example is R(L)-chambers defined by the set R(L) of roots of L.

Definition 3.1. Let N be a closed subset of P(L). We say that N is tessellated
by V-chambers if N is a union of V-chambers. Suppose that N is tessellated by
V-chambers, and let H be a subgroup of O%(S) that preserves N. We say that H
preserves the tessellation of N by V-chambers if any g € H maps each V-chamber
in N to a V-chamber. Suppose that this is the case. We say that the tessellation
of N is H-transitive if H acts transitively on the set of V-chambers in N.

Remark 3.2. Let U be a subset of V such that the closed subset
Ny :={zeP(L)]|(x,v) >0 forallve U}

of P(L) contains an interior point. Then Ny is tessellated by V-chambers. In
particular, if V' is a subset of V, then each V’'-chamber is tessellated by V-chambers.

Let D be a V-chamber. We put
Aut(D):={ge O (L) | DI=D}.

A wall of D is a closed subset of D of the form (v)* N D such that the hyperplane
(v)1 of P(L) is disjoint from the interior of D and (v)1 N D contains a non-empty
open subset of (v)-. We say that a hyperplane (v)* of P(L) defines a wall of D if
(v)X N D is a wall of D. We say that a vector v € L ® Q with (v,v) < 0 defines a
wall of D if (v)* defines a wall of D and (v,z) > 0 for all € D. Note that, for
each wall of D, there exists a unique primitive vector in L defining the wall. Let
(v)X N D be a wall of D. Then there exists a unique V-chamber D’ such that the
interiors of D and D’ are disjoint and that (v)~ N D is equal to (v)* N D’. (Hence
(v)t N D’ is a wall of D’.) We say that D’ is a V-chamber adjacent to D across the
wall (v)* N D. A face of D is a closed subset of D of the form F N D such that

F=(v)tn--N(vm)?t, where (v))*, ..., (v,)" define walls of D,
and that F'N D contains a non-empty open subset of F.

Example 3.3. We consider the tessellation of P(L) by R(L)-chambers. Each root
r of L defines a reflection s, € OT(L) by & — x + {x,r)r. Let W(L) denote the
subgroup of OV (L) generated by all the reflections with respect to the roots. Then
the tessellation of P(L) by R(L)-chambers is W (L)-transitive. An R(L)-chamber
N is a fundamental domain of the action of W (L) on P(L), and OT (L) is equal
to Aut(N) x W(L). Moreover, W (L) is generated by the reflections s, associated
with the roots r of L defining the walls of IV, and the faces of codimension 2 of NV
give the defining relations of W(L) with respect to this set of generators.

Let Log be an even unimodular hyperbolic lattice of rank 26, which is unique up
to isomorphism. The shape of an R(Lgg)-chamber was determined by Conway [4],
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and hence we call an R(Lgg)-chamber a Conway chamber. Let w be a non-zero
primitive vector of Lgg with (w,w) = 0 such that w is contained in the closure
of P(Lgg) in Log @ R. We say that w is a Weyl vector if the lattice (w)L/(w)
is isomorphic to the negative-definite Leech lattice, where (w)' is the orthogonal
complement in Lgg of (w) := Zw C Lgg. Let w € Lag be a Weyl vector. Then a
root 7 of Log is called a Leech root with respect to w if (w,r) = 1. We put

C(w) :={x € P(Las) | {x,r) >0 for all Leech roots r with respect to w }.

Theorem 3.4 (Conway [4]). The mapping w — C(w) gives a bijection from the
set of Weyl vectors to the set of Conway chambers.

3.2. Borcherds’ method. Borcherds [2, 3] developed a method to analyze R(.S)-
chambers of an even hyperbolic lattice S by means of Conway chambers. We
briefly review this method, and fix some terminologies. See [28] for details of the
algorithms.

Let S be an even hyperbolic lattice. Suppose that we have a primitive embed-
ding i: S < Lyg such that the orthogonal complement R of S in Log satisfies the
following condition:

(3.1) R cannot be embedded into the negative-definite Leech lattice.

(This condition is fulfilled, for example, if R contains a root.) We choose P(S) so
that the embedding ¢: S < Lgg induces an embedding ip: P(S) — P(Lgg). Let

pI‘SIL26®Q—)S®Q

denote the orthogonal projection. A hyperplane (v)1 of P(Lag) intersects P(S) in
a hyperplane if and only if (prg(v),prg(v)) < 0, and, if this is the case, we have
P(S)N (v)* = (prg(v))*. We put
(3-2) V(i) = {prs(r) | r € R(Lag), (prs(r),prs(r)) <0}
The tessellation of P(Lgg) by Conway chambers induces a tessellation of P(S)
by V(i)-chambers. Each V(i)-chamber is of the form i5'(C(w)). It is easily seen
(see [28]) that the assumption (3.1) implies that each V(i)-chamber has only a finite
number of walls. The defining vectors of walls of a V(i)-chamber i5,' (C(w)) can be
calculated from the Weyl vector w € Lgg of the Conway chamber C(w). From this
set of walls of i5' (C(w)), we can calculate the finite group Aut(in' (C(w))) C OF(S9).
Moreover, for each wall (v)* N iz'(C(w)) of a V(i)-chamber i5'(C(w)), we can
calculate a Weyl vector w’ such that i'(C(w’)) is the V(i)-chamber adjacent to
in'(C(w)) across the wall (v)* Nix' (C(w)).

Since R(S) C V(i), Remark 3.2 implies the following:

Proposition 3.5. An R(S)-chamber is tessellated by V(i)-chambers. O

3.3. Discriminant forms. For the application of Borcherds’ method to K3 sur-
faces, we need the notion of discriminant forms due to Nikulin [19].

Let g: A — Q/27Z be a nondegenerate quadratic form with values in Q/27Z on a
finite abelian group A. We denote by O(gq) the automorphism group of (4, ¢). For
a prime p, we denote by A, the p-part of A and by g,: A, — Q/2Z the restriction
of ¢ to A,. Then we have a canonical orthogonal direct-sum decomposition

(4,9) = P a).

Hence O(g) is canonically isomorphic to the direct product of O(g,).
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Let L be an even lattice, and let A(L) = LV /L denote the discriminant group
of L. We define the discriminant form of L

q(L): A(L) — Q/2Z

by q(L)(z) := (z,z) mod 2Z, where = + T is the natural projection LV — A(L).
Then we have a natural homomorphism
ne: O(L) = O(q(L))-

Let M be a primitive sublattice of an even lattice L, and N the orthogonal
complement of M in L. Let O(L, M) denote the subgroup {g € O(L) | M9 = M}
of O(L). Then we have a canonical embedding O(L, M) < O(M) x O(N). The
submodule L C MY @ NV defines a subgroup I'y, := L/(M & N) C A(M) x A(N).
By Nikulin [19], we have the following:

Proposition 3.6. Let p be a prime that does not divide |A(M)|. Then N — L
induces an isomorphism (L), = q(N)p, which is compatible with the actions of
O(L,M) on L and on N. O

Proposition 3.7. Let p be a prime that does not divide |A(L)|. Then the p-part
of Ty, is the graph of an isomorphism q(M), = —q(N),, which is compatible with
the actions of O(L, M) on M and on N.

S O

Proposition 3.8. Suppose that L is unimodular, and let v : q(M) =2 —q(N)
the isomorphism with the graph T'r,. Let H be a subgroup of O(N). Then g € O(
extends to § € O(L, M) with g|n € H if and only if the isomorphism O(q(M))
O(q(N)) induced by v maps na(g) € O(q(M)) into ny(H) C O(q(N)).

3.4. Geometric application of Borcherds’ method. Let Z be a K3 surface

defined over an algebraically closed field. We use the notation Sz, Pz and Ny
defined in Section 1.1. The following is well-known.

=

Om

Proposition 3.9. The closed subset Ny of Py is an R(Sz)-chamber. The mapping
C ~ ([C))* N Nz gives a one-to-one correspondence between the set of smooth
rational curves on Z and the set of walls of Ny . O

Since the action of O%(Sz) on Py preserves the tessellation by R(Sz)-chambers
and an ample class is an interior point of Nz C Pz, we obtain the following.

Corollary 3.10. Leta € Sz be an ample class. Then the following three conditions
on g € O1(Sz) are equivalent: (i) Nz = Ng,. (i) Nz NN}, contains an interior
point of Nz. (iii) There exist no roots r of Sz such that {r,a) and (r,a?) have
different signs. O

Let Z be a complex K3 surface. Let Tz denote the orthogonal complement of
Sz = H*(Z,Z) N HY'(Z) in the even unimodular lattice H2(Z,Z) with the cup-
product. Then Tz ® C contains a one-dimensional subspace H*%(Z) = C w, where
w is a non-zero holomorphic 2-form on Z. We put

O(Tz,w):={g9ge€O0(Tz)|Cwd =Cuw}.
Recall that we have a natural homomorphism nr, : O(T%z) — O(¢(T%)). We put
O(q(Tz),w) = the image of O(Tz,w) by nr,.

The even unimodular overlattice H 2(Z, Z) of Sz ® Tz induces an isomorphism g
between ¢(Sz) and —q(Tz). Let O(¢(Sz),w) denote the subgroup of O(¢(Sz))
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corresponding to O(q(Tz),w) by the isomorphism O(q(T%)) = O(¢q(Sz)) induced
by vm. By Proposition 3.8, an isometry g € O(Sz) extends to an isometry g of
H?(Z,7) that preserves H?%(Z) if and only if ns,(g) € O(q(Sz),w).

Let Z be a supersingular K 3 surface defined over an algebraically closed field k,
of odd characteristic p. Then A(Sz) is an F,-vector space, and we have a period of
Z, which is a subspace of A(Sz) ® kp. (See Ogus [21, 22].) Let O(¢q(Sz),w) denote
the subgroup of O(g(Sz)) consisting of automorphisms that preserve the period.

In the two cases where Z is defined over C or supersingular in odd characteristic,
we call the condition

(3.3) ns,(9) € O(q(Sz),w)

on g € OF(Sz) the period condition. In these two cases, we have the Torelli
theorem. (See Piatetski-Shapiro and Shafarevich [23] and Ogus [21, 22].) By virtue
of this theorem, we have the following:

Theorem 3.11. Let Z be a complex K3 surface or a supersingular K3 surface in
odd characteristic, and let 1¥z: Aut(Z) — OT(Sz) be the natural representation of
Aut(Z) on Sz. Then an isometry g € OT(Sz) belongs to the image of ©z if and
only if g preserves Nz and satisfies the period condition (3.3).

We explain the procedure of Borcherds’ method in the simplest case. See [28§]
for more general cases. In the following, we assume that Z is a complex K3 surface
or a supersingular K3 surface in odd characteristic. We also assume that ¢z is
injective, and regard Aut(Z) as a subgroup of O (Sz). We search for a primitive
embedding i: Sz < Log inducing ip: Pz — P(Lag) and a Weyl vector wg € Log
with the following properties, and look at the tessellation of the R(Syz)-chamber
Nz by V(i)-chambers, where V(i) is defined by (3.2).

(I) Let R denote the orthogonal complement of Sz in Lag. We require that R
satisfies (3.1), so that each V(i)-chamber has only a finite number of walls. We also
require that ng: O(R) — O(g(R)) is surjective. By Proposition 3.8, every isometry
g € O1(Sz) extends to an isometry of Lag. Hence the action of OT(Sz) preserves
the tessellation of Pz by V(i)-chambers. In particular, the action of Aut(Z) on Nz
preserves the tessellation of Nz by V(i)-chambers.

(I) Let D be the closed subset i (C(wg)) of Pz. We require that D contains
an ample class in its interior. Then D is a V(i)-chamber contained in Nyz.

Definition 3.12. The V(i)-chamber D is called the initial chamber of this pro-
cedure. A wall (v)t N D of D is called an outer-wall if (v)! defines a wall of the
R(Sz)-chamber Nz, that is, if there exists a root r of Sz such that (v)t = (r)*.
We call the wall (v)* N D an inner-wall otherwise. Let Wy (D) and Wiy, (D)
denote the set of outer-walls and inner-walls, respectively.

We calculate the set of walls of the initial chamber D. Since each outer-wall
corresponds to a smooth rational curve on Z by Proposition 3.9, we obtain a con-
figuration of smooth rational curves on Z from W (D).

(IIT) We calculate Aut(D) := {g € O"(Sz) | DY = D}. By Corollary 3.10, any
element of Aut(D) preserves Nz. Therefore the group

(3.4) Aut(Z,D) :={g € Aut(D) | g satisfies the period condition (3.3) }
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orbit  (v,0) (v,hs) (hs,b) Sing())  d = (hs,h"")
Ogss  —4/3 2 6 445 4+ 64, 10
Obigy —2/3 3 9 4A3 + 64, 31

TABLE 4.1. Inner-walls of D3

is contained in Aut(Z). We find an ample class h in the interior of D such that h9 =
h for all g € Aut(Z, D). Then Aut(Z, D) is equal to the projective automorphism
group Aut(Z, h).

(IV) Note that Aut(Z, D) = Aut(Z,h) acts on Wy (D) and Winn(D). We
decompose Winn (D) into the orbits under the action of Aut(Z, h):

Winn(D) == 01 UUOJ

From each orbit O;, we choose a wall (vj)l N D, and calculate a Weyl vector w; €
Log such that D; := i (C(w;)) is the V(i)-chamber adjacent to D across (v;)* ND.
Since (v;) N Nz is not a wall of Nz, the V(i)-chamber D; is contained in N. For
each j = 1,...,J, we find an isometry g; of O*(Sz) that satisfies the period
condition (3.3) and D% = D;. Note that each g; preserves Nz by Corollary 3.10,
and hence g; € Aut(Z). Note also that, for each inner-wall (v/)+ N D € O;, there
exists a conjugate ¢’ € Aut(Z) of g; by Aut(Z, h) that maps D to the V(i)-chamber
adjacent to D across the wall (v)+ N D.

(V) Under the assumptions given in (I)-(IV), the group Aut(Z) is generated by
Aut(Z,h) and the automorphisms g, ...,gs. Moreover, the tessellation of N by
V(i)-chambers is Aut(Z)-transitive, and the mappings g — h9 and g — D9 give
one-to-one correspondences between the following sets:

e The set of cosets Aut(Z, h)\ Aut(Z).

e The set of V(i)-chambers contained in Nyz.

e The subset {h9 | g € Aut(Z2)} of Sz.
Moreover, considering the reflections with respect to the roots r defining the outer-
walls (r)t N D of D, we see that, under the assumptions given in (I)-(IV), the
tessellation of Pz by V(i)-chambers is OT (Syz)-transitive.

The method described in this section was applied by Kondo [13] to the calcula-
tion of the automorphism group of a generic Jacobian Kummer surface, and since
then, many studies have been done on the automorphism groups of various K3
surfaces (see the references of [28]). This method was also applied to the study of
automorphism group of an Enriques surface in [29].

4. BORCHERDS’ METHOD FOR Xy AND X3
Recall from Section 1.1 that we use the following notation:
Sg = SX37 P3 = 7))(3, N3 = NX37 So = SXm P() = PXO, No = NXU-

4.1. Borcherds’ method for X3. We identify X3 and F3 by Shioda’s isomorphism
explained in Section 2.3. Hence S5 is the Néron-Severi lattice of F5. In [14],
we have obtained a generating set of Aut(X3) by finding a primitive embedding
ig: S5 < Lgg inducing i3 p: Ps — P(Lgs) and a Weyl vector wg € Lag that satisfy
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orbit (v,v) (v,ho) (ho,bs) Sing(by) d = (ho, W3
Os -5/4 5 16 243+ 345 + 24, 80
Op -1 6 18 443+ 34, 112
Owo —1/2 8 26 A+ 244+ Ag 296
Os0 —1/4 9 38 24, + Az + Ay 688

TABLE 4.2. Inner-walls of Dy

the requirements in Section 3.4. The result is as follows. See [31] or [14] for the
explicit descriptions of i3, wg, and other computational data.

We have A(S3) = (Z/37Z)?. The group O(q(S3)) is a dihedral group of order 8,
and O(gq(S3),w) is a cyclic subgroup of order 4. The orthogonal complement R3 of
Ss in Log is a negative-definite root lattice of type 2A4s. The order of O(R3) is 288,
the order of O(g(R3)) is 8, and the natural homomorphism O(R3) — O(g(R3)) is
surjective. We put

D3 = Z?:%)(C(wo))
Then Ds contains the class hs € S3 of a hyperplane section of X5 = F3 C P2 in
its interior. Hence Dj is a V(i3)-chamber. The group Aut(Xs, D3) defined by (3.4)
is of order 13063680. The set Wy (D3) of outer-walls of the initial chamber Dj is
equal to {(£)X N D3 | ¢ € L112}. Because

LeLir2

we have Aut(Xs, D3) = Aut(Xs, hs), which is equal to the projective automorphism
group {g € PGLy(k3) | g(F3) = F3} = PGUy(Fy) of F5 C P3. The class h3 is in
fact the image of wy by the orthogonal projection Log ® Q — S3 ® Q. Under
the action of Aut(Xs, hs) = PGU4(Fy), the set Winn(D3) of inner-walls of Dj is
decomposed into two orbits Og,g and Of;g, of size 648 and 5184, respectively. Each
inner-wall (v)1 N Dj in the orbit O/, is defined by a primitive vector v of Sy with the
properties given in Table 4.1, and there exists a double-plane polarization b/, € Ss
such that the corresponding double-plane involution ¢(b);) € Aut(X3) maps Ds to
the V(i3)-chamber adjacent to Dj across the wall (v)* N D3. These results prove
the following:

Theorem 4.1 (Kondo-Shimada [14]). The automorphism group Aut(Xs) is gen-
erated by the projective automorphism group Aut(Xs,hs) = PGU4(Fg) and two
double-plane involutions g(bl,), g(bsy) corresponding the orbits Of,s, Okis4 of the
action of PGUy4(Fg) on the set Winn(Ds3) of inner-walls of the initial chamber Ds.

4.2. Borcherds’ method for X;. We define an embedding ig: Sy < Laog by
(4.1) 19 =13 0 p,

where i3: S3 < Log is the embedding used in Section 4.1, and p: Sy — S5 is
the embedding given by the specialization of Xy to X3. The key observation of
this article is that i¢ is equal to the embedding used by Keum-Kondo [11] for the
calculation of Aut(Xj).

We have A(Sy) = (Z/4Z)?. The group O(q(Sp)) is isomorphic to the dihedral
group of order 8, and the subgroup O(g(Sp),w) is cyclic of order 4. The embedding
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i is primitive and induces ig p: Py < P(Lgg). The orthogonal complement Ry of
So in Log is a negative-definite root lattice of type 2A3. The order of O(Ry) is 4608,
the order of O(g(Ryp)) is 8, and the natural homomorphism O(Ry) — O(gq(Ry)) is
surjective. The vector

(4.2) hoi== Y [ € SH®Q

£€ Lo
is in fact in Sp, and we have (hg, hg) = 40. Since (ho,f) = 2 for all £ € L49, the
class hq is nef. Since there exist no roots r of Sy such that hg € (r)*, the class hg is
ample. Let wg € Log be the same Weyl vector used in Section 4.1. The orthogonal
projection of wg to So®Q is equal to hg/2. (In [11], the vector hy/2 is used instead
of hg.) We put
Then Dq contains hg in its interior, and hence Dy is a V(ip)-chamber. The set
Wout (Do) of outer-walls of the initial chamber Dy is equal to {(£)- N Dy | £ € Lo}
We have

(43) Aut(Xo, DQ) = Aut(Xo, ho),

which is of order 3840 and acts on Wy, (Do) transitively. By the algorithms in
Remark 1.3, we search for double-plane polarizations in Sy, and obtain the following
proposition, which proves Theorem 1.4.

Proposition 4.2. The action of Aut(Xo,ho) decomposes the set Winn (Do) of
inner-walls of the initial chamber Dy into four orbits Oga, Os9, O160, O320, where
|Os| = s. For each inner-wall (v)* N Dy € Oy, there exists a double-plane polariza-
tion by € Sy such that the corresponding double-plane involution g(by) € Aut(Xy)
maps Dy to the V(ig)-chamber adjacent to Dy across the wall (v)* N Dy. O

Each inner-wall (v)* N Dy € Oy is defined by a primitive vector v € Sy with the
properties given in Table 4.2. See [31] for the matrix representations of double-plane
involutions g(bg).

4.3. The group Aut(Xy, hg). We investigate the finite group Aut(Xy, ho) more
closely. There exists a natural identification between Wt (Do) and L4g. Therefore,
by (4.3), the group Aut(Xy, hg) acts on Ly faithfully, and hence Aut(Xo, ho) is
embedded into the automorphism group Aut(L4) of the dual graph of L49. On the
other hand, since (L40) = Sp (Corollary 2.7), we have an embedding Aut(Lyy) —
O%(Sp). In fact, we confirm by direct calculation the following:

g, as an element of O (Sy), satisfies
the period condition (3.3) ’

and Aut(Xo, ho) is of index 2 in Aut(L4p). By Propositions 2.4 and 2.6, we have
a natural homomorphism Aut(L49) — Aut(P) to the automorphism group of the
Petersen graph P. Recall that, in Section 2.5, we have constructed a rational map
w: Xg+— M ®g ko that induces the QP-covering map L£49 — P, and calculated
the Galois group Gal(u) in Proposition 2.12.

Aut(XQ,hQ) = { g c€ Aut(£40) ‘

Proposition 4.3. The homomorphism
(44) Aut(X(), ho) — Aut(£40) — Aut(P)
is surjective, and its kernel is equal to the Galois group Gal(u) = (Z/27)5.
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Proof. By the list of elements of Aut(Xy, ko) (see [31]), we see that the homomor-
phism (4.4) is surjective, and its kernel is of order 32. Each generator of Gal(u) given
in Proposition 2.12 preserves L49, and hence Gal(y) is contained in Aut(Xy, ho).
Since p induces the QP-covering map L49 — P, it follows that Gal(u) is contained
in the kernel of (4.4). Comparing the order, we complete the proof. |

For v € Sy, we put
Aut(Xo,v) :={g € Aut(Xp) | v =v }.

Let f € Sy be the class of a fiber of the Jacobian fibration o: Xg — P' defined
by (1.1). For each element g of Aut(Xy, f), there exists an automorphism g €
Aut(P!) such that the diagram

X0 L X,
(45) o l, i, o
pt % P!

commutes, and hence g preserves L49. Therefore Aut(Xo, f) is contained in Aut(Xy, ho),
and we have a homomorphism

B: Aut(Xo, f) — Stab(Cr(0)),

where Cr(o) := {0, 00, £1, £i} is the set of critical values of o, and Stab(Cr(0)) is
the stabilizer subgroup of Cr(o) in Aut(P?).

We have the inversion ¢, : Xg — X of the Jacobian fibration o. We also have a
subgroup T, of Aut(Xy, f) consisting of translations by the 16 sections of o.

Proposition 4.4. The order of Aut(X, f) is 768. The image of B is isomorphic
to G4, and the kernel of B is equal to the subgroup T, % (Ls) of Aut(Xo, f).

Proof. By means of pg: L40 < L4112 and (2.1), we can calculate the quadrangle F,
in L40 consisting of the classes of irreducible components of the singular fiber o~ (c)
for each ¢ € Cr(o). Then f is the sum of vectors in one of these F, and hence
we can calculate Aut(Xy, f) from the list of elements of Aut(Xo,ho). Looking
at the action of Aut(Xy, f) on the set of the quadrangles F., we see that the
image of (8 is isomorphic to &, generated by permutations (0,—1,—i)(c0, 1,¢) and
(0, —i)(00,4)(1,—1) of Cr(c). Therefore the kernel is of order 32. Since Ty % {ts )
is of order 32 and contained in the kernel, we complete the proof. O

Remark 4.5. Since | Aut(Xo, ho)|/| Aut(Xo, f)| = 5, the orbit of f by Aut(Xo, ho)
consists of 5 elements f = f(1), ) . f®) We can easily confirm that Gal(y) is
the intersection of these 5 subgroups Aut(Xo, f*)) of Aut(Xy,ho). The 5 classes
f®) give rise to 5 elliptic fibrations o®): Xy — P!. These elliptic fibrations corre-
spond to the choices of the P1-fibration ¢ : M — P! in (2.5): the ones induced by
the pencil of lines passing though the triple point ¢, for v = 1,...,4, and the one
induced by the pencil of conics passing though all the triple points.

5. PROOF OF THEOREMS 1.7 AND 1.8

We use the same notation as in Section 4. The following fact has been established.
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O™ (Ss, o) = 0(Q) x 0*(S)

{ 4 pr ¢ pry
O (Ss) 0(Q) O™ (So)
L)
e ow@) =
e N\
O(q(53)) = 0O(q(Q)3) O(q(Q)2) = O(q(S0))

F1GURE 5.1. Commutative diagram for the period condition

Proposition 5.1. (1) The tessellation of N3 by V(is)-chambers is Aut(X3)-transitive,
and the tessellation of Ps by V(iz)-chambers is O (Ss)-transitive.

(2) The tessellation of Ny by V(io)-chambers is Aut(Xo)-transitive, and the tes-
sellation of Py by V(io)-chambers is OF (Sy)-transitive. O

From now on, we consider Sy as a sublattice of S35 by p: Sy — S3 and Py
as a subspace of P3. For example, we use notation such as hg € S3, Dy C Ps3,
Po C Ps, .... By the definition (4.1) of ig, we have the following:

Proposition 5.2. The tessellation of Py by V(ig)-chambers is obtained as the
restriction to Py of the tessellation of Ps by V(i3)-chambers. O

5.1. Proof of Theorem 1.7. First, we show that the restriction homomorphism
p from O7(S3,Sp) to OT(Sp) maps OF(S3,Sy) N Aut(X3) to Aut(Xy). By Theo-
rem 3.11, it suffices to show that, for each g € O™ (S3,Sy)NAut(X3), the restriction
gls, € OT(Sp) satisfies the period condition (3.3) and preserves Nj.

Lemma 5.3. If g € O (S5, Sy) satisfies the period condition ns,(g) € O(q(S3),w)
for X3, then g|s, € O1(Sy) satisfies the period condition ns,(gls,) € O(q(So),w)
fOT‘ Xo.

Proof. Let @ denote the orthogonal complement of Sy in S3. Then @ is a negative-
definite lattice of rank 2 with a Gram matrix

-12 0
0o -12 ;-

We consider the commutative diagram in Figure 5.1. The two isomorphisms in the
bottom line of this diagram are derived from the isomorphism ¢(Ss) = ¢(Q)s given
by Proposition 3.6 and the isomorphism ¢(Q)2 = —q(Sy) given by Proposition 3.7.
It is easy to verify that O(Q) is a dihedral group of order 8, and the composites
pszong: O(Q) — O(¢(Q)3) and peong: O(Q) — O(¢(Q)2) are isomorphisms, where
p2 and ps are projections to the 2-part and 3-part, respectively. Using the image
of ng: O(Q) — O(¢g(Q)) as the graph of an isomorphism between O(¢(Q)3) and
0(¢(Q)2), we obtain an isomorphism O(g(S3)) = O(¢q(Sp)) that is compatible with
the homomorphisms from O*(S3,Sy). Recall that O(q(S3),w) and O(g(Sp),w) are
cyclic of order 4. Since the cyclic subgroup of order 4 is a characteristic subgroup
of the dihedral group of order 8, the isomorphism O(q(Ss)) = O(q(Sp)) maps
0O(q(Ss3),w) to O(q(So),w). O
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(v1

FIGURE 5.2. V(iz)-chambers containing Dy

Since we have calculated the embedding p: Sy < Ss in the form of a matrix and
the set Wout(D3) U Winn(D3) of walls of the initial chamber D3 for X3 in the form
of a list of vectors (see [31]), we can easily prove the following:

Lemma 5.4. (1) The ample class hg of Xg is contained in D3, and no outer-walls
of D3 pass through hg. In particular, hg belongs to the interior of N3 and hence is
ample for Xs.

(2) Among the walls (v)* N D3 of D3, there exist exactly two walls such that the
hyperplane (v)* of P3 contains Py. These two walls (v1)* N D3 and (vo)* N Ds
belong to the orbit Ofygs C Winn(D3). Moreover, we have (v1,vs) = 0. O

Combining Lemma 5.4 with Propositions 5.1 and 5.2, we obtain the following;:

Corollary 5.5. (1) We have Py = (v1)* N (v2)t, where (v1)t and (v2)* are the
hyperplanes of Ps given in Lemma 5.4.

(2) For each V(ig)-chamber D{ C Py, there exist exactly four V(is)-chambers
that contains DJ.

(3) The initial chamber Dy for Xo is a face (v1)* N (va)* N D3 of the initial
chamber D3 for X3, and the interior of Dy C Py is contained in the interior of
N3 C Ps.

(4) The four V(iz)-chambers containing Dg are contained in Ns3. In particular,
we have 1,72, € Aut(Xs3) such that the four V(is)-chambers containing Dy are
D5 and D', DJ?, D§. See Figure 5.2. O

Remark 5.6. The automorphisms v; and 2 of X3 in Corollary 5.5(4) can be
obtained as conjugates of the double-plane involution g(bj,) by PGU4(Fg). Let
(v")+ N D3 be the wall of D3 that is mapped to the wall (v2)* N DJ* of D3* by 1.
Then (v")1 N Dj3 is an inner-wall belonging to O, and hence we have a conjugate
" of g(b}) by PGU4(Fg) that maps D3 to the V(i3)-chamber adjacent to D3 across
(v")* N D3. Then, as the automorphism ¢, we can take 7”7;. See Section 6.2 for
another construction of €.

Let prg: Log ®Q = S3®Q, pry: Lag ®Q = So ®Q and prip: S30Q = So@Q
be the orthogonal projections. Then we have prg, o pry = pry,. We put

V(p) == {prso(r) | r € R(S3), (prag(r), prap(r)) < 0}.

The restriction to Py of the tessellation of P3 by R(S3)-chambers is the tessellation
of Py by V(p)-chambers. The closed subset

N30 = N3 n PO
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of Py contains Dy by Corollary 5.5 (3), and hence its interior is non-empty. There-
fore N3g is a V(p)-chamber. We have

R(So) C V(p) C V(io),

where the second inclusion follows from R(S3) C R(Las) and prs, o prg = pry. It
follows from Remark 3.2 that

(5.1) Do C N3p C Ny,

and that the V(p)-chamber N3 is tessellated by V(ip)-chambers. If g € O (Ss, Sp)
preserves N3, then g|s, € OT(Sy) preserves N3o, and hence preserves Ny by Corol-
lary 3.10. Combining this fact with Lemma 5.3, we conclude that every element of
the image of p|aut belongs to Aut(Xy).

Next we calculate a generating set of the image of p|aut-

Lemma 5.7. The group PGU4(Fy) = Aut(Xs,hs) acts transitively on the set
of non-ordered pairs {(v)L, (v')1} of hyperplanes of P3 such that (v)t N D3 and
(v')+ N D3 are inner-walls of D3 belonging to Oy and that (v,v') = 0.

Proof. As can be seen from the list [31] of walls of D3, for each inner-wall (v)+ N Ds
in Of,g, the number of inner-walls (v/)* N D3 in Ok, satisfying (v,v’) = 0 is 42.
Comparing 42 x 648/2 = 13608 with Corollary 2.11, we obtain the proof. (I

Corollary 5.8. Let g be an element of Aut(X3) such that D} := Py N Df is a
V(io)-chamber, that is, D{ has an interior point as a subset of Py. Then there
exists an element v € PGUy(Fg) such that vg € Aut(Xs) maps the face Dy of D3
to the face D}y of D§ = D39.

g g

-1

Proof. We put vf :=v{ and v} :=v§ , where v; and vy are given in Lemma 5.4.
-1 —1

Then DY = PJ N Dz = (V) N (vy)* N Ds is a face of D3, which is the

intersection of two perpendicular inner-walls (v}) N D3 and (vh)L N D3 in Of,g.

Hence the existence of v € PGU4(FFyg) follows from Lemma 5.7. O
We put
(52) Aut(X:;,Do) = {g € Aut(Xg) ‘ Dg = Do },

and compare it with Aut(Xy, Dg) = Aut(Xo,ho). Note that Aut(Xs,Dy) is a
subgroup of OT(S3,Sp) N Aut(X3) including the kernel of p|aut-

Lemma 5.9. The homomorphism plaw maps Aut(Xs, Do) to Aut(Xo, ho) isomor-
phically. In particular, the homomorphism p|ay is injective, and the image of p|aut
contains Aut(Xo, ho).

Proof. By Corollary 5.5 (4), the subgroup Aut(Xs, Dy) of Aut(X3) is contained in
the finite subset

(53) PGU4(F9) (] PGU4(F9)’)/1 L PGU4(]F9)")/2 (] PGU4(F9)€

of Aut(X3). For each element g of this subset, we determine whether g preserves
Po or not. We see that, in each coset PGU4(Fg) - v in (5.3), exactly 960 elements
g satisfy P§ = Py, and that the set of restrictions g|g, of these 960 x 4 = 3840
elements g is equal to Aut(Xo, ho). O
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We discuss the following problem: Let (v)* be a hyperplane of Py that defines
a wall of Dy. Determine whether (v)+ defines a wall of N3 or not.

Since L49 C L1129, it immediately follows that, if (v)* N Dy is an outer-wall of
Dy, then (v)* N N3g is a wall of Nag.

Lemma 5.10. Let (v)~ N Dy be an inner-wall of Dy. Then (v)* N N3 is a wall
of N3 if and only if (v)* N Dy € Ogq or (v)= N Dy € O1e0.

Proof. Let g € Aut(Xy) be an automorphism that maps Dy to the V(ig)-chamber
adjacent to Dy across the inner-wall (v)1 N Dy (for example, we can take as g a
conjugate by Aut(Xy, ho) of the double plane involution g(by) corresponding to the
orbit O containing (v)* N Dy). Then (v)* N N3 is a wall of N3 if and only if hg
and hJ , regarded as vectors of S5 by p: So < Ss, are separated by a root in S,
that is, the set

{r € R(S3) | (ho,r) and (h,r) have different sign }

is non-empty (see Corollary 3.10). We can calculate this set by the algorithm
described in Section 3.3 of [27]. O

Remark 5.11. The ‘if -part of Lemma 5.10 is refined as follows. For each positive
integer d, we put

Cq:={|C] € S5 | C is a smooth rational curve on X3 such that (h3,[C]) =d}.

The walls of N3 are in one-to-one correspondence with the union of these sets Cy.
We have C; = L112. The set C4 can be calculated by induction on d. Indeed, a
root r of Sy satistying (hs,r) = d belongs to C4 if and only if there exists no class
r’ € Cy with d’ < d such that (r,r’) < 0. By this method, we obtain the following:

Proposition 5.12. Ford = 2,3,5,6, the set Cy is empty. We have
[C1] =112, |C4] = 18144, |C;| = 2177280 = 1632960 + 544320.

The actions of PGU4(Fg) on C1 and on C4 are transitive. The action of PGU4(Fg)
on C7 has two orbits of size 1632960 and 544320. 0

Then we have the following:

e Among the 64 walls in Ogy, 32 walls are defined by (prs,(r))* with r € Cy,
and the other 32 walls are defined by (prso(r))* with r € C4.

e Among the 160 walls in O1¢9, 40 walls are defined by (prs(r))* with r € Cy,
80 walls are defined by (prs(r))+ with » € C4, and 40 walls are defined by
(pryg(r))t with r € Cr.

Note that, if g € Aut(Xjy) belongs to the image of p|aut, then g preserves N3y C
No. Hence the double-plane involutions g(bgo) and g(bags) corresponding to the
orbits Ogs and Oq6p are not in the image of p|ayt.

Lemma 5.13. Let O be either Oy or Oszg, and let (v)* N Dy be an element of O.
Let D}y be the V(ig)-chamber adjacent to Dy across (v): N Dy. Then there exists
an element g of O (Ss3,S0) N Aut(X3) such that ¢'|s, maps Dy to Dj,.

Proof. Let F denote the hyperplane (v)* of Py considered as a linear subspace of P3
of codimension 3. Let D§ be one of the four V(i3)-chambers such that Dy = PyND5.
(See Corollary 5.5 (2).) We have FN Dy = FND{ = FNDs = FN D4, and this set
contains a non-empty open subset of F. Lemma 5.10 implies that there exists no
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root 7 of S3 such that the hyperplane (r)+ of P; contains F'. Since FND3 = FND},
we see that D3 and D} are on the same side of (r)* for any root r of S3, and hence
Dy is contained in N3. Therefore we have an element ¢’ of Aut(X3) such that

Dgl = D. By Lemma 5.8, there exists an element v of PGU4(Fg) such that v¢’

maps the face Dy of D3 to the face Df, of Dj = Dg/ = Dgg/. Since both of Dy and
D), are open in Py, we see that v¢’ € Aut(X3) belongs to O"(S3,Sp). Then v¢'|s,
maps Dy to Dj. O

Lemmas 5.9 and 5.13 implies that g(b112) and g(bgss) are in the image of p|aus-
Let G be the subgroup of Aut(Xy) generated by Aut(Xop,ho) and g(by12) and
g(bess). Since G is contained in the image of p|aut, each g € G preserves Nso.

Lemma 5.14. If a V(ig)-chamber D' is contained in N3, then there exists an
element g € G such that D' = D§.

Proof. Since Ny is tessellated by V(ip)-chambers, there exists a sequence

DO — Dy, DM D) — pf

g ey

of V(ip)-chambers such that each D™ is contained in N3 and that D*) is adjacent
to D=V for v = 1,...,N. We prove the existence of g € G by induction on N.
The case N = 0 is trivial. Suppose that N > 0, and let ¢’ € G be an element such
that Dg/ = D=1 Note that ¢’ preserves N3g. The V(ip)-chambers Dj and D9
are adjacent, and both are contained in N3y. Hence, by Lemma 5.10, the wall of
Dy across which D'9" s adjacent to Dy is either in Oy or in Oszgy. Therefore

we have an element ¢” € G (a conjugate of g(b112) or g(bess) by Aut(Xo, hg)) such
that D9 = DJ . Then ¢g"¢’ € G maps Dy to D' O

Let g be an arbitrary element of the image of p|aus. Since g preserves Nsg, there

exists an element g’ € G such that Df = Dg,. Then ¢'¢g~! € Aut(Xo,ho), and
hence g € G. Thus the proof of Theorem 1.7 is completed. O

5.2. Proof of Theorem 1.8. By the commutativity of the diagram (1.2) and
Theorem 1.7, it suffices to prove that the image of resg: Aut(X/R) — Aut(Xp)
contains Aut(Xy, hg) and the double-plane involutions g(by12) and g(bsss). Let
m: X — Spec R be the elliptic modular surface of level 4 over a discrete valuation
ring R of mixed characteristic with the residue field k of characteristic 3. Let K be
the fraction field of R. We put Xg := X ®g K and X := X ®p k, and identify
Xo with Xi ®x K and X3 with X ®; k, where K and k are algebraic closures of
K and k, respectively.

Replacing R by a finite extension of R, we can assume that hg is the class of a
line bundle Li of Xk, and that every element of Aut(Xy, ho) is defined over K.
We can extend Lk to a line bundle £ of X by (21.6.11) of EGA, IV [8]. Then
the class of the line bundle Ly := L| X} of X}, is p(hg) € S3. Hence Ly is ample
by Lemma 5.4. Therefore £ is ample relative to Spec R by (4.7.1) of EGA, III [7].
We choose n > 0 such that £&™ is very ample relative to Spec R, embed X into a
projective space P¥ over Spec R by £&", and regard Aut(Xo, ho) as the group of
projective automorphisms of Xy C P¥. Since X3 is not birationally uniruled, we
can apply the theorem of Matsusaka-Mumford [17] and conclude that every element
of Aut(Xy, ho) has a lift in Aut(X/R).
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Remark 5.15. The argument in the preceding paragraph is a special case of Theorem
2.1 of Lieblich and Maulik [15].

Let b be either by12 or bgss. Replacing R by a finite extension of R, we can assume
that b is the class of a line bundle Mk of X, and that each smooth rational curve
contracted by ®,: Xx — P2 is defined over K. Let ¥(b) C Sy be the set of classes
of smooth rational curves contracted by ®,. We extend Mg to a line bundle M
of X. Then the class of the line bundle M}, := M|X}, of X} is p(b) € S5. By the
algorithms in Remark 1.3, we can verify that p(b) is a double-plane polarization
of X3, and calculate the set X(p(b)) C Sz of classes of smooth rational curves
contracted by ®,): X — ]P’i. Then we have the following equality:

(5.4) S(p(b)) = p(Z(5))-

Since the complete linear systems |Mg | and |My| are of dimension 2 and fixed-point
free, we see that m, M is free of rank 3 over R and defines a morphism

d: X — P

over R. We execute, over R, Horikawa’s canonical resolution for double covering
branched along a curve with only AD FE-singularities (see Section 2 of [10]). Let
Cik,...,Cu i be the smooth rational curves on Xx contracted by ®;, where p is
the total Milnor number of the singularities of the branch curve of ®; (and hence of
1)) It follows from (5.4) that the closure C; of each Cj ¢ in X' is a smooth family
of rational curves over Spec R, that & contracts C; to an R-valued point gq; of P%
(that is, a section of the structure morphism P% — Spec R), and that ® is finite
of degree 2 over the complement of {qo1,...,qo,} in P%. We put Jo := {1,...,u},
Py :=P%, and let By: Py — P% be the identity. Suppose that we have a morphism
Bi: Py — IP% over R from a smooth R-scheme P; and a subset J; C Jy such that

(i) @ factors as
x 25 op P op2

(ii) oy contracts C; to an R-valued point g;; of P; for each j € J;, and
(iii) «y is finite of degree 2 over the complement of {¢;; | j € J;} in P;.

Suppose that J; is non-empty. We choose an index jo € J;, and let §': P11 — P;
be the blow-up at the R-valued point g¢;;,. Let Bi41: Piyq1 — ]P% be the composite
of 8" and B;. Then properties (i)-(iii) are satisfied with i replaced by i+ 1 for some
Jiy1 C J; with J;41 # J;. Indeed, ;41 induces a finite morphism from at least one
of C; with j € J; to the exceptional divisor of 3’. Therefore, after finite number
of this procedure, we obtain a finite double covering X — P that factors through
&), where P is obtained from P% by finite number of blow-ups at R-valued points.
Then the deck-transformation of X — P gives a lift of the double-plane involution
g(b) € Aut(Xy) to Aut(X/R). O

Remark 5.16. The double-plane polarizations p(b112), p(bess) € S3 have the follow-
ing properties with respect to hg:

<h3,p(b112)> — 9, <h37h§(bp(b112))> — 34’
hs, p(bess)) =19, (hs, pdbetess))y — 78,
3
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6. ENRIQUES SURFACE OF TYPE IV

Let Z be a K3 surface defined over an algebraically closed field of characteristic
# 2. For an element g € O7(S) of order 2, we put

St ={veSz|vI=v}, S,7:={veSz|vI=—v}

Suppose that €: Z — Z is an Enriques involution, and let 7: Z — Y := Z/{e) be
the quotient morphism. Note that the lattice Sy of numerical equivalence classes
of divisors of the Enriques surface Y is an even unimodular hyperbolic lattice of
rank 10, which is unique up to isomorphism. Then the pull-back homomorphism
7*: Sy < Sz induces an isometry of lattices from Sy (2) to S}, where Sy (2)
is the lattice obtained from Sy by multiplying the intersection from by 2. Hence
the following are satisfied: (i) S;° is a hyperbolic lattice of rank 10, and (ii) if M
is a Gram matrix of S}°, then (1/2)M is an integer matrix that defines an even
unimodular lattice. Moreover, since 7 is étale, we have that (iii) the orthogonal
complement S,° of S}° in Sz contains no roots.

6.1. Proof of Proposition 1.11. We check conditions (i), (ii), (iii) for all in-
volutions in the finite group Aut(Xo, ho). It turns out that there exist exactly
6 involutions eV, ..., &(®) satisfying these conditions. They are conjugate to each
other, and they belong to the subgroup Gal(u) of Aut(Xo, ko) (see Proposition 4.3).
We show that these involutions are Enriques involutions of type IV.

Let g9 € G be one of ¢, ... 6 Recall that o: Xq — P! is the Jacobian
fibration defined by (1.1), and let f € Sy be the class of a fiber of o. Since
go € Gal(u), we have eg € Aut(Xy, f) by Remark 4.5. Let F. C L49 be the set
of classes of irreducible components of the singular fiber o=1(c) over ¢ € Cr(o).
Looking at the action of ¢y on these 6 quadrangles F,., we see that the element
€o € Stab(Cr(o)) defined by the diagram (4.5) is of order 2 and fixes exactly 2
points of Cr(¢). Suppose that F, is fixed by 9. Then ¢y acts on F. as £y <> {2 and
Uy <> {3, where £, ..., 03 are labelled as in (2.4). Therefore g is fixed-point free,
and Yy := Xo/(gg) is an Enriques surface.

Let mg: Xo — Y) be the quotient morphism. We put

Sy = SYO, Py = PYO, Ny = NYO-
By 7§ : Sy — So, we regard Py as a subspace of Py. Then we have
Py ={xze€Py|a*® =z},

and Ny = NyNPy. We consider the tessellation of Ny induced by the tessellation
of Ny by V(ig)-chambers. We put

Dy := DyNPy.

Note that the interior point hg of Dy is contained in Dy, and hence Dy is a
chamber in Py. Let pry: So ® Q — Sy ® Q be the orthogonal projection. Then,
by definition, we have

DY:{yEPY

{y,pry (v)) > 0 for every primitive vector v € Sy defining
a wall of Dy and satisfying (pry (v), pry (v)) <0

If (v)1NDy is an inner-wall of Dy, then (pry (v), pry (v)) > 0, that is, the hyperplane
(v)* of Py does not intersect Py. Hence we have

(6.1) Dy ={y € Py | {y,pry(£)) >0 for all £ € Ly}
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Therefore Dy is equal to Ny, and the set of smooth rational curves on Yj is the
image of L49 by mo. Let Zaut(x,)(€0) be the centralizer of o in Aut(Xp). Then
any g € Zaut(x,)(€0) preserves Py C Py, and we have a canonical identification

Aut(Yy) = Zaue(xo)(€0)/(€0)

Since hg € Do NPy = Dy = Ny = Ng NPy, any g € Zau(x,)(€0) preserves Dy
and therefore Z¢(x,)(€0) is a subgroup of Aut(Xo, ho). Since we have calculated
all the elements of Aut(Xg, ho), we can readily compute Z4,(x,)(€0), and see that
Z aut(Xo)(€0) is of order 640. Therefore Yj is an Enriques surface of type IV. (]

Since () is an element of Gal(u), we have the following:

Corollary 6.1. The rational map j1: Xo--— M Qg kg factors through the covering
morphism of the Enriques surface Xo/{(™)). O

6.2. Proof of Theorem 1.12. Let ¢y € Aut(Xy, ho) be the image of €3 by p|aut,
which is one of e, ..., ). Since ¢y € Aut(Xy, ho), the involution 3 preserves
the face Dy = Py N D3 of D3. Therefore £3 belongs to the finite group Aut(Xs, Dg)
defined by (5.2). We check all involutions in Aut(X3, Do) and find e3 in the form
of a matrix acting on S3. We have (hg, h5*) = 16. Indeed, the V(i3)-chamber D5?
is the chamber D3 in Figure 5.2. The action of €3 on the fibers of the Jacobian
fibration o: X3 — P! defined by (1.1) is exactly the same as gy. Hence e3 is fixed-
point free. Let m5: X35 — Y3 := X3/(e3) be the quotient morphism. The centralizer
Z aut(x5)(€3) of €3 in Aut(X3) is contained in the finite group Aut(Xs, Dg). Hence
we can easily verify that Y3 is of type IV. By (6.1), the set of pull-backs of the
smooth rational curves on Y3 by 73 is L49 C L112. Hence they are lines on F3. [

Remark 6.2. In [12], Kondo showed that the covering K3 surface of the complex
Enriques surface of type III is also isomorphic to Xg. It seems to be an interesting
problem to find an Enriques involution on the Fermat quartic surface F3 that gives
rise to the Enriques surface of type III in characteristic 3.
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